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Figure 1: (a) Corventionalphotographof a scene,lluminatedby a projectorwith all its pixels turnedon. (b) After measuringhe light
transportetweerthe projectorandthe camerausingstructuredllumination, our techniquds ableto synthesizea photorealistidmagefrom
the point of view of the projector This imagehasthe resolutionof the projectorandis illuminatedby a light sourceat the positionof the
camera.Thetechniquecancapturesubtleillumination effectssuchascausticsandself-shadwing. Note, for example,how the glassbottle
in the primalimage(a) appearssthe causticin thedualimage(b) andvice-versa.Becauseve have determinedhe completdight transport
betweerthe projectorandcameraijt is easyto relightthe dualimageusinga synthetidight source(c) or alight modi ed by amattecaptured

laterby the samecamergd).

Abstract

We presenta novel photographiadechniquecalled dual photogra-
phy, which exploits Helmholtzreciprocityto interchangehelights
and cameradn a scene. With a video projectorproviding struc-
turedillumination, reciprocitypermitsusto generateicturesfrom
the viewpoint of the projector eventhoughno cameravaspresent
atthatlocation. Thetechniqueis completelyimage-based:equir
ing no knowledge of scenegeometryor surface properties,and
by its natureautomaticallyincludesall transportpaths,including
shadavs, inter-re ections and caustics. In its simplestform, the
techniguecan be usedto take photographsvithout a camera;we
demonstratehis by capturinga photographusinga projectorand
a photo-resistor If the photo-resistois replacedby a camerawe
canproducea 4D datasethat allows for relighting with 2D inci-
dentillumination. Usinganarrayof camerasve canproducea 6D
sliceof the8D re ectance eld thatallows for relightingwith arbi-
trary light elds. Sinceanarrayof camerasanoperaten parallel
withoutinterferencewhereasanarrayof light sourcesannotdual
photograpk is fundamentallya moreef cient way to capturesuch
a 6D datasethan a systembasedon multiple projectorsand one
camera. As an example,we shov how dual photograpl canbe
usedto captureandrelightscenes.
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1 Intro duction

Helmholtzreciprocity the ideathatthe o w of light canbe effec-

tively reversedwithoutalteringits transporipropertiesijs exploited

in mary graphicsapplicationsto reducecomputationalcomple-

ity (e.g.in ray-tracingsystemgWhitted 1980]). In the graphics
literature, this reciprocityis typically summarizedy an equation
describinghesymmetryof theradianceransfetbetweerincoming
andoutgoingdirectionsw; andwg: fr(wi! wp) = fr(wo! w),

wheref; representthe BRDF of thesurface.Althoughthis general
form s oftenattributedto Helmholtz,his original treatiseon optics
males this claim only for specularinteractiong[1856]. Rayleigh
laterextendedreciprocityto includenon-speculare ection [1900].

For a more completediscussionon reciprocity interestedreaders
arereferredto Veach[1997].

In this paperwe introducethe conceptof dual photagyraphywhich
is basedon Helmholtzreciprocity In particular we presentech-
niguesfor ef ciently capturingthe light transportbetweena cam-
eraanda projector including effectssuchas mirroredre ections,
caustics diffuseinter-re ections and subsurfcescattering. More
precisely we acquirethe transportcoefcients betweenrevery pair
of cameraand projector pixels at the resolutionof both devices.
Oncethis informationhasbeencapturedjt canbe usedfor scene
relighting[Masseluset al. 2003], wherea virtual patternis usedto
illuminatethe sceneasa post-process-urthermoresincewe have
resolhedthelight transporidown to the pixel level of the projector




To appearin the ACM SIGGRAPH2005confeenceproceedings

we caninterchangehe role of cameraandprojectorandgenerate
a full resolutiondual image from the point of view of the projec-
tor. This dualimagecanthenberelit by anadjustabldight source
locatedat the original cameraposition. Becausethis light canbe
of high spatialresolution we canachieze comple lighting effects,
suchascastingsharpshadavs.

This paperhasthree main contritutions. First, in Section2 we
demonstraténow Helmholtzreciprocity canbe usedto generatea
dualimagefrom aviewpointwhereno cameravaspresentin Sec-
tion 3, we developef cient algorithmsto capturethelight transport
in parallelby projectingpatternsthat adaptto the scenecontent.
Thesdamprovementsallow for practicalcaptureof thetransporma-
trix neededor dualphotograpk. Finally, in Sectiord we shov that
dualphotograpk canbeappliedto the problemof sceneaelighting.
In particular we shav thatwe canef ciently capturea 6D slice of
thefull 8D re ectancefunctionthat describeghe relationshipbe-
tweenthe 4D incominglight eld andthe 4D outgoinglight eld
[Deberec et al. 2000]. This 6D slice allows usto relight a scene
usinga 4D incidentlight eld while keepingthe viewpoint x ed.
By combiningthe speed-ugrom the algorithmwe have developed
with the fundamentakef ciency of dual photograpl, we canac-
quire our re ectancedataat one orderof magnitudehighereffec-
tive resolutionand captureit two ordersof magnitudefasterthan
the bestprevious results,e.g. [Masseluset al. 2003] or [Goesele
etal. 2004].

2 Dual Photography

We explain the principle of dualphotograply with referenceo the
imaging con guration shavn in Figure2. We have a projectorof
resolutionp g shininglight onto a sceneand a cameraof reso-
lution m n capturingthe re ected light. Sincelight transportis
linear, the transportfrom the projectorthroughthe sceneandinto
thecameracanbe expressedsthefollowing simpleequation:

c’= Tp° 1)

The columnvectorp?is the projectedpattern(sizepq 1), andc®
(sizemn 1) representsheimagecapturedby the camera Matrix

T (sizemn pg) is the transportmatrix that describeshow light

from eachpixel of pQarrivesat eachpixel of ¢ takinginto account
re ections, refractionsandall otherlight transportpaths.For intu-

ition onthe compositiorof T, readersarereferredto Figure3.

