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DSC 240: Machine Learning
The Perceptron Algorithm

Jan 21, 2025

Instructor: Prof. Yu-Xiang Wang



Today

• Standard ML notations

• Decision boundary and margin in a linear classifier

• Perceptron Algorithm

• Mistake bound
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Recap: So far in linear algebra reviews

• Key objects: vector, matrix

• Operations: Matrix-Vector multiplication, Matrix-matrix multiplication

• Properties: Norm (one vector), Distance and angle (two vectors), Linear
(in)dependence, orthogonality (a “bag” of vectors)

• Properties of a matrix: Rank, Norm (for square matrices) trace, determinant,
full-rank, symmetric, invertible

• Eigenvalues and eigenvectors

• One trick to understand it all: Singular Value Decomposition
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Recap: For any matrix there is a Singular
Value Decomposition into three components

• Reading off properties of A from its SVD
• Rank(A)

• Trace(A)

• Det(A)

• Eigenvalue

• Eigenvectors

• Matrix norm(A)
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Summary notations from linear algebra

•Matrices and vectors

• Transpose and inverse

• Inner product / dot product

• Norms
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In the following, we will have a close look at these matrices and de-
fine computation rules. We will return to solving linear equations in Sec-
tion 2.3.

2.2 Matrices

Matrices play a central role in linear algebra. They can be used to com-
pactly represent systems of linear equations, but they also represent linear
functions (linear mappings) as we will see later in Section 2.7. Before we
discuss some of these interesting topics, let us first define what a matrix
is and what kind of operations we can do with matrices. We will see more
properties of matrices in Chapter 4.

Definition 2.1 (Matrix). With m,n 2 N a real-valued (m,n) matrix A ismatrix

an m·n-tuple of elements aij , i = 1, . . . ,m, j = 1, . . . , n, which is ordered
according to a rectangular scheme consisting of m rows and n columns:

A =

2
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7775 , aij 2 R . (2.11)

By convention (1, n)-matrices are called rows and (m, 1)-matrices are calledrow

columns. These special matrices are also called row/column vectors.column
row vector
column vector
Figure 2.4 By
stacking its
columns, a matrix A
can be represented
as a long vector a.

re-shape

A 2 R4⇥2
a 2 R8

Rm⇥n is the set of all real-valued (m,n)-matrices. A 2 Rm⇥n can be
equivalently represented as a 2 Rmn by stacking all n columns of the
matrix into a long vector; see Figure 2.4.

2.2.1 Matrix Addition and Multiplication

The sum of two matrices A 2 Rm⇥n, B 2 Rm⇥n is defined as the element-
wise sum, i.e.,

A + B :=

2

64
a11 + b11 · · · a1n + b1n

...
...

am1 + bm1 · · · amn + bmn

3

75 2 Rm⇥n
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For matrices A 2 Rm⇥n, B 2 Rn⇥k, the elements cij of the productNote the size of the
matrices. C = AB 2 Rm⇥k are computed as
C =
np.einsum(’il,
lj’, A, B) cij =

nX

l=1

ailblj, i = 1, . . . ,m, j = 1, . . . , k. (2.13)
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be added together, which results in another polynomial; and they can
be multiplied by a scalar � 2 R, and the result is a polynomial as
well. Therefore, polynomials are (rather unusual) instances of vectors.
Note that polynomials are very different from geometric vectors. While
geometric vectors are concrete “drawings”, polynomials are abstract
concepts. However, they are both vectors in the sense previously de-
scribed.

3. Audio signals are vectors. Audio signals are represented as a series of
numbers. We can add audio signals together, and their sum is a new
audio signal. If we scale an audio signal, we also obtain an audio signal.
Therefore, audio signals are a type of vector, too.

4. Elements of Rn (tuples of n real numbers) are vectors. Rn is more
abstract than polynomials, and it is the concept we focus on in this
book. For instance,

a =

2

4
1
2
3

3

5 2 R3 (2.1)

is an example of a triplet of numbers. Adding two vectors a, b 2 Rn

component-wise results in another vector: a + b = c 2 Rn. Moreover,
multiplying a 2 Rn by � 2 R results in a scaled vector �a 2 Rn.
Considering vectors as elements of Rn has an additional benefit thatBe careful to check

whether array
operations actually
perform vector
operations when
implementing on a
computer.

it loosely corresponds to arrays of real numbers on a computer. Many
programming languages support array operations, which allow for con-
venient implementation of algorithms that involve vector operations.

Linear algebra focuses on the similarities between these vector concepts.
We can add them together and multiply them by scalars. We will largelyPavel Grinfeld’s

series on linear
algebra:
http://tinyurl.

com/nahclwm

Gilbert Strang’s
course on linear
algebra:
http://tinyurl.

com/29p5q8j

3Blue1Brown series
on linear algebra:
https://tinyurl.

com/h5g4kps

focus on vectors in Rn since most algorithms in linear algebra are for-
mulated in Rn. We will see in Chapter 8 that we often consider data to
be represented as vectors in Rn. In this book, we will focus on finite-
dimensional vector spaces, in which case there is a 1:1 correspondence
between any kind of vector and Rn. When it is convenient, we will use
intuitions about geometric vectors and consider array-based algorithms.

One major idea in mathematics is the idea of “closure”. This is the ques-
tion: What is the set of all things that can result from my proposed oper-
ations? In the case of vectors: What is the set of vectors that can result by
starting with a small set of vectors, and adding them to each other and
scaling them? This results in a vector space (Section 2.4). The concept of
a vector space and its properties underlie much of machine learning. The
concepts introduced in this chapter are summarized in Figure 2.2.

This chapter is mostly based on the lecture notes and books by Drumm
and Weil (2001), Strang (2003), Hogben (2013), Liesen and Mehrmann
(2015), as well as Pavel Grinfeld’s Linear Algebra series. Other excellent
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Example 3.2 (Euclidean Norm)
The Euclidean norm of x 2 Rn is defined asEuclidean norm

kxk2 :=

vuut
nX

i=1

x
2
i =

p

x>x (3.4)

and computes the Euclidean distance of x from the origin. The right panelEuclidean distance

of Figure 3.3 shows all vectors x 2 R2 with kxk2 = 1. The Euclidean
norm is also called `2 norm.`2 norm

Remark. Throughout this book, we will use the Euclidean norm (3.4) by
default if not stated otherwise. }

3.2 Inner Products

Inner products allow for the introduction of intuitive geometrical con-
cepts, such as the length of a vector and the angle or distance between
two vectors. A major purpose of inner products is to determine whether
vectors are orthogonal to each other.

3.2.1 Dot Product

We may already be familiar with a particular type of inner product, the
scalar product/dot product in Rn, which is given byscalar product

dot product

x
>
y =

nX

i=1

xiyi . (3.5)

We will refer to this particular inner product as the dot product in this
book. However, inner products are more general concepts with specific
properties, which we will now introduce.

3.2.2 General Inner Products

Recall the linear mapping from Section 2.7, where we can rearrange the
mapping with respect to addition and multiplication with a scalar. A bi-bilinear mapping

linear mapping ⌦ is a mapping with two arguments, and it is linear in
each argument, i.e., when we look at a vector space V then it holds that
for all x,y, z 2 V, �, 2 R that

⌦(�x +  y, z) = �⌦(x, z) +  ⌦(y, z) (3.6)
⌦(x,�y +  z) = �⌦(x,y) +  ⌦(x, z) . (3.7)

Here, (3.6) asserts that ⌦ is linear in the first argument, and (3.7) asserts
that ⌦ is linear in the second argument (see also (2.87)).
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Other useful notationsA Appendix

A.1 Notation

In general, we will not be religious about using uppercase letters to denote random variables
or bold letters to denote vectors or matrices. The type of the variable should hopefully be
clear from context.

• Basic definitions

– [n] = {1, . . . , n}

– For a sequence v1, . . . , vn:

⇤ Let vi:j = (vi, vi+1, . . . , vj�1, vj) be the subsequence from i to j inclusive.

⇤ Let v<i = v1:i�1.

– rf : gradient of a di↵erentiable function f

– @f(v): set of subgradients of a convex function f

– Indicator (one-zero) function:

I[condition] def
=

(
1 if condition is true

0 otherwise.
(694)

– Probability simplex:

�d

def
=

(
w 2 Rd : w ⌫ 0 and

dX

i=1

wi = 1

)
. (695)

– Euclidean projection:

⇧S(w)
def
= argmin

u2S

ku� wk2 (696)

is the closest point (measured using Euclidean distance) to w that’s in S.

• We will try to stick with the following conventions:

– x: input

– y: output

– z: input-output pair

– d: dimensionality

– n: number of examples

– t: iteration number
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[n] := {1, 2, 3, ..., n}
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6 Foreword

Table of Symbols

Symbol Typical meaning
a, b, c,↵,�, � Scalars are lowercase
x,y, z Vectors are bold lowercase
A,B,C Matrices are bold uppercase
x

>
,A

> Transpose of a vector or matrix
A

�1 Inverse of a matrix
hx,yi Inner product of x and y

x
>
y Dot product of x and y

B = (b1, b2, b3) (Ordered) tuple
B = [b1, b2, b3] Matrix of column vectors stacked horizontally
B = {b1, b2, b3} Set of vectors (unordered)
Z,N Integers and natural numbers, respectively
R,C Real and complex numbers, respectively
Rn

n-dimensional vector space of real numbers
8x Universal quantifier: for all x
9x Existential quantifier: there exists x
a := b a is defined as b
a =: b b is defined as a
a / b a is proportional to b, i.e., a = constant · b

g � f Function composition: “g after f”
() If and only if
=) Implies
A, C Sets
a 2 A a is an element of set A

; Empty set
A\B A without B: the set of elements in A but not in B

D Number of dimensions; indexed by d = 1, . . . , D
N Number of data points; indexed by n = 1, . . . , N
Im Identity matrix of size m ⇥ m

0m,n Matrix of zeros of size m ⇥ n

1m,n Matrix of ones of size m ⇥ n

ei Standard/canonical vector (where i is the component that is 1)
dim Dimensionality of vector space
rk(A) Rank of matrix A

Im(�) Image of linear mapping �
ker(�) Kernel (null space) of a linear mapping �
span[b1] Span (generating set) of b1

tr(A) Trace of A

det(A) Determinant of A

| · | Absolute value or determinant (depending on context)
k·k Norm; Euclidean, unless specified
� Eigenvalue or Lagrange multiplier
E� Eigenspace corresponding to eigenvalue �
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6

A Appendix

A.1 Notation

In general, we will not be religious about using uppercase letters to denote random variables
or bold letters to denote vectors or matrices. The type of the variable should hopefully be
clear from context.

• Basic definitions

– [n] = {1, . . . , n}

– For a sequence v1, . . . , vn:

⇤ Let vi:j = (vi, vi+1, . . . , vj�1, vj) be the subsequence from i to j inclusive.

⇤ Let v<i = v1:i�1.

– rf : gradient of a di↵erentiable function f

– @f(v): set of subgradients of a convex function f

– Indicator (one-zero) function:

I[condition] def
=

(
1 if condition is true

0 otherwise.
(694)

– Probability simplex:

�d

def
=

(
w 2 Rd : w ⌫ 0 and

dX

i=1

wi = 1

)
. (695)

– Euclidean projection:

⇧S(w)
def
= argmin

u2S

ku� wk2 (696)

is the closest point (measured using Euclidean distance) to w that’s in S.

