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Dual Photography
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Figure 1: (a) Conventionalphotographof a scene,illuminatedby a projectorwith all its pixels turnedon. (b) After measuringthe light
transportbetweentheprojectorandthecamerausingstructuredillumination,our techniqueis ableto synthesizea photorealisticimagefrom
thepoint of view of theprojector. This imagehasthe resolutionof theprojectorandis illuminatedby a light sourceat thepositionof the
camera.Thetechniquecancapturesubtleillumination effectssuchascausticsandself-shadowing. Note,for example,how theglassbottle
in theprimal image(a) appearsasthecausticin thedualimage(b) andvice-versa.Becausewe have determinedthecompletelight transport
betweentheprojectorandcamera,it is easyto relight thedualimageusingasyntheticlight source(c) or a light modi�ed by amattecaptured
laterby thesamecamera(d).

Abstract
We presenta novel photographictechniquecalleddual photogra-
phy, which exploits Helmholtzreciprocityto interchangethelights
and camerasin a scene. With a video projectorproviding struc-
turedillumination, reciprocitypermitsusto generatepicturesfrom
theviewpoint of theprojector, eventhoughno camerawaspresent
at that location. The techniqueis completelyimage-based,requir-
ing no knowledge of scenegeometryor surface properties,and
by its natureautomaticallyincludesall transportpaths,including
shadows, inter-re�ections and caustics. In its simplestform, the
techniquecanbe usedto take photographswithout a camera;we
demonstratethis by capturinga photographusinga projectorand
a photo-resistor. If the photo-resistoris replacedby a camera,we
canproducea 4D datasetthat allows for relighting with 2D inci-
dentillumination. Usinganarrayof cameraswe canproducea 6D
sliceof the8D re�ectance�eld thatallows for relightingwith arbi-
trary light �elds. Sinceanarrayof camerascanoperatein parallel
without interference,whereasanarrayof light sourcescannot,dual
photography is fundamentallya moreef�cient way to capturesuch
a 6D datasetthana systembasedon multiple projectorsandone
camera. As an example,we show how dual photography canbe
usedto captureandrelight scenes.
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1 Intro duction
Helmholtzreciprocity, the ideathat the �o w of light canbeeffec-
tively reversedwithoutalteringits transportproperties,is exploited
in many graphicsapplicationsto reducecomputationalcomplex-
ity (e.g. in ray-tracingsystems[Whitted 1980]). In the graphics
literature,this reciprocity is typically summarizedby an equation
describingthesymmetryof theradiancetransferbetweenincoming
andoutgoingdirectionswi andwo: fr (wi ! wo) = fr (wo ! wi),
wherefr representstheBRDFof thesurface.Althoughthisgeneral
form is oftenattributedto Helmholtz,hisoriginal treatiseonoptics
makes this claim only for specularinteractions[1856]. Rayleigh
laterextendedreciprocityto includenon-specularre�ection [1900].
For a morecompletediscussionon reciprocity, interestedreaders
arereferredto Veach[1997].

In this paperwe introducetheconceptof dual photographywhich
is basedon Helmholtzreciprocity. In particular, we presenttech-
niquesfor ef�ciently capturingthe light transportbetweena cam-
eraanda projector, including effectssuchasmirroredre�ections,
caustics,diffuse inter-re�ections andsubsurfacescattering.More
precisely, we acquirethe transportcoef�cients betweenevery pair
of cameraand projectorpixels at the resolutionof both devices.
Oncethis informationhasbeencaptured,it canbe usedfor scene
relighting[Masseluset al. 2003],wherea virtual patternis usedto
illuminatethesceneasa post-process.Furthermore,sincewe have
resolvedthelight transportdown to thepixel level of theprojector,
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we caninterchangethe role of cameraandprojectorandgenerate
a full resolutiondual image from the point of view of the projec-
tor. This dual imagecanthenberelit by anadjustablelight source
locatedat the original cameraposition. Becausethis light canbe
of high spatialresolution,we canachieve complex lighting effects,
suchascastingsharpshadows.

This paperhas threemain contributions. First, in Section2 we
demonstratehow Helmholtzreciprocitycanbe usedto generatea
dualimagefrom aviewpointwherenocamerawaspresent.In Sec-
tion 3, wedevelopef�cient algorithmsto capturethelight transport
in parallel by projectingpatternsthat adaptto the scenecontent.
Theseimprovementsallow for practicalcaptureof thetransportma-
trix neededfor dualphotography. Finally, in Section4 weshow that
dualphotography canbeappliedto theproblemof scenerelighting.
In particular, we show thatwe canef�ciently capturea 6D sliceof
the full 8D re�ectancefunction that describesthe relationshipbe-
tweenthe 4D incoming light�eld andthe 4D outgoinglight �eld
[Debevec et al. 2000]. This 6D slice allows us to relight a scene
usinga 4D incident light �eld while keepingthe viewpoint �x ed.
By combiningthespeed-upfrom thealgorithmwe have developed
with the fundamentalef�ciency of dual photography, we canac-
quire our re�ectancedataat oneorderof magnitudehighereffec-
tive resolutionandcaptureit two ordersof magnitudefasterthan
the bestprevious results,e.g. [Masseluset al. 2003] or [Goesele
etal. 2004].

2 Dual Photography
We explain theprincipleof dualphotography with referenceto the
imagingcon�guration shown in Figure2. We have a projectorof
resolutionp� q shining light onto a sceneanda cameraof reso-
lution m� n capturingthe re�ected light. Sincelight transportis
linear, the transportfrom the projectorthroughthe sceneandinto
thecameracanbeexpressedasthefollowing simpleequation:

c0= Tp0 (1)

Thecolumnvectorp0 is theprojectedpattern(size pq� 1), andc0

(sizemn� 1) representstheimagecapturedby thecamera.Matrix
T (size mn� pq) is the transportmatrix that describeshow light
from eachpixel of p0arrivesateachpixel of c0, takinginto account
re�ections,refractions,andall otherlight transportpaths.For intu-
ition on thecompositionof T, readersarereferredto Figure3.

We usetheprimesuperscript(0) to indicatethatwe areworking in
the primal spaceto distinguishit from its dual counterpart,which
wewill introducein amoment.Helmholtzreciprocitystatesthatthe
light sourcesandcamerasin a scenecanbe interchangedwithout
changingeitherthepathtakenby thelight or thetransferof energy
from oneto theother. As we show in AppendixA, this meansthat
wecanrepresentthedualof Equation1 asfollows:

p00= TTc00 (2)

In this equationthe transportmatrix T of thesceneis thesameas
beforeexceptthatwe have now transposedit to representlight go-
ing from thecamerato theprojector. We shall refer to Equation1
asthe“primal” equationandEquation2 asthe“dual” equation.In
thedualspace,p00representsthevirtual imagethatwould bevisi-
ble at theprojectorif thecamerawere“projecting” patternc00. We
call theprocessof transposingthetransportmatrixandmultiplying
by thedesiredlighting dual photography. Sincethe two represen-
tationsareequivalent,theT matrix canbeacquiredin eitherspace
andthentransposedto representtransportin theotherspace.This
is a relatively largematrix, sowe developalgorithmsto accelerate
its acquisitionin Section3. Also notethatthetwo equationsarenot
mathematicalinversesof eachother(i.e.TT T 6= I). This is because
energy is lost in any real systemthroughabsorptionor scattering.
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Figure 2: The principle of dual photography. The top diagram
shows our primal con�guration,with light beingemittedby a real
projectorandcapturedby a real camera. Matrix T describesthe
light transportbetweenthe projectorandthe camera(elementT i j
is the transportcoef�cient from projectorpixel j to camerapixel
i). Thebottomdiagramshows thedualcon�guration,with thepo-
sitions of the projectorand camerareversed. SupposeT00is the
transportmatrix in this dualcon�guration,so thatT00

ji is the trans-
portbetweenpixel i of thevirtual projectorandpixel j of thevirtual
camera.As shown in AppendixA, Helmholtzreciprocityspeci�es
that the pixel-to-pixel transportis equal in both directions,i. e.
T00

ji = T i j , which meansT00= TT . As explainedin the text, given
T, we canuseTT to synthesizetheimagesthatwould beacquired
in thedualcon�guration.

