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DSC 240: Machine Learning
Linear Algebra Review

Jan 16, 2025

Instructor: Prof. Yu-Xiang Wang



Today

• Linear Algebra Review

• Standard ML notations

• Decision boundary and margin in a linear classifier
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Linear Algebra review

• Key objects: vector, matrix

• Operations: Matrix-Vector multiplication, Matrix-matrix multiplication

• Properties: Norm (one vector), Distance and angle (two vectors), Linear
(in)dependence, orthogonality (a “bag” of vectors)

• Properties of a matrix: Rank, Norm (for square matrices) trace, determinant,
full-rank, symmetric, invertible

• Eigenvalues and eigenvectors

• One trick to understand it all: Singular Value Decomposition
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Matrices and vectors

• Geometric meaning of a vector:
• A point in a coordinate system
• An arrow pointing from 0

• Matrix is a “bag” of vectors.
• n-column vectors or m-row vectors.
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In the following, we will have a close look at these matrices and de-
fine computation rules. We will return to solving linear equations in Sec-
tion 2.3.

2.2 Matrices

Matrices play a central role in linear algebra. They can be used to com-
pactly represent systems of linear equations, but they also represent linear
functions (linear mappings) as we will see later in Section 2.7. Before we
discuss some of these interesting topics, let us first define what a matrix
is and what kind of operations we can do with matrices. We will see more
properties of matrices in Chapter 4.

Definition 2.1 (Matrix). With m,n 2 N a real-valued (m,n) matrix A ismatrix

an m·n-tuple of elements aij , i = 1, . . . ,m, j = 1, . . . , n, which is ordered
according to a rectangular scheme consisting of m rows and n columns:

A =
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7775 , aij 2 R . (2.11)

By convention (1, n)-matrices are called rows and (m, 1)-matrices are calledrow

columns. These special matrices are also called row/column vectors.column
row vector
column vector
Figure 2.4 By
stacking its
columns, a matrix A
can be represented
as a long vector a.

re-shape

A 2 R4⇥2
a 2 R8

Rm⇥n is the set of all real-valued (m,n)-matrices. A 2 Rm⇥n can be
equivalently represented as a 2 Rmn by stacking all n columns of the
matrix into a long vector; see Figure 2.4.

2.2.1 Matrix Addition and Multiplication

The sum of two matrices A 2 Rm⇥n, B 2 Rm⇥n is defined as the element-
wise sum, i.e.,

A + B :=

2
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a11 + b11 · · · a1n + b1n

...
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am1 + bm1 · · · amn + bmn
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75 2 Rm⇥n
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For matrices A 2 Rm⇥n, B 2 Rn⇥k, the elements cij of the productNote the size of the
matrices. C = AB 2 Rm⇥k are computed as
C =
np.einsum(’il,
lj’, A, B) cij =

nX

l=1

ailblj, i = 1, . . . ,m, j = 1, . . . , k. (2.13)
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18 Linear Algebra

be added together, which results in another polynomial; and they can
be multiplied by a scalar � 2 R, and the result is a polynomial as
well. Therefore, polynomials are (rather unusual) instances of vectors.
Note that polynomials are very different from geometric vectors. While
geometric vectors are concrete “drawings”, polynomials are abstract
concepts. However, they are both vectors in the sense previously de-
scribed.

3. Audio signals are vectors. Audio signals are represented as a series of
numbers. We can add audio signals together, and their sum is a new
audio signal. If we scale an audio signal, we also obtain an audio signal.
Therefore, audio signals are a type of vector, too.

4. Elements of Rn (tuples of n real numbers) are vectors. Rn is more
abstract than polynomials, and it is the concept we focus on in this
book. For instance,

a =

2

4
1
2
3

3

5 2 R3 (2.1)

is an example of a triplet of numbers. Adding two vectors a, b 2 Rn

component-wise results in another vector: a + b = c 2 Rn. Moreover,
multiplying a 2 Rn by � 2 R results in a scaled vector �a 2 Rn.
Considering vectors as elements of Rn has an additional benefit thatBe careful to check

whether array
operations actually
perform vector
operations when
implementing on a
computer.

it loosely corresponds to arrays of real numbers on a computer. Many
programming languages support array operations, which allow for con-
venient implementation of algorithms that involve vector operations.

Linear algebra focuses on the similarities between these vector concepts.
We can add them together and multiply them by scalars. We will largelyPavel Grinfeld’s

series on linear
algebra:
http://tinyurl.

com/nahclwm

Gilbert Strang’s
course on linear
algebra:
http://tinyurl.

com/29p5q8j

3Blue1Brown series
on linear algebra:
https://tinyurl.

com/h5g4kps

focus on vectors in Rn since most algorithms in linear algebra are for-
mulated in Rn. We will see in Chapter 8 that we often consider data to
be represented as vectors in Rn. In this book, we will focus on finite-
dimensional vector spaces, in which case there is a 1:1 correspondence
between any kind of vector and Rn. When it is convenient, we will use
intuitions about geometric vectors and consider array-based algorithms.

One major idea in mathematics is the idea of “closure”. This is the ques-
tion: What is the set of all things that can result from my proposed oper-
ations? In the case of vectors: What is the set of vectors that can result by
starting with a small set of vectors, and adding them to each other and
scaling them? This results in a vector space (Section 2.4). The concept of
a vector space and its properties underlie much of machine learning. The
concepts introduced in this chapter are summarized in Figure 2.2.

This chapter is mostly based on the lecture notes and books by Drumm
and Weil (2001), Strang (2003), Hogben (2013), Liesen and Mehrmann
(2015), as well as Pavel Grinfeld’s Linear Algebra series. Other excellent
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Properties of a vector

• Norm

• Direction (it points towards)
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Vector norms
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(Unit) Norm balls

• The set of all vectors such that their norm is smaller than 1
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Norms are “metrics”, they satisfy a few useful
properties
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Properties of two vectors

• What can you do with them?
• Add, subtract, weighted combination ---- linear combination of them

returns another vector

• Their relationship (similarity)
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Dot Product (or Inner Product) of two vectors

• Geometric meaning
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72 Analytic Geometry

Example 3.2 (Euclidean Norm)
The Euclidean norm of x 2 Rn is defined asEuclidean norm

kxk2 :=

vuut
nX

i=1

x
2
i =

p

x>x (3.4)

and computes the Euclidean distance of x from the origin. The right panelEuclidean distance

of Figure 3.3 shows all vectors x 2 R2 with kxk2 = 1. The Euclidean
norm is also called `2 norm.`2 norm

Remark. Throughout this book, we will use the Euclidean norm (3.4) by
default if not stated otherwise. }

3.2 Inner Products

Inner products allow for the introduction of intuitive geometrical con-
cepts, such as the length of a vector and the angle or distance between
two vectors. A major purpose of inner products is to determine whether
vectors are orthogonal to each other.

