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Real-world materials are multi-layered

dielectric layer

diffuse layer



Real-world materials are multi-layered

single-layer multi-layer

https://fldscc.com/2020/01/30/three-layers-skin/

https://fldscc.com/2020/01/30/three-layers-skin/


Naive combination of BSDF lobes 
does not accurately model scattering between interfaces

dielectric layer

diffuse layer

⋯
⋯



Why is wet material darker?

image credit
https://rnrtires.com/tips-guides/top-tips-for-driving-on-wet-roads/

(photo)

(rendering)

https://rnrtires.com/tips-guides/top-tips-for-driving-on-wet-roads/
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Multiple-scattering causes non-linear 
shift on reflectance

from Mitsuba documentation
https://www.mitsuba-renderer.org/releases/current/documentation.pdf

diffuse only diffuse + specular lobes multiple scattering 
between diffuse & specular

quiz: what is the consequence of this to the end users of the renderer?

https://www.mitsuba-renderer.org/releases/current/documentation.pdf


How would you model the internal scattering?

dielectric layer

diffuse layer

⋯
⋯



Today: 3 approaches of modeling layered BSDFs



Today: 3 approaches of modeling layered BSDFs



Special case: pile of glass plates [Stokes 1860]

air

glass

air

R = F

T = (1 − F)

T = (1 − F)

R = F

T = (1 − F)

⋯
⋯

T = (1 − F)

quiz: can you come up with a closed-form solution of the 
total reflected/refracted light?



Special case: pile of glass plates [Stokes 1860]
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General case: adding equation  
[Grant and Hunt 1969]

Figure from Wenzel Jakob et al.
https://rgl.s3.eu-central-1.amazonaws.com/media/papers/Jakob2014Comprehensive_1.pdf

Φ↑(t) = RtΦ↓(t) + TbtΦ↑(b)

• replace Fresnel equations with matrix vector multiplications

Φ↓(b) = RbΦ↑(b) + TtbΦ↓(b)

(aka discrete ordinates method https://en.wikipedia.org/wiki/Discrete_ordinates_method)

https://rgl.s3.eu-central-1.amazonaws.com/media/papers/Jakob2014Comprehensive_1.pdf
https://en.wikipedia.org/wiki/Discrete_ordinates_method


General case: adding equation  
[Grant and Hunt 1969]

Figure from Wenzel Jakob et al.
https://rgl.s3.eu-central-1.amazonaws.com/media/papers/Jakob2014Comprehensive_1.pdf
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goal: figure out the aggregate reflectance/transmittance when we stack layers

Rt
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R̃t, T̃bt, R̃b, T̃tb

air

glass

air

the air/glass layers are a special case!

https://rgl.s3.eu-central-1.amazonaws.com/media/papers/Jakob2014Comprehensive_1.pdf


General case: adding equation  
[Grant and Hunt 1969]
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• stacking layer is analogous to summing geometric series for matrices 
(be careful with non-commutativity of matrix multiplication)
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Adding equation for thick interfaces: 
adding-doubling method [van de Hulst 1980]

Figure from Wenzel Jakob et al.
https://rgl.s3.eu-central-1.amazonaws.com/media/papers/Jakob2014Comprehensive_1.pdf
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• start from a thin layer, stack the same layer repeatedly
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the thickness grows exponentially

adding-doubling is commonly used for solving light transport in biomedical optics and atmospheric science!

https://rgl.s3.eu-central-1.amazonaws.com/media/papers/Jakob2014Comprehensive_1.pdf


Detail: need to also account for  
volumetric effects between layers

dielectric layer

diffuse layer

• all methods we talked about today can be easily extended to do this



General layered BSDF construction [Jakob 2014]

• measure R & T of a single (thin) layer (either an analytical BSDF or measured one)

• store a big matrix for all different angles

• combine different layers using equation below

Figure from Wenzel Jakob et al.
https://rgl.s3.eu-central-1.amazonaws.com/media/papers/Jakob2014Comprehensive_1.pdf
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Detail: use a Fourier basis to compress the matrices
• observation: changes in azimuthal direction are usually low frequency

Figure from Wenzel Jakob et al.
https://dl.acm.org/doi/10.1145/2601097.2601139

the Fourier basis BSDF is implemented in pbrt
https://www.pbr-book.org/3ed-2018/Reflection_Models/Fourier_Basis_BSDFs

https://dl.acm.org/doi/10.1145/2601097.2601139
https://www.pbr-book.org/3ed-2018/Reflection_Models/Fourier_Basis_BSDFs


Layered-BSDFs match well with  
real-world materials!

photo rendering

Figure from Wenzel Jakob et al.
https://rgl.s3.eu-central-1.amazonaws.com/media/papers/Jakob2014Comprehensive_1.pdf

https://rgl.s3.eu-central-1.amazonaws.com/media/papers/Jakob2014Comprehensive_1.pdf


Downside of this method?
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Downside of the direct implementation of 
adding equation

• need to store a huge sparse matrix (in Fourier domain)

• a few megabytes per BSDF

• texturing is hard
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https://dl.acm.org/doi/10.1145/2601097.2601139

https://dl.acm.org/doi/10.1145/2601097.2601139


Next: a more compact representation



Goal: use sum of GGX lobes to represent 
multiple scattering between layers

⋯
⋯

̂ρ12

̂ρ23

̂ρ34

input: ω, ̂ρ12, ̂ρ23, ̂ρ34

output: ρ(ω, ω′ ) = ∑
i

wiρi(ω, ω′ )
ω

GGX BSDF

GGX BSDF

GGX BSDF



Idea: approximate the R&T matrices 
using Gaussians for a given direction ω

Φ↑(t) = RtΦ↓(t) + TbtΦ↑(b)