We usethe prime superscrip(9 to indicatethatwe areworkingin
the primal spaceto distinguishit from its dual counterpartwhich
wewill introducein amoment.Helmholtzreciprocitystateghatthe
light sourcesand camerasn a scenecanbe interchangedvithout
changingeitherthe pathtaken by thelight or thetransferof enegy
from oneto the other As we shav in AppendixA, this meanghat
we canrepresenthe dualof Equationl asfollows:

pOO: TT COO (2)

In this equationthe transportmatrix T of the scends the sameas
beforeexceptthatwe have now transposed to representight go-
ing from the camerato the projector We shallreferto Equationl
asthe“primal” equationrandEquation2 asthe“dual” equation.In
the dual space p®representshe virtual imagethatwould be visi-
ble at the projectorif the camerawere“projecting” patternc®® We
call the procesf transposinghetranspormatrix andmultiplying
by the desiredlighting dual photaraphy Sincethetwo represen-
tationsareequivalent,the T matrix canbe acquiredin eitherspace
andthentransposedo representransportin the otherspace.This
is arelatively large matrix, sowe develop algorithmsto accelerate
its acquisitionin Section3. Also notethatthetwo equationgrenot
mathematicainverseof eachother(i.e. TTT 6 I). Thisis because
enepy is lost in ary real systemthroughabsorptionor scattering.

projector camera

= = Primal Configuration
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P p H:\ pixel i m~C’
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Figure 2: The principle of dual photography. The top diagram
shaws our primal con guration, with light beingemittedby a real
projectorand capturedby a real camera. Matrix T describeghe
light transportbetweenthe projectorandthe camera(elementT

is the transportcoefcient from projectorpixel j to camerapixel
i). Thebottomdiagramshaws the dualcon guration, with the po-
sitions of the projectorand camerareversed. SupposeT %is the
transportmatrix in this dual con guration, sothatT(]-’iois thetrans-
portbetweerpixeli of thevirtual projectorandpixel | of thevirtual
cameraAs shavn in AppendixA, Helmholtzreciprocityspeci es
that the pixel-to-pixel transportis equalin both directions,i. e.
T‘j)ioz Tij, which meansT%%= TT. As explainedin thetext, given

T, wecanuseT to synthesizeheimagesthatwould be acquired
in thedualcon guration.

Therefore,if we measure? after applying p® we cannotput this
backin c®%andexpecttheresultingp®®o equalthe original p°

We canextendthis ideato a con guration of multiple camerasand
projectors. Supposerst we had a single projectorand an array
of k | camerasll aimedat the scene.Sinceeachcameraseesa
unique2D sliceof the 8D re ectance eld, it will obsere aunique
transportfunction with respectto the projector Theseindividual
transportmatricescan be concatenatedogetherto form a larger
kimn pg matrix thatrepresentshe 6D transferbetweena single
spatiallyvaryinglight source(the projector)andmultiple cameras.
Applying the principle of duality we canturn this datainto a ma-
trix representinghe transportetweermultiple projectorsandone
camera. We demonstratehis ideain Section4. Measuringthis
transportfor multiple projectorpositions(in primal space)would
capturethe full 8D re ectance eld, but this hasnot yet beenim-
plemented.

Photography without an imaging element. We now demonstrate
asimpleexampleof dualphotograpk by synthesizingadualimage
of a scenewithout usinganimagingdevice. Supposedhatinstead
of acamerave have alight sensothatintegratesc” over somesolid
angleto producea scalarvaluec® Thisturnsthe T matrixin Equa-
tion 1 into arow vectorthatfor ary inputlighting p®resultsin only
ascalaroutput. ThusEquationsl and2 becomec®= t;  tpq p°

andp®= t;  tpq T %espectiely. Thusthe dualimagep®we
would get at the projectoris simply this columnvector scaledby
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Figure 3: Makeup of the T matrix. Thecolumnsof theT matrix
represenlheplcturesthatwould betakenatc®whentheappropriate
pixel at p®is lit. Thus, we canthink of T asa concatenatiorof
cameramagesx:1 throughcpq in columnvectorform. In a similar

way, the columnsof TT in the dual spacerepresentmagesat the
projectorp®@hena singlepixel atc%s illuminated.

the naw virtual light sourcec®® This new light sourcecannotbe
spatiallymodulatedsincec%is a scalar)andit shinesin every di-
rection(upto theviewing angleof the photo-resistorjn proportion
to the sensitvity of the photo-resistoin thatdirection.

To generatehe dualimage,we must rst nd the valuesof t =

t1;::0tpg - A simplewayto dothisis to performapixel scarwith
the projectorby displayingp g differentpatternseachwith only
one elementlit up at atime. We shall refer to this techniqueas
the “brute-force” pixel scan. Whenprojectedinto the scene gach
of thesebasispatternsextractsa single componenbf thet vector
whichwill bemeasurety thephoto-resistoasvaluec® By putting
thesemeasurementsacktogethelin the correctorder thet vector
canbe constructechindusedto synthesizeanimagefrom the point
of view of the projector

An imageconstructedisingthis approactis presentedn Figure4.
This imagewasacquiredby scanninga 3 3-pixel squareon the
screenand recordingthe measuremenby the photo-resistorsat
eachposition. The areasubtendedy eachprojectorsquareis in-
tegratedto form onepixel in the nal image,solargersquarewill
yield coarselimageswith respecto the scene.However, this inte-
grationhasthebene cial sideeffect of antialiasingheimageusing
abox lter aslargeasthe pixel square.A 3 3-pixel squarewas
choserfor two reasonsFirst, the pixel-by-pixel scanis slow sothe
squarehadto be appropriatelysizedto the sceneto nish within
reasonableime (90 minutesfor this example). Secondit is dif -
cultto getagoodsignalwith lessthana3 3-pixel squarebecause
of thelimited sensitvity of the photo-resistarTypical DLP projec-
tors alsosuffer from limited contrastwhich createsa “dark level”
andactsasa sourceof noisein our measurements.

Comparison to Previous Work. The experimentof the last sub-
sectionmightremindreaderf the* ying-spot” cameraa precur
sor to the moderntelevision camera. First demonstrateduccess-
fully by JohnBaird in 1926,this camerauseda light sourcemod-
ulatedby a perforateddisk (known asa Nipkow disk) to scanlight
spotsacrossa scene.As in our experiment,the outgoinglight was
measuredy photosensorsisedto generatehe image. Thereare
alsomodernversionsof ying-spot cameragseee.g.Microvision's
confocalmicroprobewhich usesa scanninglaserto image). Ar-
guablyotherscannedeamsystemssuchassonar ultrasoundand
scanninglectrormicroscopesanbeconsiderediualphotographic
systemsaswell. Thus,the experimentshavn in the previous sec-
tion is notnew — whatis novel is thedualphotograpk framewvork
we presenthatextendstheideasfrom scannedeamsystemswith
simplenon-imagingsensorgo systemswith bothcamerasandpro-
jectors.Also new is our demonstratiothatcamerasndprojectors
can be interchangedvhen the transportfrom oneto the otheris
known.

Figure 4: Photography
without an imaging sensor
This image was generated
using a projector and two
photo-resistordike the one
shavn in the inset. This is
a dualimageof the scenein
Figure 1 and is a view of
the scenefrom the projec-
tor's location as illuminated
by point light sourcesat the
locations of the two photo-
resistors.

The light transportmatrix we usein our work appeardn similar

form in several recentrelighting papers. Our work was inspired
by Masseluset al. [2003] who also useda cameraand a projec-
tor for scenerelighting. By moving the projectorto multiple po-

sitions, they acquireda 6D re ectance eld with coarseprojector
resolution(16 16samples)A re ectance eld with higherspatial
resolutionbut no angularresolutionhasbeencapturedby Goesele
etal. [2004] in orderto relight objectswith heterogeneoudiffuse
subsurécescatteringproperties.In their approacha laserprojec-
tor scannedheobjectsurfacewhile anHDR videocameraook up

to onemillion images,resultingin a moderateeffective projector
resolution. In this paper we demonstratéechniquego capturea

re ectance eld with higher spatialresolutionusing signi cantly

fewerimages.

