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1 Introduction

In the previous two lectures, we have seen various algorithmic techniques for NP-Complete
problems. These techniques yield non-trivial and different running times for each problem,
which raises the following question: is there any underlying unity in the exact time complexi-
ties of these problems?

To answer this question, recall the exponential time hypothesis for 3-SAT (ETH3-SAT):

Conjecture 1 (The Exponential Time Hypothesis [IP01]) 3-SAT requires 2cn time to solve for some
constant c > 0 where n is the number of variables. In other words, there exists d > 0 such that no algo-
rithm running in time O(2dn) can solve 3-SAT.

In short, 3-SAT cannot be solved in subexponential time unless ETH3-SAT is false. It is natural to
ask whether 3-SAT has a specific property that makes ETH3-SAT a plausible conjecture. It turns
out the answer to this question is false as Impagliazzo, Paturi and Zane [IPZ01] proved similar
running time lower bounds for many other problems.

Theorem 2 ([IPZ01]) For many “reasonable” problems P, ETHP is equivalent to ETH3-SAT where
ETHP is defined in a similar fashion to ETH3-SAT.1

We will describe over the next lectures what “reasonable” means in the theorem above. For
now, let us turn our attention to a class of problems that captures many natural NP-hard prob-
lems and a type of reduction that is normally used to prove NP-hardness results for the prob-
lems in this class.

2 Constraint Satisfaction Problems

A constraint satisfaction problem or CSP is a problem that can be written in the following form:
INPUT:

– Variable x1, . . . , xn

1Each type of problems has different running time lower bound one can hope for. The lower bound we would
like for CSPs is mentioned at the end of Section 2.
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– Alphabet set Σ

– Collection of allowable relations {(Rt, at)}t where 1 ≤ at ≤ n and Rt : Σat → {0, 1}

– A formula Rt1(xj1,1 , . . . , xj1,at1
) ∧ Rt2(xj2,1 , . . . , xj2,at2

) ∧ · · · ∧ Rtm(xjm,1 , . . . , xjm,atm
)

OUTPUT: Whether there is an assignment to the variables such that the formula is satisfied.

As stated earlier, many natural NP-Complete problems can be stated this way. For example,
k-SAT, 1-out-of-k SAT and k-coloring can be phrased as CSPs as shown in Figure 1.

Problems Variables Alphabets Allowable Relations
k-SAT Variables in the formula {0, 1} R(yi1 , . . . , yik) = (yi1 ∨ · · · ∨ yik)

where each yij is a literal
1-out-of-k SAT Variables in the formula {0, 1} R(yi1 , . . . , yik) = (∃!l, yil = 1)

where each yij is a literal
k-coloring Vertices {0, 1, . . . , k− 1} R(xi1 , xi2) = (xi1 6= xi2)

Figure 1: Demonstration of how to view k-SAT, 1-out-of-k SAT and k-coloring as CSPs.

Note that, for CSPs, we typically think of at’s as constants. Observe that, for any CSP, one can
use naive exhaustive search to solve the problem in time O(|Σ|n · poly(m)). This is typically
the running time that we aim for in the exponential time hypotheses for such problems, i.e., we
would like running time lower bounds to be exponential in n.

3 Gadget Reductions

For CSPs problems, a gadget reduction (also known as projection reduction) from problem
P = (Σ, {(Rt, at)}t)) to problem P′ = (Σ′, {(R′t, a′t})t) is a reduction characterized by construct-
ing a set of constant number of relations (which may include new variables), called a gadget, in
P′ that represents a relation in P.

Informally, the reduction takes an instance ({x1, . . . , xn},
∧m

l=1 Rtl (xjl,1 , . . . , xjl,atl
) of P and pro-

duces an instance ({x′1, . . . , x′n′},
∧m′

l′=1 R′t′l′
(x′jl′ ,1 , . . . , x′jl′ ,a′tl′

) of P′ such that each relation Rtl (xjl,1 , . . . , xjl,atl
)

in P is translated to the relations ∧pR′t′ip
(x′jip ,1

, . . . , x′jip ,a′tip

) in P′ by a gadget and that the original

relation Rtl (xjl,1 , . . . , xjl,atl
) is true if and only if there exists an assignment to the new variables

such that ∧pR′t′ip
(x′jip ,1

, . . . , x′jip ,a′tip

) is true. (Note that we think of variables x′1 = x1, . . . , x′n = xn

in the new instance as the old variables and x′n+1, . . . , x′n′ as the new variables.)

