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Path tracing vs light tracing



Next event estimation



Combining path tracing & light tracing



How many ways we can sample a light path 
with 5 vertices?



How many ways we can sample a light path 
with 5 vertices?



Path-space formulation for rendering



Idea: rewrite rendering equation 
as an integral over paths

∫light paths
f(x̄)dx̄

• what is a path ?

• what is the path contribution  ?

• how do we importance sample light paths?

x̄

f



Path: a sequence of vertices

x̄ = x0x1x2x3x4
x0

x1

x2

x3

x4

: a 3D position
: a small 2D surface area around the vertex

xi
dxi

∫light paths
f(x̄)dx̄

dx̄ = dx0dx1dx2dx3dx4



Path contribution

x0

x1

x2

x3

x4

f(x̄) = W(x0 → x1)G(x0 ↔ x1)ρ(x0 → x1 → x2)G(x1 ↔ x2)ρ(x1 → x2 → x3)G(x2 ↔ x3)ρ(x2 → x3 → x4)G(x3 ↔ x4)Le(x3 → x4)

pixel filter & 
camera sensitivity

geometry term

G(x ↔ y) =

x − y
x − y

⋅ ny

x − y 2 visible(x, y)

BSDF & cosine light emission



Observation: BSDF importance sampling 
cancels out  and ρ G

f(x̄) = W(x0 → x1)G(x0 ↔ x1)ρ(x0 → x1 → x2)G(x1 ↔ x2)ρ(x1 → x2 → x3)G(x2 ↔ x3)ρ(x2 → x3 → x4)G(x3 ↔ x4)Le(x3 → x4)

x0

x1

x2



Path tracing without next event estimation: 
importance sampling everything except Le

f(x̄) = W(x0 → x1)G(x0 ↔ x1)ρ(x0 → x1 → x2)G(x1 ↔ x2)ρ(x1 → x2 → x3)G(x2 ↔ x3)ρ(x2 → x3 → x4)G(x3 ↔ x4)Le(x3 → x4)

quiz: when will this be a good/bad strategy?



Path tracing with next event estimation

f(x̄) = W(x0 → x1)G(x0 ↔ x1)ρ(x0 → x1 → x2)G(x1 ↔ x2)ρ(x1 → x2 → x3)G(x2 ↔ x3)ρ(x2 → x3 → x4)G(x3 ↔ x4)Le(x3 → x4)

quiz: when will this be a good/bad strategy?



Light tracing with next event estimation

f(x̄) = W(x0 → x1)G(x0 ↔ x1)ρ(x0 → x1 → x2)G(x1 ↔ x2)ρ(x1 → x2 → x3)G(x2 ↔ x3)ρ(x2 → x3 → x4)G(x3 ↔ x4)Le(x3 → x4)

quiz: when will this be a good/bad strategy?



Light tracing without next event estimation

f(x̄) = W(x0 → x1)G(x0 ↔ x1)ρ(x0 → x1 → x2)G(x1 ↔ x2)ρ(x1 → x2 → x3)G(x2 ↔ x3)ρ(x2 → x3 → x4)G(x3 ↔ x4)Le(x3 → x4)

quiz: when will this be a good/bad strategy?



Hybrid path tracing & light tracing

f(x̄) = W(x0 → x1)G(x0 ↔ x1)ρ(x0 → x1 → x2)G(x1 ↔ x2)ρ(x1 → x2 → x3)G(x2 ↔ x3)ρ(x2 → x3 → x4)G(x3 ↔ x4)Le(x3 → x4)

quiz: when will this be a good/bad strategy?



Local path sampling strategy
• two sampling operations

• sample a point on camera or light

• BSDF importance sampling



6 ways to sample path length = 4

camera vertices count = 5
light vertices count = 0

camera vertices count = 4
light vertices count = 1

camera vertices count = 3
light vertices count = 2

camera vertices count = 2
light vertices count = 3

camera vertices count = 1
light vertices count = 4

camera vertices count = 0
light vertices count = 5

• combine all of them using multiple importance sampling!



