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Machine Learning
Linear Regression and Regularization

DSC 240
Feb 1, 2025

Instructor: Prof. Yu-Xiang Wang



Announcement

• MP2 out (due in 2 weeks)

• Homework 2 out (due in 2 weeks)

• Midterm next Thursday in class
• 75 min
• One “cheat sheet” is allowed: two-sided letter size
• Topic: classification, decision boundary, loss minimization, and continuous

optimization algorithms
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Last lecture

• Stochastic Gradient Descent
• Perceptron (in the offline case when we sample data points at random) is

SGD with shifted hinge loss with learning rate = 1.
• Convergence theorems and how to choose learning rate.
• “Learning curves” --- how do you debug SGD (or other iterative learning /

optimization algorithms)

• Regression problems
• What is the output space
• What are good performance metrics
• Prediction vs Estimation
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Recap: Example 1 Curve fitting

• Input:
• Output:
• Hypothesis:
• Data:
• Ground truth:
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4 1. INTRODUCTION

Figure 1.2 Plot of a training data set of N =
10 points, shown as blue circles,
each comprising an observation
of the input variable x along with
the corresponding target variable
t. The green curve shows the
function sin(2πx) used to gener-
ate the data. Our goal is to pre-
dict the value of t for some new
value of x, without knowledge of
the green curve.

x

t

0 1

−1

0

1

detailed treatment lies beyond the scope of this book.
Although each of these tasks needs its own tools and techniques, many of the

key ideas that underpin them are common to all such problems. One of the main
goals of this chapter is to introduce, in a relatively informal way, several of the most
important of these concepts and to illustrate them using simple examples. Later in
the book we shall see these same ideas re-emerge in the context of more sophisti-
cated models that are applicable to real-world pattern recognition applications. This
chapter also provides a self-contained introduction to three important tools that will
be used throughout the book, namely probability theory, decision theory, and infor-
mation theory. Although these might sound like daunting topics, they are in fact
straightforward, and a clear understanding of them is essential if machine learning
techniques are to be used to best effect in practical applications.

1.1. Example: Polynomial Curve Fitting

We begin by introducing a simple regression problem, which we shall use as a run-
ning example throughout this chapter to motivate a number of key concepts. Sup-
pose we observe a real-valued input variable x and we wish to use this observation to
predict the value of a real-valued target variable t. For the present purposes, it is in-
structive to consider an artificial example using synthetically generated data because
we then know the precise process that generated the data for comparison against any
learned model. The data for this example is generated from the function sin(2πx)
with random noise included in the target values, as described in detail in Appendix A.

Now suppose that we are given a training set comprising N observations of x,
written x ≡ (x1, . . . , xN )T, together with corresponding observations of the values
of t, denoted t ≡ (t1, . . . , tN )T. Figure 1.2 shows a plot of a training set comprising
N = 10 data points. The input data set x in Figure 1.2 was generated by choos-
ing values of xn, for n = 1, . . . , N , spaced uniformly in range [0, 1], and the target
data set t was obtained by first computing the corresponding values of the function
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Recap: The goal of a regression problem
could be (A) Prediction (B) Estimation

• Prediction task aims at predicting 𝑦 using 𝑥.
• Mean square loss (also called “mean square error of a predictor !𝑓”)

• Estimation task aims at making inference about the (unobserved) 𝑓!
• Mean square error of an estimator !𝑓

• Requires assumptions on how 𝑦! is related to 𝑓"(𝑥!)
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(f̂(xi)� yi)
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Quiz: Should the above be on training data or test data?
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How to solve “curve fitting” given a
hypothesis class?

• The distinction (esp. for square loss) does not matter very much. 
Challenge:
• We don’t have access to future data for prediction!
• We also don’t have access to ground truth f0

• By solving an optimization problem that minimizes the loss function
on the training data, and hope that it generalizes.
• Notice that we can verify if it generalizes or not using hold-out / cross-

validation…

• The “least square” objective function:
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Examples of supervised learning problems

Binary classification Multi-class classification Regression

Feature space ℝ! ℝ! ℝ!

