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Motivated by the problem of understanding the limitations of threshold networks
for representing boolean functions, we consider size—depth trade-offs for threshold
circuits that compute the parity function. Using a fundamental result in the theory
of rational approximation, we show how to approximate small threshold circuits by
rational functions of low degree. We apply this result to establish an almost optimal
lower bound of Q(n%/In? n) on the number of edges of any depth-2 threshold circuit
with polynomially bounded weights that computes the parity function. We also
prove that any depth-3 threshold circuit with polynomially bounded weights
requires Q2(n'?/In*? n) edges to compute parity. On the other hand, we give a con-
struction of a depth d threshold circuit that computes parity with n' ~®%" edges
where ¢=(1 + \/%)/2 is the golden ratio. We conjecture that there are no linear size
bounded depth threshold circuits for computing parity. € 1994 Academic Press, Inc.

1. INTRODUCTION

Complexity theory of small depth circuits over various bases has received
considerable attention in the last decade. The first complexity results on
such circuits were obtained by Ajtai [1] and Furst ez al. [11] who showed
that the parity function on » variables cannot be computed by polynomial
size, bounded depth, unbounded fan-in circuits over the standard basis
{AND, OR, NOT}. Boppana and Sipser [7] is an excellent reference for
the results in this area. Although much is now known about the limitations
of bounded depth circuits over {AND, OR, NOT}, very little is known
about the limitations of circuits over more powerful bases.

The basis consisting of linear threshold gates is of particular interest. A
threshold gate produces a boolean output by comparing a weighted sum of
its boolean inputs with a threshold value. Circuits over this basis are called
threshold circuits. Bounded depth, polynomial size threshold circuits have
considerably more computational power than similarly restricted circuits
over the standard basis. For example, it has been shown that sorting,
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multiplication, and division can be performed by bounded depth polyno-
mial size threshold circuits [10, 18, 5, 20, 9]. Such circuits also provide a
fundamental computational model for neural networks [14, 13]. Despite
the added power provided by the basis of threshold gates, there are still
simple functions for which no bounded depth polynomial size threshold
circuit is known. Indeed, it is generally believed that such circuits are not
powerful enough to compute all functions in the class NC!, that is, those
computable by a logarithmic depth bounded fan-in circuit over the
standard basis. At this point it is known that depth-2 polynomial size
threshold circuits with polynomially bounded weights cannot compute all
of NC' [12] and limitations have been established for other restricted
classes of threshold circuits [14, 8, 257.

In this paper, we prove that the function computed by a depth-2 or
depth-3 threshold circuit can be represented as the sign of a rational
function of the inputs whose degree is bounded as a function of the number
of edges in the circuit. As an application of these results, we prove lower
bounds on the number of edges required to compute parity by such
circuits. It is well known that the parity function on n variables can be
computed by a depth-2 threshold circuit with a quadratic number of edges
[15]. Our techniques yield an almost optimal lower bound Q(rn?*/log” n) on
the number of edges for computing the parity function with depth-2
threshold circuits whose weights are bounded by a polynomial in n. For
depth-3 circuits, we obtain a lower bound of 2(n'-%/In*> n) edges, which,
in particular, accomplishes the rather modest task of separating NC' from
depth-3 threshold circuits with a linear number of edges and polynomially
bounded weights.

For greater depths it is not hard to construct a circuit that computes
parity with a linear number of edges in depth O(log log n). In fact, we give
a construction for each depth & between 2 and O(loglogn) (which we
believe to be essentially optimal) with O(n'*< ") edges for some constant
¢>1 (see Section 3).

Our starting point was an attempt to show that the trade-off exhibited
by this construction is the best possible. While our results fall short of this
goal, our techniques involve an interesting application of rational
approximation theory to complexity theory. While the representation of
boolean functions by polynomials has proved to be very useful in the study
of boolean function complexity, e.g., [ 19, 22, 23, 26, 3], our use of rational
functions for approximating boolean functions seems to be the first. The
technique holds promise towards a complete answer to this trade-off
question and also seems to be a natural and a potentially useful approach
to the analysis of threshold circuits in general. Such an approach might
also be relevant to the solution of the question of whether TC? (the class
of functions computable by bounded depth and polynomial size threshold
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circuits) is equal to NC'. Recently, these techniques have been used to
study the complexity class PP [6]. The rational approximation techniques
in this paper have subsequently been applied in [21] to yield lower bounds
on the number of gates in threshold circuits. It is also know that at least
log, n threshold gates are required to compute parity even when there is no
depth restriction [24].