In therelighting work by Debevec et al. [2000] distantpoint light
sourcesareassumedwhich meanghatthereis no spatialvariation
within eachlight source. Therefore,sucha techniquecannotcast
sharpshadaevs ontothe scene somethinghatis possiblewith our
virtual projector On the other hand,they canrelight using hun-
dredsof light sourceswhile in our experimentswe have useda
muchsmallernumber Environmentmatting[Zongker et al. 1999]
measurethelight transporbetweeramonitorandacameraresult-
ing in highangularbut nospatialresolutionfor theincidentlight. In

Section3wewill extendPeersandDutré's[2003]waveleterviron-
mentmattingapproactfor derving the acquisitionschemewhich
canbeappliedto captureervironmentmattesaswell asotherslices
of the8D re ectance eld with high ef ciency. Opacityhulls [Ma-

tusik etal. 2002b;Matusik et al. 2002aJcombinere ectance elds

with ervironmentmattes.They achievedvery high angularresolu-
tion, which allows for relighting even of refractive objects. How-

ever, they cannotrelight their sceneswith a spatiallyvarying light
sourceaswell.

None of the previous relighting approacheshave made use of
Helmholtz reciprocity However, there hasbeensome previous
work in the computervision community that takes advantageof
Helmholtzreciprocity Zickler etal. usedreciprocityto reconstruct
the geometryof surfaceswith arbitrary BRDFsin whatthey call
Helmholtz stereopsig§2002]. The authorsobsered that by inter-
changinglight sourceand cameraduring acquisition,they canuse
Helmholtzreciprocityto guarante¢hatpointson the surfacewould
have exactly thesametransfercharacteristién bothcon gurations.
This simpli es stereomatching,even for surfaceswith comple
BRDFs. A similar approachwastaken by Tu et al. [2003], who
utilized reciprocityfor thetaskof 3D to 2D registration. All these
techniquegontainanadditionalcosinetermto accounfor thefore-
shorteningof theincidentillumination, whichis notneededn dual
photograpk. A formal proof of thisis shovnin AppendixA.

Finally, reciprocityhasbeenusedn amanneranalogouso ourown
in work by Zotkin et al. [2004] in orderto model soundtransfer
througha humanhead.In thiswork, theauthorsnotedthatanarray
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of microphonesndasinglespealkrcanbeusedo replaceghemore
commonsetupof a singlemicrophoneandmultiple spealers. This
allows thedatato beacquiredn parallelin asimilar manneito our
techniguefor acquiring6D re ectance.

3 Ecient Acquisition of the T Matrix

In the caseof a projectorandoneor morecamerasthefull T ma-
trix is extremelylarge (ontheorderof 10°  10F elementdor con-
ventionalprojector/cameraesolutions) Thus,we mustdevelopal-

gorithmsthat can acquireit efciently. In addition, the contrast
betweerbrightestand dimmestentriesin this matrix canbe large.

This meansthatwe must (1) devise a setof patternsp? thatrelate
the measuredialuesto the original projectorpixels ef ciently and
(2) develop infrastructureto dealwith the high dynamicrangeof

sceneshatexhibit both speculaanddiffuseinter-re ection.

To addresghe rst issue,we developedan ef cient hierarchical
adaptve algorithm. However, this algorithm requiresa consider
ableamountof infrastructureto supportthe feedbacknecessaryo
“adapt’ For this reasonwe begin our discussiorby describinga
straightforvard, x ed-patterralgorithmthatcanbeimplementedn
ashortamounbf timeandyieldsreasonableesults.Thistechnique
hassomedrawbacks,however, which are addressedh subsection
3.2 wherewe introducea simple adaptve algorithm. The short-
comingsof thissimpli ed adaptve algorithmarethenaddressetly
our full hierarchicaladaptve schemen subsectior8.3. In thelast
subsection(3.4), we discussthe technicaldetailsof implementing
theHDR pipelinerequiredto measurahe T matrix faithfully.

3.1 Fixed Pattern Scanning

In orderto acceleratehe acquisitionwe would like to parallelize
the patternsjlluminating multiple pixels at the sametime. With a
x edschemethisis possibleonly if we make the assumptiorthat
eachprojectorpixel affectsa small, localizedregion of the scene

from the point of view of the camera(i.e. the jt" projectorpixel
only affects a few elementsof c?). This meansthat only scenes
with directillumination canbe handledproperlyandis similar to
the assumptiormadeby Masseluset al. [2003] to accelerateheir
acquisition. To understanchow parallelizationcan acceleratehe
acquisition,supposethe non-zerovaluesof cameraimage vector

c? arein differentpositionsthan the non-zerovaluesof vectorc?

(i.e. cior c? = 0). In thisscenariowe shallsaythatc?andc? arenot
in conict. If thesepositionsare known for bothi and j, we can
projectasinglepatternp®= pi0+ p? to capturec®= c?+ Cj andthen
separatémagevectorsc? andc? asapost-process.

Sinceprojectorpixels typically affect more than one pixel in the
camerawe mustilluminate only thosepixelsthatdo not overlapin
their projectedregion (i.e. no con ict). Furthermoreto reduceac-
quisitiontime we mustturn on asmary pixelsaspossibleatatime.
Our algorithmachievesthesetwo goalsby breakingup the projec-
tor imageinto squareblockswithin eachof which only one pixel
is illuminatedat a time. This ensures minimumdistancebetween
neighboringpixelswhile maximizingthe numberof displayedpix-
els. For thiswork, ablock sizeof 8 8 wasused.

Usingthis decompositionthe pixelswithin ablock arescannese-
quentially This coversthe entireprojectorimagein 64 exposures.
The capturedimageswill be composedf the sum of the contri-
butions of every pixel thatwasilluminated i.e. c®= § c where
j2s
Sis the setof pixelsilluminated). The problemnow is to nd the
correspondendeetweerlit projectorgixelsandpixelsof cO(i.e.we
needto nd outwhich elementsf c” arebeingaffectedby which
projectorpixels). To do this, we labeleachblock with a uniquebi-
nary number We displaya temporalsequencef patternsrom the
projectorthat “spell” out this numberfor every block onebit at a

time. For example,for the seventhblock we would displaya “0 1
1 1” pattern,sothe camerapixels seeingthis patternwould know
they areobservingcontritution from the seventhprojectorblock.

Therearetwo issuesve mustaddresgo improve the quality of ac-
quisitionsusingthistechnique First, ourtechniqueancorrectlylim-
its the contrikution of pixels nearblock boundarieshbecauseheir
in uence often extendsbeyond the given block edgeandis mis-
labeled. To alleviate this problem,we shineoffset block patterns
shiftedby half ablock horizontally vertically, anddiagonally This
ensureshatevery pixel in the projectorwill have a block centered
aroundit to within a few pixelssothatall of its contrikution is la-
beledcorrectly Second,sometimedhe blocks canbe mislabeled
becausef noisy measurementTo reducethis problem,the block
labels contain extra bits to add redundang for error correction.
Speci cally, we adda sequencef Hammingerrorcorrectingcodes
thatallow usto correctsinglebit errorsthat might occurafter the
blocklabelingphase We have foundthatthesewo thingsgenerally
x mislabeledpixelsin theimage.

