
Multiple importance sampling++

UCSD CSE 272 
Advanced Image Synthesis

Tzu-Mao Li



Monte Carlo integration

f

F = ∫ f(x)dx



Monte Carlo integration
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Xi ∼ pF = ∫ f(x)dx

⟨F⟩ =
1
N ∑

i

f(Xi)
p(Xi)



Monte Carlo integration

f

p1

X1,i ∼ p1

F = ∫ f(x)dx

⟨F⟩1 =
1
N1 ∑

i

f (X1,i)
p1 (X1,i)

p2

X2,j ∼ p2

⟨F⟩2 =
1
N2 ∑

j

f (X2,j)
p2 (X2,j)



Multiple importance sampling
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Multiple importance sampling
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p1

p2

idea: weighted average of the two estimators

quiz: when will  be an unbiased estimator?⟨F⟩

⟨F⟩ =
1
N1 ∑

i

f (X1,i)
p1 (X1,i)

w1 (X1,i)

+
1
N2 ∑

j

f (X2,j)
p2 (X2,j)

w2 (X2,j)



Multiple importance sampling

f

p1

p2

idea: weighted average of the two estimators

if ,
 

w1(x) + w2(x) = 1

E [w1
f(x(u1))

p1(x(u1))
+ w2

f(x(u2))
p2(x(u2)) ] = w1E [ f(x(u1))

p1(x(u1)) ] + w2E [ f(x(u2))
p2(x(u2)) ] = ∫ f(x)dx

⟨F⟩ =
1
N1 ∑

i

f (X1,i)
p1 (X1,i)

w1 (X1,i)

+
1
N2 ∑

j

f (X2,j)
p2 (X2,j)

w2 (X2,j)



How do we determine  and ?w1 w2

f

p1

p2

⟨F⟩ =
1
N1 ∑

i

f (X1,i)
p1 (X1,i)

w1 (X1,i)

+
1
N2 ∑

j

f (X2,j)
p2 (X2,j)

w2 (X2,j)



How do we determine  and ?w1 w2

f

p1

p2

goal: choose  and  such that  is minimizedw1 w2 Var [⟨F⟩]

⟨F⟩ =
1
N1 ∑

i

f (X1,i)
p1 (X1,i)

w1 (X1,i)

+
1
N2 ∑

j

f (X2,j)
p2 (X2,j)

w2 (X2,j)



Veach’s strategy
trick 1: assuming  and  are uncorrelatedX1,i X2,j

⟨F⟩ =
1
N1 ∑

i

f (X1,i)
p1 (X1,i)

w1 (X1,i)

+
1
N2 ∑

j

f (X2,j)
p2 (X2,j)

w2 (X2,j)

Var[⟨F⟩] = Var [ 1
N1 ∑

fw1

p1 ] + Var [ 1
N2 ∑

fw2

p2 ]



Veach’s strategy
trick 1: assuming  and  are uncorrelatedX1,i X2,j

⟨F⟩ =
1
N1 ∑

i

f (X1,i)
p1 (X1,i)

w1 (X1,i)

+
1
N2 ∑

j

f (X2,j)
p2 (X2,j)

w2 (X2,j)

Var[⟨F⟩] = Var [ 1
N1 ∑

fw1

p1 ] + Var [ 1
N2 ∑

fw2

p2 ]
trick 2: minimize upper bound of the variance 

Var [X] = E [X2] − E [X]2 ≤ E [X2]



 is a good choice [Veach 1995]wi ∝ Nipi

⟨F⟩ =
1
N1 ∑

i

f (X1,i)
p1 (X1,i)

w1 (X1,i)

+
1
N2 ∑

j

f (X2,j)
p2 (X2,j)

w2 (X2,j)

  and 

minimizes 

w1(x) =
N1p1(x)

N1p1(x) + N2p2(x)
w2(x) =

N2p2(x)
N1p1(x) + N2p2(x)

E [⟨F⟩2]

f p1 p2

intuition: higher weight for higher sampling density

see CSE 168 for the proof

aka balance heuristic



Can we do better than Veach?

⟨F⟩ =
1
N1 ∑

i

f (X1,i)
p1 (X1,i)

w1 (X1,i)

+
1
N2 ∑

j

f (X2,j)
p2 (X2,j)

w2 (X2,j)

trick 1: assuming  and  are uncorrelatedX1,i X2,j

Var[⟨F⟩] = Var [ 1
N1 ∑

fw1

p1 ] + Var [ 1
N2 ∑

fw2

p2 ]
trick 2: minimize upper bound of the variance 

Var [X] = E [X2] − E [X]2 ≤ E [X2]



Can we do better than Veach?

