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Today: multiple-scattering approximation

https://naml.us/paper/deon2011_subsurface.pdf

https://blog.selfshadow.com/publications/s2015-shading-course/burley/s2015_pbs_disney_bsdf_notes.pdf

http://graphics.ucsd.edu/~henrik/papers/bssrdf/

https://naml.us/paper/deon2011_subsurface.pdf
https://blog.selfshadow.com/publications/s2015-shading-course/burley/s2015_pbs_disney_bsdf_notes.pdf
http://graphics.ucsd.edu/~henrik/papers/bssrdf/


Challenge: multiple-scattering
in dense media requires many bounces

https://www.cs.cornell.edu/projects/translucency/#acquisition-sa13

these images usually require hundreds of bounces

https://cs.dartmouth.edu/~wjarosz/publications/bitterli18framework.html

https://rgl.epfl.ch/publications/Jakob2010Radiative

https://www.cs.cornell.edu/projects/translucency/#acquisition-sa13
https://cs.dartmouth.edu/~wjarosz/publications/bitterli18framework.html
https://rgl.epfl.ch/publications/Jakob2010Radiative


Trick: aggregate multiple scattering events 
using a “BSSRDF”

Bidirectional Subsurface Scattering 
Reflectance Distribution Function

f(ω, ω′ )

f(p, ω, p′ , ω′ )

BRDF/BSDF

BSSRDF



BRDF vs BSSRDF

BRDF BSSRDF

http://graphics.ucsd.edu/~henrik/papers/bssrdf/bssrdf.pdf

http://graphics.ucsd.edu/~henrik/papers/bssrdf/bssrdf.pdf


Cool Vox video!

https://www.youtube.com/watch?v=NvFoKkWyZ5Y

https://www.youtube.com/watch?v=NvFoKkWyZ5Y
https://www.youtube.com/watch?v=NvFoKkWyZ5Y


Goal: deriving BSSRDF from 
radiative transfer equation

f(p, ω, p′ , ω′ )

d
dt

L(p(t), ω) = − σtL(p(t), ω) + Le(p(t), ω) + σs ∫S2

ρ(ω, ω′ )L(p(t), ω′ )dω′ 



Simple BSSRDFs

f(p, ω, p′ , ω′ ) = (1 − F(ω)) R ( p − p′ ) (1 − F(ω′ ))

R(r) ∝ e− r2

σ2

R: “diffuse reflectance profile”



Sampling BSSRDFs
R(r) ∝ e− r2

σ2
quiz: how would you do it?



Sampling BSSRDFs

R(r) ∝ e− r2

σ2

1. sample on a disk using R(r)



Sampling BSSRDFs

R(r) ∝ e− r2

σ2

1. sample on a disk using 
2. project onto the surface

R(r)



Sampling BSSRDFs

R(r) ∝ e− r2

σ2

1. sample on a disk using 
2. project onto the surface
3. repeat this for different axes, combine with MIS

R(r)



How do we know if simple BSSRDFs 
are sufficient?

f(p, ω, p′ , ω′ ) = (1 − F(ω)) R ( p − p′ ) (1 − F(ω′ ))

R(r) ∝ e− r2

σ2

R: “diffuse reflectance profile”



Goal: deriving BSSRDF from 
radiative transfer equation

f(p, ω, p′ , ω′ )

d
dt

L(p(t), ω) = − σtL(p(t), ω) + Le(p(t), ω) + σs ∫S2

ρ(ω, ω′ )L(p(t), ω′ )dω′ 



Intuition: volumetric path tracing 
looks like Brownian motion

light source

photon

https://en.wikipedia.org/wiki/Brownian_motion

https://en.wikipedia.org/wiki/Brownian_motion


Physics: expectation of Brownian motions 
is a solution to a PDE

−1−2−3−4 0 1 2 3 4

0.2

0.4

0.6

0.8

1.0

x  (cm)