3.2.1 Dot Product

We may already be familiar with a particular type of inner product, the
scalar product/dot product in Rn, which is given byscalar product

dot product

x
>
y =

nX

i=1

xiyi . (3.5)

We will refer to this particular inner product as the dot product in this
book. However, inner products are more general concepts with specific
properties, which we will now introduce.

3.2.2 General Inner Products

Recall the linear mapping from Section 2.7, where we can rearrange the
mapping with respect to addition and multiplication with a scalar. A bi-bilinear mapping

linear mapping ⌦ is a mapping with two arguments, and it is linear in
each argument, i.e., when we look at a vector space V then it holds that
for all x,y, z 2 V, �, 2 R that

⌦(�x +  y, z) = �⌦(x, z) +  ⌦(y, z) (3.6)
⌦(x,�y +  z) = �⌦(x,y) +  ⌦(x, z) . (3.7)

Here, (3.6) asserts that ⌦ is linear in the first argument, and (3.7) asserts
that ⌦ is linear in the second argument (see also (2.87)).

Draft (2022-01-11) of “Mathematics for Machine Learning”. Feedback: https://mml-book.com.
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Two vectors are orthogonal (perpendicular to each other) iff their dot-product is 0.



Three interpretations of Matrix-Vector
Multiplication

• Interpretation 1: “Projecting x to m-directions”
• Treat matrix A is as a “bag” of row-vectors

11



Three interpretations of Matrix-Vector
Multiplication

• Interpretation 2: “Weighted linear combination of column vectors”
• Treat matrix A is as a “bag” of column-vectors

12



Three interpretations of Matrix-Vector
Multiplication
• Interpretation 3: “A linear transformation of input vector x”

• Treat matrix A is as an “operator” or a “function that takes a
vector input and output another vector”

• Best understood with examples
• (from Oliver Knill’s lecture)

13
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A : Rn ! Rm
Math 19b: Linear Algebra with Probability Oliver Knill, Spring 2011

Lecture 8: Examples of linear transformations

While the space of linear transformations is large, there are few types of transformations which
are typical. We look here at dilations, shears, rotations, reflections and projections.

Shear transformations

1

A =

[

1 0
1 1

]

A =

[

1 1
0 1

]

In general, shears are transformation in the plane with the property that there is a vector !w such
that T (!w) = !w and T (!x)− !x is a multiple of !w for all !x. Shear transformations are invertible,
and are important in general because they are examples which can not be diagonalized.

Scaling transformations

2

A =

[

2 0
0 2

]

A =

[

1/2 0
0 1/2

]

One can also look at transformations which scale x differently then y and where A is a diagonal
matrix. Scaling transformations can also be written as A = λI2 where I2 is the identity matrix.
They are also called dilations.

Reflection

3

A =
[

cos(2α) sin(2α)
sin(2α) − cos(2α)

]

A =

[

1 0
0 −1

]

Any reflection at a line has the form of the matrix to the left. A reflection at a line containing

a unit vector !u is T (!x) = 2(!x · !u)!u− !x with matrix A =

[

2u2
1
− 1 2u1u2

2u1u2 2u2
2
− 1

]

Reflections have the property that they are their own inverse. If we combine a reflection with
a dilation, we get a reflection-dilation.

Projection

4

A =

[

1 0
0 0

]

A =

[

0 0
0 1

]

A projection onto a line containing unit vector !u is T (!x) = (!x · !u)!u with matrix A =
[

u1u1 u2u1

u1u2 u2u2

]

.

Projections are also important in statistics. Projections are not invertible except if we project
onto the entire space. Projections also have the property that P 2 = P . If we do it twice, it
is the same transformation. If we combine a projection with a dilation, we get a rotation

dilation.

Rotation

5

A =

[

−1 0
0 −1

] A =
[

cos(α) − sin(α)
sin(α) cos(α)

]

Any rotation has the form of the matrix to the right.
Rotations are examples of orthogonal transformations. If we combine a rotation with a dilation,
we get a rotation-dilation.

Rotation-Dilation

6

A =

[

2 −3
3 2

]

A =

[

a −b
b a

]

A rotation dilation is a composition of a rotation by angle arctan(y/x) and a dilation by a
factor

√
x2 + y2.

If z = x+ iy and w = a + ib and T (x, y) = (X, Y ), then X + iY = zw. So a rotation dilation
is tied to the process of the multiplication with a complex number.
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https://people.math.harvard.edu/~knill/teaching/math19b_2011/handouts/lecture08.pdf


Discussion: Map each pixel to a new location

14

Rotations in space

7

Rotations in space are determined by an axis of rotation and an
angle. A rotation by 120◦ around a line containing (0, 0, 0) and

(1, 1, 1) belongs to A =







0 0 1
1 0 0
0 1 0






which permutes !e1 → !e2 → !e3.

Reflection at xy-plane

8

To a reflection at the xy-plane belongs the matrix A =






1 0 0
0 1 0
0 0 −1






as can be seen by looking at the images of !ei. The

picture to the right shows the linear algebra textbook reflected at
two different mirrors.

Projection into space

9

To project a 4d-object into the three dimensional xyz-space, use

for example the matrix A =











1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0











. The picture shows

the projection of the four dimensional cube (tesseract, hypercube)
with 16 edges (±1,±1,±1,±1). The tesseract is the theme of the
horror movie ”hypercube”.

Homework due February 16, 2011

1 What transformation in space do you get if you reflect first at the xy-plane, then rotate
around the z axes by 90 degrees (counterclockwise when watching in the direction of the
z-axes), and finally reflect at the x axes?

2 a) One of the following matrices can be composed with a dilation to become an orthogonal
projection onto a line. Which one?

