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146 3. LINEAR MODELS FOR REGRESSION

Figure 3.4 Plot of the contours
of the unregularized error function
(blue) along with the constraint re-
gion (3.30) for the quadratic regular-
izer q = 2 on the left and the lasso
regularizer q = 1 on the right, in
which the optimum value for the pa-
rameter vector w is denoted by w ! .
The lasso gives a sparse solution in
which w!

1 = 0 .
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For the remainder of this chapter we shall focus on the quadratic regularizer
(3.27) both for its practical importance and its analytical tractability.

3.1.5 Multiple outputs

So far, we have considered the case of a single target variablet. In some applica-
tions, we may wish to predictK > 1 target variables, which we denote collectively
by the target vectort . This could be done by introducing a different set of basis func-
tions for each component oft , leading to multiple, independent regression problems.
However, a more interesting, and more common, approach is to use the same set of
basis functions to model all of the components of the target vector so that

y (x, w) = W T ! (x) (3.31)

wherey is aK -dimensional column vector,W is anM ! K matrix of parameters,
and! (x) is anM -dimensional column vector with elements! j (x), with ! 0(x) = 1
as before. Suppose we take the conditional distribution of the target vector to be an
isotropic Gaussian of the form

p(t |x , W , " ) = N (t |W T ! (x), " ! 1I ). (3.32)

If we have a set of observationst 1, . . . , t N , we can combine these into a matrixT
of sizeN ! K such that thenth row is given byt T

n . Similarly, we can combine the
input vectorsx1, . . . , xN into a matrixX . The log likelihood function is then given
by

ln p(T |X , W , " ) =
N!

n =1

ln N (t n |W T ! (xn ), " ! 1I )

=
NK

2
ln

"
"
2#

#
"

"
2

N!

n =1

$
$t n " W T ! (xn )

$
$2

. (3.33)
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X = Rd
<latexit sha1_base64="vGFd0zztJ02qzL84O7UX6Z4DUlA=">AAACB3icbVDLSsNAFL3xWesr6lKQwSK4KokIuhGKblxWsQ9oY5lMJu3QyYOZiVBCdm78FTcuFHHrL7jzb5ykWWjrgYEz59zLvfe4MWdSWda3sbC4tLyyWlmrrm9sbm2bO7ttGSWC0BaJeCS6LpaUs5C2FFOcdmNBceBy2nHHV7nfeaBCsii8U5OYOgEehsxnBCstDcyDfoDViGCedjN0gYqf66a32X3qZQgNzJpVtwqgeWKXpAYlmgPzq+9FJAloqAjHUvZsK1ZOioVihNOs2k8kjTEZ4yHtaRrigEonLe7I0JFWPORHQr9QoUL93ZHiQMpJ4OrKfE856+Xif14vUf65k7IwThQNyXSQn3CkIpSHgjwmKFF8ogkmguldERlhgYnS0VV1CPbsyfOkfVK3Nb85rTUuyzgqsA+HcAw2nEEDrqEJLSDwCM/wCm/Gk/FivBsf09IFo+zZgz8wPn8ARsWY6A==</latexit><latexit sha1_base64="vGFd0zztJ02qzL84O7UX6Z4DUlA=">AAACB3icbVDLSsNAFL3xWesr6lKQwSK4KokIuhGKblxWsQ9oY5lMJu3QyYOZiVBCdm78FTcuFHHrL7jzb5ykWWjrgYEz59zLvfe4MWdSWda3sbC4tLyyWlmrrm9sbm2bO7ttGSWC0BaJeCS6LpaUs5C2FFOcdmNBceBy2nHHV7nfeaBCsii8U5OYOgEehsxnBCstDcyDfoDViGCedjN0gYqf66a32X3qZQgNzJpVtwqgeWKXpAYlmgPzq+9FJAloqAjHUvZsK1ZOioVihNOs2k8kjTEZ4yHtaRrigEonLe7I0JFWPORHQr9QoUL93ZHiQMpJ4OrKfE856+Xif14vUf65k7IwThQNyXSQn3CkIpSHgjwmKFF8ogkmguldERlhgYnS0VV1CPbsyfOkfVK3Nb85rTUuyzgqsA+HcAw2nEEDrqEJLSDwCM/wCm/Gk/FivBsf09IFo+zZgz8wPn8ARsWY6A==</latexit><latexit sha1_base64="vGFd0zztJ02qzL84O7UX6Z4DUlA=">AAACB3icbVDLSsNAFL3xWesr6lKQwSK4KokIuhGKblxWsQ9oY5lMJu3QyYOZiVBCdm78FTcuFHHrL7jzb5ykWWjrgYEz59zLvfe4MWdSWda3sbC4tLyyWlmrrm9sbm2bO7ttGSWC0BaJeCS6LpaUs5C2FFOcdmNBceBy2nHHV7nfeaBCsii8U5OYOgEehsxnBCstDcyDfoDViGCedjN0gYqf66a32X3qZQgNzJpVtwqgeWKXpAYlmgPzq+9FJAloqAjHUvZsK1ZOioVihNOs2k8kjTEZ4yHtaRrigEonLe7I0JFWPORHQr9QoUL93ZHiQMpJ4OrKfE856+Xif14vUf65k7IwThQNyXSQn3CkIpSHgjwmKFF8ogkmguldERlhgYnS0VV1CPbsyfOkfVK3Nb85rTUuyzgqsA+HcAw2nEEDrqEJLSDwCM/wCm/Gk/FivBsf09IFo+zZgz8wPn8ARsWY6A==</latexit><latexit sha1_base64="vGFd0zztJ02qzL84O7UX6Z4DUlA=">AAACB3icbVDLSsNAFL3xWesr6lKQwSK4KokIuhGKblxWsQ9oY5lMJu3QyYOZiVBCdm78FTcuFHHrL7jzb5ykWWjrgYEz59zLvfe4MWdSWda3sbC4tLyyWlmrrm9sbm2bO7ttGSWC0BaJeCS6LpaUs5C2FFOcdmNBceBy2nHHV7nfeaBCsii8U5OYOgEehsxnBCstDcyDfoDViGCedjN0gYqf66a32X3qZQgNzJpVtwqgeWKXpAYlmgPzq+9FJAloqAjHUvZsK1ZOioVihNOs2k8kjTEZ4yHtaRrigEonLe7I0JFWPORHQr9QoUL93ZHiQMpJ4OrKfE856+Xif14vUf65k7IwThQNyXSQn3CkIpSHgjwmKFF8ogkmguldERlhgYnS0VV1CPbsyfOkfVK3Nb85rTUuyzgqsA+HcAw2nEEDrqEJLSDwCM/wCm/Gk/FivBsf09IFo+zZgz8wPn8ARsWY6A==</latexit>

