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Abstract

We present a simple variant of thek-d tree which automatically adapts to intrinsic low dimensional
structure in data without having to explicitly learn this structure.

1 Introduction

Thek-d tree (Bentley, 1975) is a spatial data structure that partitions R
D into hyperrectangular cells. It is

built in a recursive manner, splitting along one coordinatedirection at a time (Figure 1, left). The succession
of splits corresponds to a binary tree whose leaves contain the individual cells inRD.

These trees are among the most widely-used spatial partitionings in machine learning and statistics. To
understand their application, consider Figure 1(left), for instance, and suppose that the dots are points in
a database, while the cross is a query pointq. The cell containingq, which we will henceforth denote
cell(q), can quickly be identified by movingq down the tree. If the diameter of cell(q) is small (where the
diameter is taken to mean the distance between the furthest pair of data points in the cell), then the points
in it can be expected to have similar properties, for instance similar labels. Pointq can then be classified
according to the majority vote of the labels in its cell, or the label of its nearest neighbor in the cell. The
statistical theory aroundk-d trees is thus centered onthe rate at which the diameter of individual cells drops
as you move down the tree; for details, see for instance Chapter 20 of the textbook by Devroye, Gyorfi, and
Lugosi (1996).

It is an empirical observation that the usefulness ofk-d trees diminishes as the dimensionD increases.
This is easy to explain in terms of cell diameter; specifically, we will show that:

There is a data set inRD for which a k-d tree requiresD levels in order to halve the cell
diameter.

In other words, if the data lie inR1000, then it could take1000 levels of the tree to bring the diameter of cells
down to half that of the entire data set. This would require21000 data points!

Thus k-d trees are susceptible to the same curse of dimensionalitythat has been the bane of other
nonparametric statistical methods. However, a recent positive development in statistics and machine learning
has been the realization that a lot of data which superficially lies in a very high-dimensional spaceRD,
actually has lowintrinsic dimension, in the sense of lying close to a manifold of dimension d ≪ D. There
has thus been a huge interest in algorithms which learn this manifold from data, with the intention that future
data can then be transformed into this low-dimensional space, in which the usual nonparametric (and other)
methods will work well. This field is quite recent and yet the literature on it is already voluminous; some
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Figure 1: Left: A spatial partitioning ofR2 induced by ak-d tree with three levels. The first split is along
thex-axis, the second along they-axis, and the third along thex-axis. The dots are data points; the cross
marks a query pointq. Right: Partitioning induced by an RP tree.

early foundational work includes that of Tenenbaumet al (2000), Roweis and Saul (2000) and Belkin and
Niyogi (2003).

In this paper, we are interested in techniques that automatically adapt to intrinsic low dimensional struc-
ture without having to explicitly learn this structure. Themost obvious first question is, dok-d trees adapt
to intrinsic low dimension? The answer is no: in fact the bad example mentioned above has an intrinsic di-
mension of justO(log D). But we show that a simple variant ofk-d trees does, in fact, possess this property.
Instead of splitting along coordinate directions at the median, we do the following: we split along a random
direction inSD−1 (the unit sphere inRD), and instead of splitting exactly at the median, we introduce a
small amount of “jitter”. We call theserandom projection trees(Figure 1, right), or RP trees for short, and
we can show the following.

Pick any cellC in the RP tree. If the data inC have intrinsic dimensiond, then all descendant
cells≥ d log d levels below will have at most half the diameter ofC.

There is no dependence at all on the extrinsic dimensionality (D) of the data.

2 Detailed overview

In what follows, we will always assume the data lie inR
D.

2.1 k-d trees and RP trees

Bothk-d and random projection (RP) trees are built by recursive binary splits. They differ only in the nature
of the split, which we define in a subroutine called CHOOSERULE. The core tree-building algorithm is
called MAKETREE, and takes as input a data setS ⊂ R

D.
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procedure MAKETREE(S)
if |S| < MinSize

then return (Leaf)

else





Rule← CHOOSERULE(S)
LeftTree← MAKETREE({x ∈ S : Rule(x) = true})
RightTree← MAKETREE({x ∈ S : Rule(x) = false})
return ([Rule, LeftTree,RightTree])

Thek-d tree CHOOSERULE picks a coordinate direction (at random, or by cycling through the coordinates
in a fixed order) and then splits the data on its median value for that coordinate.

procedure CHOOSERULE(S)
comment:k-d tree version

choose a random coordinate directioni
Rule(x) := xi ≤ median({zi : z ∈ S})
return (Rule)

On the other hand, an RPTree chooses a direction uniformly atrandom from the unit sphereSD−1 and
splits the data into two roughly equal-sized sets using a hyperplane orthogonal to this direction. We describe
two variants, which we call RPTree-Max and RPTree-Mean. Thefirst is more theoretically motivated (in
the sense that we can prove a slightly stronger type of bound for it) while the second is more practically
motivated. They are both adaptive to intrinsic dimension, although the proofs are in different models and
use very different techniques.

We start with the CHOOSERULE for RPTree-Max.

procedure CHOOSERULE(S)
comment:RPTree-Max version

choose a random unit directionv ∈ R
D

pick any pointx ∈ S, and lety be the farthest point from it inS
chooseδ uniformly at random in[−1, 1] · 6‖x − y‖/

√
D

Rule(x) := x · v ≤ (median({z · v : z ∈ S}) + δ)
return (Rule)

(In this paper,‖·‖ always denotes Euclidean distance.) A tree of this kind, with boundaries that are arbitrary
hyperplanes, is generically called a binary space partition (BSP) tree (Fuchs, Kedem, and Naylor, 1980). Our
particular variant is built using two kinds of randomness, in the split directions as well in the perturbations.
Both are crucial for the bounds we give.

The RPTree-Mean is similar to RPTree-Max, but differs in twocritical respects. First, it occasionally
performs a different kind of split: a cell is split into two pieces based on distance from the mean. Second,
when splitting according to a random direction, the actual split location is optimized more carefully.
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procedure CHOOSERULE(S)
comment:RPTree-Mean version

if ∆2(S) ≤ c ·∆2
A(S)

then





choose a random unit directionv
sort projection values:a(x) = v · x ∀x ∈ S, generating the lista1 ≤ a2 ≤ · · · ≤ an

for i = 1, . . . , n− 1 compute{
µ1 = 1

i

∑i
j=1 aj, µ2 = 1

n−i

∑n
j=i+1 aj

ci =
∑i

j=1(aj − µ1)
2 +

∑n
j=i+1(aj − µ2)

2

find i that minimizesci and setθ = (ai + ai+1)/2
Rule(x) := v · x ≤ θ

else
{
Rule(x) := ‖x−mean(S)‖ ≤ median{‖z −mean(S)‖ : z ∈ S}

return (Rule)

In the code,c is a constant,∆(S) is the diameter ofS (the distance between the two furthest points in the
set), and∆A(S) is theaveragediameter, that is, the average distance between points ofS:

∆2
A(S) =

1

|S|2
∑

x,y∈S

‖x− y‖2.

2.2 Low-dimensional manifolds

The increasing ubiquity of massive, high-dimensional datasets has focused the attention of the statistics
and machine learning communities on the curse of dimensionality. A large part of this effort is based on
exploiting the observation that many high-dimensional data sets have lowintrinsic dimension. This is a
loosely defined notion, which is typically used to mean that the data lie near a smooth low-dimensional
manifold.

For instance, suppose that you wish to create realistic animations by collecting human motion data and
then fitting models to it. You could put a large number of sensors on a human being, and then measure
the three-dimensional position of each sensor (relative toa chosen reference sensor on a relatively stable
location such as the pelvis) while the person is walking or running. The number of sensors, sayN , might
be large in order to get dense coverage of the body. Each data point is then a(3N)-dimensional vector,
measured at a certain point of time. However, despite this seeming high dimensionality, the number of
degrees of freedom is small, corresponding to the dozen-or-so joint angles in the body. The sensor positions
are more or less deterministic functions of these joint angles. The number of degrees of freedom becomes
even smaller if wedoublethe dimension of the embedding space by including for each sensor its relative
velocity vector. In this space of dimension6N the measured points will lie very close to theonedimensional
manifold describing the combinations of locations and speeds that the limbs go through during walking or
running.