A =











3 1 1 1
1 3 1 1
1 1 3 1
1 1 1 3











B =











3 1 0 0
1 3 0 0
0 0 3 1
0 0 1 3











C =











1 1 1 1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 −1











D =











1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1











E =











1 1 0 0
1 1 0 0
0 0 1 1
0 0 1 1











F =











1 −1 0 0
1 1 0 0
0 0 1 −1
0 0 1 1











b) The smiley face visible to the right is transformed with various linear
transformations represented by matrices A− F . Find out which matrix
does which transformation:

A=

[

1 −1
1 1

]

, B=

[

1 2
0 1

]

, C=

[

1 0
0 −1

]

,

D=

[

1 −1
0 −1

]

, E=

[

−1 0
0 1

]

, F=

[

0 1
−1 0

]

/2

A-F image A-F image A-F image

3 This is homework 28 in Bretscher 2.2: Each of the linear transformations in parts (a) through
(e) corresponds to one and only one of the matrices A) through J). Match them up.

a) Scaling b) Shear c) Rotation d) Orthogonal Projection e) Reflection

A =

[

0 0
0 1

]

B =

[

2 1
1 0

]

C =

[

−0.6 0.8
0.8 −0.6

]

D =

[

7 0
0 7

]

E =

[

1 0
−3 1

]

F =

[

0.6 0.8
0.8 −0.6

]

G =

[

0.6 0.6
0.8 0.8

]

H =

[

2 −1
1 2

]

I =

[

0 0
1 0

]

J =

[

0.8 −0.6
0.6 −0.8

]



Matrix-Matrix multiplication

• Key things to remember
• Dimension check!

• Properties of a scalar-scalar multiplications (which ones are still valid
for matrix-matrix multiplication?)

• Commutative law
• Association law
• Distributive law

15



Examples of matrix-matrix multiplication

• Inner product and Outer product of two vectors

• Random-walk (Page rank)

• Feed-forward Neural networks

16



Computational Complexity of matrix
Multiplication?

• How many dot product needed?
• How much compute cost needed for each dot product?

17

A
B×=C



Fun fact: Complexity of Matrix Multiplication
is still an open problem

• 2 by 2 matrix multiplication
• Naïve algorithm takes 8

multiplication
• Strassen showed that one can get

away with 7

• Divide and conquer gives
𝑂 𝑛!"#!$ ≈ 𝑂(𝑛%.'($)

• Improves over 𝑂 𝑛) for reasonable
sized matrices

• Actually used in practice!

18Best lower bound is still Ω(𝑛%log 𝑛)



Properties of a bag of vectors: Linear
independence

19



Example: Linear independence

20



Discussion: Are these vectors linearly
independent?

21



When they are linearly independent, we call this
“bag” of vectors a basis. A basis of size m spans
an m-dimensional vector space.

22



Properties of a bag of vectors: Orthogonality

• (mutually) orthogonal

• Orthonormal basis

23



Examples of orthonomal basis

• Standard basis

• Fourier basis, Hadamard basis, …

24

https://en.wikipedia.org/wiki/Discrete_Fourier_transform

https://en.wikipedia.org/wiki/Hadamard_transform

https://en.wikipedia.org/wiki/Discrete_Fourier_transform
https://en.wikipedia.org/wiki/Hadamard_transform


Properties of a matrix

• General matrix
• Rank : Max number of independent column vectors / row vectors
• Norm: (later!)
• Transpose: Switch rows and columns

• Square matrix
• Trace: Sum of diagonal elements

• Determinant: (Will cover later)

25

Invertible matrix

Orthogonal matrix

Symmetric matrix

AT 2 Rn⇥m
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Eigenvalues and eigenvectors of a (square) matrix
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How to calculate the eigenvalues

• Calculate the eigenvalue of the following matrix!

• How to calculate the eigenvector?
• Find null-space. In practice, use numpy. TA will show you how!
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Properties of eigenvectors and eigenvalues
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Positive (Semi)Definite Matrix

• TA will give you more examples of such matrices.
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Checkpoint: So far in linear algebra reviews

• Key objects: vector, matrix

• Operations: Matrix-Vector multiplication, Matrix-matrix multiplication

• Properties: Norm (one vector), Distance and angle (two vectors), Linear
(in)dependence, orthogonality (a “bag” of vectors)

• Properties of a matrix: Rank, Norm (for square matrices) trace, determinant,
full-rank, symmetric, invertible

• Eigenvalues and eigenvectors

• One trick to understand it all: Singular Value Decomposition
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For any matrix there is a Singular Value
Decomposition into three components

• Reading off properties of A from its SVD
• Rank(A)

• Trace(A)

• Det(A)

• Eigenvalue

• Eigenvectors

• Matrix norm(A)
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Summary notations from linear algebra

•Matrices and vectors

• Transpose and inverse

• Inner product / dot product

• Norms

22 Linear Algebra

()

2

64
a11 · · · a1n

...
...

am1 · · · amn

3

75

2

64
x1

...
xn

3

75 =

2

64
b1

...
bm

3

75 . (2.10)

In the following, we will have a close look at these matrices and de-
fine computation rules. We will return to solving linear equations in Sec-
tion 2.3.

2.2 Matrices

Matrices play a central role in linear algebra. They can be used to com-
pactly represent systems of linear equations, but they also represent linear
functions (linear mappings) as we will see later in Section 2.7. Before we
discuss some of these interesting topics, let us first define what a matrix
is and what kind of operations we can do with matrices. We will see more
properties of matrices in Chapter 4.

Definition 2.1 (Matrix). With m,n 2 N a real-valued (m,n) matrix A ismatrix

an m·n-tuple of elements aij , i = 1, . . . ,m, j = 1, . . . , n, which is ordered
according to a rectangular scheme consisting of m rows and n columns:

A =

2

6664

a11 a12 · · · a1n

a21 a22 · · · a2n

...
...

...
am1 am2 · · · amn

3

7775 , aij 2 R . (2.11)

By convention (1, n)-matrices are called rows and (m, 1)-matrices are calledrow

columns. These special matrices are also called row/column vectors.column
row vector
column vector
Figure 2.4 By
stacking its
columns, a matrix A
can be represented
as a long vector a.

re-shape

A 2 R4⇥2
a 2 R8

Rm⇥n is the set of all real-valued (m,n)-matrices. A 2 Rm⇥n can be
equivalently represented as a 2 Rmn by stacking all n columns of the
matrix into a long vector; see Figure 2.4.

2.2.1 Matrix Addition and Multiplication

The sum of two matrices A 2 Rm⇥n, B 2 Rm⇥n is defined as the element-
wise sum, i.e.,

A + B :=

2

64
a11 + b11 · · · a1n + b1n

...
...

am1 + bm1 · · · amn + bmn

3

75 2 Rm⇥n
. (2.12)

For matrices A 2 Rm⇥n, B 2 Rn⇥k, the elements cij of the productNote the size of the
matrices. C = AB 2 Rm⇥k are computed as
C =
np.einsum(’il,
lj’, A, B) cij =

nX

l=1

ailblj, i = 1, . . . ,m, j = 1, . . . , k. (2.13)
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be added together, which results in another polynomial; and they can
be multiplied by a scalar � 2 R, and the result is a polynomial as
well. Therefore, polynomials are (rather unusual) instances of vectors.
Note that polynomials are very different from geometric vectors. While
geometric vectors are concrete “drawings”, polynomials are abstract
concepts. However, they are both vectors in the sense previously de-
scribed.