Y = { 0, 1} = { non-spam, spam}
<latexit sha1_base64="rM4fhN0gI1dVrZIgxQiuB51xM4o=">AAACInicbZDLSgMxFIYz9VbrbdSlm2ARXNQyI4K6EIpuXFawF+mUkknTNjSTGZIzYhnmWdz4Km5cKOpK8GFMp11o64HAl/+cQ/L/fiS4Bsf5snILi0vLK/nVwtr6xuaWvb1T12GsKKvRUISq6RPNBJesBhwEa0aKkcAXrOEPr8b9xj1TmofyFkYRawekL3mPUwJG6tjnXkBgQIlI7lJ8gb3EKbleijP0gD1AIkN5pCMSpCU8EbKLl3bsolN2ssLz4E6hiKZV7dgfXjekccAkUEG0brlOBO2EKOBUsLTgxZpFhA5Jn7UMShIw3U4yiyk+MEoX90JljgScqb83EhJoPQp8Mzk2pGd7Y/G/XiuG3lk74TKKgUk6eagXCwwhHueFu1wxCmJkgFDFzV8xHRBFKJhUCyYEd9byPNSPy67hm5Ni5XIaRx7toX10iFx0iiroGlVRDVH0iJ7RK3qznqwX6936nIzmrOnOLvpT1vcPqmGjyw==</latexit><latexit sha1_base64="rM4fhN0gI1dVrZIgxQiuB51xM4o=">AAACInicbZDLSgMxFIYz9VbrbdSlm2ARXNQyI4K6EIpuXFawF+mUkknTNjSTGZIzYhnmWdz4Km5cKOpK8GFMp11o64HAl/+cQ/L/fiS4Bsf5snILi0vLK/nVwtr6xuaWvb1T12GsKKvRUISq6RPNBJesBhwEa0aKkcAXrOEPr8b9xj1TmofyFkYRawekL3mPUwJG6tjnXkBgQIlI7lJ8gb3EKbleijP0gD1AIkN5pCMSpCU8EbKLl3bsolN2ssLz4E6hiKZV7dgfXjekccAkUEG0brlOBO2EKOBUsLTgxZpFhA5Jn7UMShIw3U4yiyk+MEoX90JljgScqb83EhJoPQp8Mzk2pGd7Y/G/XiuG3lk74TKKgUk6eagXCwwhHueFu1wxCmJkgFDFzV8xHRBFKJhUCyYEd9byPNSPy67hm5Ni5XIaRx7toX10iFx0iiroGlVRDVH0iJ7RK3qznqwX6936nIzmrOnOLvpT1vcPqmGjyw==</latexit><latexit sha1_base64="rM4fhN0gI1dVrZIgxQiuB51xM4o=">AAACInicbZDLSgMxFIYz9VbrbdSlm2ARXNQyI4K6EIpuXFawF+mUkknTNjSTGZIzYhnmWdz4Km5cKOpK8GFMp11o64HAl/+cQ/L/fiS4Bsf5snILi0vLK/nVwtr6xuaWvb1T12GsKKvRUISq6RPNBJesBhwEa0aKkcAXrOEPr8b9xj1TmofyFkYRawekL3mPUwJG6tjnXkBgQIlI7lJ8gb3EKbleijP0gD1AIkN5pCMSpCU8EbKLl3bsolN2ssLz4E6hiKZV7dgfXjekccAkUEG0brlOBO2EKOBUsLTgxZpFhA5Jn7UMShIw3U4yiyk+MEoX90JljgScqb83EhJoPQp8Mzk2pGd7Y/G/XiuG3lk74TKKgUk6eagXCwwhHueFu1wxCmJkgFDFzV8xHRBFKJhUCyYEd9byPNSPy67hm5Ni5XIaRx7toX10iFx0iiroGlVRDVH0iJ7RK3qznqwX6936nIzmrOnOLvpT1vcPqmGjyw==</latexit><latexit sha1_base64="rM4fhN0gI1dVrZIgxQiuB51xM4o=">AAACInicbZDLSgMxFIYz9VbrbdSlm2ARXNQyI4K6EIpuXFawF+mUkknTNjSTGZIzYhnmWdz4Km5cKOpK8GFMp11o64HAl/+cQ/L/fiS4Bsf5snILi0vLK/nVwtr6xuaWvb1T12GsKKvRUISq6RPNBJesBhwEa0aKkcAXrOEPr8b9xj1TmofyFkYRawekL3mPUwJG6tjnXkBgQIlI7lJ8gb3EKbleijP0gD1AIkN5pCMSpCU8EbKLl3bsolN2ssLz4E6hiKZV7dgfXjekccAkUEG0brlOBO2EKOBUsLTgxZpFhA5Jn7UMShIw3U4yiyk+MEoX90JljgScqb83EhJoPQp8Mzk2pGd7Y/G/XiuG3lk74TKKgUk6eagXCwwhHueFu1wxCmJkgFDFzV8xHRBFKJhUCyYEd9byPNSPy67hm5Ni5XIaRx7toX10iFx0iiroGlVRDVH0iJ7RK3qznqwX6936nIzmrOnOLvpT1vcPqmGjyw==</latexit>

h : X ! Y
<latexit sha1_base64="KMDB/0tIjX/hvkzq5l4hdUXBNos=">AAACEXicbZC7TsMwFIadcivlFmBksaiQOlUJQgIxVbAwFoleUBtVjus0Vh07sh1QFeUVWHgVFgYQYmVj421w2gyl5UiWPv3/OfI5vx8zqrTj/FilldW19Y3yZmVre2d3z94/aCuRSExaWDAhuz5ShFFOWppqRrqxJCjyGen44+vc7zwQqajgd3oSEy9CI04DipE20sCuhZcQ9iOkQ4xY2s1gX9JRqJGU4nHOuM8GdtWpO9OCy+AWUAVFNQf2d38ocBIRrjFDSvVcJ9ZeiqSmmJGs0k8UiREeoxHpGeQoIspLpxdl8MQoQxgIaR7XcKrOT6QoUmoS+aYzX1Etern4n9dLdHDhpZTHiSYczz4KEga1gHk8cEglwZpNDCAsqdkV4hBJhLUJsWJCcBdPXob2ad01fHtWbVwVcZTBETgGNeCCc9AAN6AJWgCDJ/AC3sC79Wy9Wh/W56y1ZBUzh+BPWV+/EtudLw==</latexit><latexit sha1_base64="KMDB/0tIjX/hvkzq5l4hdUXBNos=">AAACEXicbZC7TsMwFIadcivlFmBksaiQOlUJQgIxVbAwFoleUBtVjus0Vh07sh1QFeUVWHgVFgYQYmVj421w2gyl5UiWPv3/OfI5vx8zqrTj/FilldW19Y3yZmVre2d3z94/aCuRSExaWDAhuz5ShFFOWppqRrqxJCjyGen44+vc7zwQqajgd3oSEy9CI04DipE20sCuhZcQ9iOkQ4xY2s1gX9JRqJGU4nHOuM8GdtWpO9OCy+AWUAVFNQf2d38ocBIRrjFDSvVcJ9ZeiqSmmJGs0k8UiREeoxHpGeQoIspLpxdl8MQoQxgIaR7XcKrOT6QoUmoS+aYzX1Etern4n9dLdHDhpZTHiSYczz4KEga1gHk8cEglwZpNDCAsqdkV4hBJhLUJsWJCcBdPXob2ad01fHtWbVwVcZTBETgGNeCCc9AAN6AJWgCDJ/AC3sC79Wy9Wh/W56y1ZBUzh+BPWV+/EtudLw==</latexit><latexit sha1_base64="KMDB/0tIjX/hvkzq5l4hdUXBNos=">AAACEXicbZC7TsMwFIadcivlFmBksaiQOlUJQgIxVbAwFoleUBtVjus0Vh07sh1QFeUVWHgVFgYQYmVj421w2gyl5UiWPv3/OfI5vx8zqrTj/FilldW19Y3yZmVre2d3z94/aCuRSExaWDAhuz5ShFFOWppqRrqxJCjyGen44+vc7zwQqajgd3oSEy9CI04DipE20sCuhZcQ9iOkQ4xY2s1gX9JRqJGU4nHOuM8GdtWpO9OCy+AWUAVFNQf2d38ocBIRrjFDSvVcJ9ZeiqSmmJGs0k8UiREeoxHpGeQoIspLpxdl8MQoQxgIaR7XcKrOT6QoUmoS+aYzX1Etern4n9dLdHDhpZTHiSYczz4KEga1gHk8cEglwZpNDCAsqdkV4hBJhLUJsWJCcBdPXob2ad01fHtWbVwVcZTBETgGNeCCc9AAN6AJWgCDJ/AC3sC79Wy9Wh/W56y1ZBUzh+BPWV+/EtudLw==</latexit><latexit sha1_base64="KMDB/0tIjX/hvkzq5l4hdUXBNos=">AAACEXicbZC7TsMwFIadcivlFmBksaiQOlUJQgIxVbAwFoleUBtVjus0Vh07sh1QFeUVWHgVFgYQYmVj421w2gyl5UiWPv3/OfI5vx8zqrTj/FilldW19Y3yZmVre2d3z94/aCuRSExaWDAhuz5ShFFOWppqRrqxJCjyGen44+vc7zwQqajgd3oSEy9CI04DipE20sCuhZcQ9iOkQ4xY2s1gX9JRqJGU4nHOuM8GdtWpO9OCy+AWUAVFNQf2d38ocBIRrjFDSvVcJ9ZeiqSmmJGs0k8UiREeoxHpGeQoIspLpxdl8MQoQxgIaR7XcKrOT6QoUmoS+aYzX1Etern4n9dLdHDhpZTHiSYczz4KEga1gHk8cEglwZpNDCAsqdkV4hBJhLUJsWJCcBdPXob2ad01fHtWbVwVcZTBETgGNeCCc9AAN6AJWgCDJ/AC3sC79Wy9Wh/W56y1ZBUzh+BPWV+/EtudLw==</latexit>

H
<latexit sha1_base64="4V213gOkzvRhZ90WdkhLrPZlDpo=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl002UF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Pve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9yx+ua427oo4ynME5XIIPN9CAJrSgDRQUPMMrvDnovDjvzsdytOQUO6fwB87nD3rzkV4=</latexit><latexit sha1_base64="4V213gOkzvRhZ90WdkhLrPZlDpo=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl002UF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Pve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9yx+ua427oo4ynME5XIIPN9CAJrSgDRQUPMMrvDnovDjvzsdytOQUO6fwB87nD3rzkV4=</latexit><latexit sha1_base64="4V213gOkzvRhZ90WdkhLrPZlDpo=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl002UF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Pve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9yx+ua427oo4ynME5XIIPN9CAJrSgDRQUPMMrvDnovDjvzsdytOQUO6fwB87nD3rzkV4=</latexit><latexit sha1_base64="4V213gOkzvRhZ90WdkhLrPZlDpo=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl002UF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Pve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9yx+ua427oo4ynME5XIIPN9CAJrSgDRQUPMMrvDnovDjvzsdytOQUO6fwB87nD3rzkV4=</latexit>