Therefore,if we measurec0 after applyingp0, we cannotput this
backin c00andexpecttheresultingp00to equaltheoriginalp0.

We canextendthis ideato a con�gurationof multiple camerasand
projectors. Suppose�rst we had a single projectorand an array
of k � l camerasall aimedat thescene.Sinceeachcameraseesa
unique2D sliceof the8D re�ectance�eld, it will observeaunique
transportfunction with respectto the projector. Theseindividual
transportmatricescan be concatenatedtogetherto form a larger
klmn� pq matrix that representsthe6D transferbetweena single
spatiallyvaryinglight source(theprojector)andmultiple cameras.
Applying the principle of duality we canturn this datainto a ma-
trix representingthetransportbetweenmultiple projectorsandone
camera. We demonstratethis idea in Section4. Measuringthis
transportfor multiple projectorpositions(in primal space)would
capturethe full 8D re�ectance�eld, but this hasnot yet beenim-
plemented.

Photography without an imaging element.We now demonstrate
asimpleexampleof dualphotography by synthesizingadualimage
of a scenewithout usingan imagingdevice. Supposethat instead
of acamerawehavealight sensorthatintegratesc0oversomesolid
angleto produceascalarvaluec0. This turnstheT matrix in Equa-
tion 1 into a row vectorthatfor any input lighting p0resultsin only
a scalaroutput. ThusEquations1 and2 becomec0=

�
t1 � � � tpq

�
p0

andp00=
�
t1 � � � tpq

� T c00respectively. Thusthe dual imagep00we
would get at the projectoris simply this columnvectorscaledby
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Figure 3: Makeup of the T matrix. Thecolumnsof theT matrix
representthepicturesthatwouldbetakenatc0whentheappropriate
pixel at p0 is lit. Thus, we can think of T as a concatenationof
cameraimagesc0

1 throughc0
pq in columnvectorform. In a similar

way, the columnsof TT in the dual spacerepresentimagesat the
projectorp00whenasinglepixel at c00is illuminated.

the new virtual light sourcec00. This new light sourcecannotbe
spatiallymodulated(sincec00is a scalar)andit shinesin every di-
rection(up to theviewing angleof thephoto-resistor)in proportion
to thesensitivity of thephoto-resistorin thatdirection.

To generatethe dual image,we must �rst �nd the valuesof t =�
t1; : : : ; tpq

�
. A simplewayto dothis is to performapixel scanwith

theprojectorby displayingp� q differentpatternseachwith only
one elementlit up at a time. We shall refer to this techniqueas
the “brute-force”pixel scan.Whenprojectedinto the scene,each
of thesebasispatternsextractsa singlecomponentof the t vector
whichwill bemeasuredby thephoto-resistorasvaluec0. By putting
thesemeasurementsbacktogetherin thecorrectorder, thet vector
canbeconstructedandusedto synthesizeanimagefrom thepoint
of view of theprojector.

An imageconstructedusingthis approachis presentedin Figure4.
This imagewasacquiredby scanninga 3� 3-pixel squareon the
screenand recordingthe measurementby the photo-resistorsat
eachposition. The areasubtendedby eachprojectorsquareis in-
tegratedto form onepixel in the�nal image,solargersquareswill
yield coarserimageswith respectto thescene.However, this inte-
grationhasthebene�cial sideeffectof antialiasingtheimageusing
a box �lter aslarge asthe pixel square.A 3� 3-pixel squarewas
chosenfor two reasons.First, thepixel-by-pixel scanis slow sothe
squarehadto be appropriatelysizedto the sceneto �nish within
reasonabletime (90 minutesfor this example). Second,it is dif�-
cult to getagoodsignalwith lessthana3� 3-pixel squarebecause
of thelimited sensitivity of thephoto-resistor. TypicalDLP projec-
tors alsosuffer from limited contrastwhich createsa “dark level”
andactsasasourceof noisein ourmeasurements.

Comparison to Previous Work. The experimentof the last sub-
sectionmight remindreadersof the“�ying-spot” camera,aprecur-
sor to the moderntelevision camera.First demonstratedsuccess-
fully by JohnBaird in 1926,this camerauseda light sourcemod-
ulatedby a perforateddisk (known asa Nipkow disk) to scanlight
spotsacrossa scene.As in our experiment,theoutgoinglight was
measuredby photosensorsusedto generatethe image. Thereare
alsomodernversionsof �ying-spot cameras(seee.g.Microvision's
confocalmicroprobewhich usesa scanninglaserto image). Ar-
guablyotherscannedbeamsystemssuchassonar, ultrasound,and
scanningelectronmicroscopescanbeconsidereddualphotographic
systemsaswell. Thus,theexperimentshown in theprevioussec-
tion is notnew — whatis novel is thedualphotography framework
we presentthatextendstheideasfrom scannedbeamsystemswith
simplenon-imagingsensorsto systemswith bothcamerasandpro-
jectors.Also new is our demonstrationthatcamerasandprojectors
can be interchangedwhen the transportfrom one to the other is
known.

Figure 4: Photography
without an imaging sensor.
This image was generated
using a projector and two
photo-resistorslike the one
shown in the inset. This is
a dual imageof the scenein
Figure 1 and is a view of
the scenefrom the projec-
tor's location as illuminated
by point light sourcesat the
locationsof the two photo-
resistors.

The light transportmatrix we usein our work appearsin similar
form in several recentrelighting papers. Our work was inspired
by Masseluset al. [2003] who also useda cameraand a projec-
tor for scenerelighting. By moving the projectorto multiple po-
sitions, they acquireda 6D re�ectance�eld with coarseprojector
resolution(16� 16samples).A re�ectance�eld with higherspatial
resolutionbut no angularresolutionhasbeencapturedby Goesele
et al. [2004] in orderto relight objectswith heterogeneousdiffuse
subsurfacescatteringproperties.In their approach,a laserprojec-
tor scannedtheobjectsurfacewhile anHDR videocameratookup
to onemillion images,resultingin a moderateeffective projector
resolution. In this paper, we demonstratetechniquesto capturea
re�ectance�eld with higher spatialresolutionusing signi�cantly
fewer images.

