DSC 240: Machine Learning
The Perceptron Algorithm

Jan 21, 2025

Instructor: Prof. Yu-Xiang Wang




Today

e Standard ML notations
* Decision boundary and margin in a linear classifier
* Perceptron Algorithm

 Mistake bound



Recap: So far in linear algebra reviews

* Key objects: vector, matrix
* Operations: Matrix-Vector multiplication, Matrix-matrix multiplication

* Properties: Norm (one vector), Distance and angle (two vectors), Linear
(in)dependence, orthogonality (a “bag” of vectors)

* Properties of a matrix: Rank, Norm (for square matrices) trace, determinant,
full-rank, symmetric, invertible

* Eigenvalues and eigenvectors

* One trick to understand it all: Singular Value Decomposition



Recap: For any matrix there is a Singular
Value Decomposition into three components

* Reading off properties of A from its SVD
* Rank(A)

* Trace(A)

* Det(A)

* Eigenvalue
* Eigenvectors

* Matrix norm(A)



Summary notations from linear algebra

 Matrices and vectors

a1 Q12 A1n (1]
(21 Q22 - Q2p a= 2] e R?
A = . . ] y ;4 cR. 3
| Om1 Qm2 " AQmn |

¢ Transpose and inverse
AT c RnXm A—lA — I

* Inner product / dot product ,
<£B,y> — wTy = szyz .

1=1

1/p
*Norms iz := [} a7 Jell = (Zﬁ)



Other useful notations

B = (by,by,b3) (Ordered) tuple
B = [by, by, b3] Matrix of column vectors stacked horizontally
B = {by,by,b3} Set of vectors (unordered)

7., N Integers and natural numbers, respectively
R, C Real and complex numbers, respectively
R" n-dimensional vector space of real numbers
Va Universal quantifier: for all x

Jx Existential quantifier: there exists x

n] :={1,2,3,....,n}
|S| — cardinality of a set S e.g., |[n]| =n

1 if condition is true
Indicator (one-zero) function: I[condition] & {

otherwise.



Conventions and typical meaning of specific
variables in machine learning

X.

input

y: output

z: Input-output pair
d:
n

. number of examples

dimensionality

The “hat” notation, e.g. iL’ ]27 é) E associated with being an estimate,

computed as a function of the data

The “star” notation, e.g.,h*, f*, 0™ : p*, R™  associated with being “optimal’
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Mathematically defining the supervised
learning problem

e Featurespace: X

e Labelspace: Y

e A classifier (hypothesis): h: X — y
e Ahypothesisclass: H

e Data:  (X1,¥Y1)s ey (Xnyyn) P XY

e Learning task: Find h! H that “works well”.



Today

» Standard-MEnetations
* Decision boundary and margin in a linear classifier
* Perceptron Algorithm

 Mistake bound



Recap: Linear classifier in linear algebraic
notations

* Take input feature vector

* Let label space be {-1,1}

* Make prediction by thresholding a weighted average of the feature
vector at O

hw (X) =



Key questions about learning linear classifiers

| 1

min Error(w) = —
w! Rd N 21

1(hw (Xi) E Yi)

* Does a solution exist?
* Is the solution unique?

* |s there an efficient algorithm to
find it?

* How does it work on data points
I"# used for training?

* What are the assumptions needed?



Decision Regions and Decision Boundary of
a Binary Classifier

o I"#3%P&'()"*$&'for label 1: Thesetofall! st." (1) # $.
o I"#3%P&'()"*$&for label 0: The setof all! s.t." (1) # %

o "#$%3$&'(+&,'-./0 : the boundary in between the two decision
regions.



Discussion: Decision boundary of linear
classifier

* Input feature vector: X = [Xl, X2]T
. Linear classifier with parameter W = [wq,W>]" =[4,2]'

* Draw the decision boundary!



Discussion: Decision boundary of linear
classifier (with homogeneous coordinates)

* Input feature vector:  x =[1, Xy, X5]"
* Linear classifier with parameter — w = [wg, w1, ws]" =[! 1,4,2]"

* Draw the decision boundary!
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Hyperplanes and halfspaces

* Hyperplane

{(x! RIw"x =0}

Halfspace

(x! RIw ' x "# b



Discussion: How to calculate the distance
from a data point to the decision boundary?

e Linear decision boundary case (when it crosses 0)

 Affine decision boundary case (when we have an offset)



Geometric margins

Definition: The margin of example x w.r.t. a linear sep. w is the
distance from x to the plane w-x = 0 (or the negative if on wrong side)

Margin of positive example x;

Margin of negative example x,

Slide from Nina Balcan

17



Learning linear classifiers in linearly separable
case, parameterized by margin parameter !

Non-spam “
\
||
Proportion [] O \ ®
of \ @]
misspelled ' O
words | '
[
= o
O \‘ o
[] \ spam
\
1
1

* Training data:

(Xl,Y1),---,(Xn,yn)! X ) Y

* In the above example, there is a clean cut boundary that
distinguishes “spams” from “non-spams”.

* “Linearly separable” problem

* Learning linear classifier: Finding vector ! , such that the predictions of ", is
I"#$%P&'#&ith the observed training data.
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Perceptron algorithm (Rosenblatt, 1957)

THE MARK I PERCEPTRON

NEW NAYY DRVICE
LRARNS BY DOING

Psychologist Shows Embryo
of Computer Designed to
Read and Grow Wiser

WASHINGTON, July. 7 (UPI)
—The Navy revealed the em-
bryo of an electronic computer|
today that it expects will be
abla to walk, talk, see, write,
reproduce itself and bse con-
scious of its existence,

The embryo—the Weather
Bureau's $2,000,000 “704” com-
puter—learned to differentiate
between right and left after|
fifty aftempts in the Navy's
demonstration for newsmen.,

The service said it would use
this principle to build the first
of its Perceptron thinking ma-
chines that will be able to read
‘and write, It is expected to be
Ifinished in about & year at a
cost of $100,000.