(x1, y1), ..., (xn , yn ) ! X " Y
<latexit sha1_base64="j2AfPtNyi6+rzr/GG/I4+F5wCko=">AAACIHicbVBNS8NAEN3Ur1q/oh69LBahhRISEeqx6MVjBfshTQib7bZdutmE3Y1YQn+KF/+KFw+K6E1/jZs2iLY+GHjzZoaZeUHMqFS2/WkUVlbX1jeKm6Wt7Z3dPXP/oC2jRGDSwhGLRDdAkjDKSUtRxUg3FgSFASOdYHyZ1Tt3REga8Rs1iYkXoiGnA4qR0pJv1iv3vlOb+E61ZllWTWdcZ7zqUg7dEKkRRiztTl1FQyJ/hNupb5Zty54BLhMnJ2WQo+mbH24/wklIuMIMSdlz7Fh5KRKKYkamJTeRJEZ4jIakpylHep+Xzh6cwhOt9OEgEjq4gjP190SKQiknYaA7sxPlYi0T/6v1EjU491LK40QRjueLBgmDKoKZW7BPBcGKTTRBWFB9K8QjJBBW2tOSNsFZfHmZtE8tR/Prs3LjIrejCI7AMagAB9RBA1yBJmgBDB7AE3gBr8aj8Wy8Ge/z1oKRzxyCPzC+vgGmNKIn</latexit><latexit sha1_base64="j2AfPtNyi6+rzr/GG/I4+F5wCko=">AAACIHicbVBNS8NAEN3Ur1q/oh69LBahhRISEeqx6MVjBfshTQib7bZdutmE3Y1YQn+KF/+KFw+K6E1/jZs2iLY+GHjzZoaZeUHMqFS2/WkUVlbX1jeKm6Wt7Z3dPXP/oC2jRGDSwhGLRDdAkjDKSUtRxUg3FgSFASOdYHyZ1Tt3REga8Rs1iYkXoiGnA4qR0pJv1iv3vlOb+E61ZllWTWdcZ7zqUg7dEKkRRiztTl1FQyJ/hNupb5Zty54BLhMnJ2WQo+mbH24/wklIuMIMSdlz7Fh5KRKKYkamJTeRJEZ4jIakpylHep+Xzh6cwhOt9OEgEjq4gjP190SKQiknYaA7sxPlYi0T/6v1EjU491LK40QRjueLBgmDKoKZW7BPBcGKTTRBWFB9K8QjJBBW2tOSNsFZfHmZtE8tR/Prs3LjIrejCI7AMagAB9RBA1yBJmgBDB7AE3gBr8aj8Wy8Ge/z1oKRzxyCPzC+vgGmNKIn</latexit><latexit sha1_base64="j2AfPtNyi6+rzr/GG/I4+F5wCko=">AAACIHicbVBNS8NAEN3Ur1q/oh69LBahhRISEeqx6MVjBfshTQib7bZdutmE3Y1YQn+KF/+KFw+K6E1/jZs2iLY+GHjzZoaZeUHMqFS2/WkUVlbX1jeKm6Wt7Z3dPXP/oC2jRGDSwhGLRDdAkjDKSUtRxUg3FgSFASOdYHyZ1Tt3REga8Rs1iYkXoiGnA4qR0pJv1iv3vlOb+E61ZllWTWdcZ7zqUg7dEKkRRiztTl1FQyJ/hNupb5Zty54BLhMnJ2WQo+mbH24/wklIuMIMSdlz7Fh5KRKKYkamJTeRJEZ4jIakpylHep+Xzh6cwhOt9OEgEjq4gjP190SKQiknYaA7sxPlYi0T/6v1EjU491LK40QRjueLBgmDKoKZW7BPBcGKTTRBWFB9K8QjJBBW2tOSNsFZfHmZtE8tR/Prs3LjIrejCI7AMagAB9RBA1yBJmgBDB7AE3gBr8aj8Wy8Ge/z1oKRzxyCPzC+vgGmNKIn</latexit><latexit sha1_base64="j2AfPtNyi6+rzr/GG/I4+F5wCko=">AAACIHicbVBNS8NAEN3Ur1q/oh69LBahhRISEeqx6MVjBfshTQib7bZdutmE3Y1YQn+KF/+KFw+K6E1/jZs2iLY+GHjzZoaZeUHMqFS2/WkUVlbX1jeKm6Wt7Z3dPXP/oC2jRGDSwhGLRDdAkjDKSUtRxUg3FgSFASOdYHyZ1Tt3REga8Rs1iYkXoiGnA4qR0pJv1iv3vlOb+E61ZllWTWdcZ7zqUg7dEKkRRiztTl1FQyJ/hNupb5Zty54BLhMnJ2WQo+mbH24/wklIuMIMSdlz7Fh5KRKKYkamJTeRJEZ4jIakpylHep+Xzh6cwhOt9OEgEjq4gjP190SKQiknYaA7sxPlYi0T/6v1EjU491LK40QRjueLBgmDKoKZW7BPBcGKTTRBWFB9K8QjJBBW2tOSNsFZfHmZtE8tR/Prs3LjIrejCI7AMagAB9RBA1yBJmgBDB7AE3gBr8aj8Wy8Ge/z1oKRzxyCPzC+vgGmNKIn</latexit>

