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Fig. 1. OUR APPROACH FOR DIRECT ILLUMINATION. @ For each traced light path, we usually can obtain not only the function value f(X;), but also rich auxiliary
information, such as the sample position X; and, if the path hits a spherical area light, the light position p(X;), emission e(X;), and radius r(X;), etc. While
such information is typically ignored by a standard Monte Carlo estimator, we encode all these features into a sample token. @ Our adaptive sampler decides
the direction of the next path, by observing all previous path samples and predicting the most informative direction. This is implemented using causal attention
to model the distribution of the next sample. @ We then draw the next sample from this distribution, trace the corresponding adaptive path, collect its
information, and encode it as a new token. @ After collecting enough samples, we estimate the integral by attending to all sample tokens within the same
pixel using bidirectional attention, and output the final pixel color. Our method does not involve any spatial reuse and operates purely as a per-pixel integrator.
Our neural sampler and integrator are jointly trained on a large dataset of scenes and runs in a purely feed-forward manner at inference time. With the same
number of samples, it achieves significant improvements over Monte Carlo baselines, even on many previously unseen scenes.

Monte Carlo integration is widely used in computer graphics, especially in
rendering, but we identify two key limitations. First, for each sample, we can
often obtain rich auxiliary information, such as sample position, or geometric
information. However, a classical Monte Carlo estimator cannot effectively
use this information and only averages the function values. Second, the
Monte Carlo formulation makes it difficult to adapt the sampling distribution
toward truly informative regions, which can be critical for reconstructing the
signal. To address these limitations, we argue that a sampler and integrator
beyond the standard Monte Carlo methods is needed. We therefore propose
an end-to-end sampling-integration approach that jointly learns both a
sampler and an integrator using neural networks, enabling samples to be
drawn and used in a more coupled and principled manner. By training on
a dataset of integrands, the estimator can further use learned priors over
integrand structure and specialize to a family of problems. We evaluate
our method on diverse applications in lighting, transmittance, generalized
winding number, and walk-on-spheres, spanning both linear and nonlinear
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cases, and a broad range of low- and high-dimensional settings. Even though
the networks add computational overheads, in the equal-sample setting, our
method achieves substantial improvements, providing a powerful alternative
to traditional quadrature rules and sampling methods.

CCS Concepts: « Computing methodologies — Rendering.
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1 INTRODUCTION

In computer graphics and related fields, integration has been pre-
dominantly performed by Monte Carlo! and numerical quadrature
methods, accompanied by some form of stratified sampling. In this
work, we show that there is significant room for improvement we
can potentially gain by moving away from the Monte Carlo regime,
and jointly considering the sampling and the integration tasks.
Monte Carlo integration methods ignore important information
and impose unnecessary constraints if we consider them as a recon-
struction of the underlying signals for integration [O’Hagan 1987].

This work is licensed under a Creative Commons Attribution 4.0 International License.

'While the term Monte Carlo can broadly refer to any stochastic algorithm, in this
work we specifically use it to denote Monte Carlo integration methods that rely on
expectations and the law of large numbers to guarantee unbiasedness or consistency.
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Fig. 2. Mismatch between reconstruction and MC integration. Both
reconstruction and integration use point samples to learn about a function.
Reconstruction aims to recover the function's shape, while integration
aims to estimate its integral. However, Monte Carlo integration sometimes
behaves quite di erently from reconstruction. (a) Consider three samples

- 2, and- 3, where- 3 is identical to- ;. Since- 3 adds no new information,

a reconstruction method would usually behave the same as if onlyand

- 2 were given. (b) Monte Carlo, however, averages all three samples equally,
even though- ; and- 3 overlap. This happens because Monte Carlo does
not use the spatial information between sample positions. (c) As another
example, if we obtain three samples, - 2, and- 3, a reconstruction method
will usually give the same prediction regardless of how these samples were
drawn. (d) Monte Carlo, however, can give di erent estimates even when
the sample sets are exactly identical, if they were drawn using di erent
importance sampling distributions. This happens even though the estimators
obtain the same information about the integrand, revealing Monte Carlo's
heavy, and sometimes excessive, dependence on the sampling distribution.