In the relightingwork by Debevec et al. [2000] distantpoint light
sourcesareassumed,which meansthatthereis no spatialvariation
within eachlight source.Therefore,sucha techniquecannotcast
sharpshadows onto thescene,somethingthat is possiblewith our
virtual projector. On the otherhand,they can relight usinghun-
dredsof light sources,while in our experimentswe have useda
muchsmallernumber. Environmentmatting[Zongker et al. 1999]
measuresthelight transportbetweenamonitorandacamera,result-
ing in highangularbut nospatialresolutionfor theincidentlight. In
Section3wewill extendPeers'andDutré's[2003]waveletenviron-
mentmattingapproachfor deriving theacquisitionscheme,which
canbeappliedto captureenvironmentmattesaswell asotherslices
of the8D re�ectance�eld with high ef�ciency. Opacityhulls [Ma-
tusik et al. 2002b;Matusiket al. 2002a]combinere�ectance�elds
with environmentmattes.They achievedvery high angularresolu-
tion, which allows for relighting even of refractive objects. How-
ever, they cannotrelight their sceneswith a spatiallyvarying light
sourceaswell.

None of the previous relighting approacheshave made use of
Helmholtz reciprocity. However, there has beensomeprevious
work in the computervision community that takes advantageof
Helmholtzreciprocity. Zickler etal. usedreciprocityto reconstruct
the geometryof surfaceswith arbitraryBRDFs in what they call
Helmholtzstereopsis[2002]. The authorsobserved that by inter-
changinglight sourceandcameraduringacquisition,they canuse
Helmholtzreciprocityto guaranteethatpointsonthesurfacewould
haveexactly thesametransfercharacteristicin bothcon�gurations.
This simpli�es stereomatching,even for surfaceswith complex
BRDFs. A similar approachwas taken by Tu et al. [2003], who
utilized reciprocityfor thetaskof 3D to 2D registration.All these
techniquescontainanadditionalcosinetermto accountfor thefore-
shorteningof theincidentillumination,which is notneededin dual
photography. A formalproofof this is shown in AppendixA.

Finally, reciprocityhasbeenusedin amanneranalogousto ourown
in work by Zotkin et al. [2004] in order to modelsoundtransfer
throughahumanhead.In thiswork, theauthorsnotedthatanarray
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of microphonesandasinglespeakercanbeusedto replacethemore
commonsetupof a singlemicrophoneandmultiple speakers.This
allows thedatato beacquiredin parallelin asimilarmannerto our
techniquefor acquiring6D re�ectance.

3 E�cient Acquisition of the T Matrix
In thecaseof a projectorandoneor morecameras,thefull T ma-
trix is extremelylarge(on theorderof 106 � 106 elementsfor con-
ventionalprojector/cameraresolutions).Thus,wemustdevelopal-
gorithmsthat can acquireit ef�ciently . In addition, the contrast
betweenbrightestanddimmestentriesin this matrix canbe large.
This meansthat we must(1) devise a setof patternsp0 that relate
themeasuredvaluesto theoriginal projectorpixelsef�ciently and
(2) develop infrastructureto dealwith the high dynamicrangeof
scenesthatexhibit bothspecularanddiffuseinter-re�ection.

To addressthe �rst issue,we developedan ef�cient hierarchical
adaptive algorithm. However, this algorithmrequiresa consider-
ableamountof infrastructureto supportthe feedbacknecessaryto
“adapt.” For this reason,we begin our discussionby describinga
straightforward,�x ed-patternalgorithmthatcanbeimplementedin
ashortamountof timeandyieldsreasonableresults.Thistechnique
hassomedrawbacks,however, which areaddressedin subsection
3.2 wherewe introducea simple adaptive algorithm. The short-
comingsof thissimpli�ed adaptivealgorithmarethenaddressedby
our full hierarchicaladaptive schemein subsection3.3. In the last
subsection(3.4), we discussthe technicaldetailsof implementing
theHDR pipelinerequiredto measuretheT matrix faithfully.

3.1 Fixed Pattern Scanning
In order to acceleratethe acquisitionwe would like to parallelize
thepatterns,illuminating multiple pixelsat thesametime. With a
�x edscheme,this is possibleonly if we make theassumptionthat
eachprojectorpixel affectsa small, localizedregion of the scene
from the point of view of the camera(i.e. the j th projectorpixel
only affects a few elementsof c0

j ). This meansthat only scenes
with direct illumination canbe handledproperlyandis similar to
the assumptionmadeby Masseluset al. [2003] to acceleratetheir
acquisition. To understandhow parallelizationcanacceleratethe
acquisition,supposethe non-zerovaluesof cameraimagevector
c0

i are in differentpositionsthanthe non-zerovaluesof vectorc0
j

(i.e. c0T
i c0

j = 0). In this scenario,we shallsaythatc0
i andc0

j arenot
in con�ict. If thesepositionsareknown for both i and j, we can
projectasinglepatternp0= p0

i + p0
j to capturec0= c0

i + c0
j andthen

separateimagevectorsc0
i andc0

j asapost-process.

Sinceprojectorpixels typically affect more thanonepixel in the
camera,wemustilluminateonly thosepixelsthatdonotoverlapin
their projectedregion (i.e. no con�ict). Furthermore,to reduceac-
quisitiontimewemustturnonasmany pixelsaspossibleata time.
Our algorithmachievesthesetwo goalsby breakingup theprojec-
tor imageinto squareblockswithin eachof which only onepixel
is illuminatedat a time. This ensuresa minimumdistancebetween
neighboringpixelswhile maximizingthenumberof displayedpix-
els.For thiswork, ablocksizeof 8� 8 wasused.

Usingthisdecomposition,thepixelswithin ablockarescannedse-
quentially. This coverstheentireprojectorimagein 64 exposures.
The capturedimageswill be composedof the sumof the contri-
butionsof every pixel that wasilluminated(i.e. c0= å

j2S
c0

j where

S is thesetof pixels illuminated). Theproblemnow is to �nd the
correspondencebetweenlit projectorpixelsandpixelsof c0(i.e. we
needto �nd out which elementsof c0 arebeingaffectedby which
projectorpixels). To do this,we labeleachblock with a uniquebi-
narynumber. We displaya temporalsequenceof patternsfrom the
projectorthat “spell” out this numberfor every block onebit at a

time. For example,for theseventhblock we would displaya “0 1
1 1” pattern,so the camerapixels seeingthis patternwould know
they areobservingcontribution from theseventhprojectorblock.

Therearetwo issueswe mustaddressto improve thequality of ac-
quisitionsusingthistechnique.First,ourtechniqueincorrectlylim-
its the contribution of pixels nearblock boundariesbecausetheir
in�uence often extendsbeyond the given block edgeand is mis-
labeled. To alleviate this problem,we shineoffset block patterns
shiftedby half ablockhorizontally, vertically, anddiagonally. This
ensuresthatevery pixel in theprojectorwill have a block centered
aroundit to within a few pixelsso thatall of its contribution is la-
beledcorrectly. Second,sometimesthe blockscanbe mislabeled
becauseof noisymeasurement.To reducethis problem,theblock
labelscontainextra bits to add redundancy for error correction.
Speci�cally, weaddasequenceof Hammingerror-correctingcodes
that allow us to correctsinglebit errorsthat might occurafter the
blocklabelingphase.Wehavefoundthatthesetwo thingsgenerally
�x mislabeledpixelsin theimage.