In machine learning and statistics, almost all the work on exploiting intrinsic low dimensionality consists
of algorithms for learning the structure of these manifolds; or more precisely, for learning embeddings
of these manifolds into low-dimensional Euclidean space. In this work we devise a simple and compact
data structure that automatically exploits the low intrinsic dimensionality of data on a local level without
explicitly learning the global manifold structure.
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2.3 Intrinsic dimensionality

How should intrinsic dimensionality be formalized? In thispaper we explore three definitions: doubling
dimension, manifold dimension, and local covariance dimension.

The idea fordoubling dimensionappeared in Assouad (1983).

Definition 1 For any pointx ∈ R
D and anyr > 0, let B(x, r) = {z : ‖x − z‖ < r} denote the open ball

of radiusr centered atx. The doubling dimension ofS ⊂ R
D is the smallest integerd such that for any ball

B(x, r) ⊂ R
D, the setB(x, r) ∩ S can be covered by2d balls of radiusr/2.

(It is well known that the doubling dimension is at mostO(D).) This definition is convenient to work with,
and has proved fruitful in recent work on embeddings of metric spaces (Assouad, 1983; Heinonen, 2001;
Gupta, Krauthgamer, and Lee, 2003). It implies, for instance, the existence ofǫ-nets of sizeO((1/ǫ)d), for
all ǫ. In our analysis, we will repeatedly use such approximations, and take union bounds over these rather
than over the data set.

How does this relate to manifolds? In other words, what is thedoubling dimension of ad-dimensional
Riemannian submanifold ofRD? We show (Theorem 13 in Section 4) that it isO(d), subject to a bound on
the second fundamental form of the manifold.

We also consider a statistical notion of dimension: we say that a setS haslocal covariance dimension
(d, ǫ, r) if neighborhoods of radius≤ r have(1−ǫ) fraction of their variance concentrated in ad-dimensional
subspace. To make this precise, start by lettingσ2

1, σ
2
2 , . . . , σ

2
D denote the eigenvalues of the covariance

matrix; these are the variances in each of the eigenvector directions.

Definition 2 SetS ⊂ R
D has local covariance dimension(d, ǫ, r) if its restriction to any ball of radius≤ r

has covariance matrix whose largestd eigenvalues satisfy

σ2
i ≥

1− ǫ

d
· (σ2

1 + · · ·+ σ2
D).

2.4 Main results

Suppose an RP tree is built from a data setX ⊂ R
D, not necessarily finite. If the tree hask levels, then it

partitions the space into2k cells. We define theradiusof a cellC ⊂ R
D to be the smallestr > 0 such that

X ∩ C ⊂ B(x, r) for somex ∈ C. Our first theorem gives an upper bound on the rate at which theradius
of cells in an RPTree-Max decreases as one moves down the tree.

Theorem 3 There is a constantc1 with the following property. Suppose an RPTree-Max is builtusing data
setX ⊂ R

D. Pick any cellC in the RP tree; suppose thatX ∩ C has doubling dimension≤ d. Then
with probability at least1/2 (over the randomization in constructing the subtree rootedat C), for every
descendantC ′ which is more thanc1d log d levels belowC, we haveradius(C ′) ≤ radius(C)/2.

Our next theorem gives a result for the second type of RPTree.In this case, we are able to quantify the
improvement per level, rather than amortized over levels. Recall that an RPTree-Mean has two different
types of splits; let’s call them splitsby distanceand splitsby projection.

Theorem 4 There are constants0 < c1, c2, c3 < 1 with the following property. Suppose an RPTree-Mean
is built using data setX ⊂ R

D of local covariance dimension(d, ǫ, r), whereǫ < c1. Consider any cellC
of radius≤ r. Pick a pointx ∈ S ∩ C at random, and letC ′ be the cell that contains it at the next level
down.
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• If C is split by distance then
E
[
∆(S ∩C ′)

]
≤ c2∆(S ∩ C).

• If C is split by projection, then

E
[
∆2

A(S ∩ C ′)
]
≤
(
1− c3

d

)
∆2

A(S ∩ C).

In both cases, the expectation is over the randomization in splitting C and the choice ofx ∈ S ∩ C.

2.5 A lower bound for k-d trees

Finally, we remark that this property of automatically adapting to intrinsic dimension does not hold fork-d
trees.

Theorem 5 There is a data setX ⊂ R
D which has doubling dimension≤ log D and for which thek-d tree

contains cells at levelD − 1 with radius> radius(X)/2.

This bad example is very simple, and applies to any variant ofk-d trees that uses axis-aligned splits.

3 An RPTree-Max adapts to doubling dimension

In this section, we prove Theorem 3. The argument makes heavyuse of the smallǫ-covers guaranteed by
low doubling dimension, and the properties of random projections.

A very rough proof outline is as follows. Suppose an RP tree isbuilt using data setX ⊂ R
D of doubling

dimensiond, and thatC is some cell of the tree. IfX ∩ C lies in a ball of radius∆, then we need to
show that afterO(d log d) further levels of projection, each remaining cell is contained in a ball of radius
≤ ∆/2. To this end, we start by coveringX ∩C with ballsB1, B2, . . . , BN of radius∆/

√
d. The doubling

dimension tells us we needN = O(dd/2). We’ll show that if two ballsBi andBj are more than a distance
(∆/2) − (∆/

√
d) apart, then a single random projection (with jittered split) has a constant probability of

cleanly separating them, in the sense thatBi will lie entirely on one side of the split, andBj on the other.
There are at mostN2 such pairsi, j, and so afterΘ(d log d) projections every one of these pairs will have
been split. In other words,Θ(d log d) levels belowC in the tree, each cell will only contain points from
ballsBi which are within distance(∆/2) − (∆/

√
d) of each other. Hence the radius of these cells will be

≤ ∆/2.
Returning to the two ballsBi andBj, we says that a split isgood if it completely separates them. But

there are alsobadsplits, in which the split point intersectsboth the balls. The remaining splits areneutral
(Figure 2). Most of our proof consists in showing that the probability of a good split is strictly greater than
that of a bad split.

For instance, to lower-bound the probability of a good split, we show that each of the following sequence
of events occurs with constant probability.

• B̃i andB̃j , the projections ofBi andBj onto a random line, have a certain amount of empty space
between them.

• The median of the projected data lies very close to this emptyspace.

• Picking a split point at random near the median will separateB̃i from B̃j .

We begin by reviewing some relevant properties of random projection.
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neutral

bad

Bj

∆

Bi

good

Figure 2: CellC of the RP tree is contained in a ball of radius∆. BallsBi andBj are part of a cover of this
cell, and have radius∆/

√
d. From the point of view of this particular pair, there are three kinds of splits:

good, bad, and neutral.

3.1 Properties of random projections

The most obvious way to pick a random projection fromR
D to R is to choose a projection directionu

uniformly at random from the surface of the unit sphereSD−1, and to sendx 7→ u · x.
Another common option is to select the projection vector from a multivariate Gaussian distribution,

u ∼ N(0, (1/D)ID). This gives almost the same distribution as before, and is slightly easier to work with
in terms of the algorithm and analysis. We will therefore usethis type of projection, bearing in mind that all
proofs carry over to the other variety as well, with slight changes in constants.

The key property of a random projection fromRD to R is that it approximately preserves the lengths of
vectors, modulo a scaling factor of

√
D. This is summarized in the lemma below.

Lemma 6 Fix anyx ∈ R
D. Pick a random vectorU ∼ N(0, (1/D)ID). Then for anyα, β > 0:

(a) P

[
|U · x| ≤ α · ‖x‖√

D

]
≤
√

2
π α

(b) P

[
|U · x| ≥ β · ‖x‖√

D

]
≤ 2

β e−β2/2

Proof. See Appendix.

3.2 How does random projection affect the diameter of a set?

Recall that the split rule looks at a random projection of thedata and then splits itapproximatelyat the
median. The perturbation added to the median depends on the diameter of the projected space.