h ! H
<latexit sha1_base64="ET2iYM2nzD/odip5qB7b8pJ5bvw=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQZdFN11WsA9oQplMJ+3QySTMTIQa+iVuXCji1k9x5984SbPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wu8v9/iOVisXiQc8T6kd4IljICNZGGtn1qceEF2E9JZhn7cXIbjhNpwBaJ25JGlCiM7K/vHFM0ogKTThWaug6ifYzLDUjnC5qXqpogskMT+jQUIEjqvysCL5A50YZozCW5gmNCvX3RoYjpeZRYCbziGrVy8X/vGGqwxs/YyJJNRVkeShMOdIxyltAYyYp0XxuCCaSmayITLHERJuuaqYEd/XL66R32XQNv79qtG7LOqpwCmdwAS5cQwva0IEuEEjhGV7hzXqyXqx362M5WrHKnRP4A+vzBwm+k1I=</latexit><latexit sha1_base64="ET2iYM2nzD/odip5qB7b8pJ5bvw=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQZdFN11WsA9oQplMJ+3QySTMTIQa+iVuXCji1k9x5984SbPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wu8v9/iOVisXiQc8T6kd4IljICNZGGtn1qceEF2E9JZhn7cXIbjhNpwBaJ25JGlCiM7K/vHFM0ogKTThWaug6ifYzLDUjnC5qXqpogskMT+jQUIEjqvysCL5A50YZozCW5gmNCvX3RoYjpeZRYCbziGrVy8X/vGGqwxs/YyJJNRVkeShMOdIxyltAYyYp0XxuCCaSmayITLHERJuuaqYEd/XL66R32XQNv79qtG7LOqpwCmdwAS5cQwva0IEuEEjhGV7hzXqyXqx362M5WrHKnRP4A+vzBwm+k1I=</latexit><latexit sha1_base64="ET2iYM2nzD/odip5qB7b8pJ5bvw=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQZdFN11WsA9oQplMJ+3QySTMTIQa+iVuXCji1k9x5984SbPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wu8v9/iOVisXiQc8T6kd4IljICNZGGtn1qceEF2E9JZhn7cXIbjhNpwBaJ25JGlCiM7K/vHFM0ogKTThWaug6ifYzLDUjnC5qXqpogskMT+jQUIEjqvysCL5A50YZozCW5gmNCvX3RoYjpeZRYCbziGrVy8X/vGGqwxs/YyJJNRVkeShMOdIxyltAYyYp0XxuCCaSmayITLHERJuuaqYEd/XL66R32XQNv79qtG7LOqpwCmdwAS5cQwva0IEuEEjhGV7hzXqyXqx362M5WrHKnRP4A+vzBwm+k1I=</latexit><latexit sha1_base64="ET2iYM2nzD/odip5qB7b8pJ5bvw=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQZdFN11WsA9oQplMJ+3QySTMTIQa+iVuXCji1k9x5984SbPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wu8v9/iOVisXiQc8T6kd4IljICNZGGtn1qceEF2E9JZhn7cXIbjhNpwBaJ25JGlCiM7K/vHFM0ogKTThWaug6ifYzLDUjnC5qXqpogskMT+jQUIEjqvysCL5A50YZozCW5gmNCvX3RoYjpeZRYCbziGrVy8X/vGGqwxs/YyJJNRVkeShMOdIxyltAYyYp0XxuCCaSmayITLHERJuuaqYEd/XL66R32XQNv79qtG7LOqpwCmdwAS5cQwva0IEuEEjhGV7hzXqyXqx362M5WrHKnRP4A+vzBwm+k1I=</latexit>
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PD [Event]
<latexit sha1_base64="YHv/IRJZjqhCoY9DfU1lZgbLTfQ=">AAACGnicbZDLSsNAFIYnXmu9RV26CRbBVUlE0GXxAi4r2As0oUymJ+3QyYWZk2IJeQ43voobF4q4Eze+jdM2C209MPDxn8uc8/uJ4Apt+9tYWl5ZXVsvbZQ3t7Z3ds29/aaKU8mgwWIRy7ZPFQgeQQM5CmgnEmjoC2j5w6tJvjUCqXgc3eM4AS+k/YgHnFHUUtd03JDiwPezet7NpsyoyK7z3BUQYMdFeMDsZgQR5q7k/QF6XbNiV+1pWIvgFFAhRdS75qfbi1ka6hlMUKU6jp2gl1GJnAnIy26qIKFsSPvQ0RjREJSXTU/LrWOt9KwglvpFaE3V3x0ZDZUah76unCyv5nMT8b9cJ8Xgwst4lKQIEZt9FKTCwtia+GT1uASGYqyBMsn1rhYbUEkZajfL2gRn/uRFaJ5WHc13Z5XaZWFHiRySI3JCHHJOauSW1EmDMPJInskreTOejBfj3fiYlS4ZRc8B+RPG1w8ar6LE</latexit><latexit sha1_base64="YHv/IRJZjqhCoY9DfU1lZgbLTfQ=">AAACGnicbZDLSsNAFIYnXmu9RV26CRbBVUlE0GXxAi4r2As0oUymJ+3QyYWZk2IJeQ43voobF4q4Eze+jdM2C209MPDxn8uc8/uJ4Apt+9tYWl5ZXVsvbZQ3t7Z3ds29/aaKU8mgwWIRy7ZPFQgeQQM5CmgnEmjoC2j5w6tJvjUCqXgc3eM4AS+k/YgHnFHUUtd03JDiwPezet7NpsyoyK7z3BUQYMdFeMDsZgQR5q7k/QF6XbNiV+1pWIvgFFAhRdS75qfbi1ka6hlMUKU6jp2gl1GJnAnIy26qIKFsSPvQ0RjREJSXTU/LrWOt9KwglvpFaE3V3x0ZDZUah76unCyv5nMT8b9cJ8Xgwst4lKQIEZt9FKTCwtia+GT1uASGYqyBMsn1rhYbUEkZajfL2gRn/uRFaJ5WHc13Z5XaZWFHiRySI3JCHHJOauSW1EmDMPJInskreTOejBfj3fiYlS4ZRc8B+RPG1w8ar6LE</latexit><latexit sha1_base64="YHv/IRJZjqhCoY9DfU1lZgbLTfQ=">AAACGnicbZDLSsNAFIYnXmu9RV26CRbBVUlE0GXxAi4r2As0oUymJ+3QyYWZk2IJeQ43voobF4q4Eze+jdM2C209MPDxn8uc8/uJ4Apt+9tYWl5ZXVsvbZQ3t7Z3ds29/aaKU8mgwWIRy7ZPFQgeQQM5CmgnEmjoC2j5w6tJvjUCqXgc3eM4AS+k/YgHnFHUUtd03JDiwPezet7NpsyoyK7z3BUQYMdFeMDsZgQR5q7k/QF6XbNiV+1pWIvgFFAhRdS75qfbi1ka6hlMUKU6jp2gl1GJnAnIy26qIKFsSPvQ0RjREJSXTU/LrWOt9KwglvpFaE3V3x0ZDZUah76unCyv5nMT8b9cJ8Xgwst4lKQIEZt9FKTCwtia+GT1uASGYqyBMsn1rhYbUEkZajfL2gRn/uRFaJ5WHc13Z5XaZWFHiRySI3JCHHJOauSW1EmDMPJInskreTOejBfj3fiYlS4ZRc8B+RPG1w8ar6LE</latexit><latexit sha1_base64="YHv/IRJZjqhCoY9DfU1lZgbLTfQ=">AAACGnicbZDLSsNAFIYnXmu9RV26CRbBVUlE0GXxAi4r2As0oUymJ+3QyYWZk2IJeQ43voobF4q4Eze+jdM2C209MPDxn8uc8/uJ4Apt+9tYWl5ZXVsvbZQ3t7Z3ds29/aaKU8mgwWIRy7ZPFQgeQQM5CmgnEmjoC2j5w6tJvjUCqXgc3eM4AS+k/YgHnFHUUtd03JDiwPezet7NpsyoyK7z3BUQYMdFeMDsZgQR5q7k/QF6XbNiV+1pWIvgFFAhRdS75qfbi1ka6hlMUKU6jp2gl1GJnAnIy26qIKFsSPvQ0RjREJSXTU/LrWOt9KwglvpFaE3V3x0ZDZUah76unCyv5nMT8b9cJ8Xgwst4lKQIEZt9FKTCwtia+GT1uASGYqyBMsn1rhYbUEkZajfL2gRn/uRFaJ5WHc13Z5XaZWFHiRySI3JCHHJOauSW1EmDMPJInskreTOejBfj3fiYlS4ZRc8B+RPG1w8ar6LE</latexit>

f X ! D (x)
<latexit sha1_base64="caEqs3eVXXogEQNEF0n2QdxncGk=">AAACDnicbZDLSsNAFIYn9VbrLerSzWAp1E1JRNBlURcuK9gLNCFMppN26OTCzIlYQp/Aja/ixoUibl27822ctFlo6w8DH/85hznn9xPBFVjWt1FaWV1b3yhvVra2d3b3zP2DjopTSVmbxiKWPZ8oJnjE2sBBsF4iGQl9wbr++Cqvd++ZVDyO7mCSMDckw4gHnBLQlmfWAi/rOYqH2AkJjCgR2fV06ggWQB0/YEfy4QhOPLNqNayZ8DLYBVRRoZZnfjmDmKYhi4AKolTfthJwMyKBU8GmFSdVLCF0TIasrzEiIVNuNjtnimvaGeAglvpFgGfu74mMhEpNQl935jurxVpu/lfrpxBcuBmPkhRYROcfBanAEOM8GzzgklEQEw2ESq53xXREJKGgE6zoEOzFk5ehc9qwNd+eVZuXRRxldISOUR3Z6Bw10Q1qoTai6BE9o1f0ZjwZL8a78TFvLRnFzCH6I+PzB9mem/M=</latexit><latexit sha1_base64="caEqs3eVXXogEQNEF0n2QdxncGk=">AAACDnicbZDLSsNAFIYn9VbrLerSzWAp1E1JRNBlURcuK9gLNCFMppN26OTCzIlYQp/Aja/ixoUibl27822ctFlo6w8DH/85hznn9xPBFVjWt1FaWV1b3yhvVra2d3b3zP2DjopTSVmbxiKWPZ8oJnjE2sBBsF4iGQl9wbr++Cqvd++ZVDyO7mCSMDckw4gHnBLQlmfWAi/rOYqH2AkJjCgR2fV06ggWQB0/YEfy4QhOPLNqNayZ8DLYBVRRoZZnfjmDmKYhi4AKolTfthJwMyKBU8GmFSdVLCF0TIasrzEiIVNuNjtnimvaGeAglvpFgGfu74mMhEpNQl935jurxVpu/lfrpxBcuBmPkhRYROcfBanAEOM8GzzgklEQEw2ESq53xXREJKGgE6zoEOzFk5ehc9qwNd+eVZuXRRxldISOUR3Z6Bw10Q1qoTai6BE9o1f0ZjwZL8a78TFvLRnFzCH6I+PzB9mem/M=</latexit><latexit sha1_base64="caEqs3eVXXogEQNEF0n2QdxncGk=">AAACDnicbZDLSsNAFIYn9VbrLerSzWAp1E1JRNBlURcuK9gLNCFMppN26OTCzIlYQp/Aja/ixoUibl27822ctFlo6w8DH/85hznn9xPBFVjWt1FaWV1b3yhvVra2d3b3zP2DjopTSVmbxiKWPZ8oJnjE2sBBsF4iGQl9wbr++Cqvd++ZVDyO7mCSMDckw4gHnBLQlmfWAi/rOYqH2AkJjCgR2fV06ggWQB0/YEfy4QhOPLNqNayZ8DLYBVRRoZZnfjmDmKYhi4AKolTfthJwMyKBU8GmFSdVLCF0TIasrzEiIVNuNjtnimvaGeAglvpFgGfu74mMhEpNQl935jurxVpu/lfrpxBcuBmPkhRYROcfBanAEOM8GzzgklEQEw2ESq53xXREJKGgE6zoEOzFk5ehc9qwNd+eVZuXRRxldISOUR3Z6Bw10Q1qoTai6BE9o1f0ZjwZL8a78TFvLRnFzCH6I+PzB9mem/M=</latexit><latexit sha1_base64="caEqs3eVXXogEQNEF0n2QdxncGk=">AAACDnicbZDLSsNAFIYn9VbrLerSzWAp1E1JRNBlURcuK9gLNCFMppN26OTCzIlYQp/Aja/ixoUibl27822ctFlo6w8DH/85hznn9xPBFVjWt1FaWV1b3yhvVra2d3b3zP2DjopTSVmbxiKWPZ8oJnjE2sBBsF4iGQl9wbr++Cqvd++ZVDyO7mCSMDckw4gHnBLQlmfWAi/rOYqH2AkJjCgR2fV06ggWQB0/YEfy4QhOPLNqNayZ8DLYBVRRoZZnfjmDmKYhi4AKolTfthJwMyKBU8GmFSdVLCF0TIasrzEiIVNuNjtnimvaGeAglvpFgGfu74mMhEpNQl935jurxVpu/lfrpxBcuBmPkhRYROcfBanAEOM8GzzgklEQEw2ESq53xXREJKGgE6zoEOzFk5ehc9qwNd+eVZuXRRxldISOUR3Z6Bw10Q1qoTai6BE9o1f0ZjwZL8a78TFvLRnFzCH6I+PzB9mem/M=</latexit>