Resultsfrom an acquisitionthat usedthis techniqueare shavn
shavn in Figure 15. Note that by implicitly nding correspon-
dencesbetweenprojector blocks and camerapixels, we are es-
sentiallydoing somethingsimilar to stripe-basedange nding, for
which numerousothertechniquesexist (e.g. Rusinkievicz et al.
[2002]). However, ary directcorrespondendechniquehasthedis-
adwantagehatit only worksif the correspondendeetweerprojec-
tor pixels andcamerapixelsis one-to-one.In our application this
meanghatourtechniqudailsto captureglobalillumination effects,
suchasdiffuseillumination, thatmapmary projectorpixelsto the
samecamergpixel. We addresshis problemin thenext section.

3.2 Adaptive Multiplexed Illlumination

In thissectionwe addresshelimitation of the x edpatternscheme
with an algorithmthat determinesadaptvely which pixels of the
projectorcan be illuminated in parallel to relax the “direct illu-
mination” assumptiorwhile still acceleratingacquisition. Unlike
Schechneetal’swork thatusescodesto increaseedundang and
reduceSNR [2003], our codesreduceredundang to improve ac-
quisitionef ciency. Speci cally, our adaptve algorithmtriesto ac-
quire the transportmatrix with asfew patternsas possiblewhile
ensuringthat projectorpixels affecting the samecamerapixel are
never illuminatedsimultaneouslyWe avoid suchcon icts by sub-
dividing the projectorspaceadaptvely; startingwith the oodlit
projectorimage we subdvide it into four blocks,which arere ned
recursvely until we reachthe pixel level. Wheneerwe subdiide a
block, weilluminatethefour childrenin sequenceA walk-through
exampleof thealgorithmis givenin Figure5.

Two blockscanbeinvesticated/subdiidedin parallelif no camera
pixel receved contritution from both blocks. At eachlevel of the
subdvision, we determingfor eachcamerapixel k theblocksBy =

For all possiblepairs of blocks contributing to the samecamera
pixel we generatea con ict setCy = f(B;;Bj) : Bj;Bj 2 Bxg. In
the next iteration,the only blocksthatneedto be subdvided arein
B= "By, i.e.onlytheblocksthatcontritutedto ary camerapixel.
In this manner blocksthat do not contritute to the nal imagein
ary way areimmediatelyculled away.

Givem the setof all generatecton icts acrossall camerapixels
C= Cx wedene agraph(B;C). A graphcoloring scheme
is usedto determinecon ict-free subset®of B which canbeinves-
tigatedin parallel. While theremight be a con ict for two blocks
in oneiteration, further subdvision might allow sub-blocksto be
parallelized.

At the nal subdvisionlevel, eachblockis thesizeof apixel. How-
ever, unlike in the x edblock patternalgorithmfrom the last sec-
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Figure 5: Example of adaptive algorithm. This exampleshawns

patternsve would displayonan8 8 pixel projectorfor eachlevel

of subdvision. Thenumberdn eachblockindicatetheframewhen
it is lit. In the rst frame(level 1), all pixelsareon. We subdvide

it in level 2 into four children,which are acquiredsequentiallyin

clockwiseorder(frames2-5). In this example,assumesomecam-
erapixelsrespondo bothblocks2 and4, e.g.dueto inter-re ection

within the scene We denotethecon ict betweertheseblockswith

red X's. In level 3 (frames6-13), we ensurethat the children of

thesetwo blocksarenot scheduledor acquisitionduringthe same
frame. While acquiringlevel 3, we discover two additionalcon-
icts: (6 and12) and(8 and10). Supposealsothatblock 9 in the
lower left measuredhothing,soit is culled. We now scheduldevel

4, avoiding schedulingthe childrenof con icting blockstogether
which bringsusto frame21. Thus,we canacquirethe transport
matrix in this examplewith only 21 frameswhen64 would bere-

quiredwith the brute-forcescan. Had therebeenno con icts, the
numberof frameswould be the numberof subdvision levelstimes
four (4 childrenat eachlevel) plusonefor the oodlit image. This

givesus4 logy(pg) + 1= 13for thisexample.

tion, we canguarante¢hatnotwo projectormixelshaveacon ict in

the cameramagebecause¢hesepixelswould not have beensched-
uledin the samepatternotherwise. Becausewve know the history
of the subdvisionsfor thatpixel, we canexactly determinethe cor

respondencbetweerprojectorandcamerapixels. Using this fact,
wecan Il in theentriesof the T matrixwith thevaluesmeasureat
thecamera.Figurel is anexampleof animageacquiredwith this
technigue Note the capabilityof thealgorithmto capturethe com-
plex refractionthroughthe bottle. Thisimageis 578 680 pixels
andwasacquiredin alittle over 2 hours.In contrasta brute-force
pixel scanwould take almost11 daysat the sameresolution(as-
suming25HDR images/min) Figure6 shavs theprojectionof one
of the patternntothe scene Thelarge numberof white projector
pixelshighlightstheef cient parallelizationof the acquisition.

Although the adaptie parallelization algorithm just described
works on mostscenesit may performpoorly in scenesvheredif-
fuseinter-re ectionsor subsurcescatteringlominatesheappear
ance.Thesescenesreparticularlychallengingoecaus¢he enegy
emittedby a singleprojectorpixel mightbe spreadover largeareas
in thesceneln anextremecasethis overlapmight causehealgo-
rithm to scheduleevery pixel of the projectorin a separatdrame,
therebydegeneratingnto the brute-forcescanalgorithm.

The adaptve schemgust presentedcanalsofail to captureall of
the enegy measuredy the projector In certainscenesa pointin

Figure 6: Adaptively parallelized patterns. This gure demon-
strateghathow our algorithmadaptdo the scenecontent.Because
of the comple light transportwithin the bottle visible in the left
image,only a few pixels canbe investigatedin parallelin this re-
gion. Thus,the bottle remainsrelatively dark whenwe projectan
adaptve patternasshavn ontheright.

Figure 7: The problem of capturing diffuse inter-re ections.

Applying the adaptie parallelizationalgorithm describedn sec-
tion 3.2 and subdviding down to the pixel level, we producethe
dualimageon the left. The contritution of the diffusein ections
betweertheboxandtheredwall arenearlylostin thecameranoise.
Usingthehierarchicahssemblyf thetranspormatrix describedn

section3.3,we presere theenegy from higherlevelsin the subdi-
vision, leadingto theimproved dualimageon theright.

the scenemight re ect only a smallfraction of its enegy towards
the camera.lf this contritution is below the noisethresholdof the
camera,someblocks may be erroneouslyculled andtheir enegy
lost. This causeshe techniqueto fail to capturediffuse-difuse
inter-re ections,asshaovn in Figure7. We shaw in thenext section
that by modifying the adaptve algorithmto storethe enegy in a
hierarchicafashionwe canavoid this problem.