Suppose setX ⊂ R
D has doubling dimensiond. Let X̃ denote its random projection intoR. How does

diam(X̃) compare to diam(X)? (Define the diameter of a setS in the obvious way, assupx,y∈S ‖x − y‖.)
Obviously diam(X̃) ≤ diam(X), but we would in fact expect it to be much smaller ifd ≪ D. One way to
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get a rough upper bound is to consider a cover ofX by balls of radius diam(X)
√

d/D; we know(D/d)d/2

such balls are sufficient. Applying Lemma 6(b) to the distance between each pair of ball-centers and taking
a union bound, we find that with constant probability:

the projected distance between every pair of ball-centers is ≤ diam(X) ·
√

d log D
D

(give or take a factor of two). Thus this is also an upper boundon (half) the diameter of the projected setX̃.
In fact, it is possible to get a slightly better bound which shaves off thelog D factor:

diam(X̃) ≤ diam(X) ·O
(√

d

D

)
.

To get this, we do not drop the radius from diam(X) to diam(X)
√

d/D in one go, but rather decrease
it gradually, a factor of two at a time. This technique was demonstrated in Indyk and Naor (2005); the
following uses an adaptation of their proof.

Lemma 7 Suppose setX ⊂ R
D is contained in a ballB(x0,∆) and has doubling dimensiond. Let X̃

denote the random projection ofX into R. Then for any0 < δ < 1, with probability> 1−δ over the choice

of projection,X̃ is contained in an interval of radius4 · ∆√
D
·
√

2
(
d + ln 2

δ

)
centered at̃x0.

Proof. See Appendix.

3.3 Most projected points lie close to the median

Lemma 7 tells us that a set inRD of radius∆ and doubling dimensiond projects to an interval inR of radius
at mostO(∆ ·

√
d/D). In fact,mostof the projected points will be even closer together, in acentral interval

of sizeO(∆/
√

D). We will use this fact to argue that the median of the projected points also lies in this
central interval.

Lemma 8 SupposeX ⊂ R
D lies within some ballB(x0,∆). Pick any0 < δ, ǫ ≤ 1 such thatδǫ ≤ 1/e2.

Letµ be any measure onX. Then with probability> 1− δ over the choice of random projection ontoR, all

but anǫ fraction ofX̃ (measured according toµ) lies within distance
√

2 ln 1
δǫ · ∆√

D
of x̃0.

Proof. See Appendix.

As a corollary, the median of the projected points must lie near x̃0 with high probability.

Corollary 9 Under the hypotheses of Lemma 8, for any0 < δ < 2/e2, the following holds with probability
at least1− δ over the choice of projection:

|median(X̃)− x̃0| ≤
∆√
D
·
√

2 ln
2

δ
.

Proof. Let µ be the uniform distribution overX and useǫ = 1/2.
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3.4 The chance that two faraway balls are cleanly separated by a single split

We now get to the main lemma, which gives a lower bound on the probability of a good split (recall Figure 2).

Lemma 10 SupposeX ⊂ B(x0,∆) has doubling dimensiond ≥ 1. Pick any two ballsB = B(z, r) and
B′ = B(z′, r) such that

• their centersz andz′ lie in B(x0,∆),

• the distance between these centers is‖z − z′‖ ≥ 1
2∆− r, and

• the radiusr is at most∆/(512
√

d).

Now, suppose you pick a random projectionU which sendsX to (say)X̃ ⊂ R, and then you pick a split
point at random in the rangemedian(X̃) ± 6∆√

D
. Then with probability at least1/192 over the choice ofU

and the split point,X ∩B andX ∩B′ will completely be contained in separate halves of the split.

Proof. This is a sketch; full details are in the Appendix.
Let B̃ andB̃′ denote the projections ofX ∩ B andX ∩ B′, respectively. There is a reasonable chance

the split point will cleanly separatẽB from B̃′, provided the random projectionU satisfies four critical
properties:

1. B̃ andB̃′ are contained within intervals of radius at most∆/(16
√

D) aroundz̃ andz̃′, respectively.

2. |z̃ − z̃′| ≥ ∆/(4
√

D).

3. z̃ andz̃′ both lie within distance3∆/
√

D of x̃0.

4. The median of̃X lies within distance3∆/
√

D of x̃0.

It follows from Lemmas 6 and 7 and Corollary 9 that with probability at least1/2, the projectionU will
satisfy all these properties. If this is the case, then we sayU is “good”, and the following picture of̃X is
valid:

median( eX)
eB eB′

O(∆/
√

D)

Ω(∆/
√

D)

The “sweet spot” is the region betweeñB and B̃′; if the split point falls into it, then the two balls
will be cleanly separated. By properties (1) and (2), the length of this sweet spot is at least∆/(4

√
D) −

2∆/(16
√

D) = ∆/(8
√

D). Moreover, by properties (3) and (4), we know that its entirety must lie within
distance3∆/

√
D of x̃0 (since both̃z and z̃′ do), and thus within distance6∆/

√
D of median(X̃). Thus,

under the sampling strategy from the lemma statement, therewill be a constant probability of hitting the
sweet spot.

Putting it all together,

P[B, B′ cleanly separated] ≥ P[U is good] · P[B, B′ separated|U is good] ≥ 1

2
· ∆/(8

√
D)

12∆/
√

D
=

1

192
,

as claimed.
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3.5 The chance that two faraway balls intersect the split point

We also upper bound the chance of a bad split (Figure 2). For the final qualitative result, all that matters is
that this probability be strictly smaller than that of a goodsplit.

Lemma 11 Under the hypotheses of Lemma 10,

P[B̃, B̃′ both intersect the split point] <
1

384
.

Proof. See Appendix.

3.6 Proof of Theorem 3

Finally, we complete the proof of Theorem 3.

Lemma 12 SupposeX ⊂ R
D has doubling dimensiond. Pick any cellC in the RP tree; suppose it is

contained in a ball of radius∆. Then the probability that there exists a descendant ofC which is more than
Ω(d log d) levels below and yet has radius> ∆/2 is at most1/2.

Proof. SupposeX ∩ C ⊂ B(x0,∆). Consider a cover of this set by balls of radiusr = ∆/(512
√

d). The
doubling dimension tells us that at mostN = (O(d))d balls are needed.

Fix any pair of ballsB,B′ from this cover whose centers are at distance at least∆/2 − r from one
another. Fork = 1, 2, . . ., let pk be the probability that there is some cellk levels belowC which contains
points from bothB andB′.

By Lemma 10,p1 ≤ 191/192. To expresspk in terms ofpk−1, think of the randomness in the subtree
rooted atC as having two parts: the randomness in splitting cellC, and the rest of the randomness (for each
of the two induced subtrees). Lemmas 10 and 11 then tell us that

pk ≤ P[top split cleanly separatesB from B′] · 0 +

P[top split intersects bothB andB′] · 2pk−1 +

P[all other split configurations] · pk−1

≤ 1

192
· 0 +

1

384
· 2pk−1 +

(
1− 1

192
− 1

384

)
· pk−1

=

(
1− 1

384

)
pk−1.

The three cases in the first inequality correspond respectively to good, bad, and neutral splits atC (Figure 2).
It follows that for some constantc′ andk = c′d log d, we havepk ≤ 1/N2.

To finish up, take a union bound over all pairs of balls from thecover which are at the prescribed
minimum distance from each other.
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Figure 3: Hilbert’s space filling curve: a1-dimensional manifold that has doubling dimension2, when the
radius of balls is larger than the curvature of the manifold.

4 The doubling dimension of a smooth manifold

SupposeM is a d-dimensional Riemannian submanifold ofR
D. What is its doubling dimension? The

simplest case is whenM is ad-dimensional affine set, in which case it immediately has thesame doubling
dimension asRd, namelyO(d). We may expect that for more generalM , small enough neighborhoodshave
this doubling dimension.

Consider a neighborhoodM ∩ B(x, r) (recall that balls are defined with respect to Euclidean distance
in R

D rather than geodesic distance onM ). If this neighborhood has highcurvature (speaking infor-
mally), then it could potentially have a large doubling dimension. For instance,M ∩ B(x, r) could be
a1-dimensional manifold and yet curve so much thatΘ(2D) balls of radiusr/2 are needed to cover it (Fig-
ure 3). We will therefore limit attention to manifolds of bounded curvature, and to values ofr small enough
that the pieces ofM in B(x, r) are relatively flat.