3. Audio signals are vectors. Audio signals are represented as a series of
numbers. We can add audio signals together, and their sum is a new
audio signal. If we scale an audio signal, we also obtain an audio signal.
Therefore, audio signals are a type of vector, too.

4. Elements of Rn (tuples of n real numbers) are vectors. Rn is more
abstract than polynomials, and it is the concept we focus on in this
book. For instance,

a =

2

4
1
2
3

3

5 2 R3 (2.1)

is an example of a triplet of numbers. Adding two vectors a, b 2 Rn

component-wise results in another vector: a + b = c 2 Rn. Moreover,
multiplying a 2 Rn by � 2 R results in a scaled vector �a 2 Rn.
Considering vectors as elements of Rn has an additional benefit thatBe careful to check

whether array
operations actually
perform vector
operations when
implementing on a
computer.

it loosely corresponds to arrays of real numbers on a computer. Many
programming languages support array operations, which allow for con-
venient implementation of algorithms that involve vector operations.

Linear algebra focuses on the similarities between these vector concepts.
We can add them together and multiply them by scalars. We will largelyPavel Grinfeld’s

series on linear
algebra:
http://tinyurl.

com/nahclwm

Gilbert Strang’s
course on linear
algebra:
http://tinyurl.

com/29p5q8j

3Blue1Brown series
on linear algebra:
https://tinyurl.

com/h5g4kps

focus on vectors in Rn since most algorithms in linear algebra are for-
mulated in Rn. We will see in Chapter 8 that we often consider data to
be represented as vectors in Rn. In this book, we will focus on finite-
dimensional vector spaces, in which case there is a 1:1 correspondence
between any kind of vector and Rn. When it is convenient, we will use
intuitions about geometric vectors and consider array-based algorithms.

One major idea in mathematics is the idea of “closure”. This is the ques-
tion: What is the set of all things that can result from my proposed oper-
ations? In the case of vectors: What is the set of vectors that can result by
starting with a small set of vectors, and adding them to each other and
scaling them? This results in a vector space (Section 2.4). The concept of
a vector space and its properties underlie much of machine learning. The
concepts introduced in this chapter are summarized in Figure 2.2.

This chapter is mostly based on the lecture notes and books by Drumm
and Weil (2001), Strang (2003), Hogben (2013), Liesen and Mehrmann
(2015), as well as Pavel Grinfeld’s Linear Algebra series. Other excellent
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Example 3.2 (Euclidean Norm)
The Euclidean norm of x 2 Rn is defined asEuclidean norm

kxk2 :=

vuut
nX

i=1

x
2
i =

p

x>x (3.4)

and computes the Euclidean distance of x from the origin. The right panelEuclidean distance

of Figure 3.3 shows all vectors x 2 R2 with kxk2 = 1. The Euclidean
norm is also called `2 norm.`2 norm

Remark. Throughout this book, we will use the Euclidean norm (3.4) by
default if not stated otherwise. }

3.2 Inner Products

Inner products allow for the introduction of intuitive geometrical con-
cepts, such as the length of a vector and the angle or distance between
two vectors. A major purpose of inner products is to determine whether
vectors are orthogonal to each other.

3.2.1 Dot Product

We may already be familiar with a particular type of inner product, the
scalar product/dot product in Rn, which is given byscalar product

dot product

x
>
y =

nX

i=1

xiyi . (3.5)

We will refer to this particular inner product as the dot product in this
book. However, inner products are more general concepts with specific
properties, which we will now introduce.

3.2.2 General Inner Products

Recall the linear mapping from Section 2.7, where we can rearrange the
mapping with respect to addition and multiplication with a scalar. A bi-bilinear mapping

linear mapping ⌦ is a mapping with two arguments, and it is linear in
each argument, i.e., when we look at a vector space V then it holds that
for all x,y, z 2 V, �, 2 R that

⌦(�x +  y, z) = �⌦(x, z) +  ⌦(y, z) (3.6)
⌦(x,�y +  z) = �⌦(x,y) +  ⌦(x, z) . (3.7)

Here, (3.6) asserts that ⌦ is linear in the first argument, and (3.7) asserts
that ⌦ is linear in the second argument (see also (2.87)).
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kxk :=

sX

i

x2
i
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Other useful notationsA Appendix

A.1 Notation

In general, we will not be religious about using uppercase letters to denote random variables
or bold letters to denote vectors or matrices. The type of the variable should hopefully be
clear from context.

• Basic definitions

– [n] = {1, . . . , n}

– For a sequence v1, . . . , vn:

⇤ Let vi:j = (vi, vi+1, . . . , vj�1, vj) be the subsequence from i to j inclusive.

⇤ Let v<i = v1:i�1.

– rf : gradient of a di↵erentiable function f

– @f(v): set of subgradients of a convex function f

– Indicator (one-zero) function:

I[condition] def
=

(
1 if condition is true

0 otherwise.
(694)

– Probability simplex:

�d

def
=

(
w 2 Rd : w ⌫ 0 and

dX

i=1

wi = 1

)
. (695)

– Euclidean projection:

⇧S(w)
def
= argmin

u2S

ku� wk2 (696)

is the closest point (measured using Euclidean distance) to w that’s in S.

• We will try to stick with the following conventions:

– x: input

– y: output

– z: input-output pair

– d: dimensionality

– n: number of examples

– t: iteration number
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[n] := {1, 2, 3, ..., n}
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6 Foreword

Table of Symbols

Symbol Typical meaning
a, b, c,! , " , # Scalars are lowercase
x , y , z Vectors are bold lowercase
A , B , C Matrices are bold uppercase
x ! , A ! Transpose of a vector or matrix
A " 1 Inverse of a matrix
!x , y " Inner product of x and y
x ! y Dot product of x and y
B = ( b1, b2, b3) (Ordered) tuple
B = [ b1, b2, b3] Matrix of column vectors stacked horizontally
B = { b1, b2, b3} Set of vectors (unordered)
Z , N Integers and natural numbers, respectively
R, C Real and complex numbers, respectively
Rn n-dimensional vector space of real numbers
#x Universal quantifier: for all x
$x Existential quantifier: there exists x
a := b a is defined as b
a =: b bis defined as a
a % b a is proportional to b, i.e., a = constant áb
g &f Function composition: “g after f ”
'( If and only if
=( Implies
A, C Sets
a ) A a is an element of set A
* Empty set
A\B A without B: the set of elements in A but not in B
D Number of dimensions; indexed by d = 1 , . . . , D
N Number of data points; indexed by n = 1 , . . . , N
I m Identity matrix of size m + m
0m,n Matrix of zeros of size m + n
1m,n Matrix of ones of size m + n
ei Standard/canonical vector (where i is the component that is 1)
dim Dimensionality of vector space
rk( A ) Rank of matrix A
Im( ! ) Image of linear mapping !
ker(! ) Kernel (null space) of a linear mapping !
span[b1] Span (generating set) of b1

tr(A ) Trace of A
det(A ) Determinant of A
| á | Absolute value or determinant (depending on context)
, á, Norm; Euclidean, unless specified
$ Eigenvalue or Lagrange multiplier
E! Eigenspace corresponding to eigenvalue $
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A Appendix