⟨F⟩ =
1
N1 ∑

i

f (X1,i)
p1 (X1,i)

w1 (X1,i)

+
1
N2 ∑

j

f (X2,j)
p2 (X2,j)

w2 (X2,j)

trick 1: assuming  and  are uncorrelatedX1,i X2,j

Var[⟨F⟩] = Var [ 1
N1 ∑

fw1

p1 ] + Var [ 1
N2 ∑

fw2

p2 ]
trick 2: minimize upper bound of the variance 

Var [X] = E [X2] − E [X]2 ≤ E [X2]

can we minimize variance directly?



Minimizing variance for  
multiple importance sampling

goal: choose  and  to minimize  s.t. w1 w2 Var [⟨F⟩] w1 + w2 = 1

⟨F⟩ =
1
N1 ∑

i

f (X1,i)
p1 (X1,i)

w1 (X1,i)

+
1
N2 ∑

j

f (X2,j)
p2 (X2,j)

w2 (X2,j)



Minimizing variance for  
multiple importance sampling

goal: choose  and  to minimize  s.t. w1 w2 Var [⟨F⟩] w1 + w2 = 1

⟨F⟩ =
f (X1)

p1 (X1)
w1 (X1)

+
f (X2)

p2 (X2)
w2 (X2)

simplified without loss  
of generality



Minimizing variance for  
multiple importance sampling

goal: choose  and  to minimize  s.t. w1 w2 Var [⟨F⟩] w1 + w2 = 1

⟨F⟩ =
f (X1)

p1 (X1)
w1 (X1)

+
f (X2)

p2 (X2)
w2 (X2)

simplified without loss  
of generality

Var [⟨F⟩] = ∑
i

∫ w2
i

f2

pi
− [∫ wi f]

2



Minimizing variance for  
multiple importance sampling

Var [⟨F⟩] = ∑
i

∫ w2
i

f2

pi
− [∫ wi f]

2

choose  to minimizewi

s.t.

∑ wi = 1



Minimizing variance for  
multiple importance sampling

V = ∑
i

∫ w2
i

f2

pi
− [∫ wi f]

2

+ λ (∑
i

wi − 1)

https://en.wikipedia.org/wiki/Lagrange_multiplier

choose  and  to minimizewi λ

https://en.wikipedia.org/wiki/Lagrange_multiplier


Minimizing variance for  
multiple importance sampling

choose  and  to minimizewi λ

need to solve this using “calculus of variations” 
https://en.wikipedia.org/wiki/Calculus_of_variations

generalizes differentiation with vectors to differentiation with functions

V = ∑
i

∫ w2
i

f2

pi
− [∫ wi f]

2

+ λ (∑
i

wi − 1)

https://en.wikipedia.org/wiki/Calculus_of_variations


Minimizing variance for  
multiple importance sampling

choose  and  to minimizewi λ

V = ∑
i

∫ w2
i

f2

pi
− [∫ wi f]