FX ! D (x)
<latexit sha1_base64="xMwEgDuk562Gw3+FOAp+Z3rR9hw=">AAACDnicbZDLSsNAFIYnXmu9RV26GSyFuimJCLosKuKygr1AE8JkOmmHTi7MnIgl9Anc+CpuXCji1rU738ZJm4W2/jDw8Z9zmHN+PxFcgWV9G0vLK6tr66WN8ubW9s6uubffVnEqKWvRWMSy6xPFBI9YCzgI1k0kI6EvWMcfXeb1zj2TisfRHYwT5oZkEPGAUwLa8szqtZd1HcVD7IQEhpSI7GoycQQLoIYfsCP5YAjHnlmx6tZUeBHsAiqoUNMzv5x+TNOQRUAFUapnWwm4GZHAqWCTspMqlhA6IgPW0xiRkCk3m54zwVXt9HEQS/0iwFP390RGQqXGoa87853VfC03/6v1UgjO3YxHSQosorOPglRgiHGeDe5zySiIsQZCJde7YjokklDQCZZ1CPb8yYvQPqnbmm9PK42LIo4SOkRHqIZsdIYa6AY1UQtR9Iie0St6M56MF+Pd+Ji1LhnFzAH6I+PzB6Sem9M=</latexit><latexit sha1_base64="xMwEgDuk562Gw3+FOAp+Z3rR9hw=">AAACDnicbZDLSsNAFIYnXmu9RV26GSyFuimJCLosKuKygr1AE8JkOmmHTi7MnIgl9Anc+CpuXCji1rU738ZJm4W2/jDw8Z9zmHN+PxFcgWV9G0vLK6tr66WN8ubW9s6uubffVnEqKWvRWMSy6xPFBI9YCzgI1k0kI6EvWMcfXeb1zj2TisfRHYwT5oZkEPGAUwLa8szqtZd1HcVD7IQEhpSI7GoycQQLoIYfsCP5YAjHnlmx6tZUeBHsAiqoUNMzv5x+TNOQRUAFUapnWwm4GZHAqWCTspMqlhA6IgPW0xiRkCk3m54zwVXt9HEQS/0iwFP390RGQqXGoa87853VfC03/6v1UgjO3YxHSQosorOPglRgiHGeDe5zySiIsQZCJde7YjokklDQCZZ1CPb8yYvQPqnbmm9PK42LIo4SOkRHqIZsdIYa6AY1UQtR9Iie0St6M56MF+Pd+Ji1LhnFzAH6I+PzB6Sem9M=</latexit><latexit sha1_base64="xMwEgDuk562Gw3+FOAp+Z3rR9hw=">AAACDnicbZDLSsNAFIYnXmu9RV26GSyFuimJCLosKuKygr1AE8JkOmmHTi7MnIgl9Anc+CpuXCji1rU738ZJm4W2/jDw8Z9zmHN+PxFcgWV9G0vLK6tr66WN8ubW9s6uubffVnEqKWvRWMSy6xPFBI9YCzgI1k0kI6EvWMcfXeb1zj2TisfRHYwT5oZkEPGAUwLa8szqtZd1HcVD7IQEhpSI7GoycQQLoIYfsCP5YAjHnlmx6tZUeBHsAiqoUNMzv5x+TNOQRUAFUapnWwm4GZHAqWCTspMqlhA6IgPW0xiRkCk3m54zwVXt9HEQS/0iwFP390RGQqXGoa87853VfC03/6v1UgjO3YxHSQosorOPglRgiHGeDe5zySiIsQZCJde7YjokklDQCZZ1CPb8yYvQPqnbmm9PK42LIo4SOkRHqIZsdIYa6AY1UQtR9Iie0St6M56MF+Pd+Ji1LhnFzAH6I+PzB6Sem9M=</latexit><latexit sha1_base64="xMwEgDuk562Gw3+FOAp+Z3rR9hw=">AAACDnicbZDLSsNAFIYnXmu9RV26GSyFuimJCLosKuKygr1AE8JkOmmHTi7MnIgl9Anc+CpuXCji1rU738ZJm4W2/jDw8Z9zmHN+PxFcgWV9G0vLK6tr66WN8ubW9s6uubffVnEqKWvRWMSy6xPFBI9YCzgI1k0kI6EvWMcfXeb1zj2TisfRHYwT5oZkEPGAUwLa8szqtZd1HcVD7IQEhpSI7GoycQQLoIYfsCP5YAjHnlmx6tZUeBHsAiqoUNMzv5x+TNOQRUAFUapnWwm4GZHAqWCTspMqlhA6IgPW0xiRkCk3m54zwVXt9HEQS/0iwFP390RGQqXGoa87853VfC03/6v1UgjO3YxHSQosorOPglRgiHGeDe5zySiIsQZCJde7YjokklDQCZZ1CPb8yYvQPqnbmm9PK42LIo4SOkRHqIZsdIYa6AY1UQtR9Iie0St6M56MF+Pd+Ji1LhnFzAH6I+PzB6Sem9M=</latexit>
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graphical models (Chaganty and Liang, 2014), neural networks (Janzamin et al., 2015),
and others. An active area of research is to extend these techniques to yet other model
families.

2.7 Fixed design linear regression (Lecture 3)

¥ So far, we have considered parameter estimation of! ! given data x(1) , . . . , x(n) drawn
i.i.d. from p! ! . We will now move towards theprediction setting, where we are trying
to learn a function from an input x to an output y. Of course, we could still study
parameter estimation in this context, but we will use the opportunity to segue into
prediction.

¥ Setup

Ð Our goal is to predict a real-valued output (response)y ! R given an input
(covariates/features)x ! Rd.

Ð The Þxed design setting means that we have a Þxed set ofn inputs x1, . . . , xn ,
which are treated as constants. As an example, imagine thatx1, . . . , xn as the
50 states in America, andy1, . . . , yn represent their demographics, weather, etc.
Fixed design makes sense here because the states isnÕt random or growingÐtheyÕre
just Þxed. In general, one can think of the Þxed design setting as performing
signal reconstruction, where thexi Õs correspond to Þxed locations, andyi is a
noisy sensor reading.

Ð We assume that there is a true underlying parameter vector! ! ! Rd, which
governs the outputs. For eachi = 1, . . . , n:

yi = xi á! ! + "i , (64)

where we assume that the noise terms"i are i.i.d. with mean E["i ] = 0 and
variance Var["i ] = #2. Note that "1, . . . , "n are the only source of randomness in
the problem.

Ð FIGURE: [linear regression line overx1, . . . , xn ]

Ð At training time, we observe one realization ofy1, . . . , yn . For convenience, letÕs
put the data into matrices:

" X = [ x1, . . . , xn ]" ! Rn# d

" " = [ "1, . . . , "n ]" ! Rd

" Y = [ y1, . . . , yn ]" ! Rd

" ! = 1
n X " X ! Rd# d (second moment matrix)

Ð FIGURE: [matrices X , ! , Y ]
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#(%0B$%5'715'7.09#$'7'#:'#((0597($%0(10#(+

)#

<latexit sha1_base64="8qr68jPJoTiD42aEwHJQf1o80/8="></latexit>

E
!