To formalize things, we need to get a handle on how curved the manifold M is locally. This is a
relationship between the Riemannian metric onM and that of the spaceRD in which it is immersed, and is
captured by the differential geometry concept ofsecond fundamental form. For any pointp ∈ M , this is a
symmetric bilinear formB : Tp × Tp → T⊥

p , whereTp denotes the tangent space atp andT⊥
p the normal

space orthogonal toTp. For details, see Chapter 6 of do Carmo (1992). Our assumption on curvature is the
following.

Assumption. The norm of the second fundamental form is uniformly boundedby someκ ≥ 0;
that is, for allp ∈M and unit normη ∈ T⊥

p andu ∈ Tp, we have〈η,B(u,u)〉
〈u,u〉 ≤ κ.

We will henceforth limit attention to balls of radiusO(1/κ).
An additional, though minor, effect is thatM ∩ B(x, r) may consist of several connected components,

in which case we need to cover each of them. If there areN components, this would add a factor oflog N
to the doubling dimension, making itO(d + log N).

Almost all the technical details needed to bound the doubling dimension of manifolds appear in a sep-
arate context in a paper of Niyogi, Smale, and Weinberger (2006), henceforth NSW. Here we just put them
together differently.

Theorem 13 SupposeM is a d-dimensional Riemannian submanifold ofR
D that satisfies the assumption
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above for someκ ≥ 0. For anyx ∈ R
D and0 < r ≤ 1/2κ, the setM ∩B(x, r) can be covered byN ·2O(d)

balls of radiusr/2, whereN is the number of connected components ofM ∩B(x, r).

Proof. We’ll show that each connected component ofM ∩B(x, r) can be covered by2O(d) balls of radius
r/2. To this end, fix one such component, and denote its restriction toB(x, r) by M ′.

Pick p ∈ M ′, and letTp be the tangent space atp. Now consider the projection ofM ′ ontoTp; let f
denote this projection map. We will make use of two facts, both of which are proved in NSW.

Fact 1 (Lemma 5.4 of NSW).The projection mapf : M ′ → Tp is 1− 1.

Now, f(M ′) is contained in ad-dimensional ball of radius2r and can therefore be covered by2O(d) balls
of radiusr/4. We are almost done, as long as we can show that for any such ball B ⊂ Tp, the inverse image
f−1(B) is contained in aD-dimensional ball of radiusr/2. This follows immediately from the second fact.

Fact 2 (implicit in proof of Lemma 5.3 of NSW).For anyx, y ∈M ′,

‖f(x)− f(y)‖2 ≥ ‖x− y‖2 · (1− r2κ2).

Thus the inverse image of the cover in the tangent space yields a cover ofM ′.

5 An RPTree-Mean adapts to local covariance dimension

An RPTree-Mean has two types of splits. If a cellC has much larger diameter than average diameter, then
it is split according to the distances of points from the mean. Otherwise, a random projection is used.

The first type of split is particularly easy to analyze.

5.1 Splitting by distance from the mean

This option is invoked when the points in the current cell, call themS, satisfy∆2(S) > c∆2
A(S).

Lemma 14 Suppose that∆2(S) > c∆2
A(S). Let S1 denote the points inS whose distance tomean(S) is

less than or equal to the median distance, and letS2 be the remaining points. Then the expected squared
diameter after the split is

|S1|
|S| ∆

2(S1) +
|S2|
|S| ∆

2(S2) ≤
(

1

2
+

2

c

)
∆2(S).

Proof. See Appendix.

5.2 Splitting by projection: overview

Suppose the current cell contains a set of pointsS ⊂ R
D for which ∆2(S) ≤ c∆2

A(S). We will show
that a split by projection has a constant probability of reducing the average squared diameter∆2

A(S) by
Ω(∆2

A(S)/d). Our proof has several parts:

12



1. First of all, the random projection has a predictable effect upon certain key properties ofS, such as its
average squared diameter. Moreover, it is possible to give acoarse characterization of the distribution
of the projected points; we will use this to upper-bound the averages of various functions of the
projected data.

2. The definition of local covariance dimension tells us thatthe data lie near ad-dimensional subspace.
To make use of this, we operate in the eigenbasis of the covariance matrix ofS, designating byH the
principald-dimensional subspace, and byL the remainingD − d dimensions.

3. When picking a random projectionU ∼ N(0, (1/D)ID), we first consider just its componentUH in
the principal subspaceH. If we project ontoUH and splitS into two partsS1, S2 at the median, then
the average squared diameter decreases by a factor of1/d with constant probability.

4. Finally, usingU in place ofUH does not change this outcome significantly, even though the contribu-
tion of UL to U is much larger than that ofUH .

5.3 Properties of the projected data

How does projection into one dimension affect the average squared diameter of a data set? Roughly, it gets
divided by the original dimension. To see this, we start withthe fact that when a data set with covariance
A is projected onto a vectorU , the projected data have varianceUT AU . We now show that for randomU ,
such quadratic forms are concentrated about their expectedvalues.

Lemma 15 SupposeA is an n × n positive semidefinite matrix, andU ∼ N(0, (1/n)In). Then for any
α, β > 0:

(a) P[UT AU < α · E[UT AU ]] ≤ e−((1/2)−α)/2 , and

(b) P[UT AU > β · E[UT AU ]] ≤ e−(β−2)/4.

Proof. See Appendix.

In our applications of this lemma, the dimensionn will be eitherD or d.
Next, we examine the overall distribution of the projected points. WhenS ⊂ R

n has diameter∆, its
projection into the line can have diameter upto∆, but as we saw in Lemma 8, most of it will lie within a
central interval of sizeO(∆/

√
n). What can be said about points that fall outside this interval?

Lemma 16 SupposeS ⊂ B(0,∆) ⊂ R
n. Pick any0 < δ ≤ 1/e2. Pick U ∼ N(0, (1/n)In). Then with

probability at least1− δ over the choice ofU , the projectionS ·U = {x ·U : x ∈ S} satisfies the following
property for all positive integersk.

The fraction of points outside the interval
(
− k∆√

n
,+ k∆√

n

)
is at most2

k

δ · e−k2/2.

Proof. This follows by applying Lemma 8 for each positive integerk (with corresponding failure probability
δ/2k), and then taking a union bound.

13



5.4 Properties of average diameter

The average squared diameter∆2
A(S) has certain reformulations and decompositions that make itparticu-

larly convenient to work with. These properties are consequences of the following two observations, the
first of which the reader may recognize as a standard “bias-variance” decomposition of statistics.

Lemma 17 Let X,Y be independent and identically distributed random variables inR
n, and letz ∈ R

n

be any fixed vector.

(a) E
[
‖X − z‖2

]
= E

[
‖X − EX‖2

]
+ ‖z − EX‖2.

(b) E
[
‖X − Y ‖2

]
= 2 E

[
‖X − EX‖2

]
.

Proof. Part (a) is immediate when both sides are expanded. For (b), we use part (a) to assert that for any
fixedy, we haveE

[
‖X − y‖2

]
= E

[
‖X − EX‖2

]
+ ‖y − EX‖2. We then take expectation overY = y.

Corollary 18 The average squared diameter of a setS can also be written as:

∆2
A(S) =

2

|S|
∑

x∈S

‖x−mean(S)‖2.

Proof. ∆2
A(S) is simplyE

[
‖X − Y ‖2

]
, whenX,Y are i.i.d. draws from the uniform distribution overS.

In other words,∆2
A(S) is twice the average squared radius ofS, that is, twice the average squared

distance of points inS from their mean. If we define

radius2A(S, µ) =
1

|S|
∑

x∈S

‖x− µ‖2

we see at once that∆2
A(S) = 2 infµ radius2A(S, µ). In our proof, we will occasionally consider values ofµ

other than mean(S).
At each successive level of the tree, the current cell is split into two, either by a random projection or

according to distance from the mean. Suppose the points in the current cell areS, and that they are split into
setsS1 andS2. It is obvious that the expected diameter is nonincreasing:

∆(S) ≥ |S1|
|S| ∆(S1) +

|S2|
|S| ∆(S2).