Resultsfrom an acquisitionthat usedthis techniqueare shown
shown in Figure 15. Note that by implicitly �nding correspon-
dencesbetweenprojector blocks and camerapixels, we are es-
sentiallydoingsomethingsimilar to stripe-basedrange�nding,for
which numerousother techniquesexist (e.g. Rusinkiewicz et al.
[2002]). However, any directcorrespondencetechniquehasthedis-
advantagethatit only worksif thecorrespondencebetweenprojec-
tor pixelsandcamerapixels is one-to-one.In our application,this
meansthatourtechniquefailsto captureglobalilluminationeffects,
suchasdiffuseillumination, thatmapmany projectorpixels to the
samecamerapixel. Weaddressthisproblemin thenext section.

3.2 Adaptive Multiplexed Illumination
In thissection,weaddressthelimitation of the�x edpatternscheme
with an algorithm that determinesadaptively which pixels of the
projectorcan be illuminated in parallel to relax the “direct illu-
mination” assumptionwhile still acceleratingacquisition. Unlike
Schechneret al.'s work thatusescodesto increaseredundancy and
reduceSNR [2003], our codesreduceredundancy to improve ac-
quisitionef�ciency. Speci�cally, ouradaptivealgorithmtriesto ac-
quire the transportmatrix with as few patternsas possiblewhile
ensuringthat projectorpixels affecting the samecamerapixel are
never illuminatedsimultaneously. We avoid suchcon�icts by sub-
dividing the projectorspaceadaptively; startingwith the �oodlit
projectorimage,wesubdivide it into four blocks,whicharere�ned
recursively until wereachthepixel level. Wheneverwesubdividea
block,weilluminatethefour childrenin sequence.A walk-through
exampleof thealgorithmis givenin Figure5.

Two blockscanbeinvestigated/subdividedin parallelif no camera
pixel receivedcontribution from bothblocks. At eachlevel of the
subdivision,wedeterminefor eachcamerapixel k theblocksBk =
f B0; : : : ;Bng which illuminate pixel k either indirectly or directly.
For all possiblepairs of blocks contributing to the samecamera
pixel we generatea con�ict setCk = f (Bi ;B j ) : Bi ;B j 2 Bkg. In
thenext iteration,theonly blocksthatneedto besubdividedarein
B =

S
k Bk, i.e. only theblocksthatcontributedto any camerapixel.

In this manner, blocksthat do not contribute to the �nal imagein
any wayareimmediatelyculledaway.

Given the set of all generatedcon�icts acrossall camerapixels
C =

S
k Ck, we de�ne a graph(B;C). A graphcoloring scheme

is usedto determinecon�ict-free subsetsof B which canbeinves-
tigatedin parallel. While theremight be a con�ict for two blocks
in oneiteration, further subdivision might allow sub-blocksto be
parallelized.

At the�nal subdivisionlevel,eachblockis thesizeof apixel. How-
ever, unlike in the �x edblock patternalgorithmfrom the last sec-
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Figure 5: Example of adaptive algorithm. This exampleshows
patternswewoulddisplayonan8� 8 pixel projectorfor eachlevel
of subdivision. Thenumbersin eachblock indicatetheframewhen
it is lit. In the�rst frame(level 1), all pixelsareon. We subdivide
it in level 2 into four children,which areacquiredsequentiallyin
clockwiseorder(frames2-5). In this example,assumesomecam-
erapixelsrespondto bothblocks2 and4,e.g.dueto inter-re�ection
within thescene.Wedenotethecon�ict betweentheseblockswith
red X' s. In level 3 (frames6-13), we ensurethat the childrenof
thesetwo blocksarenot scheduledfor acquisitionduringthesame
frame. While acquiringlevel 3, we discover two additionalcon-
�icts: (6 and12) and(8 and10). Supposealsothatblock 9 in the
lower left measurednothing,soit is culled.We now schedulelevel
4, avoiding schedulingthe childrenof con�icting blockstogether,
which bringsus to frame21. Thus,we canacquirethe transport
matrix in this examplewith only 21 frameswhen64 would bere-
quiredwith the brute-forcescan.Had therebeenno con�icts, the
numberof frameswould bethenumberof subdivision levelstimes
four (4 childrenat eachlevel) plusonefor the�oodlit image.This
givesus4� log4(pq) + 1 = 13 for thisexample.

tion,wecanguaranteethatnotwo projectorpixelshaveacon�ict in
thecameraimagebecausethesepixelswouldnothavebeensched-
uled in the samepatternotherwise.Becausewe know the history
of thesubdivisionsfor thatpixel, wecanexactlydeterminethecor-
respondencebetweenprojectorandcamerapixels. Usingthis fact,
wecan�ll in theentriesof theT matrixwith thevaluesmeasuredat
thecamera.Figure1 is anexampleof animageacquiredwith this
technique.Notethecapabilityof thealgorithmto capturethecom-
plex refractionthroughthe bottle. This imageis 578� 680pixels
andwasacquiredin a little over 2 hours.In contrast,a brute-force
pixel scanwould take almost11 daysat the sameresolution(as-
suming25HDR images/min).Figure6 showstheprojectionof one
of thepatternsontothescene.Thelargenumberof whiteprojector
pixelshighlightstheef�cient parallelizationof theacquisition.

Although the adaptive parallelization algorithm just described
workson mostscenes,it mayperformpoorly in sceneswheredif-
fuseinter-re�ectionsor subsurfacescatteringdominatestheappear-
ance.Thesescenesareparticularlychallengingbecausetheenergy
emittedby asingleprojectorpixel mightbespreadover largeareas
in thescene.In anextremecase,this overlapmight causethealgo-
rithm to scheduleevery pixel of the projectorin a separateframe,
therebydegeneratinginto thebrute-forcescanalgorithm.

The adaptive schemejust presentedcanalsofail to captureall of
theenergy measuredby theprojector. In certainscenes,a point in

Figure 6: Adaptively parallelized patterns. This �gure demon-
stratesthathow ouralgorithmadaptsto thescenecontent.Because
of the complex light transportwithin the bottle visible in the left
image,only a few pixels canbe investigatedin parallel in this re-
gion. Thus,thebottle remainsrelatively darkwhenwe projectan
adaptivepatternasshown on theright.

Figure 7: The problem of capturing diffuse inter-re�ections.
Applying the adaptive parallelizationalgorithm describedin sec-
tion 3.2 andsubdividing down to the pixel level, we producethe
dual imageon the left. The contribution of the diffusein�ections
betweentheboxandtheredwall arenearlylost in thecameranoise.
Usingthehierarchicalassemblyof thetransportmatrixdescribedin
section3.3,wepreserve theenergy from higherlevelsin thesubdi-
vision, leadingto theimproveddualimageon theright.

thescenemight re�ect only a small fractionof its energy towards
thecamera.If this contribution is below thenoisethresholdof the
camera,someblocksmay be erroneouslyculled andtheir energy
lost. This causesthe techniqueto fail to capturediffuse-diffuse
inter-re�ections,asshown in Figure7. Weshow in thenext section
that by modifying the adaptive algorithmto storethe energy in a
hierarchicalfashionwecanavoid thisproblem.