• We will try to stick with the following conventions:

– x: input

– y: output

– z: input-output pair

– d: dimensionality

– n: number of examples

– t: iteration number
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|S| — cardinality of a set S
<latexit sha1_base64="EF+IsCpGnSvts+DfI6l9+whb7h4=">AAACJnicbVBNSyNBEO3xY9Wsu0b36KUwCHtJmFkEvQiilz0qazSQhFDTqdHGnp6hu0YMY36NF//KXjwosuzNn2In5qCJDxoe772iq16ca+U4DP8Hc/MLi1+WllcqX1e/fV+rrm+cuaywkpoy05ltxehIK0NNVqyplVvCNNZ0Hl8djfzza7JOZeaUBzl1U7wwKlES2Uu96v4tdFLkS4m6/DOEW4AO0w2XUK/XQaLtK4Na8QCyBBAcMQzf5XvVWtgIx4BZEk1ITUxw3Ks+dvqZLFIyLDU6147CnLslWlZS07DSKRzlKK/wgtqeGkzJdcvxmUPY9kofksz6ZxjG6vuJElPnBmnsk6MV3bQ3Ej/z2gUne91SmbxgMvLto6TQwBmMOoO+siRZDzxBaZXfFeQlWpTsm634EqLpk2fJ2a9G5PnJTu3gcFLHstgUW+KniMSuOBC/xbFoCinuxF/xKJ6C++AheA7+vUXngsnMD/EBwcsrKWmk/Q==</latexit><latexit sha1_base64="EF+IsCpGnSvts+DfI6l9+whb7h4=">AAACJnicbVBNSyNBEO3xY9Wsu0b36KUwCHtJmFkEvQiilz0qazSQhFDTqdHGnp6hu0YMY36NF//KXjwosuzNn2In5qCJDxoe772iq16ca+U4DP8Hc/MLi1+WllcqX1e/fV+rrm+cuaywkpoy05ltxehIK0NNVqyplVvCNNZ0Hl8djfzza7JOZeaUBzl1U7wwKlES2Uu96v4tdFLkS4m6/DOEW4AO0w2XUK/XQaLtK4Na8QCyBBAcMQzf5XvVWtgIx4BZEk1ITUxw3Ks+dvqZLFIyLDU6147CnLslWlZS07DSKRzlKK/wgtqeGkzJdcvxmUPY9kofksz6ZxjG6vuJElPnBmnsk6MV3bQ3Ej/z2gUne91SmbxgMvLto6TQwBmMOoO+siRZDzxBaZXfFeQlWpTsm634EqLpk2fJ2a9G5PnJTu3gcFLHstgUW+KniMSuOBC/xbFoCinuxF/xKJ6C++AheA7+vUXngsnMD/EBwcsrKWmk/Q==</latexit><latexit sha1_base64="EF+IsCpGnSvts+DfI6l9+whb7h4=">AAACJnicbVBNSyNBEO3xY9Wsu0b36KUwCHtJmFkEvQiilz0qazSQhFDTqdHGnp6hu0YMY36NF//KXjwosuzNn2In5qCJDxoe772iq16ca+U4DP8Hc/MLi1+WllcqX1e/fV+rrm+cuaywkpoy05ltxehIK0NNVqyplVvCNNZ0Hl8djfzza7JOZeaUBzl1U7wwKlES2Uu96v4tdFLkS4m6/DOEW4AO0w2XUK/XQaLtK4Na8QCyBBAcMQzf5XvVWtgIx4BZEk1ITUxw3Ks+dvqZLFIyLDU6147CnLslWlZS07DSKRzlKK/wgtqeGkzJdcvxmUPY9kofksz6ZxjG6vuJElPnBmnsk6MV3bQ3Ej/z2gUne91SmbxgMvLto6TQwBmMOoO+siRZDzxBaZXfFeQlWpTsm634EqLpk2fJ2a9G5PnJTu3gcFLHstgUW+KniMSuOBC/xbFoCinuxF/xKJ6C++AheA7+vUXngsnMD/EBwcsrKWmk/Q==</latexit><latexit sha1_base64="EF+IsCpGnSvts+DfI6l9+whb7h4=">AAACJnicbVBNSyNBEO3xY9Wsu0b36KUwCHtJmFkEvQiilz0qazSQhFDTqdHGnp6hu0YMY36NF//KXjwosuzNn2In5qCJDxoe772iq16ca+U4DP8Hc/MLi1+WllcqX1e/fV+rrm+cuaywkpoy05ltxehIK0NNVqyplVvCNNZ0Hl8djfzza7JOZeaUBzl1U7wwKlES2Uu96v4tdFLkS4m6/DOEW4AO0w2XUK/XQaLtK4Na8QCyBBAcMQzf5XvVWtgIx4BZEk1ITUxw3Ks+dvqZLFIyLDU6147CnLslWlZS07DSKRzlKK/wgtqeGkzJdcvxmUPY9kofksz6ZxjG6vuJElPnBmnsk6MV3bQ3Ej/z2gUne91SmbxgMvLto6TQwBmMOoO+siRZDzxBaZXfFeQlWpTsm634EqLpk2fJ2a9G5PnJTu3gcFLHstgUW+KniMSuOBC/xbFoCinuxF/xKJ6C++AheA7+vUXngsnMD/EBwcsrKWmk/Q==</latexit>

e.g., |[n]| = n
<latexit sha1_base64="EeoGUVG9RYzStKENrqz69VWyIm0=">AAACBnicbZA9SwNBEIb3/DZ+RS1FGAyChYQ7EbQRRBtLBaOB5Ah7m0lc3Ns7dufEcKay8a/YWChi62+w89+4+Sg08YWFh3dmmJ03SpW05Pvf3sTk1PTM7Nx8YWFxaXmluLp2ZZPMCKyIRCWmGnGLSmqskCSF1dQgjyOF19Htaa9+fYfGykRfUifFMOZtLVtScHJWo7hZJ7ynHLDcLu9C9wFqOoQHADgCDdAolvyy3xeMQzCEEhvqvFH8qjcTkcWoSShubS3wUwpzbkgKhd1CPbOYcnHL21hzqHmMNsz7Z3Rh2zlNaCXGPU3Qd39P5Dy2thNHrjPmdGNHaz3zv1oto9ZhmEudZoRaDBa1MgWUQC8TaEqDglTHARdGur+CuOGGC3LJFVwIwejJ43C1Vw4cX+yXjk+GccyxDbbFdljADtgxO2PnrMIEe2TP7JW9eU/ei/fufQxaJ7zhzDr7I+/zBxAYlkM=</latexit><latexit sha1_base64="EeoGUVG9RYzStKENrqz69VWyIm0=">AAACBnicbZA9SwNBEIb3/DZ+RS1FGAyChYQ7EbQRRBtLBaOB5Ah7m0lc3Ns7dufEcKay8a/YWChi62+w89+4+Sg08YWFh3dmmJ03SpW05Pvf3sTk1PTM7Nx8YWFxaXmluLp2ZZPMCKyIRCWmGnGLSmqskCSF1dQgjyOF19Htaa9+fYfGykRfUifFMOZtLVtScHJWo7hZJ7ynHLDcLu9C9wFqOoQHADgCDdAolvyy3xeMQzCEEhvqvFH8qjcTkcWoSShubS3wUwpzbkgKhd1CPbOYcnHL21hzqHmMNsz7Z3Rh2zlNaCXGPU3Qd39P5Dy2thNHrjPmdGNHaz3zv1oto9ZhmEudZoRaDBa1MgWUQC8TaEqDglTHARdGur+CuOGGC3LJFVwIwejJ43C1Vw4cX+yXjk+GccyxDbbFdljADtgxO2PnrMIEe2TP7JW9eU/ei/fufQxaJ7zhzDr7I+/zBxAYlkM=</latexit><latexit sha1_base64="EeoGUVG9RYzStKENrqz69VWyIm0=">AAACBnicbZA9SwNBEIb3/DZ+RS1FGAyChYQ7EbQRRBtLBaOB5Ah7m0lc3Ns7dufEcKay8a/YWChi62+w89+4+Sg08YWFh3dmmJ03SpW05Pvf3sTk1PTM7Nx8YWFxaXmluLp2ZZPMCKyIRCWmGnGLSmqskCSF1dQgjyOF19Htaa9+fYfGykRfUifFMOZtLVtScHJWo7hZJ7ynHLDcLu9C9wFqOoQHADgCDdAolvyy3xeMQzCEEhvqvFH8qjcTkcWoSShubS3wUwpzbkgKhd1CPbOYcnHL21hzqHmMNsz7Z3Rh2zlNaCXGPU3Qd39P5Dy2thNHrjPmdGNHaz3zv1oto9ZhmEudZoRaDBa1MgWUQC8TaEqDglTHARdGur+CuOGGC3LJFVwIwejJ43C1Vw4cX+yXjk+GccyxDbbFdljADtgxO2PnrMIEe2TP7JW9eU/ei/fufQxaJ7zhzDr7I+/zBxAYlkM=</latexit><latexit sha1_base64="EeoGUVG9RYzStKENrqz69VWyIm0=">AAACBnicbZA9SwNBEIb3/DZ+RS1FGAyChYQ7EbQRRBtLBaOB5Ah7m0lc3Ns7dufEcKay8a/YWChi62+w89+4+Sg08YWFh3dmmJ03SpW05Pvf3sTk1PTM7Nx8YWFxaXmluLp2ZZPMCKyIRCWmGnGLSmqskCSF1dQgjyOF19Htaa9+fYfGykRfUifFMOZtLVtScHJWo7hZJ7ynHLDcLu9C9wFqOoQHADgCDdAolvyy3xeMQzCEEhvqvFH8qjcTkcWoSShubS3wUwpzbkgKhd1CPbOYcnHL21hzqHmMNsz7Z3Rh2zlNaCXGPU3Qd39P5Dy2thNHrjPmdGNHaz3zv1oto9ZhmEudZoRaDBa1MgWUQC8TaEqDglTHARdGur+CuOGGC3LJFVwIwejJ43C1Vw4cX+yXjk+GccyxDbbFdljADtgxO2PnrMIEe2TP7JW9eU/ei/fufQxaJ7zhzDr7I+/zBxAYlkM=</latexit>



Conventions and typical meaning of specific 
variables in machine learning

A Appendix

A.1 Notation

In general, we will not be religious about using uppercase letters to denote random variables
or bold letters to denote vectors or matrices. The type of the variable should hopefully be
clear from context.

• Basic definitions

– [n] = {1, . . . , n}

– For a sequence v1, . . . , vn:

⇤ Let vi:j = (vi, vi+1, . . . , vj�1, vj) be the subsequence from i to j inclusive.

⇤ Let v<i = v1:i�1.

