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Motivation: generalize from fixed camera pose
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Motivation: 3D animation

https://webglfundamentals.org/webgl/lessons/webgl-skinning.html

https://webglfundamentals.org/webgl/lessons/webgl-skinning.html


World space vs camera space
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Given a triangle in world space,
we can transform it to camera space to rasterize it

world space camera space



The transform matrix from world to camera
is called the view matrix

world space camera space

view matrix V



For animation, it’s convenient to define 
a transformation between object and world

world space camera space

view matrix V

object space

model 
matrix M



Recall: 2D affine transform
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3D affine transform
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scaling

sx 0 0 0
0 sy 0 0
0 0 sz 0
0 0 0 1

Common 3D affine transformations



translation

1 0 0 tx
0 1 0 ty
0 0 1 tz
0 0 0 1

Common 3D affine transformations



shearing

1 λy
x λz

x 0
0 1 0 0
0 0 1 0
0 0 0 1

Common 3D affine transformations



rotate around z

cos θ −sin θ 0 0
sin θ cos θ 0 0

0 0 1 0
0 0 0 1

Common 3D affine transformations



rotate around an arbitrary axis 
(we will get to this next Monday)

a

a . x2 + (1 − a . x2)cos θ a . ya . x(1 − cos θ) − a . z sin θ a . za . x(1 − cos θ) + a . y sin θ 0
a . xa . y(1 − cos θ) + a . z sin θ a . y2 + (1 − a . y2)cos θ a . za . y(1 − cos θ) − a . x sin θ 0
a . xa . z(1 − cos θ) − a . y sin θ a . ya . z(1 − cos θ) − a . x sin θ a . z2 + (1 − a . z2)cos θ 0

0 0 0 1

Common 3D affine transformations



Common 3D affine transformations

world space camera space

(1, 0, 0)

(0, 0, -1)

the LookAt transform

input: position ( ), target ( ), and up ( ) p t u

(0, 0, 0)

target



world space camera space

(1, 0, 0)

(0, 0, -1)

the LookAt transform

input: position ( ), target ( ), and up ( ) p t u

(0, 0, 0)

target

d = normalize (t − p)

d

Common 3D affine transformations



world space camera space

(1, 0, 0)

(0, 0, -1)

the LookAt transform

input: position ( ), target ( ), and up ( ) p t u

(0, 0, 0)

target

d = normalize (t − p)
r = normalize (d × u)

d

r

Common 3D affine transformations



world space camera space

(1, 0, 0)

(0, 0, -1)

the LookAt transform

input: position ( ), target ( ), and up ( ) p t u

(0, 0, 0)

target

d = normalize (t − p)

d

r

u′ = r × d

u′ 

r = normalize (d × u)

Common 3D affine transformations



world space camera space

(1, 0, 0)

(0, 0, -1)

the LookAt transform

input: position ( ), target ( ), and up ( ) p t u

(0, 0, 0)

target

d = normalize (t − p)

d

r

u′ = r × d

u′ 

r = normalize (d × u)

r . x
r . y
r . z
0

where x axis goes to

Common 3D affine transformations



world space camera space

(1, 0, 0)

(0, 0, -1)

the LookAt transform

input: position ( ), target ( ), and up ( ) p t u

(0, 0, 0)

target

d = normalize (t − p)

d

r

u′ = r × d

u′ 

r = normalize (d × u)

r . x u′ . x
r . y u′ . y
r . z u′ . z
0 0
where y axis goes to

Common 3D affine transformations



world space camera space

(1, 0, 0)

(0, 0, -1)

the LookAt transform

input: position ( ), target ( ), and up ( ) p t u

(0, 0, 0)

target

d = normalize (t − p)

d

r

u′ = r × d

u′ 

r = normalize (d × u)

r . x u′ . x −d . x
r . y u′ . y −d . y
r . z u′ . z −d . z
0 0 0

where z axis goes to

Common 3D affine transformations



world space camera space

(1, 0, 0)