Φ↓(b) = RbΦ↑(b) + TtbΦ↓(b)

ω
in practice, put the Gaussian in the projected disk (slope space)

for a given direction, the matrix vector multiplication falls back to the scalar case
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given  and a GGX BSDF , come up with 
energy, mean, variance of the reflection/transmission 

 Gaussian lobes (explained later)
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Belcour’s algorithm
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Belcour’s algorithm
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subgoal: combine the two layers into one  to  
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Belcour’s algorithm
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Belcour’s algorithm
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equation similar to adding equation exists for variance
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Belcour’s algorithm
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Belcour’s algorithm
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Belcour’s algorithm
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 with roughness eR
12ρ(ω, ω′ ) r = fR(σR

12)



Belcour’s algorithm
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Belcour’s algorithm
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How do obtain the Gaussian lobes given GGX?
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given  and a GGX BSDF , come up with 
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energy is the integral of the GGX BSDF:
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mean is (approximately) the specular directions:
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How do obtain the Gaussian lobes given GGX?
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variance is related to the roughness

 
 

eT
12

ωT
12

σT
12

How do obtain the Gaussian lobes given GGX?
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Detail: important to consider 
multiple-scattering inside microfacet models as well

See Heitz et al. “Multiple-Scattering Microfacet BSDFs with the Smith Model”

images from Wenzel Jakob et al.
https://rgl.s3.eu-central-1.amazonaws.com/media/papers/Jakob2014Comprehensive_1.pdf

increased roughness

single-scattering 
microfacet

multiple-scattering 
microfacet

https://rgl.s3.eu-central-1.amazonaws.com/media/papers/Jakob2014Comprehensive_1.pdf


Belcour’s algorithm produces very tight 
approximation

https://belcour.github.io/blog/slides/2018-brdf-realtime-layered/slides.html#/17

https://belcour.github.io/blog/slides/2018-brdf-realtime-layered/slides.html#/17


More accurate than a more direct blending of 
BSDFs

https://belcour.github.io/blog/slides/2018-brdf-realtime-layered/slides.html#/17

https://belcour.github.io/blog/slides/2018-brdf-realtime-layered/slides.html#/17


Runs in realtime!

movie from Laurent Belcour
https://belcour.github.io/blog/slides/2018-brdf-realtime-layered/slides.html#/24

https://belcour.github.io/blog/slides/2018-brdf-realtime-layered/slides.html#/24


Implemented in Unity

https://docs.unity3d.com/Packages/com.unity.render-pipelines.high-definition@12.0/manual/master-stack-stacklit.html

https://docs.unity3d.com/Packages/com.unity.render-pipelines.high-definition@12.0/manual/master-stack-stacklit.html


Easily generalizable to anisotropic GGX



Somewhat generalizable to diffuse BSDFs



Next: Monte Carlo simulation



Idea: just compute the multiple scattering 
using Monte Carlo integration!

dielectric layer

diffuse layer

⋯
⋯



Brute-force simulation is still too slow

image from Yu Guo et al. & Gamboa et al.
https://www.ics.uci.edu/~yug10/webpage/pdf/2018TOG.pdf

https://beltegeuse.github.io/research/publication/2020_layered/

https://www.ics.uci.edu/~yug10/webpage/pdf/2018TOG.pdf
https://beltegeuse.github.io/research/publication/2020_layered/


Observation:  
the horizontal distance doesn’t matter in a BSDF

dielectric layer

diffuse layer

⋯
⋯



Idea: solve a small “1D” rendering equation
inside the material

Figure from Gamboa et al.
https://beltegeuse.github.io/research/publication/2020_layered/

mathematically: it’s a change of variable!

https://beltegeuse.github.io/research/publication/2020_layered/


The simplified rendering equation 
has much smaller variance

Gamboa et al.

image from Yu Guo et al. & Gamboa et al.
https://www.ics.uci.edu/~yug10/webpage/pdf/2018TOG.pdf

https://beltegeuse.github.io/research/publication/2020_layered/

Guo et al.

https://www.ics.uci.edu/~yug10/webpage/pdf/2018TOG.pdf
https://beltegeuse.github.io/research/publication/2020_layered/


More accurate than Belcour?
• Belcour’s code doesn’t directly support 

multi-layer high-res normal maps

• mipmapping for layered BSDF could be 
an interesting research topic 

Gamboa et al.https://beltegeuse.github.io/research/publication/2020_layered/

https://beltegeuse.github.io/research/publication/2020_layered/


Today: 3 approaches of modeling layered BSDFs

discussion: what are the pros and cons of the three methods?
if you want to implement one of these in your renderer,  

which one will you choose? why?



History (in graphics)

continuous adding equation!

1997 2000

Monte Carlo solution to the adding equation

2001 predecessor of Wenzel’s approach



Fun recent research about layered materials

the inverse version of Belcour’s algorithm



Fun recent research about layered materials



Next: hair & cloth
• rendering fiber structures

https://www.cs.drexel.edu/~david/Classes/Papers/p271-kajiya.pdf
https://www.cs.cornell.edu/~srm/publications/SG03-hair.pdf

https://shuangz.com/projects/practical_cloth-sa20/

https://www.cs.drexel.edu/~david/Classes/Papers/p271-kajiya.pdf
https://www.cs.cornell.edu/~srm/publications/SG03-hair.pdf
https://shuangz.com/projects/practical_cloth-sa20/