Label space {-1, 1} {1,2,3,…,K} ℝ

Popular
Performance

metric

Classification error
(0-1 loss)

for test data

Classification error
(0-1 loss)

for test data

Mean Square Error
(against ground truth
or against labels)

Popular
surrogate loss
(for training)

Logistic loss Multiclass logistic loss
aka. Cross-Entropy loss Square loss
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Different losses for regression problems

• Square loss

• L1-loss (Mean Absolute
Deviation loss)

• Huber-loss

• And many more…

8
Which one to use? Depend on applications and computational tractability.



Today

• Linear regression
• Solving the Least Square problem
• Regularization

• Case study: Predict California Housing Market
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“Regression” example 2: Linear regression

• Case: California Housing Dataset
• 8 features:

• 1 label: Median house value in $100,000.

• Feature space
• Label space
• Hypothesis space
• Loss function
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Polynomial “Curve fitting” can be casted as a
linear regression problem.

• What are the features?

• What is the linear score function?

11



The objective function for learning linear
regression under square loss

• aka: Ordinary Least square (OLS)
• There is a convenient form using linear algebra

✓̂ = argmin
✓

1

n

X

i2[n]

(xT
i ✓ � yi)

2
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Exercise: Let’s derive the SGD algorithm for
Linear Regression!

• Calculate the gradient of the square loss

• What’s the SGD update rule?
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Exercise: What’s the GD update rule?

• GD update rule?

• Apply linear algebra to simplify the expression in matrix form.
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Direct solution to the linear regression problem by
solving a linear system of equations

• Recall the matrix form of the gradient?

• How to solve an optimization problem by hand?
• In the univariate case: Set derivative to 0
• In the multi-variate case: we can set gradient to 0.
• This returns the optimal solution if the problem is convex.
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Comparing SGD and the direct solver

• Time complexity of direct solver
• The smaller of O(d^2 n) or O(d n^2).
• This is O(n^3) when d and n are on the same order.

• Time complexity
• GD: O(min(dn, d^2) * number of iterations)
• SGD O(d * number of iterations)
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Checkpoint: linear regression basics

• The prediction task with performance measured in square loss.

• The least square objective function
• Can be solved using GD, SGD or directly solving a linear system of equations.

• Up next: regularization
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Recap: Polynomial regression under square 
loss 1.1. Example: Polynomial Curve Fitting 7
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Figure 1.4 Plots of polynomials having various orders M , shown as red curves, fitted to the data set shown in
Figure 1.2.

(RMS) error defined by
ERMS =

√
2E(w!)/N (1.3)

in which the division by N allows us to compare different sizes of data sets on
an equal footing, and the square root ensures that ERMS is measured on the same
scale (and in the same units) as the target variable t. Graphs of the training and
test set RMS errors are shown, for various values of M , in Figure 1.5. The test
set error is a measure of how well we are doing in predicting the values of t for
new data observations of x. We note from Figure 1.5 that small values of M give
relatively large values of the test set error, and this can be attributed to the fact that
the corresponding polynomials are rather inflexible and are incapable of capturing
the oscillations in the function sin(2πx). Values of M in the range 3 ! M ! 8
give small values for the test set error, and these also give reasonable representations
of the generating function sin(2πx), as can be seen, for the case of M = 3, from
Figure 1.4.
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Appropriately regularized fit of a 9th order
polynomial.

32 1. INTRODUCTION

Figure 1.17 The predictive distribution result-
ing from a Bayesian treatment of
polynomial curve fitting using an
M = 9 polynomial, with the fixed
parameters α = 5× 10−3 and β =
11.1 (corresponding to the known
noise variance), in which the red
curve denotes the mean of the
predictive distribution and the red
region corresponds to ±1 stan-
dard deviation around the mean.
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1.3. Model Selection

In our example of polynomial curve fitting using least squares, we saw that there was
an optimal order of polynomial that gave the best generalization. The order of the
polynomial controls the number of free parameters in the model and thereby governs
the model complexity. With regularized least squares, the regularization coefficient
λ also controls the effective complexity of the model, whereas for more complex
models, such as mixture distributions or neural networks there may be multiple pa-
rameters governing complexity. In a practical application, we need to determine
the values of such parameters, and the principal objective in doing so is usually to
achieve the best predictive performance on new data. Furthermore, as well as find-
ing the appropriate values for complexity parameters within a given model, we may
wish to consider a range of different types of model in order to find the best one for
our particular application.

We have already seen that, in the maximum likelihood approach, the perfor-
mance on the training set is not a good indicator of predictive performance on un-
seen data due to the problem of over-fitting. If data is plentiful, then one approach is
simply to use some of the available data to train a range of models, or a given model
with a range of values for its complexity parameters, and then to compare them on
independent data, sometimes called a validation set, and select the one having the
best predictive performance. If the model design is iterated many times using a lim-
ited size data set, then some over-fitting to the validation data can occur and so it may
be necessary to keep aside a third test set on which the performance of the selected
model is finally evaluated.