3.3 Hierarchical Assembly of the Transport Matrix
To addresshe problemof signallossfor sceneswith signi cant
non-localizedight transportwe employ a hierarchicakepresenta-
tion of the transportmatrix. This methodis relatedto the wavelet
ervironmentmatting techniqueby Peersand Dutré [2003]. It is
alsosimilar to the hierarchicaltechniqueof Matusik et al. [2004]
but oursis adaptve. Speci cally, wefollow thesubdvisionscheme
of the previous section but build a ner and ner representationf
T atevery subdvision level. At level 1, our approximatiorof T is
simply acolumnvectorof lengthmnrepresentingheimagec®cap-
turedwhile illuminating a oodlit imagep® We call this approxi-
mationT ;. Intuitively, T, representthelight transporbetweerthe
cameraanda one-piel projector At thenext level, our approxima-
tion T, containsfour columns,onefor eachof thefour subdvided
regions. This continuesiown to thepixel level wherethematrix T
with 4% 1 columnsmatcheshe resolutionof the original T. The



To appearin the ACM SIGGRAPH2005confeenceproceedings

enepy for eachelementof the matrix is storedatonly onelevel (at
the highestpossibleresolutionthat still returnsa measured/alue)
sincewe do not wantto double-counthe enegy. For a complete

overview of the algorithm, readersarereferredto the pseudocode

in AppendixB.

The bene t of this hierarchicalrepresentatiotis thatthe enegy is

storedat the lastlevel whereit canstill be accuratelyneasuredA

thresholdis usedto decidewhetherto subdvide a speci ¢ block
or to storeits contritution at the currentlevel of the hierarchical
structure. If the contribution is stored,we terminatesubdvision

of thatblock. Thethresholdis setempiricallyanddependn the
characteristicef themeasuremerdystem.

To synthesizehedualimage thecontritution of thedifferentlevels
of the hierarcly needto be addedtogetherfor eachpixel in the
nal image. Thisreconstructiorcanbe expressedn the following
mathematicaform:

"= & f(Ti'c%
k

We will explain the elementsof this equationaswe describeour
renderingalgorithm. First, the desiredight patternc®s appliedto

the T approximationat eachlevel to illuminate the scenefor that
level of the hierarcly. This is expressedy the dot productT T c%°
whichresultsin a4 1 1 columnvector Referringto equatior2,

we seethatthis vectorrepresentshe 4 1-pixel imagethatwould

be viewed at the projectorunderlighting c®® Figure 14 shaws a
visualizationof (T, "c% of levels 1 through10 for one of our

scenes.

We mustnow addup the enegy at eachlevel to generatehe nal
image. Becausesachof thesevectorsis of differentdimensions,
they mustberesizedo the nal resolutionof theimagein orderto
be addedup. We representhis resizingoperationby the function
f. The function f is neededio generatea continuouswaveform
from the discretesamples.In our presenimplementationwe use
bi-cubic interpolationfor f. Oncethe vectorshave beenresized,
we simply addthemto getthe nal image.

Thetechniquepresentedllows usto ef ciently capturethe trans-
portmatrix T of a sceneandmeasurenary globalillumination ef-
fectsusingonly a moderatenumberof patternsandimages.Figure
8 shawvs two moresceneshatwereacquiredusingthis hierarchical
technigue.To shaw thatalgorithmacceleratesur acquisitionand
resultsin a manageablsize of the T matrix, we list the relevant
datafor variousscenesn the table belon. We compareit against
calculatedvaluesfor a brute-forcepixel scanacquisition,assum-
ing a capturerateof approximately25 patterns/minuteThe datais
storedasthree32-bit oats for eachmatrix element. We cansee
thatour techniques several ordersof magnitudemoreefcient in
both time and storagespace althoughfurther compressioris still
possible.

Brute-forcescan Our adaptive algorithm

SCENE Size  TIME Size TIME  #PATTERNS
(TB)  (days) (MB) (min)

Fig. 1 5.4 10.9 272 136 3397

Fig. 14 37 7.3 179 14 352

Fig. 8 (top) 1.6 8.3 56 19 501

Fig. 8 (bot.) 1.4 8.3 139 15 369

Fig. 11 (80positions) | 114 362 6,675 1,761 19,140

To characteriz¢heeffectof projectorresolutionon our hierarchical
adaptve algorithm,we plot the numberof acquiredframesagainst
projectorresolutionin Figure 9 for the box scene(Fig. 14) and
cover sceng(Fig. 1). As we increasethe resolutionexponentially
the curves approximatea straightline. This shavs thatthe adap-
tive multiplexed illumination approactoperatesn O(log pg) time
wherepqis the projectorresolution.

Figure8: SamplescenesTheacquiredprimalimageis ontheleft,
thesynthesizedlualontheright. Notefor examplethedetailonthe
pillar in thedualimageof thebottomrow whichis barelyvisible in
the primal dueto foreshortening.

Figure 9: Logarithmic be-
havior of adaptive algo-
rithm.  Plot of the num-
ber of requiredpatternsfor
the scenesin Figure 1 and
Figure 14 against the pro-
jectorresolutionrevealsthat
the algorithm operatesin
O(log pg) time.

3.4 Image Capture and Pre-processing

Accuratemeasurementf T requiredattentionto several physical
aspectf our experimentalprocedure.Sincethe transportmatrix
entrieswe caremostabouthave low enegies, high dynamicrange
image capture[Debesec and Malik 1997; Robertsoret al. 1999]
wasusedfor all thealgorithmsdescribedn this section.We useda
CanonEOS20Dfor the x edpatternalgorithmof Section3.1anda
BaslerA504kcvideocamerdor the adaptve acquisitionalgorithm
of Sections3.2and3.3. Thereasorfor this switchwasthatwhile

the Canoncameraofferedexcellentresolution,t wastoo slow to be
usedin theadaptve schemeTheBaslervideocamerapntheother
hand, had lower resolutionbut allowed us to capturea full HDR

imageevery 1.5 secondwith an extra secondor processingThe
scenesvereilluminatedby aMitsubishiX480U DLP projectorwith

anative resolutionof 1024 768. Theshortesexposureimein the
HDR sequencéadto be slow enoughto not aliasagainstthe color
wheelof the DLP projector which wasdeterminedempirically to

bearound30 framespersecond.