For one, they ignore signi cant auxiliary information such as sam-
ple locations (Fig. 2(b)), derivatives, or in the case of light transport,
the material, lighting, and geometric information associated with
the corresponding light paths. This auxiliary information can pro-
vide critical information for reconstructing the latent signal. For
another, importance sampling and adaptive importance sampling
methods weigh the samples using their probability densities, and
encourage the sampling density to be proportional to the integrand.
However, importance sampling signi cantly restricts the algorithm
design by making both sampling and integration heavily depen-
dent on the sampling distribution (Fig. 2(d)) and prevents adaptive
reconstruction strategies such as sampling close to sharp features
or boundaries. While numerical quadrature methods and their sto-
chastic variants [Crespo et 282021; Haber 1969; Salatin et2022]
partially alleviated some of the issues, they still have to assume par-
ticular function classes of the integrand for analytical integration
and still signi cantly constrain the design of the sampling routine.
We broadly generalize existing methods by treating sampling
and integration as an end-to-end learning task. Instead of using a
hand-designed estimator, we train an integration neural network

(INet, Fig. 1) to predict the integral directly from all sample ob-
servations, enabling it to exploit auxiliary information and exible
sampling strategies, at the cost of giving up strict unbiasedness and
consistency guarantees. We show that a network predicting the
weights of samples can subsume most existing methods including
numerical quadratures, control variates [Lu et @025; Salailin et al
2022], and multiple importance sampling [Veach and Guibas 1995].
To complement this learned integrator, we employ a second sam-
pling neural network (SNet, Fig. 1) to decide where to draw the
next sample, with the goal of maximizing the integrator's predictive
accuracy. We show how to address the lack of direct supervision
by learning the sampling distribution in a self-supervised manner
using reinfocement learning techniques. Through joint training, the
sampler learns where to adaptively draw samples that are most in-
formative for the integrator, while the integrator learns to e ectively
use the resulting rich observations.

Our results (e.g., Fig. 1) suggest that there is a lot of sampling and
integration e ciency left on the table by (quasi) Monte Carlo inte-
gration, evenwithout reusing sample information across pixels as
in denoising. While our approach incurs neural inference overhead
and may not yet outperform baselines under equal-time budgets, it
shows clear advantages for equal-sample comparisons. We believe
this opens a new direction for integration, particularly when sam-
pling is expensive (e.g., complex scenes or CPU rendering) and as
neural inference continues to accelerate on modern hardware.

Our technical contributions are:

To address the fundamental limitations of Monte-Carlo-
based estimators, we propose a learning-based integration
method that jointly learns sampling and integration, en-
abling adaptive sampling and e ective use of samples from
the perspective of sampling and reconstruction.

We show that viewing integration as sample reweighting
subsumes and generalizes existing methods and enables
e ective network design. Based on this view, we train an
integration network (INet) to weigh the samples (Section 4).
Learning an adaptive sampling distribution is challenging
due to the lack of direct supervision data. We design an
autoregressive sampling network (SNet) and train it jointly
with the integrator (INet) using reinforcement learning al-
gorithms in a self-supervised manner (Section 5).

We demonstrate that our approach generalizes and provides
signi cant accuracy improvements over Monte Carlo meth-
ods in an equal-sample setting. We show a wide range of
integration tasks across di erent dimensionalities, including
physically based rendering (1D 6D), generalized winding
numbers and smoothed distances of curves (1D), and Walk-
on-Spheres (12D) (Section 6 and Appendix E).

An open-source implementation of our method is available under
https://github.com/suikasibyl/nqr.

2 RELATED WORK
2.1 Integration and reconstruction

Quadrature rulesNumerical quadrature rules approximate de -
nite integrals by forming weighted averages of sampled function
values, with examples including the rectangle rule, the trapezoidal



Fig. 3. Established sampling strategies.(a) For a given function, di er-
ent sampling strategies can be used for integration or reconstructi).
Random white noise can be used in either se ing, but it is usually not the
most e icient. (c) Importance sampling places more samples in high-valued
regions, which is beneficial for Monte Carlo integration but less reason-
able from a reconstruction perspectiv@) Stratified sampling distributes
samples more uniformly than white noise and is therefore usually more
informative in general(e) Many denoisers prefer to place samples near
boundaries, as these regions contain more information about discontinu-
ities. However, this strategy has not yet been shown to benefit Monte Carlo
integration, largely due to its overdependence on importance sampling.