3.3 Hierarchical Assembly of the Transport Matrix
To addressthe problemof signal loss for sceneswith signi�cant
non-localizedlight transport,we employ a hierarchicalrepresenta-
tion of the transportmatrix. This methodis relatedto thewavelet
environmentmatting techniqueby Peersand Dutré [2003]. It is
alsosimilar to the hierarchicaltechniqueof Matusik et al. [2004]
but oursis adaptive. Speci�cally, wefollow thesubdivisionscheme
of theprevioussection,but build a �ner and�ner representationof
T at every subdivision level. At level 1, our approximationof T is
simplyacolumnvectorof lengthmnrepresentingtheimagec0cap-
turedwhile illuminating a �oodlit imagep0. We call this approxi-
mationT1. Intuitively, T1 representsthelight transportbetweenthe
cameraandaone-pixel projector. At thenext level, ourapproxima-
tion T2 containsfour columns,onefor eachof thefour subdivided
regions.Thiscontinuesdown to thepixel level wherethematrixTk
with 4k� 1 columnsmatchesthe resolutionof the original T. The
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energy for eachelementof thematrix is storedatonly onelevel (at
the highestpossibleresolutionthat still returnsa measuredvalue)
sincewe do not want to double-countthe energy. For a complete
overview of the algorithm,readersarereferredto the pseudocode
in AppendixB.

Thebene�t of this hierarchicalrepresentationis that theenergy is
storedat thelast level whereit canstill beaccuratelymeasured.A
thresholdis usedto decidewhetherto subdivide a speci�c block
or to storeits contribution at the currentlevel of the hierarchical
structure. If the contribution is stored,we terminatesubdivision
of thatblock. The thresholdis setempiricallyanddependson the
characteristicsof themeasurementsystem.

To synthesizethedualimage,thecontributionof thedifferentlevels
of the hierarchy needto be addedtogetherfor eachpixel in the
�nal image.This reconstructioncanbeexpressedin thefollowing
mathematicalform:

p00= å
k

f (Tk
Tc00)

We will explain the elementsof this equationaswe describeour
renderingalgorithm.First, thedesiredlight patternc00is appliedto
the T approximationat eachlevel to illuminate the scenefor that
level of thehierarchy. This is expressedby thedot productTk

Tc00

which resultsin a4k� 1 � 1 columnvector. Referringto equation2,
we seethat this vectorrepresentsthe4k� 1-pixel imagethatwould
be viewed at the projectorunderlighting c00. Figure 14 shows a
visualizationof f (Tk

Tc00) of levels 1 through10 for one of our
scenes.

We mustnow addup theenergy at eachlevel to generatethe �nal
image. Becauseeachof thesevectorsis of differentdimensions,
they mustberesizedto the�nal resolutionof theimagein orderto
be addedup. We representthis resizingoperationby the function
f . The function f is neededto generatea continuouswaveform
from thediscretesamples.In our presentimplementation,we use
bi-cubic interpolationfor f . Oncethe vectorshave beenresized,
wesimplyaddthemto getthe�nal image.

The techniquepresentedallows us to ef�ciently capturethe trans-
port matrix T of a sceneandmeasuremany global illumination ef-
fectsusingonly amoderatenumberof patternsandimages.Figure
8 shows two morescenesthatwereacquiredusingthishierarchical
technique.To show thatalgorithmacceleratesour acquisitionand
resultsin a manageablesizeof the T matrix, we list the relevant
datafor variousscenesin the tablebelow. We compareit against
calculatedvaluesfor a brute-forcepixel scanacquisition,assum-
ing a capturerateof approximately25 patterns/minute.Thedatais
storedasthree32-bit �oats for eachmatrix element. We cansee
thatour techniqueis severalordersof magnitudemoreef�cient in
both time andstoragespace,althoughfurther compressionis still
possible.

Brute-forcescan Our adaptive algorithm
SCENE SIZE TIME SIZE TIME # PATTERNS

(TB) (days) (MB) (min)
Fig. 1 5.4 10.9 272 136 3397
Fig. 14 3.7 7.3 179 14 352
Fig. 8 (top) 1.6 8.3 56 19 501
Fig. 8 (bot.) 1.4 8.3 139 15 369
Fig. 11 (80positions) 114 362 6,675 1,761 19,140

To characterizetheeffectof projectorresolutiononourhierarchical
adaptive algorithm,we plot thenumberof acquiredframesagainst
projectorresolutionin Figure 9 for the box scene(Fig. 14) and
cover scene(Fig. 1). As we increasethe resolutionexponentially
the curvesapproximatea straightline. This shows that the adap-
tive multiplexed illumination approachoperatesin O(logpq) time
wherepq is theprojectorresolution.

Figure8: Samplescenes.Theacquiredprimal imageis ontheleft,
thesynthesizeddualontheright. Notefor examplethedetailonthe
pillar in thedualimageof thebottomrow which is barelyvisible in
theprimaldueto foreshortening.

Figure 9: Logarithmic be-
havior of adaptive algo-
rithm. Plot of the num-
ber of requiredpatternsfor
the scenesin Figure 1 and
Figure 14 against the pro-
jectorresolutionrevealsthat
the algorithm operates in
O(logpq) time.

3.4 Image Capture and Pre-processing

Accuratemeasurementof T requiredattentionto several physical
aspectsof our experimentalprocedure.Sincethe transportmatrix
entrieswe caremostabouthave low energies,high dynamicrange
imagecapture[Debevec andMalik 1997; Robertsonet al. 1999]
wasusedfor all thealgorithmsdescribedin thissection.Weuseda
CanonEOS20Dfor the�x edpatternalgorithmof Section3.1anda
BaslerA504kcvideocamerafor theadaptiveacquisitionalgorithm
of Sections3.2 and3.3. Thereasonfor this switchwasthatwhile
theCanoncameraofferedexcellentresolution,it wastooslow to be
usedin theadaptivescheme.TheBaslervideocamera,ontheother
hand,had lower resolutionbut allowed us to capturea full HDR
imageevery 1.5 secondswith anextra secondfor processing.The
sceneswereilluminatedbyaMitsubishiX480UDLPprojectorwith
anativeresolutionof 1024� 768.Theshortestexposuretimein the
HDR sequencehadto beslow enoughto notaliasagainstthecolor
wheelof the DLP projector, which wasdeterminedempirically to
bearound30 framespersecond.

Beforecombiningthe imagesfor HDR, we subtractedthe projec-
tor's blacklevel from our capturedimages,which wasacquiredby
photographingthescenewhile projectinga blackimage.Subtract-
ing thisblack-level imagefrom every input imagereducedthecon-
tribution by strayprojectorlight to our matrix entries,aswell as
partiallycompensatedfor �x ed-patternnoisein thecamera.Exper-
imentationfound the black level to vary slightly with the number
of pixels illuminatedat a time, but this wasnot a problemfor our
acquisitions.