1
n

! X ö! " X ! ! ! 2
"

#
d" 2

n

<latexit sha1_base64="ijn6KO2wLgfhVfus/JT/DyHNWNI="></latexit>

E
!
! ö! " ! ! ! 2

"
# tr[( X T X )" 1]" 2

;#0*-0+%&.'&#$<

;#0*+3'&=('&#$<

!"#$%&'()
>? ;#0*-0+%&.'&#$*'(3@3A*&'*%#+3$B'*=(''+0 *C#7*'C+*%('( *&3*%&3'0&19'+%?*D9'*E#0*

(..90('+*+3'&=('&#$*#E*.#+EE&.&+$'3A*F*3C#9)%*1+*7+))G.#$%&'&#$+%?
H? I(0J+ *$9=1+0*#E*E+('90+3*)+(%*'#*#6+0E&''&$J?**4+?J?A*93+*($*$'C*#0%+0*

-#)2$#=&()*'#*E&'*$*-#&$'3:



C85"4

! IH)41J$741$@<.)=1$K)>1)//<4.
! E0&(5315,-)&00,0)F,*-(
! O/154'15,-)&00,0)F,*-(

! IH)41J$741$*<.=1J$3A=//<7<3=0<4.

! L<F0)1C$1)M<)N

)$



C$'(*',/.-(*'.%',(8&(,-*8&+(",,/31-%8&,(8&($8=(
-$'(5"-"(%,(+'&'*"-'5

! )8>8+$<0$F4)/$SOI$=GGAJ$04$0H)$3=/)$741$7<00<.>$=$G4AJ.4C<=A$04$=$.4</J$
/<.)$72.30<4.T$$$Q?HJU$?H<3H$=//2CG0<4.$</$0H)$32AG1<0UR

! IH)$!"#"$!"$%#&'&(#)*$*+',)-.&(/5
! L//*4+15,-)NM7)55()/'4+:&/

! L//*4+15,-)N=7)N,*-(&():,//)D*-315,-

! L//*4+15,-)NT7)U5-51&)"#+,1"&/5/)3:'//

)%



C$'(*',/.-(*'.%',(8&(,-*8&+(",,/31-%8&,(8&($8=(
-$'(5"-"(%,(+'&'*"-'5

! )8>8+$<0$F4)/$SOI$=GGAJ$04$0H)$3=/)$741$7<00<.>$=$G4AJ.4C<=A$04$=$.4</J$
/<.)$72.30<4.T$$$Q?HJU$?H<3H$=//2CG0<4.$</$0H)$32AG1<0UR

! IH)$!"#"$!"$%#&'&(#)*$*+',)-.&(/5
! L//*4+15,-)NM7)55()/'4+:&/

! L//*4+15,-)N=7)N,*-(&():,//)D*-315,-

! L//*4+15,-)NT7)U5-51&)"#+,1"&/5/)3:'//

)%
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! @4//72.30<4.

! K</V72.30<4.

! WCG<1<3=A1</V

! (h, (x, y))
<latexit sha1_base64="jtIClNxDWtAOoNDU1Sl5GDiLcDI=">AAAB9HicbZBNS8NAEIYnftb6VfXoJViEFkpJRNBj0YvHCvYD2lA222m7dLOJu5tiCP0dXjwo4tUf481/47bNQVtfWHh4Z4aZff2IM6Ud59taW9/Y3NrO7eR39/YPDgtHx00VxpJig4Y8lG2fKORMYEMzzbEdSSSBz7Hlj29n9dYEpWKheNBJhF5AhoINGCXaWF4XOS+NKqWnSlIu9wpFp+rMZa+Cm0ERMtV7ha9uP6RxgEJTTpTquE6kvZRIzSjHab4bK4wIHZMhdgwKEqDy0vnRU/vcOH17EErzhLbn7u+JlARKJYFvOgOiR2q5NjP/q3ViPbj2UiaiWKOgi0WDmNs6tGcJ2H0mkWqeGCBUMnOrTUdEEqpNTnkTgrv85VVoXlRdw/eXxdpNFkcOTuEMSuDCFdTgDurQAAqP8Ayv8GZNrBfr3fpYtK5Z2cwJ/JH1+QP3upDo</latexit><latexit sha1_base64="jtIClNxDWtAOoNDU1Sl5GDiLcDI=">AAAB9HicbZBNS8NAEIYnftb6VfXoJViEFkpJRNBj0YvHCvYD2lA222m7dLOJu5tiCP0dXjwo4tUf481/47bNQVtfWHh4Z4aZff2IM6Ud59taW9/Y3NrO7eR39/YPDgtHx00VxpJig4Y8lG2fKORMYEMzzbEdSSSBz7Hlj29n9dYEpWKheNBJhF5AhoINGCXaWF4XOS+NKqWnSlIu9wpFp+rMZa+Cm0ERMtV7ha9uP6RxgEJTTpTquE6kvZRIzSjHab4bK4wIHZMhdgwKEqDy0vnRU/vcOH17EErzhLbn7u+JlARKJYFvOgOiR2q5NjP/q3ViPbj2UiaiWKOgi0WDmNs6tGcJ2H0mkWqeGCBUMnOrTUdEEqpNTnkTgrv85VVoXlRdw/eXxdpNFkcOTuEMSuDCFdTgDurQAAqP8Ayv8GZNrBfr3fpYtK5Z2cwJ/JH1+QP3upDo</latexit><latexit sha1_base64="jtIClNxDWtAOoNDU1Sl5GDiLcDI=">AAAB9HicbZBNS8NAEIYnftb6VfXoJViEFkpJRNBj0YvHCvYD2lA222m7dLOJu5tiCP0dXjwo4tUf481/47bNQVtfWHh4Z4aZff2IM6Ud59taW9/Y3NrO7eR39/YPDgtHx00VxpJig4Y8lG2fKORMYEMzzbEdSSSBz7Hlj29n9dYEpWKheNBJhF5AhoINGCXaWF4XOS+NKqWnSlIu9wpFp+rMZa+Cm0ERMtV7ha9uP6RxgEJTTpTquE6kvZRIzSjHab4bK4wIHZMhdgwKEqDy0vnRU/vcOH17EErzhLbn7u+JlARKJYFvOgOiR2q5NjP/q3ViPbj2UiaiWKOgi0WDmNs6tGcJ2H0mkWqeGCBUMnOrTUdEEqpNTnkTgrv85VVoXlRdw/eXxdpNFkcOTuEMSuDCFdTgDurQAAqP8Ayv8GZNrBfr3fpYtK5Z2cwJ/JH1+QP3upDo</latexit><latexit sha1_base64="jtIClNxDWtAOoNDU1Sl5GDiLcDI=">AAAB9HicbZBNS8NAEIYnftb6VfXoJViEFkpJRNBj0YvHCvYD2lA222m7dLOJu5tiCP0dXjwo4tUf481/47bNQVtfWHh4Z4aZff2IM6Ud59taW9/Y3NrO7eR39/YPDgtHx00VxpJig4Y8lG2fKORMYEMzzbEdSSSBz7Hlj29n9dYEpWKheNBJhF5AhoINGCXaWF4XOS+NKqWnSlIu9wpFp+rMZa+Cm0ERMtV7ha9uP6RxgEJTTpTquE6kvZRIzSjHab4bK4wIHZMhdgwKEqDy0vnRU/vcOH17EErzhLbn7u+JlARKJYFvOgOiR2q5NjP/q3ViPbj2UiaiWKOgi0WDmNs6tGcJ2H0mkWqeGCBUMnOrTUdEEqpNTnkTgrv85VVoXlRdw/eXxdpNFkcOTuEMSuDCFdTgDurQAAqP8Ayv8GZNrBfr3fpYtK5Z2cwJ/JH1+QP3upDo</latexit>

öR(h, Data) =
1
n

n!

i =1

! (h, (xi , yi ))]
<latexit sha1_base64="JgkSKBvzHuVOFU6h3sdBaVeq/ds="></latexit><latexit sha1_base64="JgkSKBvzHuVOFU6h3sdBaVeq/ds="></latexit><latexit sha1_base64="JgkSKBvzHuVOFU6h3sdBaVeq/ds="></latexit><latexit sha1_base64="JgkSKBvzHuVOFU6h3sdBaVeq/ds="></latexit>

R(h, D) = ED [! (h, (xi , yi ))]
<latexit sha1_base64="ZBXkmOh2CBemDqJdp5Msao0F1zg="></latexit><latexit sha1_base64="ZBXkmOh2CBemDqJdp5Msao0F1zg="></latexit><latexit sha1_base64="ZBXkmOh2CBemDqJdp5Msao0F1zg="></latexit><latexit sha1_base64="ZBXkmOh2CBemDqJdp5Msao0F1zg="></latexit>