2

+ λ (∑
i

wi − 1)
∂V
∂wi

= 2wi
f2

p
− 2f∫ wi f + λ = 0

∂V
∂λ

= ∑
i

wi − 1 = 0

set derivatives to zero



Minimizing variance for  
multiple importance sampling

choose  and  to solvewi λ

2wi
f2

p
− 2f∫ wi f + λ = 0

∑
i

wi − 1 = 0



Minimizing variance for  
multiple importance sampling

choose  and  to solvewi λ

2wi
f2

p
− 2fai + λ = 0 ai = ∫ wi f

∑
i

wi − 1 = 0



Minimizing variance for  
multiple importance sampling

choose  and  to solvewi λ

wi =
pi

f
ai −

1
2

pi

f 2
λ ai = ∫ wi f

∑
i

wi − 1 = 0



Minimizing variance for  
multiple importance sampling

choose  and  to solvewi λ

wi =
pi

f
ai −

1
2

pi

f 2
λ

∑
i

pi

f
ai −

1
2

pi

f 2
λ = 1

ai = ∫ wi f



Minimizing variance for  
multiple importance sampling

choose  and  to solvewi λ

wi =
pi

f
ai −

1
2

pi

f 2
λ

λ =
2∑i piai f − f2

∑i pi

ai = ∫ wi f



Minimizing variance for  
multiple importance sampling

choose  to solvewi

wi =
pi

f
ai − pi

∑j

pj

f aj − 1

∑j pj
ai = ∫ wi f



Minimizing variance for  
multiple importance sampling

choose  to solvewi

wi =
pi

f
ai − pi

∑j

pj

f aj − 1

∑j pj
ai = ∫ wi f

integrate both side with f

∫ wi f = αi = ai ∫ pi − ∫ pi

∑j pjaj − f

∑j pj



Minimizing variance for  
multiple importance sampling

choose  to solvewi

wi =
pi

f
ai − pi

∑j

pj

f aj − 1

∑j pj
ai = ∫ wi f

∫ pi

∑j pjaj

∑j pj
= ∫

fpi

∑j pj



Minimizing variance for  
multiple importance sampling

choose  to solvewi

wi =
pi

f
ai − pi

∑j

pj

f aj − 1

∑j pj

[A00 A01

A10 A11] [a0
a1] = [b0

b1]
Aij = ∫

pipj

∑k pk

bi = ∫
fpi

∑k pk



Minimizing variance for  
multiple importance sampling

wi =
pi

f
ai − pi

∑j

pj

f aj − 1

∑j pj

[A00 A01

A10 A11] [a0
a1] = [b0

b1]
Aij = ∫

pipj

∑k pk

bi = ∫
fpi

∑k pk

the MIS weight that minimizes the variance!



Optimal MIS weight requires 
negative weights



Inuitition: control variates of mixture PDFs 
lead to optimal MIS

control variates: variance reduction using known integrals

∫ f(x)dx = ∫ f(x) − g(x)dx + ∫ g(x)dx = ∫ f(x) − g(x)dx + G



Inuitition: control variates of mixture PDFs 
lead to optimal MIS

control variates: variance reduction using known integrals

∫ f(x)dx = ∫ f(x) − ∑
i

αipi(x)dx + ∑
i

αi



Inuitition: control variates of mixture PDFs 
lead to optimal MIS

control variates: variance reduction using known integrals

∫ f(x)dx = ∫ f(x) − ∑
i

αipi(x)dx + ∑
i

αi

optimal  satisfiesαi

∫ p1p1

p1 + p2
∫ p1p2

p1 + p2

∫ p2p1

p1 + p2
∫ p2p2

p1 + p2

α =
∫ fp1

p1 + p2

∫ fp2

p1 + p2



Inuitition: control variates of mixture PDFs 
lead to optimal MIS

control variates: variance reduction using known integrals

∫ f(x)dx = ∫ f(x) − ∑
i

αipi(x)dx + ∑
i

αi

optimal  satisfiesαi

∫ p1p1

p1 + p2
∫ p1p2

p1 + p2

∫ p2p1

p1 + p2
∫ p2p2

p1 + p2

α =
∫ fp1

p1 + p2

∫ fp2

p1 + p2



Optimal MIS can outperform MIS



Downside of Optimal MIS



Downside of Optimal MIS

wi =
pi

f
ai − pi

∑j

pj

f aj − 1

∑j pj

[A00 A01

A10 A11] [a0
a1] = [b0

b1]

Aij = ∫
pipj

∑k pk

bi = ∫
fpi

∑k pk

computing the weights requires solving integrals!



Variance-aware MIS
• combine balance heuristic with empirical variance

w1 =
ν1p1

ν1p1 + ν2p2
νi =

E [( fi
pi )

2]
Var [ fi

pi ]
if , balance heuristic is optimal, if , variance is high and we should distrust technique iνi = 1 νi → 0



Variance-aware MIS takes stratification 
into consideration

(Gritmann et al.)



MIS compensation: 
modify a PDF based on other techniques



MIS compensation: 
modify a PDF based on other techniques

super simple to implement for discrete PMFs!

https://www.iliyan.com/publications/RenderingCourse2020/RenderingCourse2020_Notes_rev1.pdf

https://www.iliyan.com/publications/RenderingCourse2020/RenderingCourse2020_Notes_rev1.pdf


MIS compensation: 
modify a PDF based on other techniques



Can we do better than Veach?

⟨F⟩ =
1
N1 ∑

i

f (X1,i)
p1 (X1,i)

w1 (X1,i)

+
1
N2 ∑

j

f (X2,j)
p2 (X2,j)

w2 (X2,j)

trick 1: assuming  and  are uncorrelatedX1,i X2,j

Var[⟨F⟩] = Var [ 1
N1 ∑

fw1

p1 ] + Var [ 1
N2 ∑

fw2

p2 ]
trick 2: minimize upper bound of the variance 

Var [X] = E [X2] − E [X]2 ≤ E [X2]



Can we do better than Veach?

⟨F⟩ =
1
N1 ∑

i

f (X1,i)
p1 (X1,i)

w1 (X1,i)

+
1
N2 ∑

j

f (X2,j)
p2 (X2,j)

w2 (X2,j)

trick 1: assuming  and  are uncorrelatedX1,i X2,j

Var[⟨F⟩] = Var [ 1
N1 ∑

fw1

p1 ] + Var [ 1
N2 ∑

fw2

p2 ]
trick 2: minimize upper bound of the variance 

Var [X] = E [X2] − E [X]2 ≤ E [X2]
how do we choose  and ?N1 N2



Can we randomly choose one technique?