6



To appearin theACM SIGGRAPH2005conferenceproceedings

Figure10: SceneRelighting. A beamof light is virtually projected
into thedual imageof thescenefrom Figure1. Notethatspecular
re�ectionsandcausticsfrom theglassbottlemoveconsistentlywith
thepositionof thebeam.

A secondaspectof our measurementprocedurethat requiredcare
wasthe impactof theBayercolor mosaicin bothcameras.These
dependon having enoughsamplesat theCCD to beableto prop-
erly interpolatethe color componentsfrom the pixel values. We
foundthatthisintroducedartifactswhenilluminatingthescenewith
individual projectorpixels. A focusedprojectorbeamcanillumi-
natevery few pixelson thecameraCCD, yielding errorswhenthe
samplesareinterpolatedduringdemosaicing.Whenthishappened,
color contrastwassigni�cantly reducedandthe imagesappeared
darker thanthey should.

To remove these darkening and desaturationartifacts, we re-
normalizedthe�nal imagesby forcingtheindividual imagesto add
up to the�oodlit image.First,all color valuesof theindividual im-
agesweresummedup sothatwe couldseeper-pixel how muchof
thetotalenergy eachimagecontained.Thenthecolorenergy of the
�oodlit imagewasdistributedto theindividualimagesin proportion
to their contribution to thetotal energy.

4 Application to Scene Relighting
The transportmatrix T betweentheprojectorandcameramustbe
acquiredto the resolutionof the two devices in order to perform
dual photography. This meansthat we alsohave the information
neededto relight theprimal anddual imagesby multiplying T and
TT by thedesiredilluminationvectorsp0andc00respectively.

In Figure10, we demonstratethis by relighting the dual imageof
thescenefrom Figure1 with a sweepingplaneof light andcansee
that the causticsgeneratedby the glassbottle vary spatiallywith
thechangingillumination. This exampleof relightingonly usesa
singleprojectorandasinglecamera,sotheincidentlighting in this
caseis only 2D.

In previouswork in relighting(e.g.Masseluset al. [2003]),scenes
were relit with incident 4D light �elds by acquiring the 6D re-
�ectancefunctionof thescene.They did this by keepingthecam-
era static with respectto the sceneand repositioningthe projec-
tor while doingmeasurements.This is equivalentto usinga single
cameraandanarrayof projectors.Dual photography allows us to
acquirethis 6D re�ectance�eld in the dual domainwith a single
projectorandanarrayof cameras,whichhastwo advantages.First,
becausecamerasare passive devices, we can take measurements
from eachof themin parallelwithout interference.Thiscansignif-
icantly acceleratethe acquisitionof the re�ectance�eld. Second,
therearephysicalandeconomicadvantagesof usinga cameraar-
rayversusaprojectorarray. Projectorsaregenerallyheavier, larger,
andmorecostly thancameras.They canalsobe moredif�cult to
packdensely, align,andcalibrate.

In Figure15wedemonstratethecaptureof the6D re�ectance�eld
using a mirror array to simulatean array of cameras. A single

(a) (b)

(c) (d)
Figure 11: Scenerelit fr om multiple dir ections. Using a cam-
eramountedon a computerizedgantry, we acquiredthe transport
matrix for this sceneat 80 differentcamerapositions.We canthen
relight thedualimagewith a light sourcelocatedat thesepositions,
e.g.(a) oneon the left or (b) on the right. By combiningthecon-
tributionsof theselights, we canilluminate thescenewith anarea
light source(c) thatcastssoftshadows. Finally, becauseeachtrans-
port is capturedat high resolution,we canrelight thesceneusinga
high resolutionmatteasshown in (d).

CanonEOS 20D camerawas aimedinto a 4 � 4 array of planar
mirrors, yielding 16 virtual cameraswith 800� 600 pixels of res-
olution each(seeFigure15a). The capturedtransportmatrix can
beusedto relight thedual imageasif it wereilluminatedby up to
16 point light sourceswith �ne angularcontrol (i.e. by 16 virtual
projectors). This is suf�cient to simulatesoft shadows castfrom
anarealight source(Figure15b). Sincethepositionsof thevirtual
projectorscanbe determinedthroughcalibration,onecansynthe-
sizeshadows castby the virtual actor(in Figure15c) that interact
correctlywith thescene.While thefull sizeof there�ectance�eld
for this examplewould be4� 4� 800� 600� 1024� 768(66 TB
total size),it wasacquiredin only two hoursusingthe �x edblock
patternscanof Section3.1thattook144HDR images.Becausethe
�x edschemeassumeslocalizedlight transportwhich in turnmakes
theacquiredmatrixextremelysparse,asimplecompressionof only
storingtheT matrix elementsabove a certainthresholdallowedus
to storethisdatain only 876MB.

Sinceour adaptive algorithmis fast,we canalsousea singlecam-
erato acquirethe6D re�ectance�eld of a sceneby moving it like
Masseluset al. movedtheir projector. Figure11 shows therelight-
ing of a scenewhich wasacquiredin this mannerby mountingthe
Baslercameraonacomputerizedgantry.

5 Discussion and Conclusions
In this paper, we introducedthe conceptof dual photography,
wherebythe camerasand light sourcesin a scenecan be inter-
changeddueto Helmholtzreciprocity. This allows us to measure
the 6D light transportthrougha sceneby usinga projectoran ar-
ray of cameras,which is fasterthananarrayof projectorsbecause
of thepassive natureof cameras.To furtheraccelerateacquisition,
we have developedanadaptive algorithmthat looks for regionsof
the scenewhosetransportpathsdo not interact. This permitsus
to projectmany beamsinto the sceneat once,letting us measure
multipleentriesof thematrix in parallel.

Oncewehaveacquiredthetransportmatrix,weshowedthatwecan
synthesizeaview from theprojector's locationby simply transpos-
ing the matrix. We canalso relight the sceneby multiplying the
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mirror

Figure 12: Limits of the hierarchical assemblyof the T matrix.
In this example,the camerais above the box looking down while
the projectoris on the right illuminating from the front, ascanbe
seenin the primal image(left). Becauseof the large difference
in anglebetweenthe cameraand projectorviewpoints, thereare
many regionsin thescenewherethereis no direct light transport.
In theseregions we are unableto resolve the transportmatrix to
the full resolution,and thus have to fall back to higher levels of
the hierarchicaltree. This resultsin a blurreddual image(right).
Nevertheless,it is remarkablethatthemirror re�ection is captured,
eventhoughthemirror is barelyvisible in theprimal image.

transposedmatrix by the appropriatevector. This allows us to il-
luminatea scenewith a point light with directionalcontrol(for 4D
transport)or anarbitrarylight �eld (for 6D transport).

Therearesomelimitationsto our technique,however. Sceneswith
signi�cant globalilluminationwouldreducetheparallelismthatthe
adaptive algorithmexploits. Sincemultipleprojectorpixelscanaf-
fect overlappingregionsin the cameraafter several bounces,they
would bescheduledin separatepasses.In the limit, the technique
degeneratesto abruteforcescan.