(0, 0, -1)

the LookAt transform

input: position ( ), target ( ), and up ( ) p t u

(0, 0, 0)

target

d = normalize (t − p)

d

r

u′ = r × d

u′ 

r = normalize (d × u)

r . x u′ . x −d . x p . x
r . y u′ . y −d . y p . y
r . z u′ . z −d . z p . z
0 0 0 1

translation

Common 3D affine transformations



world space camera space

(1, 0, 0)

(0, 0, -1)

the LookAt transform

input: position ( ), target ( ), and up ( ) p t u

(0, 0, 0)

target

d = normalize (t − p)

d

r

u′ = r × d

u′ 

r = normalize (d × u)

r . x u′ . x −d . x p . x
r . y u′ . y −d . y p . y
r . z u′ . z −d . z p . z
0 0 0 1

Common 3D affine transformations



V =

r . x u′ . x −d . x p . x
r . y u′ . y −d . y p . y
r . z u′ . z −d . z p . z
0 0 0 1

−1

world space
camera space

view matrix V

we use the convention that the view matrix is the inverse of the LookAt matrix

Common 3D affine transformations



cross product

a

b

a × b

a × b =
0 −a . z a . y

a . z 0 −a . x
−a . y a . x 0

b . x
b . y
b . z

Common 3D affine transformations



Is it possible to use a matrix to represent 
perspective projection?
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Yes, if we introduce homogeneous coordinates
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Yes, if we introduce homogeneous coordinates

p′ . x
p′ . w
p′ . y
p′ . w
p′ . z
p′ . w

1

=

p′ . x
p′ . y
p′ . z
p′ . w

=

1 0 0 0
0 1 0 0
0 0 0 1
0 0 −1 0

p . x
p . y
p . z

1

p = (x, y, z)

z = − 1 p′ = (−
x
z

, −
y
z

, − 1)



General perspective transformation
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Z-fighting
setting up a far clipping plane and mapping Z to  Z_near/Z_far helps resolving Z-fighting

https://www.youtube.com/watch?v=CjckWVwd2ek

https://www.youtube.com/watch?v=CjckWVwd2ek


The projection matrix often used in
rasterizers

1 0 0 0
0 1 0 0
0 0 f

f − n − fn
f − n

0 0 −1 0

n: near clipping Z
f: far clipping Z

this row maps Z from [n, f] to [0, 1]



The model-view-projection (MVP) matrices
for rasterization

world space camera space

view  
matrix V

object space

model 
matrix M

projection  
matrix P

image space

(in OpenGL, the projection transforms 
points to the “clip space”  

waiting for clipping)



In ray tracing, we usually use
the inverses of these matrices

world space camera space

V−1

object space

M−1 P−1

image space



Do homogeneous coordinates
preserve linear combination of points?
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Homogeneous coordinates do not
preserve linear combination of points
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normalize the last coordinate to “1” or “0” before you do something  
with your homogeneous coordinates vectors!



An alternative to homogeneous coordinates:
Grassmann coordinates

mx
my
mz
m

=

x
y
z
1

see this paper for a really nice motivation and explanation
assign each point with a “mass” m
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Application of 3D transformation: 
scene graph

also see “Entity Component System”
https://en.wikipedia.org/wiki/Entity_component_system

https://en.wikipedia.org/wiki/Entity_component_system


Application of 3D transformation: 
scene graph

robot

body

right  
arm
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arm
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Mrobot

Mbody

Mrarm

Mfinger1

also see “Entity Component System”
https://en.wikipedia.org/wiki/Entity_component_system

https://en.wikipedia.org/wiki/Entity_component_system


T-pose in 3D models

https://en.wikipedia.org/wiki/T-pose

https://en.wikipedia.org/wiki/T-pose


Application of 3D transformation: 
instancing

transformation matrix
pointer to the triangle mesh

transformation matrix
pointer to the triangle mesh

object 1

object 2



Application of 3D transformation: 
instancing

from Solid Angle Arnold



Next: 3D rotation

https://en.wikipedia.org/wiki/File:Spinning_Dancer.gif

https://en.wikipedia.org/wiki/File:Spinning_Dancer.gif