⟨F⟩ =
1
N ∑

i

f (Xi)
p (Xi)

f

p1

p2

p =
w1p1 + w2p2

2

effectively blending the two PDFs into one



One-sample MIS
• instead of sampling from both  and , we randomly choose one of themp1 p2

⟨F⟩os = wi
f

1
2 pi

“multi-sample” MIS

“one-sample” MIS

⟨F⟩ms =
f

p1
w1 +

f
p2

w2



Balance heuristic is optimal in one-sample MIS

wi =
pi

p1 + p2

⟨F⟩os = wi
f

1
2 pi



Balance heuristic is optimal in one-sample MIS

⟨F⟩os = wi
f

1
2 pi

=
f

1
2 (p1 + p2)

• one-sample MIS = just average the distribution
• not really doing anything!wi =

pi

p1 + p2



MIS is helpful because of 
stratification!

• stratification ensures we have the same amount of samples for each sampling distribution

one-sample MIS

extra variance comes from 
uneven sample counts

p1 p2

multi-sample MIS

more variance reduction

p1 p2



Many alternatives between 
one-sample and multi-sample



Choosing  to minimize variance Ni

⟨F⟩ =
1
N1 ∑

i

f (X1,i)
p1 (X1,i)

w1 (X1,i)

+
1
N2 ∑

j

f (X2,j)
p2 (X2,j)

w2 (X2,j)

can we pick optimal ?Ni



Choosing  to minimize variance Ni

⟨F⟩ =
1
N1 ∑

i

f (X1,i)
p1 (X1,i)

w1 (X1,i)

+
1
N2 ∑

j

f (X2,j)
p2 (X2,j)

w2 (X2,j)

need to jointly optimize  and 
(given a total budget N)

wi Ni



Choosing  to minimize variance Ni

⟨F⟩ =
1
N1 ∑

i

f (X1,i)
p1 (X1,i)

w1 (X1,i)

+
1
N2 ∑

j

f (X2,j)
p2 (X2,j)

w2 (X2,j)

need to jointly optimize  and 
(given a total budget N)

wi Ni

Many people have shown that this can be formulated as a 
convex optimization problem!



Choosing  to minimize efficiency Ni

⟨F⟩N1,N2
=

1
N1 ∑

i

f (X1,i)
p1 (X1,i)

w1 (X1,i)

+
1
N2 ∑

j

f (X2,j)
p2 (X2,j)

w2 (X2,j)

C(N1, N2)Var [⟨F⟩N1,N2]
minimize

C = how long it takes to render



Grittmann et al.’s strategy: 
just try out different combinations of Ns!

⟨F⟩N1,N2
=

1
N1 ∑

i

f (X1,i)
p1 (X1,i)

w1 (X1,i)

+
1
N2 ∑

j

f (X2,j)
p2 (X2,j)

w2 (X2,j)

C(N1, N2)Var [⟨F⟩N1,N2]
minimize

estimate 

…

C(10 % ,90%)Var [⟨F⟩10%,90%]
C(30 % ,70%)Var [⟨F⟩30%,70%]

C = how long it takes to render



Choosing number of samples for MIS
is crucial for bidirectional methods



Can we do better than Veach?

⟨F⟩ =
1
N1 ∑

i

f (X1,i)
p1 (X1,i)

w1 (X1,i)

+
1
N2 ∑

j

f (X2,j)
p2 (X2,j)

w2 (X2,j)

trick 1: assuming  and  are uncorrelatedX1,i X2,j

Var[⟨F⟩] = Var [ 1
N1 ∑

fw1

p1 ] + Var [ 1
N2 ∑

fw2

p2 ]
trick 2: minimize upper bound of the variance 

Var [X] = E [X2] − E [X]2 ≤ E [X2]



Can we do better than Veach?

⟨F⟩ =
1
N1 ∑

i

f (X1,i)
p1 (X1,i)

w1 (X1,i)

+
1
N2 ∑

j

f (X2,j)
p2 (X2,j)

w2 (X2,j)

trick 1: assuming  and  are uncorrelatedX1,i X2,j

Var[⟨F⟩] = Var [ 1
N1 ∑

fw1

p1 ] + Var [ 1
N2 ∑

fw2

p2 ]
trick 2: minimize upper bound of the variance 

Var [X] = E [X2] − E [X]2 ≤ E [X2]

what if the samples are correlated?



Correlation occurs in bidirectional path tracing 
when camera subpaths are shared by a light subpath

correlation!



Correlation-aware MIS
• no satisfactory solution yet, only heuristics exist

minimize a very loose upper bound add a “correlation factor” c



Correlation-aware MIS
Grittmann et al.’s



Continuous MIS
• instead of a finite amount of distributions, we can consider uncountably many distributions

⟨F⟩MIS = ∑
f
pi

wi

⟨F⟩CMIS = ∫
f

p(i)
w(i)



MIS is frequently used in Bayesian inference



Next: many-lights sampling