– rf : gradient of a di↵erentiable function f

– @f(v): set of subgradients of a convex function f

– Indicator (one-zero) function:

I[condition] def
=

(
1 if condition is true

0 otherwise.
(694)

– Probability simplex:

�d

def
=

(
w 2 Rd : w ⌫ 0 and

dX

i=1

wi = 1

)
. (695)

– Euclidean projection:

⇧S(w)
def
= argmin

u2S

ku� wk2 (696)

is the closest point (measured using Euclidean distance) to w that’s in S.

• We will try to stick with the following conventions:

– x: input

– y: output

– z: input-output pair

– d: dimensionality

– n: number of examples

– t: iteration number
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ĥ, f̂ , ✓̂, Ê
<latexit sha1_base64="GxsOKCFoyUnLwfeIPURxG0ipNOc=">AAACGXicbZBLS8NAEMc39VXrK+rRy2IRPJSSiKDHoggeK9gHNKVstptm6ebB7kQoIV/Di1/FiwdFPOrJb+MmzUFbBxZ++58ZZubvxoIrsKxvo7Kyura+Ud2sbW3v7O6Z+wddFSWSsg6NRCT7LlFM8JB1gINg/VgyEriC9dzpdZ7vPTCpeBTewyxmw4BMQu5xSkBLI9NyfAKpnzUwLsjTVIADPgOSNeafgIDvuulNlo3MutW0isDLYJdQR2W0R+anM45oErAQqCBKDWwrhmFKJHAqWFZzEsViQqdkwgYaQxIwNUyLyzJ8opUx9iKpXwi4UH93pCRQaha4ujJfUS3mcvG/3CAB73KY8jBOgIV0PshLBIYI5zbhMZeMgphpIFRyvSumPpGEgjazpk2wF09ehu5Z09Z8d15vXZV2VNEROkanyEYXqIVuURt1EEWP6Bm9ojfjyXgx3o2PeWnFKHsO0Z8wvn4AEEag+g==</latexit><latexit sha1_base64="GxsOKCFoyUnLwfeIPURxG0ipNOc=">AAACGXicbZBLS8NAEMc39VXrK+rRy2IRPJSSiKDHoggeK9gHNKVstptm6ebB7kQoIV/Di1/FiwdFPOrJb+MmzUFbBxZ++58ZZubvxoIrsKxvo7Kyura+Ud2sbW3v7O6Z+wddFSWSsg6NRCT7LlFM8JB1gINg/VgyEriC9dzpdZ7vPTCpeBTewyxmw4BMQu5xSkBLI9NyfAKpnzUwLsjTVIADPgOSNeafgIDvuulNlo3MutW0isDLYJdQR2W0R+anM45oErAQqCBKDWwrhmFKJHAqWFZzEsViQqdkwgYaQxIwNUyLyzJ8opUx9iKpXwi4UH93pCRQaha4ujJfUS3mcvG/3CAB73KY8jBOgIV0PshLBIYI5zbhMZeMgphpIFRyvSumPpGEgjazpk2wF09ehu5Z09Z8d15vXZV2VNEROkanyEYXqIVuURt1EEWP6Bm9ojfjyXgx3o2PeWnFKHsO0Z8wvn4AEEag+g==</latexit><latexit sha1_base64="GxsOKCFoyUnLwfeIPURxG0ipNOc=">AAACGXicbZBLS8NAEMc39VXrK+rRy2IRPJSSiKDHoggeK9gHNKVstptm6ebB7kQoIV/Di1/FiwdFPOrJb+MmzUFbBxZ++58ZZubvxoIrsKxvo7Kyura+Ud2sbW3v7O6Z+wddFSWSsg6NRCT7LlFM8JB1gINg/VgyEriC9dzpdZ7vPTCpeBTewyxmw4BMQu5xSkBLI9NyfAKpnzUwLsjTVIADPgOSNeafgIDvuulNlo3MutW0isDLYJdQR2W0R+anM45oErAQqCBKDWwrhmFKJHAqWFZzEsViQqdkwgYaQxIwNUyLyzJ8opUx9iKpXwi4UH93pCRQaha4ujJfUS3mcvG/3CAB73KY8jBOgIV0PshLBIYI5zbhMZeMgphpIFRyvSumPpGEgjazpk2wF09ehu5Z09Z8d15vXZV2VNEROkanyEYXqIVuURt1EEWP6Bm9ojfjyXgx3o2PeWnFKHsO0Z8wvn4AEEag+g==</latexit><latexit sha1_base64="GxsOKCFoyUnLwfeIPURxG0ipNOc=">AAACGXicbZBLS8NAEMc39VXrK+rRy2IRPJSSiKDHoggeK9gHNKVstptm6ebB7kQoIV/Di1/FiwdFPOrJb+MmzUFbBxZ++58ZZubvxoIrsKxvo7Kyura+Ud2sbW3v7O6Z+wddFSWSsg6NRCT7LlFM8JB1gINg/VgyEriC9dzpdZ7vPTCpeBTewyxmw4BMQu5xSkBLI9NyfAKpnzUwLsjTVIADPgOSNeafgIDvuulNlo3MutW0isDLYJdQR2W0R+anM45oErAQqCBKDWwrhmFKJHAqWFZzEsViQqdkwgYaQxIwNUyLyzJ8opUx9iKpXwi4UH93pCRQaha4ujJfUS3mcvG/3CAB73KY8jBOgIV0PshLBIYI5zbhMZeMgphpIFRyvSumPpGEgjazpk2wF09ehu5Z09Z8d15vXZV2VNEROkanyEYXqIVuURt1EEWP6Bm9ojfjyXgx3o2PeWnFKHsO0Z8wvn4AEEag+g==</latexit>

The “hat” notation, e.g.: 

The “star” notation, e.g.,: h⇤, f⇤, ✓⇤, p⇤, R⇤
<latexit sha1_base64="KFWc4irGgxPEwY4lLClITrPocGc=">AAACBnicbZBLS8NAEMc39VXrK+pRhMUiSJGSiKDHohePVewD2rRstptm6ebB7kQooScvfhUvHhTx6mfw5rdx0+agrQM7/PjPDLPzd2PBFVjWt1FYWl5ZXSuulzY2t7Z3zN29pooSSVmDRiKSbZcoJnjIGsBBsHYsGQlcwVru6Dqrtx6YVDwK72EcMycgw5B7nBLQUt889HuVU+xlqQs+A5JRnCV816v0zbJVtaaBF8HOoYzyqPfNr+4goknAQqCCKNWxrRiclEjgVLBJqZsoFhM6IkPW0RiSgCknnZ4xwcdaGWAvkvqFgKfq74mUBEqNA1d3BgR8NV/LxP9qnQS8SyflYZwAC+lskZcIDBHOPMEDLhkFMdZAqOT6r5j6RBIK2rmSNsGeP3kRmmdVW/Ptebl2ldtRRAfoCJ0gG12gGrpBddRAFD2iZ/SK3own48V4Nz5mrQUjn9lHf8L4/AFBnZXH</latexit><latexit sha1_base64="KFWc4irGgxPEwY4lLClITrPocGc=">AAACBnicbZBLS8NAEMc39VXrK+pRhMUiSJGSiKDHohePVewD2rRstptm6ebB7kQooScvfhUvHhTx6mfw5rdx0+agrQM7/PjPDLPzd2PBFVjWt1FYWl5ZXSuulzY2t7Z3zN29pooSSVmDRiKSbZcoJnjIGsBBsHYsGQlcwVru6Dqrtx6YVDwK72EcMycgw5B7nBLQUt889HuVU+xlqQs+A5JRnCV816v0zbJVtaaBF8HOoYzyqPfNr+4goknAQqCCKNWxrRiclEjgVLBJqZsoFhM6IkPW0RiSgCknnZ4xwcdaGWAvkvqFgKfq74mUBEqNA1d3BgR8NV/LxP9qnQS8SyflYZwAC+lskZcIDBHOPMEDLhkFMdZAqOT6r5j6RBIK2rmSNsGeP3kRmmdVW/Ptebl2ldtRRAfoCJ0gG12gGrpBddRAFD2iZ/SK3own48V4Nz5mrQUjn9lHf8L4/AFBnZXH</latexit><latexit sha1_base64="KFWc4irGgxPEwY4lLClITrPocGc=">AAACBnicbZBLS8NAEMc39VXrK+pRhMUiSJGSiKDHohePVewD2rRstptm6ebB7kQooScvfhUvHhTx6mfw5rdx0+agrQM7/PjPDLPzd2PBFVjWt1FYWl5ZXSuulzY2t7Z3zN29pooSSVmDRiKSbZcoJnjIGsBBsHYsGQlcwVru6Dqrtx6YVDwK72EcMycgw5B7nBLQUt889HuVU+xlqQs+A5JRnCV816v0zbJVtaaBF8HOoYzyqPfNr+4goknAQqCCKNWxrRiclEjgVLBJqZsoFhM6IkPW0RiSgCknnZ4xwcdaGWAvkvqFgKfq74mUBEqNA1d3BgR8NV/LxP9qnQS8SyflYZwAC+lskZcIDBHOPMEDLhkFMdZAqOT6r5j6RBIK2rmSNsGeP3kRmmdVW/Ptebl2ldtRRAfoCJ0gG12gGrpBddRAFD2iZ/SK3own48V4Nz5mrQUjn9lHf8L4/AFBnZXH</latexit><latexit sha1_base64="KFWc4irGgxPEwY4lLClITrPocGc=">AAACBnicbZBLS8NAEMc39VXrK+pRhMUiSJGSiKDHohePVewD2rRstptm6ebB7kQooScvfhUvHhTx6mfw5rdx0+agrQM7/PjPDLPzd2PBFVjWt1FYWl5ZXSuulzY2t7Z3zN29pooSSVmDRiKSbZcoJnjIGsBBsHYsGQlcwVru6Dqrtx6YVDwK72EcMycgw5B7nBLQUt889HuVU+xlqQs+A5JRnCV816v0zbJVtaaBF8HOoYzyqPfNr+4goknAQqCCKNWxrRiclEjgVLBJqZsoFhM6IkPW0RiSgCknnZ4xwcdaGWAvkvqFgKfq74mUBEqNA1d3BgR8NV/LxP9qnQS8SyflYZwAC+lskZcIDBHOPMEDLhkFMdZAqOT6r5j6RBIK2rmSNsGeP3kRmmdVW/Ptebl2ldtRRAfoCJ0gG12gGrpBddRAFD2iZ/SK3own48V4Nz5mrQUjn9lHf8L4/AFBnZXH</latexit>

associated with being “optimal”

associated with being an estimate, 
computed as a function of the data

7



Mathematically defining the supervised 
learning problem

8

• Feature space:

• Label space:

• A classifier (hypothesis):

• A hypothesis class:

• Data:

• Learning task:  Find   that “works well”. 

