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Back to SDS light paths
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Does photon mapping work in this scenario?
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Photon mapping fails when light source is 
very far away
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Can we directly find this light path?
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Idea: find light paths by 
solving a non-linear equation
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Idea: find light paths by 
solving a non-linear equation

diffuse point light
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Idea: find light paths by 
solving a non-linear equation

• solve  using Newton’s method: start from an initial guess, iteratively improvex2
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Idea: find light paths by 
solving a non-linear equation

• solve  using Newton’s method: start from an initial guess, iteratively improvex2

C(x2 + Δx2) ≈ C(x2) + JC(x2)Δx2 = 0

Δx2 = − JC(x2)−1C(x2)
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• solve  using Newton’s method: expand constraint C using first-order Taylor expansionx2

Idea: find light paths by 
solving a non-linear equation

x2
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n
C(x′ 2 + Δx2) ≈ C(x′ 2) + JC(x′ 2)Δx2 = 0

Δx2 = − JC(x′ 2)−1C(x′ 2)

C(x2) = 0

start from an initial guess x_2’ 
while : 

  x_2’ = x_2’ -  
x_2 = x_2’

C(x′ 2) > ϵ
JC(x′ 2)−1C(x′ 2)



•  is fixed, find a point  on the plane s.t. the constraint is satisfied

• unique solution exists

n x2

A single triangle case without shading normal
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•  interpolates , ,  based on the position of 

• may have zero, one, or multiple solutions

n na nb nc x2

A single triangle case with shading normal
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Easily generalizable to  
multiple specular surfaces

given  and  
find  s.t.
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Challenge: incorporate Newton’s method 
in a Monte Carlo renderer

• how do we generate initial guesses?

• how do we handle a large number of triangles?

• what is the probability density?

start from an initial guess x_2’ 
while : 

  x_2’ = x_2’ -  
x_2 = x_2’

C(x′ 2) > ϵ
JC(x′ 2)−1C(x′ 2)

x2

ω1 ω3

n
p(x2) = ?



Three strategies to incorporate Newton’s method into 
a renderer

use new data structure to enumerate roots

Metropolis light transport

randomized initialization 
using Monte Carlo sampling



Three strategies to incorporate Newton’s method into 
a renderer

Metropolis light transport

randomized initialization 
using Monte Carlo sampling

use new data structure to enumerate roots



Idea: enumerate roots using a data structure
• observation: most triangles contain no solution given  and x1 x3

note: there are only countably many roots if the scene is made of triangle meshes
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Hierarchical pruning using a 6D tree

store bounding boxes of 
positions and normals

x1 x3

all possible x2

all possible n

• skip the whole subtree if it is impossible that half-vector would be the same as the normal



Hierarchical pruning generalizes to  
multiple bounces
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Optional: subdivide triangles 
with shading normals for more accurate results
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• can subdivide until the constraint is provably convex



In practice, triangle subdivision is 
usually not worth it

• subdivision can find a few more paths, but usually gives visually similar results



Fancy animations
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Fancy images

Wang et al.



Fancy images



Three strategies to incorporate Newton’s method into 
a renderer

Metropolis light transport

randomized initialization 
using Monte Carlo sampling

use new data structure to enumerate roots



Let’s solve a slightly relaxed problem
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Manifold exploration with Metropolis sampling
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Manifold exploration with Metropolis sampling
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• mutate the camera subpath until a diffuse hit
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Manifold exploration with Metropolis sampling
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Manifold exploration with Metropolis sampling
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• works for arbitrary number of specular vertices
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Satisfying detailed balance

x = x0 
for i in range(n): 
  x’ = mutate(x) 
  a = min((f(x’)/f(x)) * 
          (p_m(x’->x)/p_m(x->x’)), 1) 
  if random() < a: 
    x = x’ 
  record(image, x’)

• in Metropolis, we only need to compute the ratio of PDFs, making PDF calculation much easier

x x′ 

pm(x → x′ ) pm(x′ → x)



Extension to glossy surfaces
• probabilistically determine whether a surface is specular or not based on roughness

• use the sampled micro-normal as the specular normal

roughness = 0.1 
90% chance to be specular

roughness = 0.2 
80% chance to be specular

roughness = 1 
0% chance to be specular



Extension to volumetric light transport
• Henyey-Greenstein with high g can be seen as near-specular phase functions

g = − 0.35
g = 0.67

https://www.pbr-book.org/3ed-2018/Volume_Scattering/Phase_Functions

https://www.pbr-book.org/3ed-2018/Volume_Scattering/Phase_Functions


Metropolis light transport in Mitsuba
• first open source implementation of Veach-style MLT 15 years after Veach’s publication!

https://www.mitsuba-renderer.org/releases/current/documentation.pdf

https://www.mitsuba-renderer.org/releases/current/documentation.pdf
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Three strategies to incorporate Newton’s method into 
a renderer

Metropolis light transport

randomized initialization 
using Monte Carlo sampling

use new data structure to enumerate roots



Back to point lights
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Manifold exploration with 
normal Monte Carlo sampling

mirror
(specular)

diffuse

point light
pinhole camera

mirror
(specular)

• do normal path tracing before we hit the light



Manifold exploration with 
normal Monte Carlo sampling
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• connect to the light source — quiz: what is the contribution of this light path?
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Manifold exploration with 
normal Monte Carlo sampling
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• connect to the light source — contribution is zero since we are on a specular surface
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Manifold exploration with 
normal Monte Carlo sampling
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• perturb  to satisfy the specular constraintx4
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Manifold exploration with 
normal Monte Carlo sampling
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• perturb  to satisfy the specular constraint

• what is the PDF of the path ?
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PDF of a specular path is an integral

p(x′ ) = ∫ p(x)p(x′ |x)dx

n ≠ h
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• the probability density of sampling  is the sum of all probability densities of path 
that will perturb to it
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PDF of a specular path is an integral

p(x′ ) = ∫ p(x)p(x′ |x)dx
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Evaluating contribution

n ≠ h

x4 x′ 4
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f(x′ )
p(x′ )

=
f(x′ )

∫ p(x)p(x′ |x)dx

p(x′ ) = ∫ p(x)p(x′ |x)dx

• need to use Monte Carlo sampling to estimate the PDF  itselfp(x′ )



Unbiased evaluation of reciprocal of integral
• same as the unbiased photon mapping paper

1
∫ f(x)dx

=
1

1 − F
= 1 + F + F2 + ⋯

can estimate using Russian roulette



Pseudocode



Fancy images
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Fancy images
Tizian’s



Manifold exploration is used in practice



Manifold exploration is used in practice



Connection to physical simulation
• Lagrangian mechanics/Hamilton’s least action principle =  

finding shortest paths towards target

• a generalization of Fermat’s principle

• specular light path rendering is a 
physical trajectory finding problem!



Next: multiple importance sampling++

∑ wi
fi
pi