ρ(x,t)

t=0.1"

t=0.2"

t=0.5"

t=2"

https://en.wikipedia.org/wiki/Brownian_motion

• c.f. Fick, Einstein, Feynman-Kac formula

https://en.wikipedia.org/wiki/Brownian_motion


Heat equation

heat source

particle

∂u
∂τ

= ( ∂2u
∂x2

+
∂2u
∂y2

+
∂2u
∂z2 ) + Q(x, y, z)

time 
derivative

spatial
diffusion
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Equilibrium of heat equation: 
Poisson equation

heat source

particle

∂u
∂τ

= ( ∂2u
∂x2

+
∂2u
∂y2

+
∂2u
∂z2 ) + Q(x, y, z)

time 
derivative

spatial
diffusion
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0 = ( ∂2u
∂x2

+
∂2u
∂y2

+
∂2u
∂z2 ) + Q(x, y, z)

= Δu + Q
Poisson equation

Poisson equation is also the equilibrium of a electric field
assuming no magnetic field



What is the connection between
radiative transfer equation & Poisson equation?

Δu + Q = 0

d
dt

L(p(t), ω) = − σtL(p(t), ω) + Le(p(t), ω) + σs ∫S2

ρ(ω, ω′ )L(p(t), ω′ )dω′ 

v.s.



Assumption 1: isotropic phase function

d
dt

L(p(t), ω) = − σtL(p(t), ω) + Le(p(t), ω) + σs ∫S2

ρ(ω, ω′ )L(p(t), ω′ )dω′ 

d
dt

L(p(t), ω) = − σtL(p(t), ω) + Le(p(t), ω) +
σs

4π ∫S2

L(p(t), ω′ )dω′ 



Assumption 2:  
first-order spherical moment expansion on L

L(p, ω) ≈
1

4π ∫S2

L(p, ω′ )dω′ +
3

4π
ω ⋅ ∫S2

ω′ L(p, ω′ )dω′ 

zero-th order  
moment

(total mass)

first order  
moment

(center of mass)

d
dt

L(p(t), ω) = − σtL(p(t), ω) + Le(p(t), ω) +
σs

4π ∫S2

L(p(t), ω′ )dω′ 

=
1

4π
ϕ(p) +

3
4π

ω ⋅ E(p)



Assumption 3:
matching spherical moments of RTE

d
dt

L(p(t), ω) = − σtL(p(t), ω) + Le(p(t), ω) +
σs

4π ∫S2

L(p(t), ω′ )dω′ 

take 0-th order moment take 0-th order moment

d
dt

L(p(t), ω) = − σtL(p(t), ω) + Le(p(t), ω) +
σs

4π ∫S2

L(p(t), ω′ )dω′ 

take 1st order moment take 1st order moment

plug in L(p, ω) ≈
1

4π
ϕ(p) +

3
4π

ω ⋅ E(p)

plug in L(p, ω) ≈
1

4π
ϕ(p) +

3
4π

ω ⋅ E(p)



Diffusion approximation through  
moment matching

d
dt

L(p(t), ω) = − σtL(p(t), ω) + Le(p(t), ω) +
σs

4π ∫S2

L(p(t), ω′ )dω′ 

Q0(p) = ∫ Le(p, ω′ )dω′ 

∇ ⋅ E(p) = − σaϕ(p) + Q0(p)

See Sec. 5.1 of the tech report for the full derivation
https://rgl.epfl.ch/publications/Jakob2010Radiative

take 0-th order moment take 0-th order moment

plug in L(p, ω) ≈
1

4π
ϕ(p) +

3
4π

ω ⋅ E(p)



Diffusion approximation through  
moment matching

d
dt

L(p(t), ω) = − σtL(p(t), ω) + Le(p(t), ω) +
σs

4π ∫S2

L(p(t), ω′ )dω′ 

take 1st order moment take 1st order moment

1
3

∇ϕ(p) = − σtE(p) + Q1(p)

Q1(p) = ∫ ω′ ⋅ Le(p, ω′ )dω′ 

See Sec. 5.1 of the tech report for the full derivation
https://rgl.epfl.ch/publications/Jakob2010Radiative

plug in L(p, ω) ≈
1

4π
ϕ(p) +

3
4π

ω ⋅ E(p)



Diffusion approximation through  
moment matching

L(p, ω) ≈
1

4π ∫S2

L(p, ω′ )dω′ +
3

4π
ω ⋅ ∫S2

ω′ L(p, ω′ )dω′ =
1

4π
ϕ(p) +

3
4π

ω ⋅ E(p)