This is also true of the expected average diameter. In fact, we can precisely characterize how much it
decreases on account of the split.

Lemma 19 Suppose setS is partitioned (in any manner) intoS1 andS2. Then

∆2
A(S)−

{ |S1|
|S| ∆

2
A(S1) +

|S2|
|S| ∆

2
A(S2)

}
=

2|S1| · |S2|
|S|2 ‖mean(S1)−mean(S2)‖2.

Proof. See Appendix.
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5.5 The principal subspace

The local covariance dimension(d, ǫ, r) tells us that ifS is sufficiently small (if it is contained in a ball
of radiusr), then its variance is concentrated near ad-dimensional subspace. Specifically, if its covariance
matrix (henceforth denoted cov(S)) has ordered eigenvaluesσ2

1 ≥ · · · ≥ σ2
D, then the topd eigenvalues

satisfy

σ2
i ≥

1− ǫ

d
· (σ2

1 + · · ·+ σ2
D).

Let H denote thed-dimensional subspace spanned by the topd eigenvectors, andL its orthogonal comple-
ment. Without loss of generality, these are the firstd and the lastD − d coordinates, respectively.

Suppose we pick a random unit vector in subspaceH and projectS onto it. By the local covariance
condition, we’d expect the projected data to have an averagesquared diameter of at least(1 − ǫ)∆2

A(S)/d.
We now formalize this intuition.

Lemma 20 Pick UH ∼ N(0, (1/d)Id)× {0}D−d. Then with probability at least1/10, the projection ofS
ontoUH has average squared diameter

∆2
A(S · UH) ≥ (1− ǫ)∆2

A(S)

4d
.

Proof. See Appendix.

In what follows, we will assume for convenience thatS has mean zero.
Suppose we projectS onto a random vectorUH chosen from the principal subspaceH. SplittingS ·UH

at its median value, we get two subsetsS1 andS2. The means of these subsets need not lie in the direction
UH , but we can examine their componentsµ1, µ2 ∈ R

D in this particular direction. In fact, we can lower
bound the benefit of the split in terms of the distance betweenthese two points.

To this end, define gain(S1, S2) to be the reduction in average squared diameter occasioned by the split
S1 ∪ S2 → S1, S2, that is,

gain(S1, S2) = ∆2
A(S1 ∪ S2)−

|S1|
|S1|+ |S2|

∆2
A(S1)−

|S2|
|S1|+ |S2|

∆2
A(S2)

= 2radius2A(S1 ∪ S2)−
2|S1|

|S1|+ |S2|
radius2A(S1)−

2|S2|
|S1|+ |S2|

radius2A(S2).

Likewise, define gain(S1, S2, µ1, µ2) to be (the lowerbound we obtain for) the gain if instead of using the
optimal centers mean(S1) and mean(S2) for the two pieces of the split, we instead useµ1 andµ2. That is,

gain(S1, S2, µ1, µ2) = 2radius2A(S1 ∪ S2)−
2|S1|

|S1|+ |S2|
radius2A(S1, µ1)−

2|S2|
|S1|+ |S2|

radius2A(S2, µ2).

Lemma 21 SupposeS ⊂ R
D has mean zero. Choose any unit vectorW ∈ R

D and splitS into two parts
S1 andS2 at the median of its projection ontoW , that is,

S1 = {x ∈ S : x ·W ≥ median(S ·W )}, S2 = {x ∈ S : x ·W < median(S ·W )}.

Letµ1 andµ2 denote the (D-dimensional) components ofmean(S1) andmean(S2) in the directionW . Then
the decrease in average diameter occasioned by this split is

gain(S1, S2) ≥ gain(S1, S2, µ1, µ2) =
1

2
‖µ1 − µ2‖2.
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S′

1

S1

S′

2

S2

µ1

mean(S) = origin

W

mean(S2)

median(S ·W )

µ2

mean(S1)

Figure 4: PointsS have mean zero. They are projected onto directionW , and split at the median to get
setsS1, S2. Instead of working with mean(S1) and mean(S2), we will work with their components in the
directionW , which we denote byµ1 andµ2. Notice thatµ1 + µ2 = 0. We will also consider the split at the
mean:S′

1, S
′
2.

Proof. The first inequality is obvious. For the second, sinceS1 andS2 are each half the size ofS,

gain(S1, S2, µ1, µ2) =
2

|S|
∑

x∈S

‖x‖2 − 2

|S|
∑

x∈S1

‖x− µ1‖2 −
2

|S|
∑

x∈S2

‖x− µ2‖2

=
2

|S|
∑

x∈S

(x ·W )2 − 2

|S|
∑

x∈S1

((x− µ1) ·W )2 − 2

|S|
∑

x∈S2

((x− µ2) ·W )2

where the second equality comes from noticing thatµ1 andµ2 are nonzero only in the specific directionW .
Now we invoke Lemma 19 to get gain(S1, S2, µ1, µ2) = 1

2(µ1 ·W − µ2 ·W )2 = 1
2‖µ1 − µ2‖2.

A useful property ofµ1 andµ2 is that their midpoint is zero (Figure 4). Thus, if we are using them as
centers for the two halves of our partition, we might as well split S at the mean (the origin) rather than at
the median.

Lemma 22 Under the hypotheses of the previous lemma, consider the alternative partition

S′
1 = {x ∈ S : x ·W ≥ 0}, S′

2 = {x ∈ S : x ·W < 0}.

Then the decrease in average diameter occasioned by this split is

gain(S′
1, S

′
2) ≥ gain(S′

1, S
′
2, µ1, µ2) ≥

1

2
‖µ1 − µ2‖2.
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Proof. The first inequality is obvious. The second follows from

gain(S′
1, S

′
2, µ1, µ2) ≥ gain(S1, S2, µ1, µ2).

This is because both partitions are based only on projections onto directionW . Of the two, the former
partition is the optimal one with respect toµ1, µ2. We finish up by invoking the previous lemma.

We now have all the ingredients we need to lower-bound the gain of a projection-and-split that is re-
stricted to the principal subspaceH.

Lemma 23 Pick anyδ > 0. Pick UH ∼ N(0, (1/d)Id) × {0}D−d and splitS into two halvesS1 andS2

at the median of the projection onto direction̂UH = UH/‖UH‖. Letµ1 andµ2 denote the (D-dimensional)
components ofmean(S1) andmean(S2) in direction ÛH . Also define an alternative split

S′
1 = {x ∈ S : x · UH ≥ 0}, S′

2 = {x ∈ S : x · UH < 0}.

Then with probability at least(1/10) − δ over the choice ofUH , we have

gain(S′
1, S

′
2, µ1, µ2) ≥

1

2
‖µ1 − µ2‖2 ≥

∆2
A(S)

d
· Ω
(

(1− ǫ− cδ)2

c ‖UH‖2 log(1/δ)

)
.

Proof. Only the second inequality needs to be shown. To this end, consider the projection ofS ontoUH

(rather thanÛH), and let the random variablẽX denote a uniform-random draw from the projected points.
Lemma 20 tells us that with probability at least1/10 over the choice ofUH , the variance ofX̃ is at least
(1− ǫ)∆2

A(S)/(8d). We show that together with the tail bounds onX̃ (Lemma 16), this means‖µ1 − µ2‖2
cannot be too small. For details see the Appendix.

5.6 The remaining coordinates

If the random projection were chosen specifically from subspaceH, then Lemma 23 says that we would be
in good shape. We now show that it doesn’t hurt too much to pickthe projection fromR

D. If the projection
vector isU , we will use the split

S′′
1 = {x ∈ S : x · U ≥ 0}, S′′

2 = {x ∈ S : x · U < 0}

instead of theS′
1 and S′

2 we had before. As a result of this, some points will change sides (Figure 5).
However, the overall benefit of the partition will not decrease too much.

To make the transition from the previous section a bit smoother, we will pick our random vectorU ∼
N(0, (1/D)ID) in two phases:

• PickUH ∼ N(0, 1
dId)× {0}D−d andUL ∼ {0}d ×N(0, 1

D−dID−d).