rule [Quarteroni et al 2006], and Monte Carlo methods [Owen 2013;
Robert et al1999]. Many handcrafted quadrature rules can be inter-
preted as explicitly reconstructing the integrand. For example, the
trapezoidal rule corresponds to a piecewise linear reconstruction.
Such methods can achieve high accuracy in low-dimensional set-
tings, highlighting the close connection between integration and
reconstruction. However, explicit reconstruction becomes expo-
nentially more di cult as dimensionality increases, causing these
approaches to quickly su er from the curse of dimensionality. In
such cases, Monte Carlo methods become a practical alternative.
Our work suggests that a neural quadrature can improve sample
e ciency over handcrafted rules in low dimensions and also o er
advantages over Monte Carlo methods in higher-dimensions.

DenoisingDenoising [Li et al 2012; Moon et aR016; Schied et al
2017; Zwicker et al2015] is a prominent example of reconstruc-
tion in rendering, where noisy observations are used to recover a
clean image. Neural network based approaches [Bako eRall7;
Balint et al 2023; Chen et a2024; Kalantari et aR015] have shown
strong ability to learn e ective reconstruction strategies that often
outperform manually designed methods. This success motivates
us to adopt neural techniques for integration as well. Some exten-
sions of denoising methods incorporate high-dimensional integrand
spaces [Hachisuka et .@008; Sen et a011] as well as sample-
or path-space information [Cho et a2021; Gharbi et aR019; Lin
et al. 2021], which are more closely related to our approach. Our
work shows that even without spatial reuse, improved integral esti-
mates can be obtained purely from existing samples. Moreover, our
formulation generalizes beyond rendering applications.

Reconstruction for Monte Carlo variance reduciRatonstruction
can also serve as an auxiliary tool for MC variance reduction. Path
guiding [Bako et al2019; Dahm and Keller 2017; Lafortune and
Willems 1995; Lu et aR024; Muller et al2017; Zeng et aR025b] re-
constructs incoming radiance to guide importance sampling, while
many other methods employ reconstructed integrands as control
variates [Crespo et aR021; Muller et al2020; Salaiin et a2022;
Xu and Wang 2025]. These approaches typically rely on explicit,
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Fig. 4. Paradox in path guiding. (a) In path guiding, suppose we have traced
samples in regiomA and (b) identified a high-valued lobe(c) Importance
sampling then encourages drawing more samplesin even though this
region is already well explored and provides li le new informatioid)
Meanwhile, another lobe may or may not exist in regidd. (e) Sampling in

B would greatly reduce uncertainty by revealing whether such a lobe exists.
However, although these samples are informative from a reconstruction
perspective, they can harm Monte Carlo estimatesBfcontains only low
values. Ideally, an estimator should benefit from uncertainty reduction
regardless of whether the sampled valuesknhare high or low.

per-scene reconstruction and are designed to preserve unbiased-
ness, which in turn requires representations that are analytically
integrable or sampleable [Li et #£2024; Meister and Harada 2025;
Muller et al. 2018; Miller et al2020; Ott et al2023; Wu et al2025].

Our method avoids explicit reconstruction and per-scene tting, and
relaxes the unbiasedness requirement for a broader design space.
Moreover, our approach naturally supports integration with adap-
tive sampling, which is not addressed in this line of work.

2.2 Sampling strategies

Sampling plays a key role in both integration and reconstruction, as
it directly determines where and what information is collected. As
shown in Fig. 3, while uniform random sampling is easy to generate,
many more advanced strategies have been explored in the literature.

Importance samplingAs one of the most widely used variance
reduction techniques, importance sampling places more samples
in regions where the function has higher values. Its bene t comes
from dividing the function value by the sampling density, which
ideally makes the integrand e ectively more uniform. However,
outside the Monte Carlo context, placing samples in high-value
regions can be questionable, since it does not necessarily make the
samples more informative. This issue becomes more pronounced in
path guiding, where reconstruction is also involved. As illustrated
in Fig. 4, importance sampling tends to place more samples in high-
valued regions, often leading to repeated sampling of regions that
are already well explored. In contrast, exploring unknown regions
can signi cantly reduce uncertainty about the integrand, but may
harm Monte Carlo estimators if the new samples have low values.
To sidestep this paradox, we really need an integrator that bene ts
from informative samples rather than high-valued ones.