X = Rd
<latexit sha1_base64="vGFd0zztJ02qzL84O7UX6Z4DUlA=">AAACB3icbVDLSsNAFL3xWesr6lKQwSK4KokIuhGKblxWsQ9oY5lMJu3QyYOZiVBCdm78FTcuFHHrL7jzb5ykWWjrgYEz59zLvfe4MWdSWda3sbC4tLyyWlmrrm9sbm2bO7ttGSWC0BaJeCS6LpaUs5C2FFOcdmNBceBy2nHHV7nfeaBCsii8U5OYOgEehsxnBCstDcyDfoDViGCedjN0gYqf66a32X3qZQgNzJpVtwqgeWKXpAYlmgPzq+9FJAloqAjHUvZsK1ZOioVihNOs2k8kjTEZ4yHtaRrigEonLe7I0JFWPORHQr9QoUL93ZHiQMpJ4OrKfE856+Xif14vUf65k7IwThQNyXSQn3CkIpSHgjwmKFF8ogkmguldERlhgYnS0VV1CPbsyfOkfVK3Nb85rTUuyzgqsA+HcAw2nEEDrqEJLSDwCM/wCm/Gk/FivBsf09IFo+zZgz8wPn8ARsWY6A==</latexit><latexit sha1_base64="vGFd0zztJ02qzL84O7UX6Z4DUlA=">AAACB3icbVDLSsNAFL3xWesr6lKQwSK4KokIuhGKblxWsQ9oY5lMJu3QyYOZiVBCdm78FTcuFHHrL7jzb5ykWWjrgYEz59zLvfe4MWdSWda3sbC4tLyyWlmrrm9sbm2bO7ttGSWC0BaJeCS6LpaUs5C2FFOcdmNBceBy2nHHV7nfeaBCsii8U5OYOgEehsxnBCstDcyDfoDViGCedjN0gYqf66a32X3qZQgNzJpVtwqgeWKXpAYlmgPzq+9FJAloqAjHUvZsK1ZOioVihNOs2k8kjTEZ4yHtaRrigEonLe7I0JFWPORHQr9QoUL93ZHiQMpJ4OrKfE856+Xif14vUf65k7IwThQNyXSQn3CkIpSHgjwmKFF8ogkmguldERlhgYnS0VV1CPbsyfOkfVK3Nb85rTUuyzgqsA+HcAw2nEEDrqEJLSDwCM/wCm/Gk/FivBsf09IFo+zZgz8wPn8ARsWY6A==</latexit><latexit sha1_base64="vGFd0zztJ02qzL84O7UX6Z4DUlA=">AAACB3icbVDLSsNAFL3xWesr6lKQwSK4KokIuhGKblxWsQ9oY5lMJu3QyYOZiVBCdm78FTcuFHHrL7jzb5ykWWjrgYEz59zLvfe4MWdSWda3sbC4tLyyWlmrrm9sbm2bO7ttGSWC0BaJeCS6LpaUs5C2FFOcdmNBceBy2nHHV7nfeaBCsii8U5OYOgEehsxnBCstDcyDfoDViGCedjN0gYqf66a32X3qZQgNzJpVtwqgeWKXpAYlmgPzq+9FJAloqAjHUvZsK1ZOioVihNOs2k8kjTEZ4yHtaRrigEonLe7I0JFWPORHQr9QoUL93ZHiQMpJ4OrKfE856+Xif14vUf65k7IwThQNyXSQn3CkIpSHgjwmKFF8ogkmguldERlhgYnS0VV1CPbsyfOkfVK3Nb85rTUuyzgqsA+HcAw2nEEDrqEJLSDwCM/wCm/Gk/FivBsf09IFo+zZgz8wPn8ARsWY6A==</latexit><latexit sha1_base64="vGFd0zztJ02qzL84O7UX6Z4DUlA=">AAACB3icbVDLSsNAFL3xWesr6lKQwSK4KokIuhGKblxWsQ9oY5lMJu3QyYOZiVBCdm78FTcuFHHrL7jzb5ykWWjrgYEz59zLvfe4MWdSWda3sbC4tLyyWlmrrm9sbm2bO7ttGSWC0BaJeCS6LpaUs5C2FFOcdmNBceBy2nHHV7nfeaBCsii8U5OYOgEehsxnBCstDcyDfoDViGCedjN0gYqf66a32X3qZQgNzJpVtwqgeWKXpAYlmgPzq+9FJAloqAjHUvZsK1ZOioVihNOs2k8kjTEZ4yHtaRrigEonLe7I0JFWPORHQr9QoUL93ZHiQMpJ4OrKfE856+Xif14vUf65k7IwThQNyXSQn3CkIpSHgjwmKFF8ogkmguldERlhgYnS0VV1CPbsyfOkfVK3Nb85rTUuyzgqsA+HcAw2nEEDrqEJLSDwCM/wCm/Gk/FivBsf09IFo+zZgz8wPn8ARsWY6A==</latexit>

Y = {0, 1} = {non-spam, spam}
<latexit sha1_base64="rM4fhN0gI1dVrZIgxQiuB51xM4o=">AAACInicbZDLSgMxFIYz9VbrbdSlm2ARXNQyI4K6EIpuXFawF+mUkknTNjSTGZIzYhnmWdz4Km5cKOpK8GFMp11o64HAl/+cQ/L/fiS4Bsf5snILi0vLK/nVwtr6xuaWvb1T12GsKKvRUISq6RPNBJesBhwEa0aKkcAXrOEPr8b9xj1TmofyFkYRawekL3mPUwJG6tjnXkBgQIlI7lJ8gb3EKbleijP0gD1AIkN5pCMSpCU8EbKLl3bsolN2ssLz4E6hiKZV7dgfXjekccAkUEG0brlOBO2EKOBUsLTgxZpFhA5Jn7UMShIw3U4yiyk+MEoX90JljgScqb83EhJoPQp8Mzk2pGd7Y/G/XiuG3lk74TKKgUk6eagXCwwhHueFu1wxCmJkgFDFzV8xHRBFKJhUCyYEd9byPNSPy67hm5Ni5XIaRx7toX10iFx0iiroGlVRDVH0iJ7RK3qznqwX6936nIzmrOnOLvpT1vcPqmGjyw==</latexit><latexit sha1_base64="rM4fhN0gI1dVrZIgxQiuB51xM4o=">AAACInicbZDLSgMxFIYz9VbrbdSlm2ARXNQyI4K6EIpuXFawF+mUkknTNjSTGZIzYhnmWdz4Km5cKOpK8GFMp11o64HAl/+cQ/L/fiS4Bsf5snILi0vLK/nVwtr6xuaWvb1T12GsKKvRUISq6RPNBJesBhwEa0aKkcAXrOEPr8b9xj1TmofyFkYRawekL3mPUwJG6tjnXkBgQIlI7lJ8gb3EKbleijP0gD1AIkN5pCMSpCU8EbKLl3bsolN2ssLz4E6hiKZV7dgfXjekccAkUEG0brlOBO2EKOBUsLTgxZpFhA5Jn7UMShIw3U4yiyk+MEoX90JljgScqb83EhJoPQp8Mzk2pGd7Y/G/XiuG3lk74TKKgUk6eagXCwwhHueFu1wxCmJkgFDFzV8xHRBFKJhUCyYEd9byPNSPy67hm5Ni5XIaRx7toX10iFx0iiroGlVRDVH0iJ7RK3qznqwX6936nIzmrOnOLvpT1vcPqmGjyw==</latexit><latexit sha1_base64="rM4fhN0gI1dVrZIgxQiuB51xM4o=">AAACInicbZDLSgMxFIYz9VbrbdSlm2ARXNQyI4K6EIpuXFawF+mUkknTNjSTGZIzYhnmWdz4Km5cKOpK8GFMp11o64HAl/+cQ/L/fiS4Bsf5snILi0vLK/nVwtr6xuaWvb1T12GsKKvRUISq6RPNBJesBhwEa0aKkcAXrOEPr8b9xj1TmofyFkYRawekL3mPUwJG6tjnXkBgQIlI7lJ8gb3EKbleijP0gD1AIkN5pCMSpCU8EbKLl3bsolN2ssLz4E6hiKZV7dgfXjekccAkUEG0brlOBO2EKOBUsLTgxZpFhA5Jn7UMShIw3U4yiyk+MEoX90JljgScqb83EhJoPQp8Mzk2pGd7Y/G/XiuG3lk74TKKgUk6eagXCwwhHueFu1wxCmJkgFDFzV8xHRBFKJhUCyYEd9byPNSPy67hm5Ni5XIaRx7toX10iFx0iiroGlVRDVH0iJ7RK3qznqwX6936nIzmrOnOLvpT1vcPqmGjyw==</latexit><latexit sha1_base64="rM4fhN0gI1dVrZIgxQiuB51xM4o=">AAACInicbZDLSgMxFIYz9VbrbdSlm2ARXNQyI4K6EIpuXFawF+mUkknTNjSTGZIzYhnmWdz4Km5cKOpK8GFMp11o64HAl/+cQ/L/fiS4Bsf5snILi0vLK/nVwtr6xuaWvb1T12GsKKvRUISq6RPNBJesBhwEa0aKkcAXrOEPr8b9xj1TmofyFkYRawekL3mPUwJG6tjnXkBgQIlI7lJ8gb3EKbleijP0gD1AIkN5pCMSpCU8EbKLl3bsolN2ssLz4E6hiKZV7dgfXjekccAkUEG0brlOBO2EKOBUsLTgxZpFhA5Jn7UMShIw3U4yiyk+MEoX90JljgScqb83EhJoPQp8Mzk2pGd7Y/G/XiuG3lk74TKKgUk6eagXCwwhHueFu1wxCmJkgFDFzV8xHRBFKJhUCyYEd9byPNSPy67hm5Ni5XIaRx7toX10iFx0iiroGlVRDVH0iJ7RK3qznqwX6936nIzmrOnOLvpT1vcPqmGjyw==</latexit>