Veach’s bidirectional path tracing scene

https://benedikt-bitterli.me/resources/images/veach-bidir.png

quiz: which strategy is good at which region?

https://benedikt-bitterli.me/resources/images/veach-bidir.png


Bidirectional path tracing: 
combine all sampling

path length = 2

path length = 3

path length = 4

path length = 5



Walkthrough of a bidirectional path tracer

https://cs.uwaterloo.ca/~thachisu/smallpssmlt.cpp

https://cs.uwaterloo.ca/~thachisu/smallpssmlt.cpp


Handling non-symmetric BSDFs

f(ω, ω′ ) ≠ f(ω′ , ω)

path tracing integral

L = Le + ∫S2

Lf(ω, ω′ )dω′ 

light tracing integral

W = We + ∫S2

Wf(ω′ , ω)dω′ 



Handling non-symmetric BSDFs

f(ω, ω′ ) ≠ f(ω′ , ω)

path tracing integral

L = Le + ∫S2

Lf(ω, ω′ )dω′ 

light tracing integral

W = We + ∫S2

Wf*(ω, ω′ )dω′ 

define the adjoint of a BSDF

f*(ω, ω′ ) = f(ω′ , ω)



When is a BSDF non-symmetric?
• refraction

f(ωin, ωout)
ηout

=
f(ωout, ωin)

ηin
=

f*(ωin, ωout)
ηin



Using wrong BSDFs lead to wrong results



When is a BSDF non-symmetric?
• shading normal

ρ(ωi, ωo) = fs(ωi, ωo)
Ns ⋅ ωo

Ng ⋅ ωo

ρ(ωo, ωi) = fs(ωi, ωo)
Ns ⋅ ωi

Ng ⋅ ωi

ρ * (ωi, ωo) = ρ(ωo, ωi)
Ns ⋅ ωi Ng ⋅ ωo

Ng ⋅ ωi Ns ⋅ ωo



Shading normals violate conservation of energy



Limitations of local sampling strategies

mirror
(specular)

diffuse

point light
pinhole camera

mirror
(specular)



Limitations of local sampling strategies
diffuse

point light
pinhole camera

mirror
(specular)

mirror
(specular)



Limitations of local sampling strategies
diffuse

point light
pinhole camera

mirror
(specular)

mirror
(specular)



Limitations of local sampling strategies
diffuse

point light
pinhole camera

mirror
(specular)

mirror
(specular)

Theorem: no local sampling strategy can 
handle light paths that don’t have consecutive “D”s

with pinhole cameras & point lights



SDS light paths
• caustics seen through a mirror or glass

more about photon mapping next time



“Non-local” path sampling
• more about them in the future lectures



Tri-directional path tracing



Path integral for volumetric rendering

x0

x1

x2

x3

x4

f(x̄) = W(x0 → x1)G(x0 ↔ x1)ρ(x0 → x1 → x2)G(x1 ↔ x2)⋯

quiz: how do we modify the following surface path contribution to take volumes into consideration?

x5



Path integral for volumetric rendering

f(x̄) = W(x0 → x1)G(x0 ↔ x1)T(x0 ↔ x1)ρ(x0 → x1 → x2)G(x1 ↔ x2)T(x1 ↔ x2)⋯

G(x, y) doesn’t have the cosine term if y is in volume

transmittance

BSDF or  
phase function x0

x1

x2

x3

x4

x5



Operator formulation of rendering

Le

• rendering = linear functions operate on 4D surface light fields

G

propagation 
operator

K

scattering 
operator

G

propagation 
operator

⋯



Rendering = solving equilibrium 
of a linear operator

L = Le + TL

L = (I − T)−1Le



Rendering = solving equilibrium 
of a linear operator

L = Le + TL

L = (I − T)−1Le

L = Le + TLe + T2Le + ⋯
Neumann series

https://en.wikipedia.org/wiki/Neumann_series(doesn’t converge if BSDF is not energy conserving)

https://en.wikipedia.org/wiki/Neumann_series


Operator formulation can be used 
for studying inverse rendering

L = Le + TL goal: given  and , solve L Le T



Antiradiance: adding a “pass through” 
operator can speedup rendering

• warning: Neumann series may not converge under this formulation



Functional analysis of the  
light transport operator

L = Le + TL
L1
L2
⋮
Ln

=

Le1
Le2
⋮

Len

+

T1,1 T1,1 ⋯ T1,n

T2,1 T2,1 ⋯ T2,n

⋮
Tn,1 T1,1 ⋯ Tn,n

L1
L2
⋮
Ln

uncountably infinite dimensional
finite dimensional

Soler et al.: the error can be unbounded over arbitrary  because T is not “compact”Le



Next: photon mapping


