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A quantum computer is subject to noise

H

S

S

S

𝑛
# of qubits

𝑑 : circuit depth

Toy model: errors occur randomly at all locations in a quantum circuit.

Naively seem to need short depth or few qubits to avoid errors.
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Quantum information can be protected using error correcting codes.

Image source: [Gambetta, Chow, Steffen 2017]

A logical qubit is composed 

of multiple physical qubits 

Using quantum error correction it is possible to compute fault-tolerantly. 

The overhead is impractical for now.



Machines now exist

Future quantum computers may be too big to simulate on a classical computer. 

What does this mean?

IBM Q experience https://quantumexperience.ng.bluemix.net/qx/devices







What can we do with limited or no error correction, using short depth circuits over 

a gate set determined by architecture? 
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Validate and verify

Quantum computing before fault tolerance

To make progress, address broader questions in algorithms and complexity…



Which restricted forms of quantum computation can be more 
powerful than classical computers?

Which are classically simulable?



Quantum advantage with shallow circuits

Sergey Bravyi, DG, Robert Koenig. arXiv:1704.00690
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These speedups disappear if the 

classical algorithms can be improved

Assumes complexity-theoretic and 

other conjectures. 

Oracles do not exist in the real world. 



I will describe a provable, non-oracular, quantum speedup attained by 
constant-depth quantum circuits in a 2D architecture.
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Constant-time quantum 

computation

Computational power

Constant-time parallel 

quantum computation

Structure/Simulation

Hardness of exact simulation.

[Terhal, Divincenzo 02]

Hardness for approximate

simulation

[Gao et al. 17] 

[Bermejo-Vega et al. 17]

Limits on state preparation.

[Eldar, Harrow 2015 ]

Efficient simulation of depth-2

[Terhal, Divincenzo 2002]

General simulation algorithms 

(superpolynomial) 

[Aaronson, Chen 2016]
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Smaller question: Can constant-depth quantum circuits solve a 
problem that constant-depth classical circuits can’t? YES…
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Big question: Can constant-depth quantum circuits solve a problem 

that polynomial time classical computers can’t?



The computational problem we consider can be viewed as a non-

oracular version of the Bernstein-Vazirani problem…
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Where else can we hide a linear function?
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𝐴 Symmetric 𝑛 × 𝑛 binary matrix

ker 𝐴 = {𝑥: 𝐴𝑥 = 0 mod 2}

𝑞(𝑥) = 2𝑧𝑇𝑥

𝑞 𝑥 = 𝑥𝑇𝐴𝑥 mod 4

𝑥 ∈ ker(A)

Hiding a linear function in a 2D quadratic form

2D Hidden Linear Function problem: Given 𝐴, find a secret bit string 𝑧 such that

Restrict to case where

A describes a subgraph

of 𝑛 × 𝑛 grid

View 𝐴 as adjacency

matrix.
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𝐶𝑍 = diag(1,1,1,−1)



𝐻⊗𝑛 𝐻⊗𝑛𝐶𝑍(𝐴) 𝑆(𝐴)

|𝐴⟩

|0𝑛⟩

|𝐴⟩

𝑧 ∈ {0,1}𝑛

𝑆=
1 0
0 𝑖

Apply CZv,w
if 𝐴v,𝑤 = 1

Apply 𝑆𝑣 if 

𝐴𝑣𝑣 = 1

Fact: The output 𝑧 is a uniformly random solution to the HLF problem

𝐶𝑍 = diag(1,1,1,−1)

Quantum algorithm for HLF problem



:   Edge with 𝐴𝑣𝑤 = 1

:   Vertex with 𝐴𝑣𝑣 = 1

Place a qubit at each vertex

Place input bits on vertices and edges:

𝑣 𝑤

𝑣

For the 2D HLF the algorithm has constant depth



Place a qubit at each vertex
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Constant depth quantum algorithm
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Theorem [Bravyi DG Koenig 2017]

Any classical probabilistic circuit composed of gates of fan-in ≤ 𝐾 which solves 

the 2D HLF Problem with probability greater than 7/8 has

depth ≥
log(𝑛)

8log(𝐾)

Classical circuits require log depth



Classical 

circuit

𝐴

𝑟

𝑧
Solution with 

probability > 7/8Random bits

(from any distribution)

Input Output

Circuit must have 

depth 𝛀(𝐥𝐨𝐠 𝒏 )
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Motivating example
[Greenburger et al. 1990][Mermin 1990]

𝐹1

𝐹2

𝐹3

𝑏1

𝑏2

𝑏3

𝑧1 = 𝐹1(𝑏1)

𝑧2 = 𝐹2(𝑏2)

𝑧3 = 𝐹3(𝑏3)

A completely local classical circuit. 

Inputs   𝐛𝟏, 𝒃𝟐, 𝒃𝟑 ∈ {𝟎, 𝟏} Outputs 𝐳𝟏, 𝒛𝟐, 𝒛𝟑 ∈ {−𝟏, 𝟏}



𝐹1

𝐹2

𝐹3

𝑏1

𝑏2

𝑏3

𝑧1 = 𝐹1(𝑏1, 𝑟)

𝑧2 = 𝐹2(𝑏2, 𝑟)

𝑧3 = 𝐹3(𝑏3, 𝑟)

Random

bits

𝑟

A completely local 

probabilistic classical circuit  
Local hidden variable model 

Motivating example
[Greenburger et al. 1990][Mermin 1990]



𝑏1 𝑏2 𝑏3 𝑧1𝑧2𝑧3
0 0 0 1
1 1 0 −1

0 1 1 −1

1 0 1 −1

The following input/output relation cannot be realized by a  completely local 

probabilistic classical circuit. 

“GHZ relation”

Motivating example
[Greenburger et al. 1990][Mermin 1990]
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However the GHZ relation can be realized by a quantum circuit with the same 

structure:

𝐺𝐻𝑍 =
1

2
000 + |111⟩

Motivating example
[Greenburger et al. 1990][Mermin 1990]
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𝑂(1) input bits. 

Proof ideas
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Classical needs 

depth 

𝐝 ≥ 𝒄𝐥𝐨𝐠 𝐧
Quantum circuit 

depth 𝒅 = 𝑶(𝟏)

What else can we do with constant depth quantum circuits?