h : X ! Y
<latexit sha1_base64="KMDB/0tIjX/hvkzq5l4hdUXBNos=">AAACEXicbZC7TsMwFIadcivlFmBksaiQOlUJQgIxVbAwFoleUBtVjus0Vh07sh1QFeUVWHgVFgYQYmVj421w2gyl5UiWPv3/OfI5vx8zqrTj/FilldW19Y3yZmVre2d3z94/aCuRSExaWDAhuz5ShFFOWppqRrqxJCjyGen44+vc7zwQqajgd3oSEy9CI04DipE20sCuhZcQ9iOkQ4xY2s1gX9JRqJGU4nHOuM8GdtWpO9OCy+AWUAVFNQf2d38ocBIRrjFDSvVcJ9ZeiqSmmJGs0k8UiREeoxHpGeQoIspLpxdl8MQoQxgIaR7XcKrOT6QoUmoS+aYzX1Etern4n9dLdHDhpZTHiSYczz4KEga1gHk8cEglwZpNDCAsqdkV4hBJhLUJsWJCcBdPXob2ad01fHtWbVwVcZTBETgGNeCCc9AAN6AJWgCDJ/AC3sC79Wy9Wh/W56y1ZBUzh+BPWV+/EtudLw==</latexit><latexit sha1_base64="KMDB/0tIjX/hvkzq5l4hdUXBNos=">AAACEXicbZC7TsMwFIadcivlFmBksaiQOlUJQgIxVbAwFoleUBtVjus0Vh07sh1QFeUVWHgVFgYQYmVj421w2gyl5UiWPv3/OfI5vx8zqrTj/FilldW19Y3yZmVre2d3z94/aCuRSExaWDAhuz5ShFFOWppqRrqxJCjyGen44+vc7zwQqajgd3oSEy9CI04DipE20sCuhZcQ9iOkQ4xY2s1gX9JRqJGU4nHOuM8GdtWpO9OCy+AWUAVFNQf2d38ocBIRrjFDSvVcJ9ZeiqSmmJGs0k8UiREeoxHpGeQoIspLpxdl8MQoQxgIaR7XcKrOT6QoUmoS+aYzX1Etern4n9dLdHDhpZTHiSYczz4KEga1gHk8cEglwZpNDCAsqdkV4hBJhLUJsWJCcBdPXob2ad01fHtWbVwVcZTBETgGNeCCc9AAN6AJWgCDJ/AC3sC79Wy9Wh/W56y1ZBUzh+BPWV+/EtudLw==</latexit><latexit sha1_base64="KMDB/0tIjX/hvkzq5l4hdUXBNos=">AAACEXicbZC7TsMwFIadcivlFmBksaiQOlUJQgIxVbAwFoleUBtVjus0Vh07sh1QFeUVWHgVFgYQYmVj421w2gyl5UiWPv3/OfI5vx8zqrTj/FilldW19Y3yZmVre2d3z94/aCuRSExaWDAhuz5ShFFOWppqRrqxJCjyGen44+vc7zwQqajgd3oSEy9CI04DipE20sCuhZcQ9iOkQ4xY2s1gX9JRqJGU4nHOuM8GdtWpO9OCy+AWUAVFNQf2d38ocBIRrjFDSvVcJ9ZeiqSmmJGs0k8UiREeoxHpGeQoIspLpxdl8MQoQxgIaR7XcKrOT6QoUmoS+aYzX1Etern4n9dLdHDhpZTHiSYczz4KEga1gHk8cEglwZpNDCAsqdkV4hBJhLUJsWJCcBdPXob2ad01fHtWbVwVcZTBETgGNeCCc9AAN6AJWgCDJ/AC3sC79Wy9Wh/W56y1ZBUzh+BPWV+/EtudLw==</latexit><latexit sha1_base64="KMDB/0tIjX/hvkzq5l4hdUXBNos=">AAACEXicbZC7TsMwFIadcivlFmBksaiQOlUJQgIxVbAwFoleUBtVjus0Vh07sh1QFeUVWHgVFgYQYmVj421w2gyl5UiWPv3/OfI5vx8zqrTj/FilldW19Y3yZmVre2d3z94/aCuRSExaWDAhuz5ShFFOWppqRrqxJCjyGen44+vc7zwQqajgd3oSEy9CI04DipE20sCuhZcQ9iOkQ4xY2s1gX9JRqJGU4nHOuM8GdtWpO9OCy+AWUAVFNQf2d38ocBIRrjFDSvVcJ9ZeiqSmmJGs0k8UiREeoxHpGeQoIspLpxdl8MQoQxgIaR7XcKrOT6QoUmoS+aYzX1Etern4n9dLdHDhpZTHiSYczz4KEga1gHk8cEglwZpNDCAsqdkV4hBJhLUJsWJCcBdPXob2ad01fHtWbVwVcZTBETgGNeCCc9AAN6AJWgCDJ/AC3sC79Wy9Wh/W56y1ZBUzh+BPWV+/EtudLw==</latexit>

H
<latexit sha1_base64="4V213gOkzvRhZ90WdkhLrPZlDpo=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl002UF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Pve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9yx+ua427oo4ynME5XIIPN9CAJrSgDRQUPMMrvDnovDjvzsdytOQUO6fwB87nD3rzkV4=</latexit><latexit sha1_base64="4V213gOkzvRhZ90WdkhLrPZlDpo=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl002UF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Pve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9yx+ua427oo4ynME5XIIPN9CAJrSgDRQUPMMrvDnovDjvzsdytOQUO6fwB87nD3rzkV4=</latexit><latexit sha1_base64="4V213gOkzvRhZ90WdkhLrPZlDpo=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl002UF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Pve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9yx+ua427oo4ynME5XIIPN9CAJrSgDRQUPMMrvDnovDjvzsdytOQUO6fwB87nD3rzkV4=</latexit><latexit sha1_base64="4V213gOkzvRhZ90WdkhLrPZlDpo=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl002UF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Pve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9yx+ua427oo4ynME5XIIPN9CAJrSgDRQUPMMrvDnovDjvzsdytOQUO6fwB87nD3rzkV4=</latexit>

(x1, y1), ..., (xn , yn ) ! X " Y
<latexit sha1_base64="j2AfPtNyi6+rzr/GG/I4+F5wCko=">AAACIHicbVBNS8NAEN3Ur1q/oh69LBahhRISEeqx6MVjBfshTQib7bZdutmE3Y1YQn+KF/+KFw+K6E1/jZs2iLY+GHjzZoaZeUHMqFS2/WkUVlbX1jeKm6Wt7Z3dPXP/oC2jRGDSwhGLRDdAkjDKSUtRxUg3FgSFASOdYHyZ1Tt3REga8Rs1iYkXoiGnA4qR0pJv1iv3vlOb+E61ZllWTWdcZ7zqUg7dEKkRRiztTl1FQyJ/hNupb5Zty54BLhMnJ2WQo+mbH24/wklIuMIMSdlz7Fh5KRKKYkamJTeRJEZ4jIakpylHep+Xzh6cwhOt9OEgEjq4gjP190SKQiknYaA7sxPlYi0T/6v1EjU491LK40QRjueLBgmDKoKZW7BPBcGKTTRBWFB9K8QjJBBW2tOSNsFZfHmZtE8tR/Prs3LjIrejCI7AMagAB9RBA1yBJmgBDB7AE3gBr8aj8Wy8Ge/z1oKRzxyCPzC+vgGmNKIn</latexit><latexit sha1_base64="j2AfPtNyi6+rzr/GG/I4+F5wCko=">AAACIHicbVBNS8NAEN3Ur1q/oh69LBahhRISEeqx6MVjBfshTQib7bZdutmE3Y1YQn+KF/+KFw+K6E1/jZs2iLY+GHjzZoaZeUHMqFS2/WkUVlbX1jeKm6Wt7Z3dPXP/oC2jRGDSwhGLRDdAkjDKSUtRxUg3FgSFASOdYHyZ1Tt3REga8Rs1iYkXoiGnA4qR0pJv1iv3vlOb+E61ZllWTWdcZ7zqUg7dEKkRRiztTl1FQyJ/hNupb5Zty54BLhMnJ2WQo+mbH24/wklIuMIMSdlz7Fh5KRKKYkamJTeRJEZ4jIakpylHep+Xzh6cwhOt9OEgEjq4gjP190SKQiknYaA7sxPlYi0T/6v1EjU491LK40QRjueLBgmDKoKZW7BPBcGKTTRBWFB9K8QjJBBW2tOSNsFZfHmZtE8tR/Prs3LjIrejCI7AMagAB9RBA1yBJmgBDB7AE3gBr8aj8Wy8Ge/z1oKRzxyCPzC+vgGmNKIn</latexit><latexit sha1_base64="j2AfPtNyi6+rzr/GG/I4+F5wCko=">AAACIHicbVBNS8NAEN3Ur1q/oh69LBahhRISEeqx6MVjBfshTQib7bZdutmE3Y1YQn+KF/+KFw+K6E1/jZs2iLY+GHjzZoaZeUHMqFS2/WkUVlbX1jeKm6Wt7Z3dPXP/oC2jRGDSwhGLRDdAkjDKSUtRxUg3FgSFASOdYHyZ1Tt3REga8Rs1iYkXoiGnA4qR0pJv1iv3vlOb+E61ZllWTWdcZ7zqUg7dEKkRRiztTl1FQyJ/hNupb5Zty54BLhMnJ2WQo+mbH24/wklIuMIMSdlz7Fh5KRKKYkamJTeRJEZ4jIakpylHep+Xzh6cwhOt9OEgEjq4gjP190SKQiknYaA7sxPlYi0T/6v1EjU491LK40QRjueLBgmDKoKZW7BPBcGKTTRBWFB9K8QjJBBW2tOSNsFZfHmZtE8tR/Prs3LjIrejCI7AMagAB9RBA1yBJmgBDB7AE3gBr8aj8Wy8Ge/z1oKRzxyCPzC+vgGmNKIn</latexit><latexit sha1_base64="j2AfPtNyi6+rzr/GG/I4+F5wCko=">AAACIHicbVBNS8NAEN3Ur1q/oh69LBahhRISEeqx6MVjBfshTQib7bZdutmE3Y1YQn+KF/+KFw+K6E1/jZs2iLY+GHjzZoaZeUHMqFS2/WkUVlbX1jeKm6Wt7Z3dPXP/oC2jRGDSwhGLRDdAkjDKSUtRxUg3FgSFASOdYHyZ1Tt3REga8Rs1iYkXoiGnA4qR0pJv1iv3vlOb+E61ZllWTWdcZ7zqUg7dEKkRRiztTl1FQyJ/hNupb5Zty54BLhMnJ2WQo+mbH24/wklIuMIMSdlz7Fh5KRKKYkamJTeRJEZ4jIakpylHep+Xzh6cwhOt9OEgEjq4gjP190SKQiknYaA7sxPlYi0T/6v1EjU491LK40QRjueLBgmDKoKZW7BPBcGKTTRBWFB9K8QjJBBW2tOSNsFZfHmZtE8tR/Prs3LjIrejCI7AMagAB9RBA1yBJmgBDB7AE3gBr8aj8Wy8Ge/z1oKRzxyCPzC+vgGmNKIn</latexit>

h ! H
<latexit sha1_base64="ET2iYM2nzD/odip5qB7b8pJ5bvw=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQZdFN11WsA9oQplMJ+3QySTMTIQa+iVuXCji1k9x5984SbPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wu8v9/iOVisXiQc8T6kd4IljICNZGGtn1qceEF2E9JZhn7cXIbjhNpwBaJ25JGlCiM7K/vHFM0ogKTThWaug6ifYzLDUjnC5qXqpogskMT+jQUIEjqvysCL5A50YZozCW5gmNCvX3RoYjpeZRYCbziGrVy8X/vGGqwxs/YyJJNRVkeShMOdIxyltAYyYp0XxuCCaSmayITLHERJuuaqYEd/XL66R32XQNv79qtG7LOqpwCmdwAS5cQwva0IEuEEjhGV7hzXqyXqx362M5WrHKnRP4A+vzBwm+k1I=</latexit><latexit sha1_base64="ET2iYM2nzD/odip5qB7b8pJ5bvw=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQZdFN11WsA9oQplMJ+3QySTMTIQa+iVuXCji1k9x5984SbPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wu8v9/iOVisXiQc8T6kd4IljICNZGGtn1qceEF2E9JZhn7cXIbjhNpwBaJ25JGlCiM7K/vHFM0ogKTThWaug6ifYzLDUjnC5qXqpogskMT+jQUIEjqvysCL5A50YZozCW5gmNCvX3RoYjpeZRYCbziGrVy8X/vGGqwxs/YyJJNRVkeShMOdIxyltAYyYp0XxuCCaSmayITLHERJuuaqYEd/XL66R32XQNv79qtG7LOqpwCmdwAS5cQwva0IEuEEjhGV7hzXqyXqx362M5WrHKnRP4A+vzBwm+k1I=</latexit><latexit sha1_base64="ET2iYM2nzD/odip5qB7b8pJ5bvw=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQZdFN11WsA9oQplMJ+3QySTMTIQa+iVuXCji1k9x5984SbPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wu8v9/iOVisXiQc8T6kd4IljICNZGGtn1qceEF2E9JZhn7cXIbjhNpwBaJ25JGlCiM7K/vHFM0ogKTThWaug6ifYzLDUjnC5qXqpogskMT+jQUIEjqvysCL5A50YZozCW5gmNCvX3RoYjpeZRYCbziGrVy8X/vGGqwxs/YyJJNRVkeShMOdIxyltAYyYp0XxuCCaSmayITLHERJuuaqYEd/XL66R32XQNv79qtG7LOqpwCmdwAS5cQwva0IEuEEjhGV7hzXqyXqx362M5WrHKnRP4A+vzBwm+k1I=</latexit><latexit sha1_base64="ET2iYM2nzD/odip5qB7b8pJ5bvw=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQZdFN11WsA9oQplMJ+3QySTMTIQa+iVuXCji1k9x5984SbPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wu8v9/iOVisXiQc8T6kd4IljICNZGGtn1qceEF2E9JZhn7cXIbjhNpwBaJ25JGlCiM7K/vHFM0ogKTThWaug6ifYzLDUjnC5qXqpogskMT+jQUIEjqvysCL5A50YZozCW5gmNCvX3RoYjpeZRYCbziGrVy8X/vGGqwxs/YyJJNRVkeShMOdIxyltAYyYp0XxuCCaSmayITLHERJuuaqYEd/XL66R32XQNv79qtG7LOqpwCmdwAS5cQwva0IEuEEjhGV7hzXqyXqx362M5WrHKnRP4A+vzBwm+k1I=</latexit>