For example, if we would like to reduce 3-SAT to 1-out-of-3 SAT, we can define a gadget as
follows.

(x ∨ y ∨ z)⇒ R1/3(x, a, b) ∧ R1/3(y, c, d) ∧ R1/3(z, e, f ) ∧ R1/3(a, c, e)
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where a, b, c, d, e, f are new variables and R1/3 is the 1-out-of-3 relation (i.e. R1/3(g, h, i) is true if
and only if exactly one of g, h, i is true). It is not hard to see that (x ∨ y ∨ z) is true if and only if
there exists a, b, c, d, e, f such that R1/3(x, a, b) ∧ R1/3(y, c, d) ∧ R1/3(z, e, f ) ∧ R1/3(a, c, e) is true.

In this example, if we would like to reduce an instance (x ∨ y ∨ z) ∧ (y ∨ z ∨ t) of 3-SAT
to an instance of 1-out-of-3 SAT, then the result is R1/3(x, a, b) ∧ R1/3(y, c, d) ∧ R1/3(z, e, f ) ∧
R1/3(a, c, e)∧R1/3(y, ã, b̃)∧R1/3(z, c̃, d̃)∧R1/3(t, ẽ, f̃ )∧R1/3(ã, c̃, ẽ) where a, b, c, d, e, f , ã, b̃, c̃, d̃, ẽ, f̃
are the new variables.

Finally, observe that, since each constraint is reduced by a gadget to a constant number of
constraints, we have m′ = O(m). Moreover, since each constraint introduces at most a constant
number of new variables, the total number of variables n′ in the resulting instance is at most
O(n + m).

4 Running Time Lower Bound via Gadget Reduction

Unfortunately, the parameters we get in the previous section is still not good enough to prove
Theorem 2. In particular, if the starting instance has m = ω(n) clauses, then the resulting
instance have n′ = ω(n) variables. This means that, with only the gadget reduction, 2Ω(n)

running time lower bound for the original problem does not imply 2Ω(n′) running time lower
bound for the resulting problem. To solve this issue, we turn to the sparsification lemmas.

Recall that, in Lecture 13, we learned about the following sparsification lemma for maximum
independent set due to Johnson and Szegedy [JS99].

Lemma 3 (Sparsification Lemma for Maximum Independent Set [JS99]) Let TIndSet(n) be the run-
ning time needed to solve maximum independent set on a graph of n vertices (with any number of edges)
and let TIndSet-Deg≤d(n) be the running time needed to solve maximum independent set on a graph of n
vertices with each vertex has degree at most d.

For all c > 0, there exists d such that

TIndSet(n) ≤ 2cn · TIndSet-Deg≤d(n).

In summary the sparsification lemma tells us that, if TIndSet(n) is exponential in n, then there ex-
ists d such that TIndSet-Deg≤d(n) is also exponential in n. In other words, if we assume ETHIndSet,
then even finding the maximum independent set on a graph with bounded degree (at most d)
still takes at least exponential time.

As a result, using the following ideas, we can show that ETHIndSet implies ETH3-SAT. First,
we use the sparsification lemma to show that the maximum independent set problem is hard
on bounded degree graphs. Using a gadget reduction2, we then reduce the maximum inde-

2Here we abuse our notion of gadget reductions since the maximum independent set problem is in fact not a
CSP.
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pendent set problem on bounded degree graph to 3-SAT. Since m = O(n) in bounded degree
graph, the resulting 3-SAT instance has n′ = O(n), which yields ETH3-SAT as desired

We defer proving that ETH3-SAT implies ETHIndSet to next lecture, in which we will discuss
about the sparsification lemma for 3-SAT and show that ETH3-SAT implies ETHP for many prob-
lems P, including the maximum independent set problem.
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