In Section 2, we define threshold gates and circuits. In Section 3, we
show how to construct parity circuits of depth d with n'+®®™ edges. In
Section 4, we present a lemma relating the edges and the nodes of depth-2
circuits that compute parity and discuss a related open problem concerning
the minimum number of hyperplanes required to cut all the edges of the
cube. In Section 5, we consider representations of boolean functions by real
functions and prove that any polynomial representation of parity requires
degree n. Using this, we give an alternate proof of a result of Alon et al. on
the number of Hamming stripes required to cover the hypercube [2].
Finally, in Section 6, we present our approximation results and derive
lower bounds on parity.

2. THRESHOLD CIRCUITS: PRELIMINARIES

A threshold gate with fan-in # is an n-tuple we Z", where Z is the set of
all integers. The function 4: {0, 1}" — {0, 1} computed by such a gate on
input be{0,1}" is given by sgn(>7_, w;b;) where sgn:R—{0,1} is
defined as

1 if >0
0 otherwise.

sgn(a) = {

We define the norm u of a threshold gate as u=3; [w,.

A threshold circuit T on n inputs (b,, b,, .., b,) is a directed acyclic
graph with a designated node (output) and exactly n+ 1 source nodes, one
for each variable and one for the constant 1. The semantics of such a circuit
is given by interpreting each non-source node v as a threshold gate on its
incoming edges. The function y,(b,, .., b,) computed by v is obtained by
functional composition in the obvious way. The function fr: {0,1}"—
{0,1} computed by T is the function assigned to its designated output
node.

The node complexity of T is defined as the number of non-source
nodes of T. The edge complexity of T is defined as the number of edges
in T.

We define the level of each node in the following way: The level of each
source node is 0. The level of any other node i is 1 more than the maximum
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level of its immediate predecessors. The depth of T is the level of the output
node.

The node (edge) complexity N,(n) (E (n)) of a boolean function f on n
inputs is the node (edge) complexity of the minimal node (edge) threshold
circuits that computes f.

For convenience, we assume that all our circuits are layered in that
nodes at level § for i=1 receive inputs only from level i —1. Such a
restriction would increase the edge complexity by at most a factor of d, the
depth of the circuit.

3. THRESHOLD CIRCUITS FOR PARITY: UPPER BOUNDS

A boolean vector 5 is even if 27-1 b;=0 mod 2 and is odd otherwise.
The odd parity function p, on a sequence b= (b,, b,, .., b,) of boolean
variables is defined to be the characteristic function of the set of odd
vectors. The even parity function p, is defined by p.(5)=1— p (). Both
even and odd parity functions are referred to simply as parity functions.

We now consider the problem of constructing threshold circuits for
parity with a minimal number of edges. The best construction that has
been achieved for depth-2 threshold circuits uses n%/2 4+ O(n) edges [15].
At the first level, we have | n/2 | gates with the ith gate G, (which also
denotes the output of the gate i) computing the function sgn(3¥}_, 25, —
4i+1) for 1 <i<|[#/2 ] In addition, we have n+ 1 “trivial” gates at the
first level that will transmit the inputs b,, b,, .., b, and the constant 1 to
the gate at the second level. The output gate at the second level computes
sgn(3L734 4G, —2 37_, b;+1)._ Note that the argument of the sign
function is positive if the input b is odd and negative if the input 4 is even.

For greater depths, the above can be used as the basis in a recursive con-
struction. To construct a circuit of even depth d, we partition the inputs
into \/; sets of size \/; We recursively construct depth d — 2 circuits to
compute the parity of each of the sets and combine the outputs using a
depth-2 circuit. For d = o(log log n), the number of edges at the lowest level
of recursion is O(n'*"?"") which dominates the sum of all the edges at
other levels. This is a special case of a construction by Beame et al. [4]
which, for any symmetric function, yields a similar size—depth trade-off. In
the case of the parity function, by a more careful construction, we get:

THEOREM 1. For d=2 and d=O(loglogn), there exists a depth-d
threshold circuit with O(n'* 8" edges and O(n) nodes that computes a
parity function, where ¢ = (1 + \/g 2. (All the weights in these circuits are
O(log n) bits long.)
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Remark. In particular, from this theorem, we get an O(log log n) depth
threshold circuit for computing the parity function with node and edge
complexities O(n).