Today

• Standard ML notations

• Decision boundary and margin in a linear classifier

• Perceptron Algorithm

• Mistake bound

9



Recap: Linear classifier in linear algebraic
notations

• Take input feature vector

• Let label space be {-1,1}

• Make prediction by thresholding a weighted average of the feature
vector at 0

10

<latexit sha1_base64="8kYhWSA+KtOVf0Yr4qQV9cKNJv8=">AAAB8XicbVDLSsNAFL2pr1pfVZduBotQNyWR+tgIRTcuK9gHtqFMppN26GQSZiZqCf0LNy4UcevfuPNvnLRZaOuBC4dz7uXee7yIM6Vt+9vKLS2vrK7l1wsbm1vbO8XdvaYKY0log4Q8lG0PK8qZoA3NNKftSFIceJy2vNF16rceqFQsFHd6HFE3wAPBfEawNtL9sPdYfjpGl6jQK5bsij0FWiRORkqQod4rfnX7IYkDKjThWKmOY0faTbDUjHA6KXRjRSNMRnhAO4YKHFDlJtOLJ+jIKH3kh9KU0Giq/p5IcKDUOPBMZ4D1UM17qfif14m1f+EmTESxpoLMFvkxRzpE6fuozyQlmo8NwUQycysiQywx0SakNARn/uVF0jypOGeV09tqqXaVxZGHAziEMjhwDjW4gTo0gICAZ3iFN0tZL9a79TFrzVnZzD78gfX5A24vj3Y=</latexit>

hw (x) =



Key questions about learning linear classifiers

• Does a solution exist?

• Is the solution unique?

• Is there an efficient algorithm to
find it?

• How does it work on data points
!"# used for training?

• What are the assumptions needed?

11

min
w! Rd

Error( w) =
1
n

n!

i =1

1(hw (xi ) != yi )
<latexit sha1_base64="YU84nvIiYb2zY4+JYK/38E/aoNg="></latexit><latexit sha1_base64="YU84nvIiYb2zY4+JYK/38E/aoNg="></latexit><latexit sha1_base64="YU84nvIiYb2zY4+JYK/38E/aoNg="></latexit><latexit sha1_base64="YU84nvIiYb2zY4+JYK/38E/aoNg="></latexit>



Decision Regions and Decision Boundary of 
a Binary Classifier

• !"#$%$&'()"*$&'(for label 1:  The set of all !  s.t. " ! # $. 
• !"#$%$&'()"*$&'(for label 0: The set of all !  s.t. " ! # %. 
• !"#$%$&'(+&,'-./0 :  the boundary in between the two decision 

regions.

12



Discussion: Decision boundary of linear
classifier

• Input feature vector:

• Linear classifier with parameter

• Draw the decision boundary!

13

<latexit sha1_base64="Cjm8/b4FEUZEM7YaXBXTgpCbZqQ=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJAYUJVUvBakChbGIvUlpSFyHKe16sSR7aBWUQcWfoWFAYRY+Qg2/gan7QAtR7J8dM69uvceP2FUKsv6NpaWV1bX1gsbxc2t7Z1dc2+/JXkqMGlizrjo+EgSRmPSVFQx0kkEQZHPSNsf3OR++4EISXncUKOEuBHqxTSkGCkteWap63MWyFGkPziEV9AZevbJ0Ku69w3PLFsVawK4SOwZKYMZ6p751Q04TiMSK8yQlI5tJcrNkFAUMzIudlNJEoQHqEccTWMUEelmkyPG8EgrAQy50C9WcKL+7shQJPM9dWWEVF/Oe7n4n+ekKrx0MxonqSIxng4KUwYVh3kiMKCCYMVGmiAsqN4V4j4SCCudW1GHYM+fvEha1Yp9Xjm7Oy3XrmdxFEAJHIJjYIMLUAO3oA6aAINH8AxewZvxZLwY78bHtHTJmPUcgD8wPn8AC9OXEg==</latexit>

x = [ x1, x2]T

<latexit sha1_base64="/EfBk/l0q9nNa9yTUpQrgxw/6oE=">AAACEHicbVC7TsMwFHV4lvAKMLJYVAiGqkqq8liQKlgYi9SXlIbIcZzWqvOQ7VBVVT+BhV9hYQAhVkY2/ganzQAtR7J8fM698r3HSxgV0jS/taXlldW19cKGvrm1vbNr7O23RJxyTJo4ZjHveEgQRiPSlFQy0kk4QaHHSNsb3GR++4FwQeOoIUcJcULUi2hAMZJKco2TrhczX4xCdcEhvIL20LVKQ7fi3DeyV7WUMV13jaJZNqeAi8TKSRHkqLvGV9ePcRqSSGKGhLAtM5HOGHFJMSMTvZsKkiA8QD1iKxqhkAhnPF1oAo+V4sMg5upEEk7V3x1jFIpsZlUZItkX814m/ufZqQwunTGNklSSCM8+ClIGZQyzdKBPOcGSjRRBmFM1K8R9xBGWKsMsBGt+5UXSqpSt8/LZXbVYu87jKIBDcAROgQUuQA3cgjpoAgwewTN4BW/ak/aivWsfs9IlLe85AH+gff4AIkmaFA==</latexit>

w = [ w1, w2]T = [4 , 2]T



Discussion: Decision boundary of linear
classifier (with homogeneous coordinates)

• Input feature vector:

• Linear classifier with parameter

• Draw the decision boundary!

14

<latexit sha1_base64="BamVAQA/intpu5Zzl2upopvv7B4=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgopSk+NoIRTcuK/QFaQyTyaQdOnkwM5GW0J0bf8WNC0Xc+gvu/BsnbRbaemCYwzn3cu89bsyokIbxrRWWlldW14rrpY3Nre0dfXevLaKEY9LCEYt410WCMBqSlqSSkW7MCQpcRjru8CbzOw+ECxqFTTmOiR2gfkh9ipFUkqMf9tyIeWIcqA+O4BW0zAocOWZl5NTs+6ajl42qMQVcJGZOyiBHw9G/el6Ek4CEEjMkhGUasbRTxCXFjExKvUSQGOEh6hNL0RAFRNjp9I4JPFaKB/2IqxdKOFV/d6QoENmqqjJAciDmvUz8z7MS6V/aKQ3jRJIQzwb5CYMyglko0KOcYMnGiiDMqdoV4gHiCEsVXUmFYM6fvEjatap5Xj27Oy3Xr/M4iuAAHIETYIILUAe3oAFaAINH8AxewZv2pL1o79rHrLSg5T374A+0zx9Qepet</latexit>

x = [1 , x1, x2]T

<latexit sha1_base64="Ddp6nn1xzCwpHb91He0CoJwJYgQ=">AAACF3icbVC7TsMwFHV4lvIKMLJYVEgMoUqq8liQKlgYi9SX1IbIcdzWqvOQ7RBVUf+ChV9hYQAhVtj4G5w2A7QcyfLxOffK9x43YlRI0/zWlpZXVtfWCxvFza3tnV19b78lwphj0sQhC3nHRYIwGpCmpJKRTsQJ8l1G2u7oJvPbD4QLGgYNOY6I7aNBQPsUI6kkRy/33JB5YuyrCybwCnYTxzRg4lhG4lTs+0YmnVpG1cgeRUcvmWVzCrhIrJyUQI66o3/1vBDHPgkkZkiIrmVG0k4RlxQzMin2YkEihEdoQLqKBsgnwk6ne03gsVI82A+5OoGEU/V3R4p8kY2uKn0kh2Ley8T/vG4s+5d2SoMoliTAs4/6MYMyhFlI0KOcYMnGiiDMqZoV4iHiCEsVZRaCNb/yImlVytZ5+eyuWqpd53EUwCE4AifAAhegBm5BHTQBBo/gGbyCN+1Je9HetY9Z6ZKW9xyAP9A+fwBCTZws</latexit>

w = [ w0, w1, w2]T = [ ! 1, 4, 2]T



Hyperplanes and halfspaces

• Hyperplane

Halfspace

15

<latexit sha1_base64="A8eeBxRf3z1MI66EsQkI+vqqVC0=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSExVQnitSBVsDAW1JfUpJXjOK1Vx4lsB1qFjCz8CgsDCLHyCWz8De5jgJYjXenonHt17z1ezKhUlvVtzM0vLC4t51byq2vrG5vm1nZNRonApIojFomGhyRhlJOqooqRRiwICj1G6l7vaujX74iQNOIVNYiJG6IOpwHFSGmpbe45ad+h3AmR6npeepu1fPgA71uVPryAlpO1zYJVtEaAs8SekAKYoNw2vxw/wklIuMIMSdm0rVi5KRKKYkayvJNIEiPcQx3S1JSjkEg3HT2SwQOt+DCIhC6u4Ej9PZGiUMpB6OnO4cFy2huK/3nNRAXnbkp5nCjC8XhRkDCoIjhMBfpUEKzYQBOEBdW3QtxFAmGls8vrEOzpl2dJ7ahonxZPbo4LpctJHDmwC/bBIbDBGSiBa1AGVYDBI3gGr+DNeDJejHfjY9w6Z0xmdsAfGJ8/v2mZJg==</latexit>

{ x ! Rd|wT x = 0 }

<latexit sha1_base64="t9RAfqH4At6O4RFfxNUyYkpOhhM=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEQpUgXmMFC2NBfUlNWzmO21p1nGA70CrkC1j4FRYGEGJlZuNvcNoO0HKkKx2dc6/uvccNGZXKsr6NzMLi0vJKdjW3tr6xuWVu79RkEAlMqjhggWi4SBJGOakqqhhphIIg32Wk7g4uU79+R4SkAa+oUUhaPupx2qUYKS11zIITDx3KHR+pvuvGN0nbgw8Q3rcrQ+j0yC2Eh66TdMy8VbTGgPPEnpI8mKLcMb8cL8CRT7jCDEnZtK1QtWIkFMWMJDknkiREeIB6pKkpRz6RrXj8TgILWvFgNxC6uIJj9fdEjHwpR76rO9Oz5ayXiv95zUh1z1sx5WGkCMeTRd2IQRXANBvoUUGwYiNNEBZU3wpxHwmElU4wp0OwZ1+eJ7Wjon1aPLk+zpcupnFkwR7YBwfABmegBK5AGVQBBo/gGbyCN+PJeDHejY9Ja8aYzuyCPzA+fwDnWptd</latexit>

{ x ! Rd|wT x " # b}



Discussion: How to calculate the distance
from a data point to the decision boundary?