1
3

∇ϕ(p) = − σtE(p) + Q1(p)

∇ ⋅ E(p) = − σaϕ(p) + Q0(p)

Q1(p) = ∫ ω′ ⋅ Le(p, ω′ )dω′ Q0(p) = ∫ Le(p, ω′ )dω′ 



Diffusion approximation through  
moment matching

L(p, ω) ≈
1

4π ∫S2

L(p, ω′ )dω′ +
3

4π
ω ⋅ ∫S2

ω′ L(p, ω′ )dω′ =
1

4π
ϕ(p) +

3
4π

ω ⋅ E(p)

1
3

∇ϕ(p) = − σtE(p) + Q1(p)

solve for ϕ 1
3σt

Δϕ(p) = σaϕ(p) − Q0(p) +
1
σt

∇ ⋅ Q1(p)

∇ ⋅ E(p) = − σaϕ(p) + Q0(p)

Q1(p) = ∫ ω′ ⋅ Le(p, ω′ )dω′ Q0(p) = ∫ Le(p, ω′ )dω′ 



Diffusion approximation through  
moment matching

L(p, ω) ≈
1

4π ∫S2

L(p, ω′ )dω′ +
3

4π
ω ⋅ ∫S2

ω′ L(p, ω′ )dω′ =
1

4π
ϕ(p) +

3
4π

ω ⋅ E(p)

1
3

∇ϕ(p) = − σtE(p) + Q1(p)

solve for ϕ 1
3σt

Δϕ(p) = σaϕ(p) − Q0(p) +
1
σt

∇ ⋅ Q1(p)

∇ ⋅ E(p) = − σaϕ(p) + Q0(p)

 can be computed from  and  E ϕ Q



What is the connection between
radiative transfer equation & Poisson equation?

d
dt

L(p(t), ω) = − σtL(p(t), ω) + Le(p(t), ω) + σs ∫S2

ρ(ω, ω′ )L(p(t), ω′ )dω′ 

v.s.

Δu + Q = 0



What is the connection between
radiative transfer equation & Poisson equation?

Δu + Q = 0

v.s.

1
3σt

Δϕ(p) = σaϕ(p) − Q0(p) +
1
σt

∇ ⋅ Q1(p)



What is the connection between
radiative transfer equation & Poisson equation?

v.s.

1
3σt

Δϕ(p) = σaϕ(p) − Q0(p) +
1
σt

∇ ⋅ Q1(p)

energy loss due to absorption

aka “screened Poisson equation” or
Yukawa equation

https://en.wikipedia.org/wiki/Screened_Poisson_equation

Δu + Q = 0

https://en.wikipedia.org/wiki/Screened_Poisson_equation


Solving for  in diffusion approximationϕ

1
3σt

Δϕ(p) = σaϕ(p) − Q0(p) +
1
σt

∇ ⋅ Q1(p)

•  depends on the choice of  & boundary condition

• goal: setup Q & boundary conditions so that we have efficient solutions

ϕ Q



Monopole solution: a single point light source 
without boundary

1
3σt

Δϕ(p) = σaϕ(p) − Q0(p) +
1
σt

∇ ⋅ Q1(p)

ϕ(p) Q0 = δ(p)

Q1 = 0
point light source



Monopole solution: a single point light source 
without boundary

1
3σt

Δϕ(p) = σaϕ(p) − Q0(p) +
1
σt

∇ ⋅ Q1(p)

ϕ(p)

point light source

Q0 = δ(p)

Q1 = 0
ϕm(p) =

3σt

4π
e− 3σaσt∥p∥

∥p∥

“Green’s function”

https://en.wikipedia.org/wiki/Green%27s_function

https://www.youtube.com/watch?v=ism2SfZgFJg (super cool video about Green’s function)

https://en.wikipedia.org/wiki/Green%27s_function
https://www.youtube.com/watch?v=ism2SfZgFJg