A.1 Notation

In general, we will not be religious about using uppercase letters to denote random variables
or bold letters to denote vectors or matrices. The type of the variable should hopefully be
clear from context.

• Basic definitions

– [n] = {1, . . . , n}

– For a sequence v1, . . . , vn:

⇤ Let vi:j = (vi, vi+1, . . . , vj�1, vj) be the subsequence from i to j inclusive.

⇤ Let v<i = v1:i�1.

– rf : gradient of a di↵erentiable function f

– @f(v): set of subgradients of a convex function f

– Indicator (one-zero) function:

I[condition] def
=

(
1 if condition is true

0 otherwise.
(694)

– Probability simplex:

�d

def
=

(
w 2 Rd : w ⌫ 0 and

dX

i=1

wi = 1

)
. (695)

– Euclidean projection:

⇧S(w)
def
= argmin

u2S

ku� wk2 (696)

is the closest point (measured using Euclidean distance) to w that’s in S.

• We will try to stick with the following conventions:

– x: input

– y: output

– z: input-output pair

– d: dimensionality

– n: number of examples

– t: iteration number
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|S| Ñ cardinality of a set S
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e.g., |[n]| = n
<latexit sha1_base64="EeoGUVG9RYzStKENrqz69VWyIm0=">AAACBnicbZA9SwNBEIb3/DZ+RS1FGAyChYQ7EbQRRBtLBaOB5Ah7m0lc3Ns7dufEcKay8a/YWChi62+w89+4+Sg08YWFh3dmmJ03SpW05Pvf3sTk1PTM7Nx8YWFxaXmluLp2ZZPMCKyIRCWmGnGLSmqskCSF1dQgjyOF19Htaa9+fYfGykRfUifFMOZtLVtScHJWo7hZJ7ynHLDcLu9C9wFqOoQHADgCDdAolvyy3xeMQzCEEhvqvFH8qjcTkcWoSShubS3wUwpzbkgKhd1CPbOYcnHL21hzqHmMNsz7Z3Rh2zlNaCXGPU3Qd39P5Dy2thNHrjPmdGNHaz3zv1oto9ZhmEudZoRaDBa1MgWUQC8TaEqDglTHARdGur+CuOGGC3LJFVwIwejJ43C1Vw4cX+yXjk+GccyxDbbFdljADtgxO2PnrMIEe2TP7JW9eU/ei/fufQxaJ7zhzDr7I+/zBxAYlkM=</latexit><latexit sha1_base64="EeoGUVG9RYzStKENrqz69VWyIm0=">AAACBnicbZA9SwNBEIb3/DZ+RS1FGAyChYQ7EbQRRBtLBaOB5Ah7m0lc3Ns7dufEcKay8a/YWChi62+w89+4+Sg08YWFh3dmmJ03SpW05Pvf3sTk1PTM7Nx8YWFxaXmluLp2ZZPMCKyIRCWmGnGLSmqskCSF1dQgjyOF19Htaa9+fYfGykRfUifFMOZtLVtScHJWo7hZJ7ynHLDcLu9C9wFqOoQHADgCDdAolvyy3xeMQzCEEhvqvFH8qjcTkcWoSShubS3wUwpzbkgKhd1CPbOYcnHL21hzqHmMNsz7Z3Rh2zlNaCXGPU3Qd39P5Dy2thNHrjPmdGNHaz3zv1oto9ZhmEudZoRaDBa1MgWUQC8TaEqDglTHARdGur+CuOGGC3LJFVwIwejJ43C1Vw4cX+yXjk+GccyxDbbFdljADtgxO2PnrMIEe2TP7JW9eU/ei/fufQxaJ7zhzDr7I+/zBxAYlkM=</latexit><latexit sha1_base64="EeoGUVG9RYzStKENrqz69VWyIm0=">AAACBnicbZA9SwNBEIb3/DZ+RS1FGAyChYQ7EbQRRBtLBaOB5Ah7m0lc3Ns7dufEcKay8a/YWChi62+w89+4+Sg08YWFh3dmmJ03SpW05Pvf3sTk1PTM7Nx8YWFxaXmluLp2ZZPMCKyIRCWmGnGLSmqskCSF1dQgjyOF19Htaa9+fYfGykRfUifFMOZtLVtScHJWo7hZJ7ynHLDcLu9C9wFqOoQHADgCDdAolvyy3xeMQzCEEhvqvFH8qjcTkcWoSShubS3wUwpzbkgKhd1CPbOYcnHL21hzqHmMNsz7Z3Rh2zlNaCXGPU3Qd39P5Dy2thNHrjPmdGNHaz3zv1oto9ZhmEudZoRaDBa1MgWUQC8TaEqDglTHARdGur+CuOGGC3LJFVwIwejJ43C1Vw4cX+yXjk+GccyxDbbFdljADtgxO2PnrMIEe2TP7JW9eU/ei/fufQxaJ7zhzDr7I+/zBxAYlkM=</latexit><latexit sha1_base64="EeoGUVG9RYzStKENrqz69VWyIm0=">AAACBnicbZA9SwNBEIb3/DZ+RS1FGAyChYQ7EbQRRBtLBaOB5Ah7m0lc3Ns7dufEcKay8a/YWChi62+w89+4+Sg08YWFh3dmmJ03SpW05Pvf3sTk1PTM7Nx8YWFxaXmluLp2ZZPMCKyIRCWmGnGLSmqskCSF1dQgjyOF19Htaa9+fYfGykRfUifFMOZtLVtScHJWo7hZJ7ynHLDcLu9C9wFqOoQHADgCDdAolvyy3xeMQzCEEhvqvFH8qjcTkcWoSShubS3wUwpzbkgKhd1CPbOYcnHL21hzqHmMNsz7Z3Rh2zlNaCXGPU3Qd39P5Dy2thNHrjPmdGNHaz3zv1oto9ZhmEudZoRaDBa1MgWUQC8TaEqDglTHARdGur+CuOGGC3LJFVwIwejJ43C1Vw4cX+yXjk+GccyxDbbFdljADtgxO2PnrMIEe2TP7JW9eU/ei/fufQxaJ7zhzDr7I+/zBxAYlkM=</latexit>



Conventions and typical meaning of specific 
variables in machine learning

A Appendix

A.1 Notation

In general, we will not be religious about using uppercase letters to denote random variables
or bold letters to denote vectors or matrices. The type of the variable should hopefully be
clear from context.