• Linear decision boundary case (when it crosses 0)

• Affine decision boundary case (when we have an offset)

16



Geometric margins

17



Learning linear classifiers in linearly separable
case, parameterized by margin parameter !

• Training data:

• In the above example, there is a clean cut boundary that 
distinguishes “spams” from “non-spams”.

• “Linearly separable” problem
• Learning linear classifier: Finding vector ! , such that the predictions of " !  is 

!"#$%$&'#& with the observed training data.
18

(x1, y1), ..., (xn , yn ) ! X " Y
<latexit sha1_base64="j2AfPtNyi6+rzr/GG/I4+F5wCko=">AAACIHicbVBNS8NAEN3Ur1q/oh69LBahhRISEeqx6MVjBfshTQib7bZdutmE3Y1YQn+KF/+KFw+K6E1/jZs2iLY+GHjzZoaZeUHMqFS2/WkUVlbX1jeKm6Wt7Z3dPXP/oC2jRGDSwhGLRDdAkjDKSUtRxUg3FgSFASOdYHyZ1Tt3REga8Rs1iYkXoiGnA4qR0pJv1iv3vlOb+E61ZllWTWdcZ7zqUg7dEKkRRiztTl1FQyJ/hNupb5Zty54BLhMnJ2WQo+mbH24/wklIuMIMSdlz7Fh5KRKKYkamJTeRJEZ4jIakpylHep+Xzh6cwhOt9OEgEjq4gjP190SKQiknYaA7sxPlYi0T/6v1EjU491LK40QRjueLBgmDKoKZW7BPBcGKTTRBWFB9K8QjJBBW2tOSNsFZfHmZtE8tR/Prs3LjIrejCI7AMagAB9RBA1yBJmgBDB7AE3gBr8aj8Wy8Ge/z1oKRzxyCPzC+vgGmNKIn</latexit><latexit sha1_base64="j2AfPtNyi6+rzr/GG/I4+F5wCko=">AAACIHicbVBNS8NAEN3Ur1q/oh69LBahhRISEeqx6MVjBfshTQib7bZdutmE3Y1YQn+KF/+KFw+K6E1/jZs2iLY+GHjzZoaZeUHMqFS2/WkUVlbX1jeKm6Wt7Z3dPXP/oC2jRGDSwhGLRDdAkjDKSUtRxUg3FgSFASOdYHyZ1Tt3REga8Rs1iYkXoiGnA4qR0pJv1iv3vlOb+E61ZllWTWdcZ7zqUg7dEKkRRiztTl1FQyJ/hNupb5Zty54BLhMnJ2WQo+mbH24/wklIuMIMSdlz7Fh5KRKKYkamJTeRJEZ4jIakpylHep+Xzh6cwhOt9OEgEjq4gjP190SKQiknYaA7sxPlYi0T/6v1EjU491LK40QRjueLBgmDKoKZW7BPBcGKTTRBWFB9K8QjJBBW2tOSNsFZfHmZtE8tR/Prs3LjIrejCI7AMagAB9RBA1yBJmgBDB7AE3gBr8aj8Wy8Ge/z1oKRzxyCPzC+vgGmNKIn</latexit><latexit sha1_base64="j2AfPtNyi6+rzr/GG/I4+F5wCko=">AAACIHicbVBNS8NAEN3Ur1q/oh69LBahhRISEeqx6MVjBfshTQib7bZdutmE3Y1YQn+KF/+KFw+K6E1/jZs2iLY+GHjzZoaZeUHMqFS2/WkUVlbX1jeKm6Wt7Z3dPXP/oC2jRGDSwhGLRDdAkjDKSUtRxUg3FgSFASOdYHyZ1Tt3REga8Rs1iYkXoiGnA4qR0pJv1iv3vlOb+E61ZllWTWdcZ7zqUg7dEKkRRiztTl1FQyJ/hNupb5Zty54BLhMnJ2WQo+mbH24/wklIuMIMSdlz7Fh5KRKKYkamJTeRJEZ4jIakpylHep+Xzh6cwhOt9OEgEjq4gjP190SKQiknYaA7sxPlYi0T/6v1EjU491LK40QRjueLBgmDKoKZW7BPBcGKTTRBWFB9K8QjJBBW2tOSNsFZfHmZtE8tR/Prs3LjIrejCI7AMagAB9RBA1yBJmgBDB7AE3gBr8aj8Wy8Ge/z1oKRzxyCPzC+vgGmNKIn</latexit><latexit sha1_base64="j2AfPtNyi6+rzr/GG/I4+F5wCko=">AAACIHicbVBNS8NAEN3Ur1q/oh69LBahhRISEeqx6MVjBfshTQib7bZdutmE3Y1YQn+KF/+KFw+K6E1/jZs2iLY+GHjzZoaZeUHMqFS2/WkUVlbX1jeKm6Wt7Z3dPXP/oC2jRGDSwhGLRDdAkjDKSUtRxUg3FgSFASOdYHyZ1Tt3REga8Rs1iYkXoiGnA4qR0pJv1iv3vlOb+E61ZllWTWdcZ7zqUg7dEKkRRiztTl1FQyJ/hNupb5Zty54BLhMnJ2WQo+mbH24/wklIuMIMSdlz7Fh5KRKKYkamJTeRJEZ4jIakpylHep+Xzh6cwhOt9OEgEjq4gjP190SKQiknYaA7sxPlYi0T/6v1EjU491LK40QRjueLBgmDKoKZW7BPBcGKTTRBWFB9K8QjJBBW2tOSNsFZfHmZtE8tR/Prs3LjIrejCI7AMagAB9RBA1yBJmgBDB7AE3gBr8aj8Wy8Ge/z1oKRzxyCPzC+vgGmNKIn</latexit>



Perceptron algorithm (Rosenblatt, 1957)

19An remarkable algorithm of even by modern standards!
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20



Example
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Example
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Pseudo code / implementation for the
perceptron algorithm

23
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<latexit sha1_base64="VbkW7who+CGkazsIn4Tm5BsuRw4=">AAACFnicbVDJSgNBEO1xjXGLevTSGIR4MMyI2zHoxWMEs0AmhJ5OT9Kkp3vorjGGIV/hxV/x4kERr+LNv7GzHDTxQcHjvSqq6gWx4AZc99tZWFxaXlnNrGXXNza3tnM7u1WjEk1ZhSqhdD0ghgkuWQU4CFaPNSNRIFgt6F2P/No904YreQeDmDUj0pE85JSAlVq5Y79LIB0MsS9YCERr1cd+RKCro9TwjhwW+i3APm0rwA9HrVzeLbpj4HniTUkeTVFu5b78tqJJxCRQQYxpeG4MzZRo4FSwYdZPDIsJ7ZEOa1gqScRMMx2/NcSHVmnjUGlbEvBY/T2RksiYQRTYztHFZtYbif95jQTCy2bKZZwAk3SyKEwEBoVHGeE214yCGFhCqOb2Vky7RBMKNsmsDcGbfXmeVE+K3nnx7PY0X7qaxpFB++gAFZCHLlAJ3aAyqiCKHtEzekVvzpPz4rw7H5PWBWc6s4f+wPn8AfPtn9o=</latexit>

öy ! sign(wt áx)
<latexit sha1_base64="2l5ke/074qCrxK8FwBULu9XtvpU=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJCMoadTSZr09IzdPcow5D+8eFDEq//izb+xsxw08UHB470qquoFseDauO63k1taXlldy68XNja3tneKu3t1HSWKYY1FIlLNgGoUXGLNcCOwGSukYSCwEQyvx37jEZXmkbwzaYx+SPuS9zijxkr37QE1WToibYkPJO0US27ZnYAsEm9GSjBDtVP8ancjloQoDRNU65bnxsbPqDKcCRwV2onGmLIh7WPLUklD1H42uXpEjqzSJb1I2ZKGTNTfExkNtU7DwHaG1Az0vDcW//Naield+hmXcWJQsumiXiKIicg4AtLlCpkRqSWUKW5vJWxAFWXGBlWwIXjzLy+S+knZOy+f3Z6WKlezOPJwAIdwDB5cQAVuoAo1YKDgGV7hzXlyXpx352PamnNmM/vwB87nD2KlknM=</latexit>

öy != y

<latexit sha1_base64="opanEuVP4dT+SFJs6MJcQm3Xcd4=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgooSJ+NoIRTcuK9gHpCFMppN26GQSZiaWUvspblwo4tYvceffOG2z0NYDFw7n3Mu994QpZ0oj9G0VVlbX1jeKm6Wt7Z3dPbu831RJJgltkIQnsh1iRTkTtKGZ5rSdSorjkNNWOLid+q1HKhVLxIMepdSPcU+wiBGsjRTY5WHgwmvooSqqOo5TRX5gV5CDZoDLxM1JBeSoB/ZXp5uQLKZCE46V8lyUan+MpWaE00mpkymaYjLAPeoZKnBMlT+enT6Bx0bpwiiRpoSGM/X3xBjHSo3i0HTGWPfVojcV//O8TEdX/piJNNNUkPmiKONQJ3CaA+wySYnmI0MwkczcCkkfS0y0SatkQnAXX14mzVPHvXDO788qtZs8jiI4BEfgBLjgEtTAHaiDBiBgCJ7BK3iznqwX6936mLcWrHzmAPyB9fkD8s2ROQ==</latexit>

w1 = [0 , 0, ..., 0]

<latexit sha1_base64="ArxgiYUP25YuGNpQ8RdJoZKuLtI=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBGEQknE17LoxmUF+4A2hMl00g6dPJi5sYbQnRt/xY0LRdz6C+78G6dtFtp64MLhnHu59x4vFlyBZX0bC4tLyyurhbXi+sbm1ra5s9tQUSIpq9NIRLLlEcUED1kdOAjWiiUjgSdY0xtcj/3mPZOKR+EdpDFzAtILuc8pAS255sHQzaBsj3BHMB+IlNEQD13AuIxxih9cs2RVrAnwPLFzUkI5aq751elGNAlYCFQQpdq2FYOTEQmcCjYqdhLFYkIHpMfamoYkYMrJJn+M8JFWutiPpK4Q8ET9PZGRQKk08HRnQKCvZr2x+J/XTsC/dDIexgmwkE4X+YnAEOFxKLjLJaMgUk0IlVzfimmfSEJBR1fUIdizL8+TxknFPq+c3Z6Wqld5HAW0jw7RMbLRBaqiG1RDdUTRI3pGr+jNeDJejHfjY9q6YOQze+gPjM8fxfuX9w==</latexit>

wt +1 ! wt + yx
<latexit sha1_base64="Z+H5JPWHA/MCOVOAaqLBsr2TYo4=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAZBEMKu+DoGvXiMYB6QLGF2MpsMmZ1ZZnojYcmfePGgiFf/xJt/4yTZgyYWNBRV3XR3hYngBjzv2ymsrK6tbxQ3S1vbO7t77v5Bw6hUU1anSijdColhgktWBw6CtRLNSBwK1gyHd1O/OWLacCUfYZywICZ9ySNOCVip67qAO4JFQLRWTxjO/K5b9ireDHiZ+Dkpoxy1rvvV6SmaxkwCFcSYtu8lEGREA6eCTUqd1LCE0CHps7alksTMBNns8gk+sUoPR0rbkoBn6u+JjMTGjOPQdsYEBmbRm4r/ee0Uopsg4zJJgUk6XxSlAoPC0xhwj2tGQYwtIVRzeyumA6IJBRtWyYbgL768TBrnFf+qcvlwUa7e5nEU0RE6RqfIR9eoiu5RDdURRSP0jF7Rm5M5L8678zFvLTj5zCH6A+fzB6sTkws=</latexit>

t ! t + 1



Geometric Margins
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Theorem: Perceptron Algorithm makes finite
number of mistakes!