Before combiningthe imagesfor HDR, we subtractedhe projec-
tor's blacklevel from our capturedmageswhich wasacquiredby

photographindhe scenewhile projectinga blackimage. Subtract-
ing this black-level imagefrom every inputimagereducedhe con-
tribution by stray projectorlight to our matrix entries,aswell as
partially compensatetbr x ed-pattermoisein thecameraExper

imentationfound the black level to vary slightly with the number
of pixelsilluminatedat a time, but this wasnot a problemfor our
acquisitions.
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Figure10: SceneRelighting. A beamof light is virtually projected
into the dualimageof the scengrom Figurel. Notethatspecular
re ectionsandcaustic§rom theglasshottlemove consistentlywith
thepositionof thebeam.

A secondaspecbf our measuremermrocedurehatrequiredcare
wasthe impactof the Bayercolor mosaicin both cameras.These
dependon having enoughsamplesat the CCD to be ableto prop-
erly interpolatethe color componentgfrom the pixel values. We
foundthatthisintroducedartifactswhenilluminatingthescenewith
individual projectorpixels. A focusedprojectorbeamcanillumi-
natevery few pixels on the cameraCCD, yielding errorswhenthe
samplesareinterpolatedduringdemosaicingWhenthis happened,
color contrastwas signi cantly reducedandthe imagesappeared
darker thanthey should.

To remove these darkening and desaturationartifacts, we re-
normalizedthe nal imagedy forcingtheindividualimageso add
upto the oodlit image.First, all colorvaluesof theindividualim-
agesweresummedup sothatwe could seeperpixel howv muchof
thetotal enegy eachimagecontained Thenthecolorenegy of the
oodlit imagewasdistributedto theindividualimagesn proportion
to their contritution to thetotal enepy.

4 Application to Scene Relighting
Thetransportmatrix T betweenthe projectorand cameramustbe
acquiredto the resolutionof the two devicesin orderto perform
dual photograpl. This meansthat we also have the information
neededo relight the primal anddualimagesby multiplying T and
TT by thedesiredllumination vectorsp®andc®®espectiely.

In Figure 10, we demonstratehis by relighting the dualimageof

thescendrom Figurel with a sweepingplaneof light andcansee
that the causticsgeneratedy the glassbottle vary spatially with

the changingillumination. This exampleof relighting only usesa
singleprojectoranda singlecamerasotheincidentlighting in this
casesonly 2D.

In previouswork in relighting (e.g. Masseluset al. [2003]), scenes
were relit with incident4D light elds by acquiringthe 6D re-
ectancefunction of the scene.They did this by keepingthe cam-
era static with respectto the sceneand repositioningthe projec-
tor while doingmeasurementsThis is equivalentto usinga single
cameraandan arrayof projectors.Dual photograpi allows usto
acquirethis 6D re ectance eld in the dual domainwith a single
projectorandanarrayof cameraswhich hastwo adwantagesFirst,
becausecamerasare passie devices, we cantake measurements
from eachof themin parallelwithoutinterferenceThis cansignif-
icantly acceleratehe acquisitionof the re ectance eld. Second,
thereare physical and economicadwantage®f usinga cameraar-
rayversusaprojectorarray Projectorsaregenerallyheaier, larger,
andmore costly thancameras.They canalsobe moredif cult to
packdenselyalign, andcalibrate.

In Figure 15 we demonstrat¢he captureof the 6D re ectance eld
using a mirror array to simulatean array of cameras. A single

(@) (b)

(c) (d)

Figure 11: Scenerelit from multiple directions. Using a cam-
eramountedon a computerizedyantry, we acquiredthe transport
matrix for this sceneat 80 differentcamergpositions.We canthen
relightthedualimagewith alight sourcdocatedatthesepositions,
e.g.(a) oneontheleft or (b) on theright. By combiningthe con-
tributionsof theselights, we canilluminate the scenewith anarea
light source(c) thatcastssoft shadavs. Finally, becauseachtrans-
portis capturedat high resolutionwe canrelightthe scenausinga
high resolutionmatteasshavn in (d).

CanonEOS 20D camerawas aimedinto a4 4 array of planar
mirrors, yielding 16 virtual camerasvith 800 600 pixels of res-
olution each(seeFigure 15a). The capturedtransportmatrix can
be usedto relight the dualimageasif it wereilluminatedby up to
16 point light sourceswith ne angularcontrol (i.e. by 16 virtual
projectors). This is sufcient to simulatesoft shadevs castfrom
anarealight source(Figure15b). Sincethe positionsof thevirtual
projectorscanbe determinedhroughcalibration,one cansynthe-
sizeshadavs castby the virtual actor (in Figure 15c) thatinteract
correctlywith the scene While thefull sizeof there ectance eld
for thisexamplewouldbe4 4 800 600 1024 768(66TB
total size),it wasacquiredin only two hoursusingthe x edblock
patternscanof Section3.1thattook 144HDR images Becausehe
x edschemeassumefocalizedlight transportwhichin turn makes
theacquiredmatrix extremelysparsea simplecompressiomf only
storingthe T matrix elementsabove a certainthresholdallowed us
to storethis datain only 876 MB.

Sinceour adaptve algorithmis fast,we canalsousea singlecam-
erato acquirethe 6D re ectance eld of a sceneby moving it like
Masselust al. movedtheir projector Figure11 shaws therelight-
ing of ascenaewhich wasacquiredin this mannerby mountingthe
Baslercameraon a computerizedyantry.

5 Discussion and Conclusions

In this paper we introducedthe conceptof dual photograp,
wherebythe camerasand light sourcesin a scenecan be inter
changeddueto Helmholtzreciprocity This allows usto measure
the 6D light transportthrougha sceneby usinga projectoran ar
ray of cameraswhich is fasterthanan arrayof projectorsbecause
of the passve natureof camerasTo furtheraccelerat@cquisition,
we have developedan adaptve algorithmthatlooks for regionsof
the scenewhosetransportpathsdo not interact. This permitsus
to projectmary beamsinto the sceneat once, letting us measure
multiple entriesof the matrixin parallel.

Oncewe have acquiredthetranspormatrix, we shavedthatwe can
synthesize view from the projectors locationby simply transpos-
ing the matrix. We canalsorelight the sceneby multiplying the
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mirror

Figure 12: Limits of the hierarchical assemblyof the T matrix.
In this example,the camerais above the box looking down while
the projectoris on the right illuminating from the front, ascanbe
seenin the primal image (left). Becauseof the large difference
in angle betweenthe cameraand projectorviewpoints, thereare
mary regionsin the scenewherethereis no directlight transport.
In theseregions we are unableto resole the transportmatrix to
the full resolution,and thus have to fall backto higher levels of
the hierarchicaltree. This resultsin a blurred dual image (right).
Neverthelessit is remarkablehatthe mirror re ection is captured,
eventhoughthe mirror is barelyvisible in the primalimage.

transposednatrix by the appropriatevector This allows usto il-
luminatea scenewith a pointlight with directionalcontrol (for 4D
transport)or anarbitrarylight eld (for 6D transport).

Therearesomelimitationsto our techniquehowever. Scenesvith

signi cant globalilluminationwould reducethe parallelismthatthe
adaptve algorithmexploits. Sincemultiple projectorpixels canaf-

fect overlappingregionsin the cameraafter several bouncesthey

would be scheduledn separatg@assesin thelimit, the technique
degenerate$o a bruteforcescan.