¥ Basic deÞnitions

Ð [n] = { 1, . . . , n}

Ð For a sequencev1, . . . , vn :

! Let vi :j = ( vi , vi +1 , . . . , vj ! 1, vj ) be the subsequence fromi to j inclusive.
! Let v<i = v1:i ! 1.

Ð " f : gradient of a di! erentiable function f

Ð ! f (v): set of subgradients of a convex functionf

Ð Indicator (one-zero) function:

I [condition] def=

!
1 if condition is true

0 otherwise.
(694)

Ð Probability simplex:

" d
def=

!

w # Rd : w $ 0 and
d"

i =1

wi = 1

#

. (695)

Ð Euclidean projection:

# S(w) def= arg min
u" S

%u & w%2 (696)

is the closest point (measured using Euclidean distance) tow thatÕs inS.

¥ We will try to stick with the following conventions:

Ð x: input

Ð y: output

Ð z: input-output pair

Ð d: dimensionality

Ð n: number of examples

Ð t: iteration number
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öh, öf , ö! , öE
<latexit sha1_base64="GxsOKCFoyUnLwfeIPURxG0ipNOc=">AAACGXicbZBLS8NAEMc39VXrK+rRy2IRPJSSiKDHoggeK9gHNKVstptm6ebB7kQoIV/Di1/FiwdFPOrJb+MmzUFbBxZ++58ZZubvxoIrsKxvo7Kyura+Ud2sbW3v7O6Z+wddFSWSsg6NRCT7LlFM8JB1gINg/VgyEriC9dzpdZ7vPTCpeBTewyxmw4BMQu5xSkBLI9NyfAKpnzUwLsjTVIADPgOSNeafgIDvuulNlo3MutW0isDLYJdQR2W0R+anM45oErAQqCBKDWwrhmFKJHAqWFZzEsViQqdkwgYaQxIwNUyLyzJ8opUx9iKpXwi4UH93pCRQaha4ujJfUS3mcvG/3CAB73KY8jBOgIV0PshLBIYI5zbhMZeMgphpIFRyvSumPpGEgjazpk2wF09ehu5Z09Z8d15vXZV2VNEROkanyEYXqIVuURt1EEWP6Bm9ojfjyXgx3o2PeWnFKHsO0Z8wvn4AEEag+g==</latexit><latexit sha1_base64="GxsOKCFoyUnLwfeIPURxG0ipNOc=">AAACGXicbZBLS8NAEMc39VXrK+rRy2IRPJSSiKDHoggeK9gHNKVstptm6ebB7kQoIV/Di1/FiwdFPOrJb+MmzUFbBxZ++58ZZubvxoIrsKxvo7Kyura+Ud2sbW3v7O6Z+wddFSWSsg6NRCT7LlFM8JB1gINg/VgyEriC9dzpdZ7vPTCpeBTewyxmw4BMQu5xSkBLI9NyfAKpnzUwLsjTVIADPgOSNeafgIDvuulNlo3MutW0isDLYJdQR2W0R+anM45oErAQqCBKDWwrhmFKJHAqWFZzEsViQqdkwgYaQxIwNUyLyzJ8opUx9iKpXwi4UH93pCRQaha4ujJfUS3mcvG/3CAB73KY8jBOgIV0PshLBIYI5zbhMZeMgphpIFRyvSumPpGEgjazpk2wF09ehu5Z09Z8d15vXZV2VNEROkanyEYXqIVuURt1EEWP6Bm9ojfjyXgx3o2PeWnFKHsO0Z8wvn4AEEag+g==</latexit><latexit sha1_base64="GxsOKCFoyUnLwfeIPURxG0ipNOc=">AAACGXicbZBLS8NAEMc39VXrK+rRy2IRPJSSiKDHoggeK9gHNKVstptm6ebB7kQoIV/Di1/FiwdFPOrJb+MmzUFbBxZ++58ZZubvxoIrsKxvo7Kyura+Ud2sbW3v7O6Z+wddFSWSsg6NRCT7LlFM8JB1gINg/VgyEriC9dzpdZ7vPTCpeBTewyxmw4BMQu5xSkBLI9NyfAKpnzUwLsjTVIADPgOSNeafgIDvuulNlo3MutW0isDLYJdQR2W0R+anM45oErAQqCBKDWwrhmFKJHAqWFZzEsViQqdkwgYaQxIwNUyLyzJ8opUx9iKpXwi4UH93pCRQaha4ujJfUS3mcvG/3CAB73KY8jBOgIV0PshLBIYI5zbhMZeMgphpIFRyvSumPpGEgjazpk2wF09ehu5Z09Z8d15vXZV2VNEROkanyEYXqIVuURt1EEWP6Bm9ojfjyXgx3o2PeWnFKHsO0Z8wvn4AEEag+g==</latexit><latexit sha1_base64="GxsOKCFoyUnLwfeIPURxG0ipNOc=">AAACGXicbZBLS8NAEMc39VXrK+rRy2IRPJSSiKDHoggeK9gHNKVstptm6ebB7kQoIV/Di1/FiwdFPOrJb+MmzUFbBxZ++58ZZubvxoIrsKxvo7Kyura+Ud2sbW3v7O6Z+wddFSWSsg6NRCT7LlFM8JB1gINg/VgyEriC9dzpdZ7vPTCpeBTewyxmw4BMQu5xSkBLI9NyfAKpnzUwLsjTVIADPgOSNeafgIDvuulNlo3MutW0isDLYJdQR2W0R+anM45oErAQqCBKDWwrhmFKJHAqWFZzEsViQqdkwgYaQxIwNUyLyzJ8opUx9iKpXwi4UH93pCRQaha4ujJfUS3mcvG/3CAB73KY8jBOgIV0PshLBIYI5zbhMZeMgphpIFRyvSumPpGEgjazpk2wF09ehu5Z09Z8d15vXZV2VNEROkanyEYXqIVuURt1EEWP6Bm9ojfjyXgx3o2PeWnFKHsO0Z8wvn4AEEag+g==</latexit>