Measuringtheseinter-re�ected transportpathsaccuratelyis alsoa
problemasdiscussedin section3.4, especiallywhenthe angleof
view of theprojectorandcamerais greatwith respectto thescene.
Figure12 shows anexampleof a dif�cult sceneto relight because
thecameraandprojectorwereat right anglesto oneanother. The
blurring problemvisible in the dual imagemight be reducedby
usinga highercontrastprojectoranda capturingdevicewith better
signalto noiseratio.

To demonstratethatit is still possibleto accuratelymeasurediffuse-
diffuse re�ection, we conductedthe experimentshown in Figure
16 wherethe dual photographwould be recognizableonly if this
globalillumination couldbecapturedaccurately. We show thatwe
arestill ableto extract the signaldespitehaving the light undergo
two diffusebouncesbeforereachingthecamera.

At thesametime,it mightalsonotalwaysbedesirableto substitute
acameraby aprojector. Camerashaveagreaterdepthof �eld, ease
of focus, and other controlsthat are often important in imaging.
Thelimited depthof �eld of aprojectorcouldresultin dualimages
that are out of focus. In the scenesthat we testedin this paper,
however, thedepthof �eld wasnot a problemdueto a reasonably
longstandoff with respectto scenedepth.

Theadaptive algorithmacceleratesthecaptureof thetransportma-
trix, but it still takes several minutesto capturethe information
neededfor a high-resolutiondual image. We might be ableto re-
ducethis time while obtaininga dual imageof higher resolution
thantheprojectorby placingcoaxialprojectorsandcamerasatboth
theprimalanddualpositionsusingbeamsplitters.Thiscouldallow
usto produceahigh-resolutionview of thescenefrom theintended
observer position undersome�x ed illumination even thoughthe

remainderof the transportmatrix could be at lower resolutionfor
relighting. Theavailability of projectorsandcamerason bothends
would alsomeanthatbothT andTT might beacquiredsimultane-
ously, leadingto improvedacquisitionalgorithms.

Another extensionof this work would be to increasethe num-
ber of cameras. Sincethesecameraswill be turned into virtual
light sources,they neednot be of high resolution. This suggests
doing dual photography using a large array of inexpensive cam-
eras[Wilburn et al. 2005]. By aiming this array at two differ-
ent scenes,one can capturethe light �eld emittedby one scene
and, �ipping the imagesappropriately, useit to relight a second
scene. Alternatively, by applying image�o w-basedinterpolation
to the transportmatrix, oneshouldbe ableto move a virtual light
smoothlyalonga paththat spansthe arrayin muchthe sameway
view-interpolationcanbedonewith cameraarrays.This hasbeen
anopenproblemin therelightingcommunity.

Finally, althoughwefocusin thispaperonscenerelighting,thecon-
ceptof dualphotography isverygeneral,andhasotheruses.Forex-
ample,by replacingthenon-imagingphotosensorin Figure4 with
animagingspectrophotometer, onecanrecordaspectralpowerdis-
tribution curve for every pixel in the dual image. We alsobelieve
thatdualphotography bringsuscloserto thegoalof measuringthe
entire 8D re�ectancefunction for a scene,which hasnever been
measuredin its entiretydueto its overwhelmingsize.
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Appendix A: Proof and Experimental
Validation of Dual Photography
Herewe prove that thepixel-to-pixel trans-

S

S
S

n

1

1

d2
2 2•

2

1•
d1

port from theprojectorto thecamerais the
samein both directions. Assumewe have
a �at surfacepatchS with arbitraryBRDF
fr viewed/illuminatedby acamera/projector
pair, asshown in the �gure on theright. In
theprimarycon�guration,theprojectoris at
point 1 with distanced1, far enoughfrom
thesurfacesothattherayswithin apatchcanbeassumedto bepar-
allel atangleq1. Similarly, thecamerais atpoint2 with distanced2
andangleq2. We call theareailluminatedby thesingleprojector
pixel S1, andtheregionviewedby thecamerapixel S2.

If theprojectorproducesradiantintensityI , the re�ected radiance
in directionq2 from apoint in S1 dueto theprojectorpixel is:

Ls = I
fr (q1 ! q2) cosq1

d2
1

Theirradiancereceivedby thecamerapixel at position2 is thein-
tegral of this radianceover thesolid anglesubtendedby the inter-
sectionof S1 andS2:

E12 =
LsjS1 \ S2j cosq2

d2
2

=
I fr (q1 ! q2) cosq1jS1 \ S2j cosq2

d2
1d2

2
(3)
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We specify the areaof the intersectionof S1 andS2 (denotedby
jS1 \ S2j) becausethetransferof energy betweentheprojectorand
camerapixel only happensin the region of intersection.This de-
�nes the transferof energy betweenonepixel of the projectorin
position1 andonepixel of thecamerain position2. Notethatthere
exists a relationshipbetweenthe surfaceareacoveredby a pixel
andits solid angle(W), asgivenby thefollowing equationsfor the
projectorandcamerarespectively:

Wp =
jS1j cosq1

d2
1

and Wc =
jS2j cosq2

d2
2

NotethatWp andWc areconstantfor our givenprojectorandcam-
era— they representthe solid anglefor the pixel of eachdevice.
Wenow de�ne aprojectionoperatorP:

S1 = P1
SWp and S2 = P2

SWc

sothatS1 is theprojectionontoSfrom position1 of thesolidangle
Wp, for example.Wecannow rewrite S1 andS2 as:

jS1j = jP1
SWpj =

Wpd2
1

cosq1
and jS2j = jP2

SWcj =
Wcd2

2
cosq2

(4)

ThusEquation3 canberewrittenas:

E12 =
I fr (q1 ! q2) cosq1jP1

SWp \ P2
SWcj cosq2

d2
1d2

2
(5)

Wecannow seethatthisequationwill bethesamein thedualcase.
The key is to rememberthat the virtual projectorwill take on the
the cameraparameters(in this casethe Wc) andvice-versa. Thus
thetransferof energy in thedualspaceis givenby:

E21 =
I fr (q2 ! q1) cosq2jP2

SWc \ P1
SWpj cosq1

d2
2d2

1
(6)

Becausefr (q1 ! q2) = fr (q2 ! q1) by Helmholtzreciprocity, we
haveE12 = E21. Thismeansthatthepixel-to-pixel transportisequal
in bothdirectionsandwecanthenperformour technique.

Readersfamiliar with Zickler's stereopsis[2002] might noticethat
they have anadditionalcosinetermin their representation.To see
whereit comesfrom, we must realizethat they physically inter-
changethe projectorand the camerawhen they go into the dual
space.Hence,the dual projectoranddual camerahave the same
old parametersWp andWc respectively. This resultsin thefollow-
ing energy transferequationin their dualspace:

E21 =
I fr (q2 ! q1) cosq2jP2

SWp \ P1
SWcj cosq1

d2
2d2

1
(7)

First of all, thereis no longera guaranteethatE12 = E21. Further-
more,sincetheprojectoris a point light in their con�guration,Wp
is muchbiggerthanWc. Thusfor boththeir primal anddualequa-
tions [Zickler et al. 2002] the intersectionreducesto just the term
for Wc:

E12 =
I fr (q1 ! q2) cosq1jP2

SWcj cosq2

d2
1d2

2

E21 =
I fr (q2 ! q1) cosq2jP1

SWcj cosq1

d2
2d2

1

If weplug in Equation4 andcancelout thecosinetermsweget:

E12 =
I fr (q1 ! q2)Wccosq1

d2
1

E21 =
I fr (q2 ! q1)Wccosq2

d2
2

projector

camera cylinder

mirrored primal
dual

(a) (b)

(c) (d)
Figure 13: Experimental Validation of Dual Photography. (a)
Experimentalsetup.(b) Plot of intensityvs. surfacenormalangle
for scanlinesin themirroredprimal (c) anddual(d) images.

which areequivalentto theequationsin theStereopsispaper, com-
pletewith thecosinetermto accountfor the foreshorteningof the
incidentillumination.