Measuringtheseinterre ected transportpathsaccuratelyis alsoa
problemasdiscussedn section3.4, especiallywhenthe angleof
view of the projectorandcameras greatwith respecto thescene.
Figure12 shavs anexampleof a dif cult sceneto relight because
the cameraand projectorwereat right anglesto oneanother The
blurring problemvisible in the dual image might be reducedby
usinga highercontrastprojectoranda capturingdevice with better
signalto noiseratio.

To demonstratéhatit is still possibleto accuratelyneasureliffuse-
diffusere ection, we conductedthe experimentshovn in Figure
16 wherethe dual photographwould be recognizableonly if this
globalillumination couldbe capturedcaccurately We shawv thatwe
arestill ableto extractthe signaldespitehaving the light undego
two diffusebounceseforereachingthe camera.

At thesametime, it mightalsonotalwaysbedesirableo substitute
acameraby aprojector Camerahave agreatedepthof eld, ease
of focus, and other controlsthat are often importantin imaging.

Thelimited depthof eld of aprojectorcouldresultin dualimages
that are out of focus. In the sceneghat we testedin this paper

however, the depthof eld wasnota problemdueto areasonably
long standof with respecto scenedepth.

Theadaptve algorithmacceleratethe captureof thetransporma-
trix, but it still takes several minutesto capturethe information
neededor a high-resolutiondualimage. We might be ableto re-

ducethis time while obtaininga dual image of higherresolution
thantheprojectorby placingcoaxialprojectorsandcamerastboth
theprimal anddual positionsusingbeamsplittersThis couldallow

usto producea high-resolutiorview of thescendrom theintended
obserer position undersome x ed illumination even thoughthe

remainderof the transportmatrix could be at lower resolutionfor
relighting. The availability of projectorsandcamera®n bothends
would alsomeanthatboth T andTT might be acquiredsimultane-
ously leadingto improved acquisitionalgorithms.

Another extensionof this work would be to increasethe num-
ber of cameras. Sincethesecameraswill be turnedinto virtual
light sourcesthey neednot be of high resolution. This suggests
doing dual photograpk using a large array of inexpensve cam-
eras[Wilburn et al. 2005]. By aiming this array at two differ-
ent scenesone can capturethe light eld emittedby one scene
and, ipping the imagesappropriately useit to relight a second
scene. Alternatively, by applyingimage o w-basedinterpolation
to the transportmatrix, one shouldbe ableto move a virtual light
smoothlyalonga paththat spansthe arrayin muchthe sameway
view-interpolationcanbe donewith cameraarrays. This hasbeen
anopenproblemin therelightingcommunity

Finally, althoughwefocusin thispapemnscengelighting,thecon-
ceptof dualphotograpls is very generalandhasotheruses For ex-

ample,by replacingthe non-imagingphotosensoin Figure4 with

animagingspectrophotometeonecanrecordaspectrapower dis-
tribution curve for every pixel in the dualimage. We alsobelieve
thatdualphotograpl bringsuscloserto thegoal of measuringhe
entire 8D re ectancefunction for a scene which hasnever been
measuredh its entiretydueto its overwhelmingsize.
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Appendix A: Proof and Experimental
Validation of Dual Photography

Herewe prove thatthe pixel-to-pixel trans-
port from the projectorto the camerais the
samein both directions. Assumewe have

a at surfacepatchS with arbitrary BRDF

fr viewed/illuminatedoy acamera/projector Sj
pair, asshavn in the gure ontheright. In
theprimarycon guration,theprojectoris at
point 1 with distanced;, far enoughfrom
thesurfacesothattherayswithin apatchcanbeassumedo bepar
allelatangleqg;. Similarly, thecameras atpoint 2 with distanced,
andangleq,. We call the areailluminated by the single projector
pixel S, andtheregion viewedby the camergpixel S,.

If the projectorproducesadiantintensityl, the re ected radiance
in directiong, from apointin S; dueto the projectorpixel is:

(fr(a! @) cosq
of
Theirradiancereceved by the camergpixel at position2 is thein-

tegral of this radianceover the solid anglesubtendedy the inter
sectionof §; andS,:

L5:

LS\ Sojcosqp _ Ifr(qu! Gp) cosquiSi\ Sjcosqy

Eqio=
* d dzd3

®)
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We specify the areaof the intersectionof S; and S, (denotedby
1S\ $j) becausehetransferof enegy betweerthe projectorand
camerapixel only happensn the region of intersection. This de-
nes the transferof enegy betweenone pixel of the projectorin
position1 andonepixel of thecameran position2. Notethatthere
exists a relationshipbetweenthe surfaceareacoveredby a pixel
andits solid angle(W), asgivenby the following equationgor the
projectorandcameraespectiely:
_ ISijcosqy 1S2j cosgp
Wp - d2 d2
1 2
NotethatW, andW areconstanfor our given projectorandcam-
era— they representhe solid anglefor the pixel of eachdevice.
We now de ne aprojectionoperatorP :

and W, =

Si=PiW, and S=PAW

sothat$S; is the projectiononto Sfrom position1 of thesolid angle
W, for example.We cannow rewrite S; and$; as:

W d? Wed2
iqi— iplwi= U1 Q= ip2wi= e
1S1) = P W cosqy and [Sj = jPWe costy (4)
ThusEquation3 canberewritten as:
Eip= Ifr(qn! o) cosqPiWp\ P2Wjcosgy 5)

dfd
We cannow seethatthis equatiorwill bethesamein thedualcase.
The key is to remembetthat the virtual projectorwill take onthe

the cameraparametergin this casethe W;) andvice-versa. Thus
thetransferof enegy in the dualspaces givenby:

_ Ifi(g! q1) cosgiPAWe\ P iWpj cosgy
- d2d2 (6)
271

Becausef; (g1! @) = fr(g2! @1) by Helmholtzreciprocity we
have E1» = E»1. Thismeanghatthepixel-to-pixel transporis equal
in bothdirectionsandwe canthenperformour technique.

Ex1

Readergamiliar with Zickler's stereopsi$2002] might noticethat
they have anadditionalcosinetermin their representationTo see
whereit comesfrom, we mustrealizethat they physically inter-

changethe projectorand the camerawhenthey go into the dual
space. Hence,the dual projectorand dual camerahave the same
old parameter\j, andW\ respectiely. This resultsin the follow-

ing enepy transferequationin their dualspace:

£, = fr(@! ar)coshiPEWp\ PEW cosgy
21— d2d2 (7)
2t
Firstof all, thereis nolongera guarante¢hatE;» = Ep;. Further
more,sincethe projectoris a point light in their con guration, W,
is muchbiggerthanW;. Thusfor boththeir primal anddualequa-
tions [Zickler et al. 2002] the intersectiorreducedo just the term

for We:

Ifr(qn! Q) cosgjP 3V cosg,

Eio=
12 22
E = Ifr(g2! qu) COSCIZjPéWcj Cosg1
21— d2d2
241
If we plugin Equation4 andcanceloutthe cosinetermswe get:
Eqio= fr(g! g2)Wecosqy
12 — d2
1
g, = fr(@! q)Wecosq,
21=

dz

ca%ra s cylinder
——dual
Q —— mirrored primal
projector
@) (b)
(© (d)

Figure 13: Experimental Validation of Dual Photography. (a)
Experimentaketup. (b) Plot of intensityvs. surfacenormalangle
for scanlinesn the mirroredprimal (c) anddual(d) images.

which areequivalentto the equationsn the Stereopsipaper com-
pletewith the cosinetermto accountfor the foreshorteningf the
incidentillumination.