The “hat” notation, e.g.: 

The “star” notation, e.g.,: h! , f ! , ! ! , p! , R!
<latexit sha1_base64="KFWc4irGgxPEwY4lLClITrPocGc=">AAACBnicbZBLS8NAEMc39VXrK+pRhMUiSJGSiKDHohePVewD2rRstptm6ebB7kQooScvfhUvHhTx6mfw5rdx0+agrQM7/PjPDLPzd2PBFVjWt1FYWl5ZXSuulzY2t7Z3zN29pooSSVmDRiKSbZcoJnjIGsBBsHYsGQlcwVru6Dqrtx6YVDwK72EcMycgw5B7nBLQUt889HuVU+xlqQs+A5JRnCV816v0zbJVtaaBF8HOoYzyqPfNr+4goknAQqCCKNWxrRiclEjgVLBJqZsoFhM6IkPW0RiSgCknnZ4xwcdaGWAvkvqFgKfq74mUBEqNA1d3BgR8NV/LxP9qnQS8SyflYZwAC+lskZcIDBHOPMEDLhkFMdZAqOT6r5j6RBIK2rmSNsGeP3kRmmdVW/Ptebl2ldtRRAfoCJ0gG12gGrpBddRAFD2iZ/SK3own48V4Nz5mrQUjn9lHf8L4/AFBnZXH</latexit><latexit sha1_base64="KFWc4irGgxPEwY4lLClITrPocGc=">AAACBnicbZBLS8NAEMc39VXrK+pRhMUiSJGSiKDHohePVewD2rRstptm6ebB7kQooScvfhUvHhTx6mfw5rdx0+agrQM7/PjPDLPzd2PBFVjWt1FYWl5ZXSuulzY2t7Z3zN29pooSSVmDRiKSbZcoJnjIGsBBsHYsGQlcwVru6Dqrtx6YVDwK72EcMycgw5B7nBLQUt889HuVU+xlqQs+A5JRnCV816v0zbJVtaaBF8HOoYzyqPfNr+4goknAQqCCKNWxrRiclEjgVLBJqZsoFhM6IkPW0RiSgCknnZ4xwcdaGWAvkvqFgKfq74mUBEqNA1d3BgR8NV/LxP9qnQS8SyflYZwAC+lskZcIDBHOPMEDLhkFMdZAqOT6r5j6RBIK2rmSNsGeP3kRmmdVW/Ptebl2ldtRRAfoCJ0gG12gGrpBddRAFD2iZ/SK3own48V4Nz5mrQUjn9lHf8L4/AFBnZXH</latexit><latexit sha1_base64="KFWc4irGgxPEwY4lLClITrPocGc=">AAACBnicbZBLS8NAEMc39VXrK+pRhMUiSJGSiKDHohePVewD2rRstptm6ebB7kQooScvfhUvHhTx6mfw5rdx0+agrQM7/PjPDLPzd2PBFVjWt1FYWl5ZXSuulzY2t7Z3zN29pooSSVmDRiKSbZcoJnjIGsBBsHYsGQlcwVru6Dqrtx6YVDwK72EcMycgw5B7nBLQUt889HuVU+xlqQs+A5JRnCV816v0zbJVtaaBF8HOoYzyqPfNr+4goknAQqCCKNWxrRiclEjgVLBJqZsoFhM6IkPW0RiSgCknnZ4xwcdaGWAvkvqFgKfq74mUBEqNA1d3BgR8NV/LxP9qnQS8SyflYZwAC+lskZcIDBHOPMEDLhkFMdZAqOT6r5j6RBIK2rmSNsGeP3kRmmdVW/Ptebl2ldtRRAfoCJ0gG12gGrpBddRAFD2iZ/SK3own48V4Nz5mrQUjn9lHf8L4/AFBnZXH</latexit><latexit sha1_base64="KFWc4irGgxPEwY4lLClITrPocGc=">AAACBnicbZBLS8NAEMc39VXrK+pRhMUiSJGSiKDHohePVewD2rRstptm6ebB7kQooScvfhUvHhTx6mfw5rdx0+agrQM7/PjPDLPzd2PBFVjWt1FYWl5ZXSuulzY2t7Z3zN29pooSSVmDRiKSbZcoJnjIGsBBsHYsGQlcwVru6Dqrtx6YVDwK72EcMycgw5B7nBLQUt889HuVU+xlqQs+A5JRnCV816v0zbJVtaaBF8HOoYzyqPfNr+4goknAQqCCKNWxrRiclEjgVLBJqZsoFhM6IkPW0RiSgCknnZ4xwcdaGWAvkvqFgKfq74mUBEqNA1d3BgR8NV/LxP9qnQS8SyflYZwAC+lskZcIDBHOPMEDLhkFMdZAqOT6r5j6RBIK2rmSNsGeP3kRmmdVW/Ptebl2ldtRRAfoCJ0gG12gGrpBddRAFD2iZ/SK3own48V4Nz5mrQUjn9lHf8L4/AFBnZXH</latexit>

associated with being “optimal”

associated with being an estimate, 
computed as a function of the data

34



Today

• Linear Algebra Review

• Standard ML notations

• Decision boundary and margin in a linear classifier
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Recap: Linear classifier in linear algebraic
notations

• Take input feature vector

• Let label space be {-1,1}

• Make prediction by thresholding a weighted average of the feature
vector at 0

36

<latexit sha1_base64="8kYhWSA+KtOVf0Yr4qQV9cKNJv8=">AAAB8XicbVDLSsNAFL2pr1pfVZduBotQNyWR+tgIRTcuK9gHtqFMppN26GQSZiZqCf0LNy4UcevfuPNvnLRZaOuBC4dz7uXee7yIM6Vt+9vKLS2vrK7l1wsbm1vbO8XdvaYKY0log4Q8lG0PK8qZoA3NNKftSFIceJy2vNF16rceqFQsFHd6HFE3wAPBfEawNtL9sPdYfjpGl6jQK5bsij0FWiRORkqQod4rfnX7IYkDKjThWKmOY0faTbDUjHA6KXRjRSNMRnhAO4YKHFDlJtOLJ+jIKH3kh9KU0Giq/p5IcKDUOPBMZ4D1UM17qfif14m1f+EmTESxpoLMFvkxRzpE6fuozyQlmo8NwUQycysiQywx0SakNARn/uVF0jypOGeV09tqqXaVxZGHAziEMjhwDjW4gTo0gICAZ3iFN0tZL9a79TFrzVnZzD78gfX5A24vj3Y=</latexit>

hw (x) =



Discussion: Decision boundary of linear
classifier

• Input feature vector:

• Linear classifier with parameter

• Draw the decision boundary!