• SetU =
√

d
D UH +

√
D−d

D UL

Lemma 24 PickU ∼ N(0, (1/D)ID), and define a partition ofS as follows.

S′′
1 = {x ∈ S : x · U ≥ 0}, S′′

2 = {x ∈ S : x · U < 0}.
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Figure 5: The plane determined byUH andUL.

Letµ1, µ2 be determined byUH as in the statement of Lemma 23. Then

gain(S′′
1 , S′′

2 ) ≥ 1

2
‖µ1 − µ2‖2 −

4

|S| ‖µ1 − µ2‖
∑

x∈(S′′

1
\S′

1
)∪(S′′

2
\S′

2
)

∣∣∣x · ÛH

∣∣∣ ,

whereÛH = UH/‖UH‖.

Proof. For each partitionS′′
i , we keep using the centerµi from before. We can then compare the benefit

of partition(S′′
1 , S′′

2 ) to that of(S′
1, S

′
2), both relative to the centersµ1, µ2. The points which do not change

sides (that is, points inS′
1 which are also inS′′

1 ) incur no additional charge. Thus

gain(S′′
1 , S′′

2 ) ≥ gain(S′′
1 , S′′

2 , µ1, µ2)

≥ gain(S′
1, S

′
2, µ1, µ2)−

∑

x∈(S′′

1
\S′

1
)∪(S′′

2
\S′

2
)

(additional charge for pointx).

The additional cost for a point inS′′
1 \ S′

1 is

2

|S|
(
‖x− µ1‖2 − ‖x− µ2‖2

)
=

4x · (µ2 − µ1)

|S| =
4|x · ÛH |‖µ1 − µ2‖

|S| .

Likewise for points inS′′
2 \ S′

2. The bound then follows immediately from Lemma 23.

To show that the additional costs do not add up to very much, wedivide the pointsx ∈ (S′′
1 \S′

1)∪ (S′′
2 \

S′
2) into two groups: those with|x · ÛH | = O(∆A(S)

√
ǫ/d), which is so small as to be insignificant; and

the remainder, for which|x · ÛH | could potentially be a lot larger. We’ll show that on accountof the local
covariance condition, the overwhelming majority of pointsbelong to the first group.
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Lemma 25 Pick anyδ > 0. ChooseU ∼ N(0, (1/D)ID). Then with probability at least0.98 − δ, at most
a δ fraction of pointsx ∈ S satisfy:

x ∈ (S′′
1 \ S′

1) ∪ (S′′
2 \ S′

2) and
∣∣∣x · ÛH

∣∣∣ >
∆A(S)√

d
·
√

9ǫ

δ
· 1

‖UH‖
.

Proof. We will show that because of the local covariance condition,all but δ fraction of the points have
a relatively small projection ontôUL. Their projections ontôUH could, of course, be very large,but not if
they are in(S′′

1 \ S′
1) ∪ (S′′

2 \ S′
2). There are several parts of the proof.

(1) With probability at least1− e−4 ≥ 0.98, the directionUL satisfies

∆2
A(S · UL) ≤ 18ǫ∆2

A(S)

D − d
.

Since∆2
A(S ·UL) = 2(UL)T cov(S)UL, it has expectationE[∆2

A(S ·UL)] ≤ ǫ∆2
A(S)/(D− d) by the local

covariance condition. Lemma 15(b) then bounds the chance that it is much larger than its expected value.

(2) With probability at least1− δ, at most aδ fraction of pointsx ∈ S have

|x · UL| >

√
9ǫ∆2

A(S)

δ(D − d)
.

This follows immediately from (1), by applying Chebyshev’sinequality.

(3) For any pointx ∈ (S′′
1 \ S′

1) ∪ (S′′
2 \ S′

2), we have

∣∣∣x · ÛH

∣∣∣ ≤
∣∣∣x · ÛL

∣∣∣ ·
√

D − d

d
· ‖UL‖
‖UH‖

.

Consider the plane spanned byUH andUL. The projection of a pointx into this plane completely determines
its membership in the setsS′

i andS′′
i (Figure 5). We then have

|x · ÛL|
|x · ÛH |

≥ tan θ =
‖UH‖

√
d/D

‖UL‖
√

(D − d)/D

from which (3) follows easily.
Putting these together gives the lemma.

Thisδ fraction of points could potentially have very high|x·ÛH | values, but the tail bounds of Lemma 16
assure us that the total contribution of these points must besmall.

Lemma 26 LetT denote theδ fraction ofS with the highest values of|x · ÛH |. Then

1

|S|
∑

x∈T

∣∣∣x · ÛH

∣∣∣ ≤ δ∆(S)√
d ‖UH‖

·O
(√

log
1

δ

)
.
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x1

x3
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Figure 6: A bad case fork-d trees. Here the intrinsic dimension is justO(log D), and yetk-d trees needD
levels in order to halve the diameter.

Putting it all together, we have that with constant probability, the split reduces the expected average
diameter∆2

A(S) by Ω(∆2
A(S)/d).

Lemma 27 Suppose setS has ∆2(S) ≤ c∆2
A(S) and has local covariance dimension(d, ǫ, r), where

r > ∆(S). Then there are constantsc1, c2, c3 > 0 such that ifǫ < c1, then with probability at leastc2, a
random projectionU produces a partitionS′′

1 , S′′
2 with

gain(S′′
1 , S′′

2 ) ≥ c3 ·
∆2

A(S)

cd
.

Proof. This follows directly from Lemmas 23, 24, 25, and 26. The onlyadditional step is to argue that
‖UH‖ is likely to be close to1.

6 k-d trees do not adapt to intrinsic dimension

Consider a setX ⊂ R
D made up of the coordinate axes between−1 and+1 (Figure 6):

X =

D⋃

i=1

{tei : −1 ≤ t ≤ +1}.

Heree1, . . . , eD is the canonical basis ofRD.
X lies withinB(0, 1) and can be covered by2D balls of radius1/2. It is not hard to see that the doubling

dimension ofX is d = log 2D. On the other hand, ak-d tree would clearly needD levels before halving
the diameter of its cells. Thusk-d trees cannot be said to adapt to the intrinsic dimensionality of data.

What makesk-d trees fail in this case is simply that the coordinate directions are not helpful for split-
ting the data. If other directions are allowed, it is possible to do much better. For instance, the direction
(1, 1, . . . , 1)/

√
D immediately dividesX into two groups of diameter

√
2: the points with all-positive

coordinates, and those with all-negative coordinates. Subsequently, it is useful to choose directions corre-
sponding to subsets of coordinates (value1 on those coordinates,0 on the others), and it is easy to pick
log D such directions that will reduce the diameter of each cell to1.
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Thus there existd = 1 + log D directions such that median splits along these directions yield cells of
diameter1. And as we have seen, if we increase the number of levels slightly, to O(d log d), even randomly
chosen directions will work well.
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Figure 7: For each of these bins, its frequency and mean valueare maintained.

7 Appendix I: a streaming version of the RP tree algorithm

In many large-scale applications, it is desirable to process data in astreamingmanner. Formally, this is
a model in which the data arrive one at a time, and are read but not stored in their entirety. Despite this
constraint, the goal is to achieve (roughly) the same resultas if all data were available in memory.

RP trees can handle streaming because the random projections can be chosen in advance and fixed
thereafter. However, the split points themselves are basedon statistics of the data, and some care must be
taken to maintain these accurately.

In the streaming model, we build the RP tree gradually, starting with a single node which is split in two
once enough data has been seen. This same process is then applied to the two children.

Let’s focus on a single node. Since the projection vector associated with the node is randomly chosen
and fixed beforehand, the data arriving at the node is effectively a stream of scalar values (each a dot product
of a data point with the projection vector). Let’s call this sequencex1, x2, . . .. The node then goes through
three phases.

Phase 1.The mean and variance of thexi are calculated. Call theseµ andσ2.

This phase lasts during the firstN1 data points.

Phase 2.The data are partitioned intok + 20 bins, corresponding to the following intervals (Figure 7):

• ten left-hand intervalsr1 = [µ− σ, µ− 2σ), r2 = [µ− 2σ, µ− 3σ), ... r10 = [µ− 10σ,−∞);

• k middle intervalsb1, . . . , bk of equal width, spanning(µ− σ, µ + σ);

• ten right-hand intervalsr1 = [µ + σ, µ + 2σ), r2 = [µ + 2σ, µ + 3σ), ... r10 = [µ + 10σ,∞).