Quasi-Monte Carlo point sets and sequerq@easi-Monte Carlo
methods use sample sets or sequences that cover the space more
uniformly [Ahmed and Wonka 2021; Ahmed et 2016; Durand 2011;
Niederreiter 1992; Owen 1997a,b; Perrier eRall8], by imposing
low-discrepency, blue noise properties, or their combination. More
recently, di erentiable and neural methods have also been used to
design sample sets that satisfy multiple criteria [Doignies et24123,
2024; Leimkuhler et a2019]. Although these point sets are proven
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Fig. 5. Our integration pipeline. We estimate an integral by first drawing samples in an autoregressive and adaptive manner to gather information about the

integrand (top row). Once all samples are collected, a neural network predicts a reweighting factor for each sample, and the final estimate is computed as a

weighted average (bo om row)(a) For each new sampleg, (b) we evaluate the function valu&?!- g° and collect auxiliary information to form a sample
information vector.(c) The vector is mapped to a sample tokgp using a multi-layer perceptron (MLP), which is further processed by a causal transformer
together with previous tokens, where each token can only a end to earlier on@d.The transformer predicts a distribution over the next sample location.
(e) A new sample is drawn from this distribution, and the process repeats until the desired number of samples is obtained. For integffatalhsample
information vectors are re-encoded using a separate M{d}.The resulting tokens are fed into a bidirectional transformer, where all tokens can a end to each
other. (h) The transformer predicts a reweighting factor for each samgig.Finally, the integral is estimated as a reweighted average of all samples.

to be e ective, they are generally 1) integrand-agnostic and 2) forced

3 OVERVIEW

to be uniform, largely because they are designed for the Monte Carlo \ye propose solving the integration problem using an end-to-end

framework. Instead, we draw samples progressively [Christensen
et al 2018] and aim to use previous samples as observations of
integrands to obtain posterior and integrand-aware sampling.

Adaptive samplingAdaptive sampling [Zwicker et al2015] is
widely used in denoising to identify samples that are most helpful
for reconstruction quality. A-priori methods [Durand et 22005] use
frequency analysis of rendering behavior to predetermine sample
positions, while a-posteriori methods [Hachisuka et 2008; Over-
beck et al2009] analyze existing samples to decide where additional
samples should be placed. Typically, the adaptive sampling operate
in image space [Firmino et a023; Salehi et 282022], with some
rare exceptions [Hachisuka et .e2008]. More recently, learning-
based approaches [Firmino et &023; Scardigli et a2023] have
been explored to optimize reconstruction in an end-to-end manner.
Adaptive sampling has also been applied beyond denoising [Huo
et al 2020; Schwarzhaupt et.8&2012; Ward et al1988; Xu et al
2018], but these methods are still developed primarily in the context
of reconstruction. In contrast, our method performs sampling and
integral estimation within each pixel. These two approaches oper-
ate at di erent stages and can be combined: denoisers guide which
pixels to sample, while our method improves estimation within
selected pixels. Our approach may introduce artifacts, suggesting
joint denoiser training.

neural approach, as illustrated in Fig. 5. The approach consists of
two components: adaptively drawing samples to gather informative
observations, and using these observations to predict the integral. In
the sampling stage, we collect samples from the integrand in an au-
toregressive and adaptive manner. To determine where to draw the
next sample, we condition on all previous sample information and
let a neural network select the most informative location. This pro-
cess is repeated until the desired number of samples is collected. In
the integration stage, all samples and their corresponding auxiliary
information are jointly processed by a transformer [Vaswani et al
2017] to predict a reweighting factor for each sample. The integral
is then estimated as a weighted average of the sample values.

Our design addresses the aforementioned limitations by learning
both how to use auxiliary information and how to perform integra-
tion. The learned integrator can leverage priors over integrands and,
more importantly, compensate for learned biased sampling (e.g.,
edge-aware patterns). This removes strict importance sampling con-
straints and enables adaptive sampling for integration. All bene ts
come at the cost of bias and additional network evaluation overhead.

4 NEURAL QUADRATURE RULE

In this section, we consider a simpli ed setting in which the sam-
pling strategy is xed, and the goal is to predict the integral as
accurately as possible given all available sample information. As a
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