Monopole fails to account for the boundary

surface

air

medium

no scattering here

specular reflection

point light source



Idea: put a negative light source to 
cancel out contribution

surface

air

medium

negative point light source
• “dipole approximation”

point light source

zr

zv



Idea: put a negative light source to 
cancel out contribution

surface

air

medium

negative point light source
• “dipole approximation”

point light source

zr

zv

ϕd(p) =
3σt

4π
e− 3σaσt∥p−pr∥

∥p − pr∥
−

3σt

4π
e− 3σaσt∥p−pv∥

∥p − pv∥



Choose  to cancel out contribution at zv ze

surface

air

medium

negative point light source
• “dipole approximation”

point light source

zr

zv

ϕd(p) =
3σt

4π
e− 3σaσt∥p−pr∥

∥p − pr∥
−

3σt

4π
e− 3σaσt∥p−pv∥

∥p − pv∥

zero contribution
ze

read pbrt for how  is chosenze

https://www.pbr-book.org/3ed-2018/Light_Transport_II_Volume_Rendering/Subsurface_Scattering_Using_the_Diffusion_Equation#x5-BoundaryConditions


f(p, ω, p′ , ω′ )

Using dipole solutions for BSSRDF
• place point “light sources” along the incoming ray (using reciprocity of light transport)



Using dipole solutions for BSSRDF
• place point “light sources” along the incoming ray (using reciprocity of light transport)

• BSSRDF is defined as the sum of dipoles to all of them (multiply with Fresnel)

f(p, ω, p′ , ω′ )



Dipole vs volumetric path tracing

path tracingdipole (photon beam diffusion)

https://cs.dartmouth.edu/~wjarosz/publications/habel13pbd.html

https://cs.dartmouth.edu/~wjarosz/publications/habel13pbd.html


Dipole vs volumetric path tracing

dipole path tracing



“Hacks” to improve dipoles

ϕm(p) =
3σt

4π
e− 3σaσt∥p∥

∥p∥

ϕg(p) =
e−σt∥p∥

4π∥p∥2
− ϕm(p)

Grosjean’s correction [1956]

https://www.pbr-book.org/3ed-2018/Light_Transport_II_Volume_Rendering/
Subsurface_Scattering_Using_the_Diffusion_Equation#Non-classicalDiffusion

Monte Carlo

classical dipole

Grosjean’s 
correction

https://www.pbr-book.org/3ed-2018/Light_Transport_II_Volume_Rendering/Subsurface_Scattering_Using_the_Diffusion_Equation#Non-classicalDiffusion
https://www.pbr-book.org/3ed-2018/Light_Transport_II_Volume_Rendering/Subsurface_Scattering_Using_the_Diffusion_Equation#Non-classicalDiffusion


“Hacks” to improve dipoles
Christensen & Burley’s

empirical model

ϕd(p) = A
e− sr

l − e− sr
3l

8πlr

l

r

https://graphics.pixar.com/library/ApproxBSSRDF/paper.pdf

A: albedo 
σs

σt

s = 1.85 − A + 7 |A − 0.8 |3

https://graphics.pixar.com/library/ApproxBSSRDF/paper.pdf


Dual-beam diffusion



Directional dipole [Frisvad 2014]

(highly recommend Toshiya (UCSD phd!)’s slides!!)
https://cs.uwaterloo.ca/~thachisu/dirpole_slides.pdf

https://cs.uwaterloo.ca/~thachisu/dirpole_slides.pdf


Data-driven BSSRDFs

tabular solution

neural net solution



Similarity relation for converting non-isotropic phase 
functions to isotropic ones

https://www.pbr-book.org/3ed-2018/Light_Transport_II_Volume_Rendering/
Subsurface_Scattering_Using_the_Diffusion_Equation#Non-classicalDiffusion

https://www.pbr-book.org/3ed-2018/Light_Transport_II_Volume_Rendering/Subsurface_Scattering_Using_the_Diffusion_Equation#Non-classicalDiffusion
https://www.pbr-book.org/3ed-2018/Light_Transport_II_Volume_Rendering/Subsurface_Scattering_Using_the_Diffusion_Equation#Non-classicalDiffusion


Shell tracing: BSSRDF for discrete media

f(x, ω, x′ , ω′ )

photograph path tracing 
(28 hours)

shell tracing
(1 hour)



Hybrid method: combining 
volumetric path tracing & BSSRDF

path tracing

dipoles



Multi-scale methods:  
granular media rendering



Multi-scale methods:  
granular media rendering



BSSRDF for fur rendering

Lingqi’s



Next: differentiable rendering