For each bin, two statistics are maintained: the fraction ofpoints that fall in that interval, and their
mean. We’ll usep(·) to denote the former, andm(·) the latter.

This phase occupies the nextN2 data points.

Phase 3.Based on the statistics collected in phase 2, a split point ischosen at one of the interval boundaries.
The node is then split into two children.

This is just a decision-making phase which consumes no additional data.

For Phase 3, we use the following rule.
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procedure CHOOSERULE(BinStatistics, k, C, ǫ)

for i = 2, . . . , 10

{
if
∑10

j=i [p(lj) + p(rj)] > max(ǫ, C(1− erf(i/
√

2)))

then return (Rule := (|x− µ| < iσ))



Choose the boundaryb betweenb1, . . . , bk that maximizes:
p(left side)p(right side)(m(left side)−m(right side))2

return (Rule := (x < b))

In the simplest implementation the node does not update statistics after Phase 2, and just serves as a data
splitter. A better implementation would continue to updatethe node, albeit slowly. New examplesxt (for
t > N1 + N2) could lead to updates of the form:

µt ← (1− α1)µt−1 + α1xt

σ2
t ← (1− α2)σ

2
t−1 + α2(x− µt)

2

whereα1 = 1/2N1, α2 = 1/2N2.
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level 0: 1 center

level 2:22d centers

level 1:2d centers

x0

≤ ∆

≤ ∆/2

centers of balls

Figure 8: A hierarchy of covers. At levelk, there are2kd points in the cover. Each of them has distance
≤ ∆/2k to its children (which constitute the cover at levelk + 1). At the leaves are individual points ofX.

8 Appendix II: proofs

8.1 Proof of Lemma 6

SinceU has a Gaussian distribution, and any linear combination of independent Gaussians is a Gaussian,
it follows that the projectionU · x is also Gaussian. Its mean and variance are easily seen to be zero and
‖x‖2/D, respectively. Therefore, writing

Z =

√
D

‖x‖ (U · x)

we have thatZ ∼ N(0, 1). The bounds stated in the lemma now follow from properties ofthe standard
normal. In particular,N(0, 1) is roughly flat in the range[−1, 1] and then drops off rapidly; the two cases
in the lemma statement correspond to these two regimes.

The highest density achieved by the standard normal is1/
√

2π. Thus the probability mass it assigns to
the interval[−α,α] is at most2α/

√
2π; this takes care of (a). For (b), we use a standard tail bound for the

normal,P(|Z| ≥ β) ≤ (2/β)e−β2/2; see, for instance, page 7 of Durrett (1995).

8.2 Proof of Lemma 7

Pick a cover ofX ⊂ B(x0,∆) by 2d balls of radius∆/2. Without loss of generality, we can assume the
centers of these balls lie inB(x0,∆). Each such ballB induces a subsetX ∩B; cover each such subset by
2d smaller balls of radius∆/4, once again with centers inB. Continuing this process, the final result is a
hierarchy of covers, at increasingly finer granularities (Figure 8).

Pick any centeru at levelk of the tree, along with one of its childrenv at levelk + 1. Then‖u− v‖ ≤
∆/2k. Letting ũ, ṽ denote the projections of these two points, we have from Lemma 6(b) that

P

[
|ũ− ṽ| ≥ β · ∆√

D
·
(

3

4

)k
]
≤ P

[
|ũ− ṽ| ≥ β

(
3

2

)k

· ‖u− v‖√
D

]
≤ 2

β

(
2

3

)k

exp

(
−β2

2
·
(

3

2

)2k
)

.

Choosingβ =
√

2(d + ln(2/δ)), and using the relation(3/2)2k ≥ k + 1 (for all k ≥ 0), we have

P

[
|ũ− ṽ| ≥ β · ∆√

D
·
(

3

4

)k
]
≤ δ

β

(
δ

3

)k

e−(k+1)d.

24



Now take a union bound over all edges(u, v) in the tree. There are2(k+1)d edges between levelsk and
k + 1, so

P

[
∃k : ∃u in levelk with child v in levelk + 1 : |ũ− ṽ| ≥ β · ∆√

D
·
(

3

4

)k
]

≤
∞∑

k=0

2(k+1)d · δ

β

(
δ

3

)k

e−(k+1)d

≤ δ

β
· 1

1− (δ/3)
≤ δ

where for the last step we observeβ ≥ 3/2 wheneverd ≥ 1.
So with probability at least1−δ, for all k, every edge between levelsk andk+1 in the tree has projected

length at mostβ · (3/4)k ·∆/
√

D. Thus every projected point iñX has a distance from̃x0 of at most

β · ∆√
D
·
(

1 +
3

4
+

(
3

4

)2

+ · · ·
)

=
4β∆√

D
.

Plugging in the value ofβ then yields the lemma.

8.3 Proof of Lemma 8

Setc =
√

2 ln 1/(δǫ) ≥ 2.
Fix any pointx, and randomly choose a projectionU . What is the chance that̃x lands far fromx̃0?

Define the bad event to beFx = 1(|x̃− x̃0| ≥ c∆/
√

D). By Lemma 6(b), we have

EU [Fx] ≤ PU

[
|x̃− x̃0| ≥ c · ‖x− x0‖√

D

]
≤ 2

c
e−c2/2 ≤ δǫ.

Since this holds for anyx ∈ X, it also holds in expectation overx drawn fromµ. We are interested in
bounding the probability (over the choice ofU ) that more than anǫ fraction ofµ falls far from x̃0. Using
Markov’s inequality and then Fubini’s theorem, we have

PU [Eµ[Fx] ≥ ǫ] ≤ EU [Eµ[Fx]]

ǫ
=

Eµ[EU [Fx]]

ǫ
≤ δ,

as claimed.

8.4 Proof of Lemma 10

It will help to define the failure probabilitiesδ1 = 2/e31 andδ2 = 1/20.
Let B̃ andB̃′ denote the projections ofX ∩ B andX ∩ B′, respectively. There is a reasonable chance

the split point will cleanly separatẽB from B̃′, provided the random projectionU satisfies four critical
properties.

Property 1: B̃ andB̃′ are contained within intervals of radius at most∆/(16
√

D) aroundz̃
andz̃′, respectively.
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This follows by applying Lemma 7 to each ball in turn. ForB, we have that with probability at least1− δ1,
B̃ is within radius

4r√
D
·
√

2

(
d + ln

2

δ1

)
≤ ∆

128
√

D
·
√

2 ln
2e

δ1
=

∆

16
√

D

of z̃. Similarly with B′, so this property holds with probability at least1− 2δ1.

Property 2: |z̃ − z̃′| ≥ ∆/(4
√

D).

By Lemma 6(a), this fails with probability at most4α/5 for α = 1/(2− (4r/∆)) ≤ 128/255.

Property 3: z̃ andz̃′ both lie within distance3∆/
√

D of x̃0.

By Lemma 6(b), this happens with probability at least1 − 2δ2/
√

2 ln(2/δ2) (in that lemma, useβ =√
2 ln(2/δ2)).

Property 4: The median ofX̃ lies within distance3∆/
√

D of x̃0.

By Corollary 9, this happens with probability at least1− δ2.
In summary, with probability at least1/2, all four properties hold, in which case we say the projection

U is “good”. If this is the case, then the following picture ofX̃ is valid:

median( eX)
eB eB′

O(∆/
√

D)

Ω(∆/
√

D)

The “sweet spot” is the region betweeñB and B̃′; if the split point falls into it, then the two balls
will be cleanly separated. By properties (1) and (2), the length of this sweet spot is at least∆/(4

√
D) −

2∆/(16
√

D) = ∆/(8
√

D). Moreover, by properties (3) and (4), we know that its entirety must lie within
distance3∆/

√
D of x̃0 (since both̃z and z̃′ do), and thus within distance6∆/

√
D of median(X̃). Thus,

under the sampling strategy from the lemma statement, therewill be a constant probability of hitting the
sweet spot.