Dr. Frank Rosenblatt, de-
signer of the Perceptron, con-
ducted the demonstration, He
said -the machine would be the
first device to think as the hu-
man brain. As do human be-
ings, Perceptron will make mis-
takes at first, but will grow
wiser as it gains experience, he
said, &

Dr. Rosenblatt, a research
psychologist at the -Cornell
Aeronautical Laboratory, Buf-
falo, said Perceptrons might be
fired to the planets as mechani-

cal space explorers.

WASHINGTON, July. 7 (UPI)
—The Navy revealed the em-
bryo of an electronic computer
today that it expects will be
abla to walk, talk, see, write,
reproduce itself and bs coRn-
scious of its existence,

The embryo—the Weather
Bureau's $2,000,000 *“704" com-
puter—learned to differentiate
between right and left after
fifty ettempts in the Navy's
demonstration for newsmen,,

An remarkable algorithm of even by modern standards! 19




"# SHUORHS'VH, (Yo", "*/HO *) *%1-'%6*0p2
O#34#)&H5 -)$4'065%#7-8) 8'# H+267)
AST*# "# OH#-"0 -5' *HO * -O™/#

Perceptron Algorithm: (without the bias term)
» Set t=1, start with all-zeroes weight vector w;.
* Given example x, predict positive iff w; - x = 0.
* Onamistake, update as follows:
 Mistake on positive, update wyyq; « Wy + x
* Mistake on negative, update w1 « w; — x
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Example

Example: (-1,2) -
(1,0) +

(1,1) +

(=1,0) -

(-1,-2) -

(1,-1) +

Perceptron Algorithm: (without the bias term)
» Set t=1, start with all-zeroes weight vector w;.
* Given example x, predict positive iff w; - x = 0.
* Onamistake, update as follows:
e Mistake on positive, update w1 « wy +x
* Mistake on negative, update wy 1 « w; — x
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Example

Example: (-1,2)- x
(1,0) + V

LD+ X

(-1,0) - v

(-1,-2)—- X

1,-1D+ v

Perceptron Algorithm: (without the bias term)
= Set t=1, start with all-zeroes weight vector w;.
= Given example x, predict positive iff w; - x = 0.
* On amistake, update as follows:
e Mistake on positive, update wy, 1 « w; + x
e Mistake on negative, update w;;, « wy — x

wy = (0,0)

w, =w; —(-1,2) =(1,-2)
ws=w,+ (1,1) =(2,-1)
wy, =wz — (—1,-2) = (3,1)
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Pseudo code / implementation for the
perceptron algorithm

" SHYEH (Y)¥,-)%. ("

"#$#%&M1 = [0,0,...,0
)*#&( 1"
1# $%&' () *)+),&*-)%&'() .),&/( !
0#12)3&4%5)*6()78,&8/3% !  sign(w; ax)
9#$%& (%:() )%+*+% )#
#1+ P
%#A/Vt+1 ! W + YX
< H t! t+1

<



Geometric Margins

Definition: The margin of example x w.r.t. a linear sep. w is the
distance from x to the plane w - x = 0 (or the negative if on wrong side)

Definition: The margin y,,, of a set of examples S wrt a linear
separator w is the smallest margin over points x € S.

Definition: The margin y of a set of examples S is the maximum y,,,
over all linear separators w.

Slide from Nina Balcan
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Theorem: Perceptron Algorithm makes finite
number of mistakes!

12"&/"3 (Novikoff, 1962): Assume there exists W' such that

every input satisfies that > ! and y=sign(xaw')

Also, assume that! X! 2" R | Then the total number of mistakes

Perceptron makes is smaller than RZ/! 2

"#$%&'(

« The algorithm can run infinitely long => No mistake on average.

* No assumption on data distribution (can be fully adversarial, given the
margin constraint)

« Every new data point to predict on is new.

* No hyperparameters to choose. The alg does not need to know R, !.

« Dimension-free. Can support infinitely many features!



Proof (Details on the Chalk Board)

* Key idea: Let M be the number of mistakes. Prove that there are
constants A and B such that

AM " wya"! B M

1"4$ %68 ()*+*$& -&%./012 '3 A$E&ER$*6*7+$&99,38: %, 3:69'<:. +:39":9&:,6-:=>220@2A@):,6-



https://apps.dtic.mil/sti/tr/pdf/AD0298258.pdf

Using Perceptron in batch (offline) mode

!”
min Error(w) = 1 1(hw(Xi) £ Vi)
w! Rd n

i=1
» Recall: Perceptron can take any sequence of data

* Loop over the data again and again until there is no mistakes.

()%*' not converged:
converged = true
+", over data set:
make prediction
-+“Mistake”: 1. Update weights. 2. set converged = false

nR?
* Converge in after at most — 3~ inner loop iterations.
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Limitations of the Perceptron Algorithm

* What if the margin is small?
* The perceptron algorithm will be slower

* What if non-linearly separable?
* The perceptron algorithm is known to not converge!



Best linear separator in general (linearly non-
separable cases) is NP-hard.

Non-spam “
\
\
Proportion [ ] L] \ ®
\
of . | O
misspelled P \ O
words \
1
H g
| »
- ‘\
O ' @ spam

Length of the message
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Next lecture: An attempt to “solve” the NP-
Hard problem in practice

e Surrogate loss
* Gradient Descent

 Stochastic gradient descent