37

<latexit sha1_base64="Cjm8/b4FEUZEM7YaXBXTgpCbZqQ=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJAYUJVUvBakChbGIvUlpSFyHKe16sSR7aBWUQcWfoWFAYRY+Qg2/gan7QAtR7J8dM69uvceP2FUKsv6NpaWV1bX1gsbxc2t7Z1dc2+/JXkqMGlizrjo+EgSRmPSVFQx0kkEQZHPSNsf3OR++4EISXncUKOEuBHqxTSkGCkteWap63MWyFGkPziEV9AZevbJ0Ku69w3PLFsVawK4SOwZKYMZ6p751Q04TiMSK8yQlI5tJcrNkFAUMzIudlNJEoQHqEccTWMUEelmkyPG8EgrAQy50C9WcKL+7shQJPM9dWWEVF/Oe7n4n+ekKrx0MxonqSIxng4KUwYVh3kiMKCCYMVGmiAsqN4V4j4SCCudW1GHYM+fvEha1Yp9Xjm7Oy3XrmdxFEAJHIJjYIMLUAO3oA6aAINH8AxewZvxZLwY78bHtHTJmPUcgD8wPn8AC9OXEg==</latexit>

x = [ x1, x2]T

<latexit sha1_base64="/EfBk/l0q9nNa9yTUpQrgxw/6oE=">AAACEHicbVC7TsMwFHV4lvAKMLJYVAiGqkqq8liQKlgYi9SXlIbIcZzWqvOQ7VBVVT+BhV9hYQAhVkY2/ganzQAtR7J8fM698r3HSxgV0jS/taXlldW19cKGvrm1vbNr7O23RJxyTJo4ZjHveEgQRiPSlFQy0kk4QaHHSNsb3GR++4FwQeOoIUcJcULUi2hAMZJKco2TrhczX4xCdcEhvIL20LVKQ7fi3DeyV7WUMV13jaJZNqeAi8TKSRHkqLvGV9ePcRqSSGKGhLAtM5HOGHFJMSMTvZsKkiA8QD1iKxqhkAhnPF1oAo+V4sMg5upEEk7V3x1jFIpsZlUZItkX814m/ufZqQwunTGNklSSCM8+ClIGZQyzdKBPOcGSjRRBmFM1K8R9xBGWKsMsBGt+5UXSqpSt8/LZXbVYu87jKIBDcAROgQUuQA3cgjpoAgwewTN4BW/ak/aivWsfs9IlLe85AH+gff4AIkmaFA==</latexit>

w = [ w1, w2]T = [4 , 2]T



Discussion: Decision boundary of linear
classifier (with homogeneous coordinates)

• Input feature vector:

• Linear classifier with parameter

• Draw the decision boundary!
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<latexit sha1_base64="BamVAQA/intpu5Zzl2upopvv7B4=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgopSk+NoIRTcuK/QFaQyTyaQdOnkwM5GW0J0bf8WNC0Xc+gvu/BsnbRbaemCYwzn3cu89bsyokIbxrRWWlldW14rrpY3Nre0dfXevLaKEY9LCEYt410WCMBqSlqSSkW7MCQpcRjru8CbzOw+ECxqFTTmOiR2gfkh9ipFUkqMf9tyIeWIcqA+O4BW0zAocOWZl5NTs+6ajl42qMQVcJGZOyiBHw9G/el6Ek4CEEjMkhGUasbRTxCXFjExKvUSQGOEh6hNL0RAFRNjp9I4JPFaKB/2IqxdKOFV/d6QoENmqqjJAciDmvUz8z7MS6V/aKQ3jRJIQzwb5CYMyglko0KOcYMnGiiDMqdoV4gHiCEsVXUmFYM6fvEjatap5Xj27Oy3Xr/M4iuAAHIETYIILUAe3oAFaAINH8AxewZv2pL1o79rHrLSg5T374A+0zx9Qepet</latexit>

x = [1 , x1, x2]T

<latexit sha1_base64="Ddp6nn1xzCwpHb91He0CoJwJYgQ=">AAACF3icbVC7TsMwFHV4lvIKMLJYVEgMoUqq8liQKlgYi9SX1IbIcdzWqvOQ7RBVUf+ChV9hYQAhVtj4G5w2A7QcyfLxOffK9x43YlRI0/zWlpZXVtfWCxvFza3tnV19b78lwphj0sQhC3nHRYIwGpCmpJKRTsQJ8l1G2u7oJvPbD4QLGgYNOY6I7aNBQPsUI6kkRy/33JB5YuyrCybwCnYTxzRg4lhG4lTs+0YmnVpG1cgeRUcvmWVzCrhIrJyUQI66o3/1vBDHPgkkZkiIrmVG0k4RlxQzMin2YkEihEdoQLqKBsgnwk6ne03gsVI82A+5OoGEU/V3R4p8kY2uKn0kh2Ley8T/vG4s+5d2SoMoliTAs4/6MYMyhFlI0KOcYMnGiiDMqZoV4iHiCEsVZRaCNb/yImlVytZ5+eyuWqpd53EUwCE4AifAAhegBm5BHTQBBo/gGbyCN+1Je9HetY9Z6ZKW9xyAP9A+fwBCTZws</latexit>

w = [ w0, w1, w2]T = [ ! 1, 4, 2]T



Discussion: How to calculate the distance from
the from a data point to the decision boundary?

• Linear decision boundary case (when it crosses 0)

• Affine decision boundary case (when we have an offset)

39



Geometric margins

40



Learning linear classifiers in linearly separable
case, parameterized by margin parameter !

• Training data:

• In the above example, there is a clean cut boundary that 
distinguishes “spams” from “non-spams”.

• “Linearly separable” problem
• Learning linear classifier: Finding vector ! , such that the predictions of " !  is 
consistent with the observed training data.

41

(x1, y1), ..., (xn , yn ) ! X " Y
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Key questions about learning linear classifiers

• Does a solution exist?

• Is it unique?

• Is there an efficient algorithm to find it?

• How does it work on data points not used for training?

• What are the assumptions needed?
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min
w! Rd

Error( w) =
1
n

n!

i =1

1(hw (xi ) != yi )
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Perceptron algorithm (Rosenblatt, 1957)
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An remarkable algorithm of even by modern standards!



The perceptron algorithm takes an arbitrary
sequence of inputs, predict on-the-fly, then
update the weights accordingly!
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Next lecture

• Understanding how the Perceptron algorithm works!
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