)&



)'"*&%&+(%,(86-'&("#$%'7'5(94(,8.7%&+(-$'(
!"#$%$&'()*$+,)-$.$"$/'0$1.) !"#$%&'

öh = arg min
h! H

öR(h, { (xi , yi )|i ! [n]} )
<latexit sha1_base64="Nw87O+aqbqZZLCFu9gZM4M1/gdI="></latexit><latexit sha1_base64="Nw87O+aqbqZZLCFu9gZM4M1/gdI="></latexit><latexit sha1_base64="Nw87O+aqbqZZLCFu9gZM4M1/gdI="></latexit><latexit sha1_base64="Nw87O+aqbqZZLCFu9gZM4M1/gdI="></latexit>

)'

! WD=CGA)$E$Q6)13)G014.$X$/C=AA)/0$.2C*)1$47$C</0=V)/R

! WD=CGA)$%$QO1F<.=1J$@)=/0$"P2=1)$R



C$' +8".%,-8 98/&5 -$' ';#',, *%,>LC$%,
-%3'=' ="&- " $%+$1*89"9%.%-498/&5L

! ?<0HG14*=*<A<0J=0A)=/0

! 6=1=C)0)1<B)$ =/ =72.30<4.47
! V*4F&0,D('1' +,5-1/
! W5?&,D1"&"#+,1"&/5/ 3:'//
! N,*-(&(-&// ,D1"&:,//
! U'5:*0&+0,F'F5:51#

R(öh) ! R(h! ) " !
<latexit sha1_base64="RZj9EVQHqX5en5xEskDCZmiVBYM=">AAACC3icbVC7SgNBFJ31GeMramkzJAiJYNgVQcugjWUM5gHZNcxO7maHzD6cmRXCkt7GX7GxUMTWH7Dzb5xNUmjigYHDOedy5x435kwq0/w2lpZXVtfWcxv5za3tnd3C3n5LRomg0KQRj0THJRI4C6GpmOLQiQWQwOXQdodXmd9+ACFZFN6qUQxOQAYh8xglSku9QrFRtn2iUn9cwScYN8r+3XEF2xzusQ2xZDwLlcyqOQFeJNaMlNAM9V7hy+5HNAkgVJQTKbuWGSsnJUIxymGctxMJMaFDMoCupiEJQDrp5JYxPtJKH3uR0C9UeKL+nkhJIOUocHUyIMqX814m/ud1E+VdOCkL40RBSKeLvIRjFeGsGNxnAqjiI00IFUz/FVOfCEKVri+vS7DmT14krdOqpfnNWal2Oasjhw5REZWRhc5RDV2jOmoiih7RM3pFb8aT8WK8Gx/T6JIxmzlAf2B8/gCwM5jv</latexit><latexit sha1_base64="RZj9EVQHqX5en5xEskDCZmiVBYM=">AAACC3icbVC7SgNBFJ31GeMramkzJAiJYNgVQcugjWUM5gHZNcxO7maHzD6cmRXCkt7GX7GxUMTWH7Dzb5xNUmjigYHDOedy5x435kwq0/w2lpZXVtfWcxv5za3tnd3C3n5LRomg0KQRj0THJRI4C6GpmOLQiQWQwOXQdodXmd9+ACFZFN6qUQxOQAYh8xglSku9QrFRtn2iUn9cwScYN8r+3XEF2xzusQ2xZDwLlcyqOQFeJNaMlNAM9V7hy+5HNAkgVJQTKbuWGSsnJUIxymGctxMJMaFDMoCupiEJQDrp5JYxPtJKH3uR0C9UeKL+nkhJIOUocHUyIMqX814m/ud1E+VdOCkL40RBSKeLvIRjFeGsGNxnAqjiI00IFUz/FVOfCEKVri+vS7DmT14krdOqpfnNWal2Oasjhw5REZWRhc5RDV2jOmoiih7RM3pFb8aT8WK8Gx/T6JIxmzlAf2B8/gCwM5jv</latexit><latexit sha1_base64="RZj9EVQHqX5en5xEskDCZmiVBYM=">AAACC3icbVC7SgNBFJ31GeMramkzJAiJYNgVQcugjWUM5gHZNcxO7maHzD6cmRXCkt7GX7GxUMTWH7Dzb5xNUmjigYHDOedy5x435kwq0/w2lpZXVtfWcxv5za3tnd3C3n5LRomg0KQRj0THJRI4C6GpmOLQiQWQwOXQdodXmd9+ACFZFN6qUQxOQAYh8xglSku9QrFRtn2iUn9cwScYN8r+3XEF2xzusQ2xZDwLlcyqOQFeJNaMlNAM9V7hy+5HNAkgVJQTKbuWGSsnJUIxymGctxMJMaFDMoCupiEJQDrp5JYxPtJKH3uR0C9UeKL+nkhJIOUocHUyIMqX814m/ud1E+VdOCkL40RBSKeLvIRjFeGsGNxnAqjiI00IFUz/FVOfCEKVri+vS7DmT14krdOqpfnNWal2Oasjhw5REZWRhc5RDV2jOmoiih7RM3pFb8aT8WK8Gx/T6JIxmzlAf2B8/gCwM5jv</latexit><latexit sha1_base64="RZj9EVQHqX5en5xEskDCZmiVBYM=">AAACC3icbVC7SgNBFJ31GeMramkzJAiJYNgVQcugjWUM5gHZNcxO7maHzD6cmRXCkt7GX7GxUMTWH7Dzb5xNUmjigYHDOedy5x435kwq0/w2lpZXVtfWcxv5za3tnd3C3n5LRomg0KQRj0THJRI4C6GpmOLQiQWQwOXQdodXmd9+ACFZFN6qUQxOQAYh8xglSku9QrFRtn2iUn9cwScYN8r+3XEF2xzusQ2xZDwLlcyqOQFeJNaMlNAM9V7hy+5HNAkgVJQTKbuWGSsnJUIxymGctxMJMaFDMoCupiEJQDrp5JYxPtJKH3uR0C9UeKL+nkhJIOUocHUyIMqX814m/ud1E+VdOCkL40RBSKeLvIRjFeGsGNxnAqjiI00IFUz/FVOfCEKVri+vS7DmT14krdOqpfnNWal2Oasjhw5REZWRhc5RDV2jOmoiih7RM3pFb8aT8WK8Gx/T6JIxmzlAf2B8/gCwM5jv</latexit>

1 ! !
<latexit sha1_base64="RMkfy7Sl6FeH0wwOtgInosPkvOY=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YvHCrYW2lA2m0m7dLOJuxuhhP4JLx4U8erf8ea/cdvmoK0vLDy8M8POvEEquDau++2UVlbX1jfKm5Wt7Z3dver+QVsnmWLYYolIVCegGgWX2DLcCOykCmkcCHwIRjfT+sMTKs0TeW/GKfoxHUgecUaNtTreWS9EYWi/WnPr7kxkGbwCalCo2a9+9cKEZTFKwwTVuuu5qfFzqgxnAieVXqYxpWxEB9i1KGmM2s9n+07IiXVCEiXKPmnIzP09kdNY63Ec2M6YmqFerE3N/2rdzERXfs5lmhmUbP5RlAliEjI9noRcITNibIEyxe2uhA2poszYiCo2BG/x5GVon9c9y3cXtcZ1EUcZjuAYTsGDS2jALTShBQwEPMMrvDmPzovz7nzMW0tOMXMIf+R8/gBsWI+O</latexit><latexit sha1_base64="RMkfy7Sl6FeH0wwOtgInosPkvOY=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YvHCrYW2lA2m0m7dLOJuxuhhP4JLx4U8erf8ea/cdvmoK0vLDy8M8POvEEquDau++2UVlbX1jfKm5Wt7Z3dver+QVsnmWLYYolIVCegGgWX2DLcCOykCmkcCHwIRjfT+sMTKs0TeW/GKfoxHUgecUaNtTreWS9EYWi/WnPr7kxkGbwCalCo2a9+9cKEZTFKwwTVuuu5qfFzqgxnAieVXqYxpWxEB9i1KGmM2s9n+07IiXVCEiXKPmnIzP09kdNY63Ec2M6YmqFerE3N/2rdzERXfs5lmhmUbP5RlAliEjI9noRcITNibIEyxe2uhA2poszYiCo2BG/x5GVon9c9y3cXtcZ1EUcZjuAYTsGDS2jALTShBQwEPMMrvDmPzovz7nzMW0tOMXMIf+R8/gBsWI+O</latexit><latexit sha1_base64="RMkfy7Sl6FeH0wwOtgInosPkvOY=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YvHCrYW2lA2m0m7dLOJuxuhhP4JLx4U8erf8ea/cdvmoK0vLDy8M8POvEEquDau++2UVlbX1jfKm5Wt7Z3dver+QVsnmWLYYolIVCegGgWX2DLcCOykCmkcCHwIRjfT+sMTKs0TeW/GKfoxHUgecUaNtTreWS9EYWi/WnPr7kxkGbwCalCo2a9+9cKEZTFKwwTVuuu5qfFzqgxnAieVXqYxpWxEB9i1KGmM2s9n+07IiXVCEiXKPmnIzP09kdNY63Ec2M6YmqFerE3N/2rdzERXfs5lmhmUbP5RlAliEjI9noRcITNibIEyxe2uhA2poszYiCo2BG/x5GVon9c9y3cXtcZ1EUcZjuAYTsGDS2jALTShBQwEPMMrvDmPzovz7nzMW0tOMXMIf+R8/gBsWI+O</latexit><latexit sha1_base64="RMkfy7Sl6FeH0wwOtgInosPkvOY=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YvHCrYW2lA2m0m7dLOJuxuhhP4JLx4U8erf8ea/cdvmoK0vLDy8M8POvEEquDau++2UVlbX1jfKm5Wt7Z3dver+QVsnmWLYYolIVCegGgWX2DLcCOykCmkcCHwIRjfT+sMTKs0TeW/GKfoxHUgecUaNtTreWS9EYWi/WnPr7kxkGbwCalCo2a9+9cKEZTFKwwTVuuu5qfFzqgxnAieVXqYxpWxEB9i1KGmM2s9n+07IiXVCEiXKPmnIzP09kdNY63Ec2M6YmqFerE3N/2rdzERXfs5lmhmUbP5RlAliEjI9noRcITNibIEyxe2uhA2poszYiCo2BG/x5GVon9c9y3cXtcZ1EUcZjuAYTsGDS2jALTShBQwEPMMrvDmPzovz7nzMW0tOMXMIf+R8/gBsWI+O</latexit>