We now demonstratesxperimentally the radiometric validity of
dual photograpl. The experimentalsetupis shavn in the primal
con gurationin Figure 13a. The cylinder is mostly diffusewith a
slight speculaterm. The hierarchicaladaptve algorithmwasused
to acquirethe T matrix for the scene.Becausehe objectis a ho-
mogeneougylinder and the cameraand projectorare on a plane
perpendiculato the axis of the cylinder, the setupis symmetric,
meaningthatthe shadingof the cylinderin the primal anddualim-
agesshouldbe mirror imagesof eachother Insteadof physically
interchanginghe cameraandprojectorto compareour synthesized
dualwith arealphotograpHrom the projectors point of view, this
symmetryallows usto simply comparghehorizontally- ipped pri-
malimage(13c)with our synthesizedlualimage(13d). For anac-
curatecomparisonyve plot (Figure13b)theintensityaveragecdver
12 scanlinesn theimagesversugheanglebetweerthenormaland
the vectorbetweenthe centerof the cylinder andthe light source.
Becausef the proximity of the cameraandprojectorto the cylin-
der, therangeof anglesvisible by bothdevicesis limited to 10— 80
degrees We seethatthetwo curvesmatch.

Appendix B: Pseudocode of Algorithm

In this sectionwe provide pseudocodéo the adaptve hierarchical
algorithmdescribedn Section3.3.

Initialization() ;

repeat
/I constructacon ict-free lists of blocksthatcanbe processedh parallel
ConstructCon ictFr eelLists();
/I'llluminate scenewith patternsconstructedrom eachlist andacquirewith camera

/I processmages storeresults generateew lists of blocksfor next iteration
ProcessResults()
g until lowestlevel in hierarcly is reached

Initialization() f
for eachcamergpixel k f
/I Initially assumevery camerapixel is affectedby block 0, the oodlit image
Bk =f0g;
g
C = empty;// initialize setof con icts to empty
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ConstructCon ictFr eeLists()f
/I form graphstructure
B = Union(Bx); /I nodesB, edgesC
(L[O];::;; L[N 1]) = GraphColor(grapt®,C)); // N lists of nodesreturned

f
/I we now have N con ict-free listsL[]'s
fori=0toN 1f
generatgatternP[i] from L[i];
illuminate patternPli];
captureHDR imagel[il;

/l'light pixelsfor all blocksin L[i]

g
g
ProcessResults()
C =empty;
for eachcamergpixel k f
new_By = empty;
fori=0toN 1f
/I nd block (if ary) thataffectscurrentpixel
currentblock = intersectBy, L[i]); /I becausé.[i] wascon ict-
/I free,this canbeat most
// oneblock
if (currentblock = empty)f
continue; /I pixel k notaffectedby L[i]
g
elsef
if (pixelkin I[i]=0)f
continue; /I novaluemeasureddo nothing
elseif (pixel kin I[i] < threshold)or lastiterationf
I belav thethresholdsostoretheenegy here.
/I T() is the hierarchicarepresentationf the matrix
/l'indexedby blockin the subdvision treeandcamerapixel k
T (currentblock, k) = pixel kin I[i];
continue; /I no furthersubdvision
g
elsef
1l requessubdvision for this block
insert4 childrenof currentblockinto new_By;

g

9
/] setBy for the next iteration

Bk = new_By;
/I collectcon icts andaddto C for next iteration
for eachpair (s;t) wheres andt arein B, ands6 t f
insert(s;t) into C; /I sandt con ict andcant
/I bemeasuredh parallel
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primal level 1 level 2 level 3 level 4 level 5

dual level 6 level 7 level 8 level 9 level 10
Figure 14: Construction of the dual imagewith a hierarchical representation. The primal anddualimageshaw diffuseto diffuseinter
re ections which could only be capturedby useof the hierarchicalacquisition.Eneigy thatmight have beenlost whenfurther subdviding a
block is depositecht a coarsdevel of the T matrix. To synthesizehe dualimage,the levels areindividually reconstructedby applyingthe
appropriatebasisfunctions,thenaddedtogetherto obtaintheimageon theleft. In this gure the intensityof theimagesfor level 1 to 9 has

beenincreasedo visualizetheir contrikution.

() (b) (c)
Figure 15: Using a mirr or array to emulate multiple virtual projectors. (a) A camerawasimagedonto the mirror arrayin orderto
emulatemultiple virtual light positions. A block patternscanconsistingof 144 high dynamicrangeimageswas performedto acquirethe
scenestranspormatrix. Theregion of interesiwithin theprojectors eld of view was864 604 pixels,the nal resolutionof thedualimage.
Eachcamerain the mirror array hadan approximateresolutionof 800 600 pixels, which is the resultingspatialresolutionof our virtual
lights. (b) Thescenes illuminatedby 12 pointlight sourcego createsoft shadavs. (c) An animateccharacteis embeddedh the sceneand

castsshadavs ontothescene.
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Figure 16: Dual photography with indir ectlight transport. (a) A projectorilluminatesthefront of a playing cardwhile the camerasees
only the backof the cardandthe diffuse pageof the book. An aperturein front of the projectorlimits theillumination only ontothe card.

The cardwas adjustedso thatits speculardobe from the projectordid not land on the book. Thus,the only light thatreachedhe camera
underwent diffusebounceatthe cardandanotheratthebook. (b) Completecameraview underroomlighting. The backof thecardandthe

pageof thebookarevisible. It seemsmpossibleto determineheidentity of the cardfrom this point of view simply by varyingtheincident
illumination. To acquirethetransportmatrix,a3 3 white pixel wasscannedy the projectorand5742imageswereacquiredto producea

dualimageof resolution66 87. (c) Sampleémagesacquiredvhentheprojectorscannedheindicatedpointsonthecard. Thedarklevel has
beensubtractedandthe imagesgamma-correctetb amplify the contrast.We seethatthe diffusere ection changeslependingon the color

of the cardat the point of illumination. After acquiringthe T matrix in this mannerwe canreconstructhe oodlit dualimage(d). It shavs

the playing cardfrom the perspectie of the projectorbeingindirectly lit by the camera.No contrastenhancemerttasbeenapplied. Note

thattheresultingimagehasbeenautomaticallyantialiasedver the areaof eachprojectorpixel.
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