We now demonstrateexperimentally the radiometricvalidity of
dual photography. The experimentalsetupis shown in the primal
con�guration in Figure13a. Thecylinder is mostlydiffusewith a
slight specularterm. Thehierarchicaladaptive algorithmwasused
to acquirethe T matrix for the scene.Becausethe objectis a ho-
mogeneouscylinder and the cameraandprojectorareon a plane
perpendicularto the axis of the cylinder, the setupis symmetric,
meaningthattheshadingof thecylinder in theprimalanddualim-
agesshouldbemirror imagesof eachother. Insteadof physically
interchangingthecameraandprojectorto compareoursynthesized
dualwith a realphotographfrom theprojector's point of view, this
symmetryallowsusto simplycomparethehorizontally-�ippedpri-
mal image(13c)with oursynthesizeddualimage(13d).For anac-
curatecomparison,weplot (Figure13b)theintensityaveragedover
12scanlinesin theimagesversustheanglebetweenthenormaland
the vectorbetweenthecenterof the cylinder andthe light source.
Becauseof theproximity of thecameraandprojectorto thecylin-
der, therangeof anglesvisibleby bothdevicesis limited to 10– 80
degrees.Weseethatthetwo curvesmatch.

Appendix B: Pseudocode of Algorithm
In this sectionwe provide pseudocodeto theadaptive hierarchical
algorithmdescribedin Section3.3.

Initialization() ;
repeatf

// constructacon�ict-free listsof blocksthatcanbeprocessedin parallel
ConstructCon�ictFr eeLists();
// illuminatescenewith patternsconstructedfrom eachlist andacquirewith camera
Acquir eImages();
// processimages,storeresults,generatenew listsof blocksfor next iteration
ProcessResults();

g until lowestlevel in hierarchy is reached

Initialization() f
for eachcamerapixel k f

// Initially assumeeverycamerapixel is affectedby block0, the�oodlit image
Bk = f 0g;

g
C = empty;// initialize setof con�icts to empty

g
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ConstructCon�ictFr eeLists()f
// form graphstructure
B = Union(Bk); // nodesB, edgesC
(L[0]; :::;L[N � 1]) = GraphColor(graph(B,C)); // N listsof nodesreturned

g

Acquir eImages()f
// wenow haveN con�ict-free listsL[]'s
for i = 0 to N � 1 f

generatepatternP[i] from L[i]; // light pixelsfor all blocksin L[i]
illuminatepatternP[i];
captureHDR imageI [i];

g
g

ProcessResults()f
C = empty;
for eachcamerapixel k f

new Bk = empty;
for i = 0 to N � 1 f

// �nd block (if any) thataffectscurrentpixel
currentblock= intersect(Bk, L[i]); // becauseL[i] wascon�ict-

// free,this canbeatmost
// oneblock

if (currentblock= empty)f
continue; // pixel k notaffectedby L[i]

g
elsef

if (pixel k in I [i] = 0) f
continue; // novaluemeasured,donothing

g
elseif (pixel k in I [i] < threshold)or lastiterationf

// below thethresholdsostoretheenergy here.
// T() is thehierarchicalrepresentationof thematrix
// indexedby block in thesubdivision treeandcamerapixel k
T(currentblock,k) = pixel k in I [i];
continue; // no furthersubdivision

g
elsef

// requestsubdivision for thisblock
insert4 childrenof currentblock into new Bk;

g
g

g
// setBk for thenext iteration
Bk = new Bk;
// collectcon�icts andaddto C for next iteration
for eachpair (s;t) wheresandt arein Bk ands6= t f

insert(s;t) into C; // sandt con�ict andcan't
// bemeasuredin parallel

g
g

g
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primal level 1 level 2 level 3 level 4 level 5

dual level 6 level 7 level 8 level 9 level 10
Figure 14: Construction of the dual imagewith a hierarchical representation.Theprimal anddual imageshow diffuseto diffuseinter-
re�ectionswhich couldonly becapturedby useof thehierarchicalacquisition.Energy thatmight have beenlost whenfurthersubdividing a
block is depositedat a coarselevel of theT matrix. To synthesizethedual image,the levelsareindividually reconstructedby applyingthe
appropriatebasisfunctions,thenaddedtogetherto obtaintheimageon theleft. In this �gure theintensityof theimagesfor level 1 to 9 has
beenincreasedto visualizetheir contribution.

(a) (b) (c)
Figure 15: Using a mirr or array to emulate multiple virtual projectors. (a) A camerawas imagedonto the mirror array in order to
emulatemultiple virtual light positions. A block patternscanconsistingof 144 high dynamicrangeimageswasperformedto acquirethe
scene'stransportmatrix. Theregionof interestwithin theprojector's �eld of view was864� 604pixels,the�nal resolutionof thedualimage.
Eachcamerain the mirror arrayhadan approximateresolutionof 800� 600 pixels,which is the resultingspatialresolutionof our virtual
lights. (b) Thesceneis illuminatedby 12 point light sourcesto createsoft shadows. (c) An animatedcharacteris embeddedin thesceneand
castsshadowsontothescene.

book

card
projector

camera

aperture

(a) (b) (c) (d)

Figure 16: Dual photography with indir ect light transport. (a) A projectorilluminatesthefront of a playingcardwhile thecamerasees
only thebackof thecardandthediffusepageof thebook. An aperturein front of theprojectorlimits the illumination only onto thecard.
The cardwasadjustedso that its specularlobe from the projectordid not land on the book. Thus,the only light that reachedthe camera
underwentadiffusebounceat thecardandanotherat thebook.(b) Completecameraview underroomlighting. Thebackof thecardandthe
pageof thebookarevisible. It seemsimpossibleto determinetheidentity of thecardfrom this point of view simply by varyingtheincident
illumination. To acquirethetransportmatrix,a 3� 3 white pixel wasscannedby theprojectorand5742imageswereacquiredto producea
dualimageof resolution66� 87. (c) Sampleimagesacquiredwhentheprojectorscannedtheindicatedpointsonthecard.Thedarklevel has
beensubtractedandtheimagesgamma-correctedto amplify thecontrast.We seethat thediffusere�ection changesdependingon thecolor
of thecardat thepoint of illumination. After acquiringtheT matrix in this manner, we canreconstructthe�oodlit dual image(d). It shows
theplayingcardfrom theperspective of theprojectorbeingindirectly lit by thecamera.No contrastenhancementhasbeenapplied. Note
thattheresultingimagehasbeenautomaticallyantialiasedover theareaof eachprojectorpixel.
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