Putting it all together,

P[B, B′ cleanly separated] ≥ P[U is good] · P[B, B′ separated|U is good] ≥ 1

2
· ∆/(8

√
D)

12∆/
√

D
=

1

192
,

as claimed.

8.5 Proof of Lemma 11

Defineδ1 as in the previous proof. As before (property (1)), with probability at least1−2δ1, the projections
B̃ andB̃′ lie within radii≤ ∆/(16

√
D) of their respectivẽz, z̃′.

In order forB̃ andB̃′ to both intersect the split point, two unlikely events need to happen: first,̃B needs
to intersectB̃′; second, the split point needs to intersectB̃. These are independent events (one involves the
projection and the other involves the split point), so we will bound them in turn.
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First of all, using Lemma 6(a),

P[B̃ intersectsB̃′] ≤ P[|z̃ − z̃′| ≤ ∆/(8
√

D)]

≤
√

2

π
· ∆/(8

√
D)

(1/
√

D) · ((∆/2) − r)
≤
√

2

π
· 64

255

under the conditions onr. Second,

P[split point intersects̃B] ≤ ∆/(8
√

D)

12∆/
√

D
=

1

96
.

It follows that

P[B̃, B̃′ both intersect split point] ≤ 2δ1 + P[B̃, B̃′ touch] · P[split point touches̃B]

≤ 2δ1 +

√
2

π
· 64

255
· 1

96
<

1

384
,

as claimed.

8.6 Proof of Lemma 14

Let random variableX be distributed uniformly overS. Then

P
[
‖X − EX‖2 ≥ median(‖X − EX‖2)

]
≥ 1

2

by definition of median, soE
[
‖X − EX‖2

]
≥ median(‖X − EX‖2)/2. It follows from Corollary 18 that

median(‖X − EX‖2) ≤ 2E
[
‖X − EX‖2

]
= ∆2

A(S).

SetS1 has squared diameter∆2(S1) ≤ (2 median(‖X − EX‖))2 ≤ 4∆2
A(S). Meanwhile,S2 has

squared diameter at most∆2(S). Therefore,

|S1|
|S| ∆

2(S1) +
|S2|
|S| ∆

2(S2) ≤
1

2
· 4∆2

A(S) +
1

2
∆2(S)

and the lemma follows by using∆2(S) > c∆2
A(S).

8.7 Proof of Lemma 15

This follows by examining the moment-generating function of UT AU . Since the distribution ofU is
spherically symmetric, we can work in the eigenbasis ofA and assume without loss of generality that
A = diag(a1, . . . , an), wherea1, . . . , an are the eigenvalues. Moreover, for convenience we take

∑
ai = 1.

Let U1, . . . , Un denote the individual coordinates ofU . We can rewrite them asUi = Zi/
√

n, where
Z1, . . . , Zn are i.i.d. standard normal random variables. Thus

UT AU =
∑

i

aiU
2
i =

1

n

∑

i

aiZ
2
i .

This tells us immediately thatE[UTAU ] = 1/n.
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We use Chernoff’s bounding method for both parts. For (a), for anyt > 0,

P
[
UT AU < α · E[UT AU ]

]
= P

[
∑

i

aiZ
2
i < α

]
= P

[
e−t

P
i
aiZ2

i > e−tα
]

≤
E

[
e−t

P
i
aiZ2

i

]

e−tα
= etα

∏

i

E

[
e−taiZ2

i

]

= etα
∏

i

(
1

1 + 2tai

)1/2

and the rest follows by usingt = 1/2 along with the inequality1/(1+x) ≤ e−x/2 for 0 < x ≤ 1. Similarly
for (b), for 0 < t < 1/2,

P
[
UT AU > β · E[UT AU ]

]
= P

[
∑

i

aiZ
2
i > β

]
= P

[
et

P
i
aiZ

2

i > etβ
]

≤
E

[
et

P
i
aiZ2

i

]

etβ
= e−tβ

∏

i

E

[
etaiZ2

i

]

= e−tβ
∏

i

(
1

1− 2tai

)1/2

and it is adequate to chooset = 1/4 and invoke the inequality1/(1 − x) ≤ e2x for 0 < x ≤ 1/2.

8.8 Proof of Lemma 19

Let µ, µ1, µ2 denote the means ofS, S1, andS2. Using Corollary 18 and Lemma 17(a), we have

∆2
A(S)− |S1|

|S| ∆
2
A(S1)−

|S2|
|S| ∆

2
A(S2)

=
2

|S|
∑

S

‖x− µ‖2 − |S1|
|S| ·

2

|S1|
∑

S1

‖x− µ1‖2 −
|S2|
|S| ·

2

|S2|
∑

S2

‖x− µ2‖2

=
2

|S|




∑

S1

(
‖x− µ‖2 − ‖x− µ1‖2

)
+
∑

S2

(
‖x− µ‖2 − ‖x− µ2‖2

)




=
2|S1|
|S| ‖µ1 − µ‖2 +

2|S2|
|S| ‖µ2 − µ‖2.

Writing µ as a weighted average ofµ1 andµ2 then completes the proof.

8.9 Proof of Lemma 20

By Corollary 18,

∆2
A(S · UH) =

2

|S|
∑

x∈S

((x−mean(S)) · UH)2 = 2(UH)T cov(S)UH .

28



where cov(S) is the covariance of data setS. This quadratic term has expectation

E[2(UH)T cov(S)UH ] =
2(σ2

1 + · · ·+ σ2
d)

d
≥ 2(1− ǫ)(σ2

1 + · · ·+ σ2
D)

d
=

(1− ǫ)∆2
A(S)

d
.

Lemma 15(a) then bounds the probability that it is much smaller than its expected value.

8.10 Proof of Lemma 23

Only the second inequality needs to be shown. To this end, consider the projection ofS ontoUH (rather than
ÛH). Let s be the median ofS ·UH , and let the random variablẽX denote a uniform-random draw from the
projected points. Lemma 20 tells us that with probability atleast1/10 over the choice ofUH , the variance
of X̃ is at least(1 − ǫ)∆2

A(S)/(8d). We’ll show that together with the tail bounds oñX (Lemma 16), this
means‖µ1 − µ2‖2 cannot be too small.

Writing Y = X̃ − s, and using1(·) to denote a0− 1 indicator variable,

var(X̃) ≤ E[(X̃ − s)2] = EY 2 = E[Y 2 · 1(Y ≥ 0)] + E[Y 2 · 1(Y < 0)]

≤ E[2tY · 1(Y ≥ 0)] + E[(Y − t)2 · 1(Y ≥ t)] +

E[−2tY · 1(Y < 0)] + E[(Y + t)2 · 1(Y < −t)]

for anyt > 0. The last inequality comes from noticing that

Y 2 · 1(Y ≥ 0) ≤ 2tY · 1(Y ≥ 0) + (Y − t)2 · 1(Y ≥ t)

Y 2 · 1(Y < 0) ≤ −2tY · 1(Y < 0) + (Y + t)2 · 1(Y < −t)

and taking expectations of both sides. This is a convenient formulation since the linear terms give usµ1−µ2:

E[2tY · 1(Y ≥ 0)] + E[−2tY · 1(Y < 0)] = t((µ1 ·UH)− s) + t(s− (µ2 · UH)) = t · ‖UH‖ · ‖µ1 − µ2‖.

We’ll use

t =
∆(S)√

d
·Θ
(√

log
1

δ

)
,

as a result of which we can be sure (with probability1 − O(δ)) that the absolute value of the median is
|s| ≤ t/2 (Corollary 9). Thereafter, the two other terms can be bounded by Lemma 16:

E[(Y − t)2 · 1(Y ≥ t)] + E[(Y + t)2 · 1(Y < −t)] = O

(
δ · ∆

2(S)

d

)

(with probability1− δ), whereupon

(1− ǫ)∆2
A(S)

8d
≤ var(X̃) ≤ t · ‖UH‖ · ‖µ1 − µ2‖+ O

(
δ · ∆

2(S)

d

)
.

The lemma now follows immediately by algebraic manipulation, using the relation∆2(S) ≤ c∆2
A(S).
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