In many applications, however, the supply of data for training and testing will be
limited, and in order to build good models, we wish to use as much of the available
data as possible for training. However, if the validation set is small, it will give a
relatively noisy estimate of predictive performance. One solution to this dilemma is
to use cross-validation, which is illustrated in Figure 1.18. This allows a proportion
(S − 1)/S of the available data to be used for training while making use of all of the

Regularization prevents overfitting!
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Regularization helps to reduce overfitting
and induce structures in the solution.

• Example: p-norm regularized least square

• when p=2, this is called “Ridge Regression”
• when p=1, this is called “Lasso”
• when p=0, this is called “Best subset (feature) selection”

✓̂ = argmin
✓

1

n
kX✓ � yk22 + �k✓kpp
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Fitted polynomial as L2 regularization weight
increases
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The mean square errors as we adjust the L2
regularization weight
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Why a U-shape curve? Bias and variance
tradeoff.

• If we assume zero-mean independent noise data assumption

• Increase regularization weight => Increase bias, reduce variance

• Decrease regularization weight => Decrease bias, increase variance.

23
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Regularization helps to reduce overfitting
and induce structures in the solution.

• Ridge regression induces solutions that are small but dense.
• Lasso induces solutions that are “sparse”.

146 3. LINEAR MODELS FOR REGRESSION

Figure 3.4 Plot of the contours
of the unregularized error function
(blue) along with the constraint re-
gion (3.30) for the quadratic regular-
izer q = 2 on the left and the lasso
regularizer q = 1 on the right, in
which the optimum value for the pa-
rameter vector w is denoted by w!.
The lasso gives a sparse solution in
which w!

1 = 0.

w1

w2

w!

w1

w2

w!

For the remainder of this chapter we shall focus on the quadratic regularizer
(3.27) both for its practical importance and its analytical tractability.

3.1.5 Multiple outputs
So far, we have considered the case of a single target variable t. In some applica-

tions, we may wish to predict K > 1 target variables, which we denote collectively
by the target vector t. This could be done by introducing a different set of basis func-
tions for each component of t, leading to multiple, independent regression problems.
However, a more interesting, and more common, approach is to use the same set of
basis functions to model all of the components of the target vector so that

y(x,w) = WTφ(x) (3.31)

where y is a K-dimensional column vector, W is an M × K matrix of parameters,
and φ(x) is an M -dimensional column vector with elements φj(x), with φ0(x) = 1
as before. Suppose we take the conditional distribution of the target vector to be an
isotropic Gaussian of the form

p(t|x,W, β) = N (t|WTφ(x), β−1I). (3.32)

If we have a set of observations t1, . . . , tN , we can combine these into a matrix T
of size N × K such that the nth row is given by tT

n . Similarly, we can combine the
input vectors x1, . . . ,xN into a matrix X. The log likelihood function is then given
by

ln p(T|X,W, β) =
N∑

n=1

lnN (tn|WTφ(xn), β−1I)

=
NK

2
ln

(
β

2π

)
− β

2

N∑

n=1

∥∥tn − WTφ(xn)
∥∥2

. (3.33)
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Case study: California Housing dataset

• Example data

• Questions one can ask:
• How well can I use the 8 features to predict sales price (i.e., Target)?
• Which feature is more predictive with sales price?
• What is the effect of regularization?
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The MSE vs regularization weight plot
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The “Regularization path” for L2-regularization
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The “Regularization path” for L1-regularization
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Regularization path for Lasso (changing the x-
axis to the L1-norm of coefficients)
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How to interpret the fitted coefficients?

• The “sign” indicates positive or negative correlation with the label

• The “magnitude” indicates how strongly correlated.

• More precise quantification can be done via statistical inference
• Hypothesis testing
• Confidence intervals

(Warning: More assumptions needed for these inference.)
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Summary of today’s lecture

• Linear regression
• Solving the Least Square problem {with GD, SGD and direct solver}
• Regularization {with L2 and L1 regularization}
• On curve fitting example: L2 regularization controls the regularity of the

fitted function --- bias-variance tradeoff.

• Case study: Predict California Housing Market
• Bias-variance tradeoff on a real dataset
• Effect of regularization and Regularization path
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Next lecture

• Midterm review

• Probability and Statistics
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