12"&/"3 (Novikoff, 1962): Assume there exists  such that

every input satisfies that   and

Also, assume that  . Then the total number of mistakes

Perceptron makes is smaller than

25

<latexit sha1_base64="9LBj5nGYEerQ4+0jsYBVtVqgdX4=">AAAB6nicbVDJSgNBEK1xjXGLevTSGATxEGbE7Rj04jGiWSAZQ0+nJ2nS0zN01yhhyCd48aCIV7/Im39jZzlo4oOCx3tVVNULEikMuu63s7C4tLyymlvLr29sbm0XdnZrJk4141UWy1g3Amq4FIpXUaDkjURzGgWS14P+9civP3JtRKzucZBwP6JdJULBKFrp7unhuF0ouiV3DDJPvCkpwhSVduGr1YlZGnGFTFJjmp6boJ9RjYJJPsy3UsMTyvq0y5uWKhpx42fjU4fk0CodEsbalkIyVn9PZDQyZhAFtjOi2DOz3kj8z2umGF76mVBJilyxyaIwlQRjMvqbdITmDOXAEsq0sLcS1qOaMrTp5G0I3uzL86R2UvLOS2e3p8Xy1TSOHOzDARyBBxdQhhuoQBUYdOEZXuHNkc6L8+58TFoXnOnMHvyB8/kDAUmNoQ==</latexit>

w!

<latexit sha1_base64="8bH4ZJFmi08tWtzxnbINwE8D7ts=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQXZREfG2EohuXFewDmlgmk2k7dDIJMxM1hK7c+CtuXCji1m9w5984abPQ6oELh3Pu5d57vIhRqSzryyjMzM7NLxQXS0vLK6tr5vpGU4axwKSBQxaKtockYZSThqKKkXYkCAo8Rlre8CLzW7dESBrya5VExA1Qn9MexUhpqWtuJ/AMOgFSAxGkkvb5qHLvYD9U8O5mf69rlq2qNQb8S+yclEGOetf8dPwQxwHhCjMkZce2IuWmSCiKGRmVnFiSCOEh6pOOphwFRLrp+I0R3NWKD3uh0MUVHKs/J1IUSJkEnu7MDpbTXib+53Vi1Tt1U8qjWBGOJ4t6MYMqhFkm0KeCYMUSTRAWVN8K8QAJhJVOrqRDsKdf/kuaB1X7uHp0dViunedxFMEW2AEVYIMTUAOXoA4aAIMH8ARewKvxaDwbb8b7pLVg5DOb4BeMj28jEZhJ</latexit>

y = sign( x áw! )
<latexit sha1_base64="9Hg1hYAaCP88K9v3fKuD2R8z7OY="></latexit>

|x áw! |
! w! ! 2

" !

<latexit sha1_base64="asuB2a1EXonhqcA043OGi6ODFYw=">AAAB9XicbVDLTsMwEHR4lvIqcORiUSFxqpKK17GCC8eC6ENqQuW4m9aq4wTbAaq0/8GFAwhx5V+48Te4bQ7QMtJKo5ld7e74MWdK2/a3tbC4tLyymlvLr29sbm0XdnbrKkokhRqNeCSbPlHAmYCaZppDM5ZAQp9Dw+9fjv3GA0jFInGrBzF4IekKFjBKtJHu3OGTO2yXscvhHt+0C0W7ZE+A54mTkSLKUG0XvtxORJMQhKacKNVy7Fh7KZGaUQ6jvJsoiAntky60DBUkBOWlk6tH+NAoHRxE0pTQeKL+nkhJqNQg9E1nSHRPzXpj8T+vlejg3EuZiBMNgk4XBQnHOsLjCHCHSaCaDwwhVDJzK6Y9IgnVJqi8CcGZfXme1Msl57R0cn1crFxkceTQPjpAR8hBZ6iCrlAV1RBFEj2jV/RmPVov1rv1MW1dsLKZPfQH1ucPp8+R+Q==</latexit>

! x! 2 " R
<latexit sha1_base64="OZyxwSpbtwYaZ2WDQ5/QnSo1A4A=">AAAB9XicdVDLSsNAFJ34rPVVdelmsAiuYpLWtu6KblxWsQ9o0zKZTtqhM0mYmSgl9D/cuFDErf/izr9x0kZQ0QMXDufcy733eBGjUlnWh7G0vLK6tp7byG9ube/sFvb2WzKMBSZNHLJQdDwkCaMBaSqqGOlEgiDuMdL2Jpep374jQtIwuFXTiLgcjQLqU4yUlvo3fQeewt4IcY76zqBQtMzKuVUrOdAyrTlSYpdL1Qq0M6UIMjQGhffeMMQxJ4HCDEnZta1IuQkSimJGZvleLEmE8ASNSFfTAHEi3WR+9Qwea2UI/VDoChScq98nEsSlnHJPd3KkxvK3l4p/ed1Y+TU3oUEUKxLgxSI/ZlCFMI0ADqkgWLGpJggLqm+FeIwEwkoHldchfH0K/yctx7Qr5tl1uVi/yOLIgUNwBE6ADaqgDq5AAzQBBgI8gCfwbNwbj8aL8bpoXTKymQPwA8bbJ+XvkYE=</latexit>

R2/ ! 2

!"#$%&'(
• The algorithm can run infinitely long => No mistake on average.
• No assumption on data distribution (can be fully adversarial, given the

margin constraint)
• Every new data point to predict on is new.
• No hyperparameters to choose. The alg does not need to know R, ! .
• Dimension-free. Can support infinitely many features!



Proof (Details on the Chalk Board)

• Key idea: Let M be the number of mistakes. Prove that there are
constants A and B such that

26
! "#$ %&'(')*+,*,$& -&%./012 '3 4$&5&$*6*7+$8#99,38::*,,3;69'<;.'+:39':9&:,6-:=>?20@2A@;,6-

<latexit sha1_base64="yi1mQKZzhRYv556aAoifTjlIDTY=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUhJKIr2WtGzeFCvYBTQiT6aQdOnl0ZqKUNJ/gxl9x40IRty7d+TdO2yy09cCFwzn3cu89bsSokIbxreUWFpeWV/KrhbX1jc0tfXunIcKYY1LHIQt5y0WCMBqQuqSSkVbECfJdRppu/3rsN+8JFzQM7uQwIraPugH1KEZSSY5+eAWr0GJkAKE1enCS6rGZWqNMgRVoiQGXSTV19KJRMiaA88TMSBFkqDn6l9UJceyTQGKGhGibRiTtBHFJMSNpwYoFiRDuoy5pKxognwg7mTyUwgOldKAXclWBhBP190SCfCGGvqs6fSR7YtYbi/957Vh6l3ZCgyiWJMDTRV7MoAzhOB3YoZxgyYaKIMypuhXiHuIIS5VhQYVgzr48TxonJfO8dHZ7WixXsjjyYA/sgyNgggtQBjegBuoAg0fwDF7Bm/akvWjv2se0NadlM7vgD7TPH2UNmvk=</latexit>

AM ! " wM +1 " ! B
#

M

https://apps.dtic.mil/sti/tr/pdf/AD0298258.pdf


Using Perceptron in batch (offline) mode

• Recall: Perceptron can take any sequence of data

• Loop over the data again and again until there is no mistakes.

• Converge in after at most inner loop iterations.
27

min
w! Rd

Error( w) =
1
n

n!

i =1

1(hw (xi ) != yi )
<latexit sha1_base64="YU84nvIiYb2zY4+JYK/38E/aoNg="></latexit><latexit sha1_base64="YU84nvIiYb2zY4+JYK/38E/aoNg="></latexit><latexit sha1_base64="YU84nvIiYb2zY4+JYK/38E/aoNg="></latexit><latexit sha1_base64="YU84nvIiYb2zY4+JYK/38E/aoNg="></latexit>

()%*' not converged:
converged = true
+", over data set:

make prediction
-+“Mistake”: 1. Update weights. 2. set converged = false

<latexit sha1_base64="DOF9CCp6U3kWyZgepbl2x6qNDKk=">AAACAHicdVDLSgMxFM3UV62vURcu3ASL4GqYaWtbd0U3LqvYB7S1ZNJMG5pkhiQjlKEbf8WNC0Xc+hnu/BvTdgQVPXDhcM693HuPHzGqtOt+WJml5ZXVtex6bmNza3vH3t1rqjCWmDRwyELZ9pEijArS0FQz0o4kQdxnpOWPL2Z+645IRUNxoycR6XE0FDSgGGkj9e2DbiARTsT1bWGadIeIc2QYhH077zrlM7daLEDXceeYEa9UrJShlyp5kKLet9+7gxDHnAiNGVKq47mR7iVIaooZmea6sSIRwmM0JB1DBeJE9ZL5A1N4bJQBDEJpSmg4V79PJIgrNeG+6eRIj9Rvbyb+5XViHVR7CRVRrInAi0VBzKAO4SwNOKCSYM0mhiAsqbkV4hEyiWiTWc6E8PUp/J80C45Xdk6vSvnaeRpHFhyCI3ACPFABNXAJ6qABMJiCB/AEnq1769F6sV4XrRkrndkHP2C9fQJAwJYz</latexit>
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Limitations of the Perceptron Algorithm

• What if the margin is small?
• The perceptron algorithm will be slower

• What if non-linearly separable?
• The perceptron algorithm is known to not converge!
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Best linear separator in general (linearly non-
separable cases) is NP-hard.
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Next lecture: An attempt to “solve” the NP-
Hard problem in practice

• Surrogate loss

• Gradient Descent

• Stochastic gradient descent
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