!
<latexit sha1_base64="KHXom6jBOGArivq9Ns9o+T/rrJI=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk09k2NJusSVYopX/CiwdFvPp3vPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY3KNMMGU0LpdkQNCi6xYbkV2E410iQS2IpGt7N66wm14Uo+2HGKYUIHksecUeusdhdTw4WSvXLFr/pzkVUIcqhArnqv/NXtK5YlKC0T1JhO4Kc2nFBtORM4LXUzgyllIzrAjkNJEzThZL7vlJw5p09ipd2Tlszd3xMTmhgzTiLXmVA7NMu1mflfrZPZ+DqccJlmFiVbfBRnglhFZseTPtfIrBg7oExztythQ6opsy6ikgshWD55FZoX1cDx/WWldpPHUYQTOIVzCOAKanAHdWgAAwHP8Apv3qP34r17H4vWgpfPHMMfeZ8/TNOQIA==</latexit><latexit sha1_base64="KHXom6jBOGArivq9Ns9o+T/rrJI=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk09k2NJusSVYopX/CiwdFvPp3vPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY3KNMMGU0LpdkQNCi6xYbkV2E410iQS2IpGt7N66wm14Uo+2HGKYUIHksecUeusdhdTw4WSvXLFr/pzkVUIcqhArnqv/NXtK5YlKC0T1JhO4Kc2nFBtORM4LXUzgyllIzrAjkNJEzThZL7vlJw5p09ipd2Tlszd3xMTmhgzTiLXmVA7NMu1mflfrZPZ+DqccJlmFiVbfBRnglhFZseTPtfIrBg7oExztythQ6opsy6ikgshWD55FZoX1cDx/WWldpPHUYQTOIVzCOAKanAHdWgAAwHP8Apv3qP34r17H4vWgpfPHMMfeZ8/TNOQIA==</latexit><latexit sha1_base64="KHXom6jBOGArivq9Ns9o+T/rrJI=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk09k2NJusSVYopX/CiwdFvPp3vPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY3KNMMGU0LpdkQNCi6xYbkV2E410iQS2IpGt7N66wm14Uo+2HGKYUIHksecUeusdhdTw4WSvXLFr/pzkVUIcqhArnqv/NXtK5YlKC0T1JhO4Kc2nFBtORM4LXUzgyllIzrAjkNJEzThZL7vlJw5p09ipd2Tlszd3xMTmhgzTiLXmVA7NMu1mflfrZPZ+DqccJlmFiVbfBRnglhFZseTPtfIrBg7oExztythQ6opsy6ikgshWD55FZoX1cDx/WWldpPHUYQTOIVzCOAKanAHdWgAAwHP8Apv3qP34r17H4vWgpfPHMMfeZ8/TNOQIA==</latexit><latexit sha1_base64="KHXom6jBOGArivq9Ns9o+T/rrJI=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk09k2NJusSVYopX/CiwdFvPp3vPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY3KNMMGU0LpdkQNCi6xYbkV2E410iQS2IpGt7N66wm14Uo+2HGKYUIHksecUeusdhdTw4WSvXLFr/pzkVUIcqhArnqv/NXtK5YlKC0T1JhO4Kc2nFBtORM4LXUzgyllIzrAjkNJEzThZL7vlJw5p09ipd2Tlszd3xMTmhgzTiLXmVA7NMu1mflfrZPZ+DqccJlmFiVbfBRnglhFZseTPtfIrBg7oExztythQ6opsy6ikgshWD55FZoX1cDx/WWldpPHUYQTOIVzCOAKanAHdWgAAwHP8Apv3qP34r17H4vWgpfPHMMfeZ8/TNOQIA==</latexit>

)(
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438 Appendix D Concentration Inequalities

where ! denotes ! a
b! a . Note that " (0) = " "(0) = 0 and that " ""(t ) = u(1 ! u)( b ! a)2 where

u = !
[(1 ! ! ) e! t ( b! a ) + ! ]

. Since u is in [0, 1], u(1 ! u) is upper bounded by 1 / 4 and " ""(t ) " ( b! a) 2

4 .

Thus, by the second order expansion of function " , there exists # # [0, t ] such that:

" (t ) = " (0) + t" "(0) +
t2

2
" ""(#) " t2 (b ! a)2

8
, (D.3)

which completes the proof. !

The lemma can be used to prove the following result known as Hoe! dingÕs inequality.

Theorem D.2 (HoeffdingÕs inequality) Let X 1, . . . , X m be independent random variables with
X i taking values in [ai , bi ] for all i # [m]. Then, for any $ > 0, the following inequalities hold for
Sm =

! m
i =1 X i :

P[Sm ! E[Sm ] $ $] " e! 2" 2 /
! m

i =1 ( bi ! a i ) 2
(D.4)

P[Sm ! E[Sm ] " ! $] " e! 2" 2 /
! m

i =1 ( bi ! a i ) 2
. (D.5)

Proof: Using the Cherno ! bounding technique and lemma D.1, we can write:

P[Sm ! E[Sm ] $ $] " e! t " E[et ( Sm ! E[Sm ]) ]

= e! t " " m
i =1 E[et ( X i ! E[X i ]) ] (independence of X i s)

" e! t " " m
i =1 et 2 ( bi ! a i ) 2 / 8 (lemma D.1)

= e! t " et 2 ! m
i =1 ( bi ! a i ) 2 / 8

" e! 2" 2 /
! m

i =1 ( bi ! a i ) 2
,

where we chose t = 4 $/
! m

i =1 (bi ! ai )2 to minimize the upper bound. This proves the Þrst
statement of the theorem, and the second statement is shown in a similar way. !

When the variance %2
X i

of each random variable X i is known and the %2
X i

s are relatively small,
better concentration bounds can be derived (see BennettÕsand BernsteinÕs inequalities proven in
exercise D.6).

D.2 SanovÕs theorem

Here, we present a Þner upper bound than Hoe ! dingÕs inequality expressed in terms of the binary
relative entropy.

Theorem D.3 (SanovÕs theorem) Let X 1, . . . , X m be independent random variables drawn ac-
cording to some distribution D with mean p and support included in [0, 1]. Then, for any q # [0, 1],
the following inequality holds for "p = 1

m

! m
i =1 X i :

P["p $ q] " e! m D( q#p) ,
where D(q%p) = q log q

p + (1 ! q) log 1! q
1! p is the binary relative entropy of p and q.

"#$%&'( )*(+,% -&*- -&. !"#$%$&'( ')!%'*!+ #/ +,0.1.,0.,- 2*,0#3
4*2+*5'. 6#,4.2%.) -# -&. "!', *- * 789:);2-8,<<2*-.=>+-&&+%&
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P[E1 ! E2] " P[E1] + P[E2]
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