Proof. We first construct a depth-(2d — 2) circuit that computes parity
on n variables using the divide-and-conquer technique. We then observe
that this circuit can be collapsed to depth d. The depth-(24d — 2) circuit has
d — 1 stages of depth 2. The inputs to the first stage are the # boolean input
variables. The outputs of stage / are the inputs for stage i+ [. Stage d— 1
has a single output which is the output of the circuit. Stage i has »; inputs
and n,,, outputs. The inputs to stage i/ are partitioned into n,,, groups of
size n;/n; . ,. The ith stage consists of »n, ., depth-2 circuits, each computing
the parity of one of the groups using the standard construction. We will
specify the integer parameters n=n, >hn,> --- >n,_,>n,=1 later.

The standard depth-2 construction has the key property that the
weighted sum of the inputs to the second level is always + [, which can be
converted to a boolean value by a simple linear transformation. Hence, no
further thresholding is necessary. This enables us to eliminate ali nodes at
even levels except the input and output nodes in the following way.
Consider a node u at an even level with inputs y,, .., y, coming from
nodes vy, v,, .., 1, at the preceding level. Let w,, ..., w, be the weights on
these edges. Let e = (u, u') be an edge from the node « to the node u’ at the
next higher level and let w be the weight on e. Since the weighted sum
LW ., 1s always boolean, we can directly feed the inputs y, to the gate
u’ with weights ww;. If such a process is carried out for every outgoing edge
of u, the node u can be eliminated. Thus we can eliminate all even levels
and obtain a depth d circuit from our depth-{2d — 2} circuit.

We now select the parameters #; to minimize the number of edges in the
corresponding collapsed circuit. For notational convenience, we define
no=n and n,, , = 1. Note that, in the standard depth-2 construction for the
parity of k variables, the number of edges feeding into the first level gates
is at most k* and the number of edges feeding into the second level gate is
at most 3k/2. Thus in the uncollapsed circuit the number of edges from
nodes at level 2i—2 to nodes at level 2i—1 is at most n,, (n;/n,, )’ =
ni/n;. . In the collapsed circuit, each such edge is replaced by 3n,_/2n,
edges and level 2i— 2 is eliminated. The (2i — 1)st level of the uncollapsed
circuit becomes level i of the collapsed circuit and the total number of
edges into that level is 3n;_ n,/2n,,, for i=1,..,d We now select n, so
that, for i=2, ..., d— 1, the number of edges feeding into level i gates from
level i — 1 gates is twice that of the number of edges feeding into level i — 1
gates from level i — 2 gates; that is,

2n, mng o =n_,n, /0,
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This gives us the recurrence

92
ng=2n;_/n;_,

1

for i = 3. After logarithms are taken, this recurrence becomes a Fibonacci

recurrence. Using the boundary conditions, we obtain the total number of
. . . —d

edges in the circuit to be n'*®? ™ where ¢:(1+\/§)/2, the golden

ratio. ||

Our inability to improve this construction suggests the following
conjecture:

Conjecture 1. There exists a constant ¢>1 such that any depth d
circuit that computes parity requires 2(n'*< ") edges.

This conjecture, if true, would imply that any depth d=o(loglogn)
circuit that computes parity has a superlinear number of edges. As a
consequence of the approximation results in Section 6, we obtain lower
bounds on the edge complexity of depth-2 and depth-3 threshold circuits
for parity. We begin with some particular properties of depth-2 threshold
circuits.

4. PROPERTIES OF DEPTH-2 PARITY CIRCUITS

We first establish a relationship between the node and the edge
complexities of depth-2 threshold circuits that compute parity. Let p be any
parity function on » inputs.

LEMMA 1. For depth-2 threshold circuits, (2N,(n) + nN,(n — 1) —
n—2)2<E,(n)<(n+2)N,(n)—n—2.

Proof. The upper bound follows easily from elementary graph-theoretic
considerations. For the lower bound, we show that the outdegree of each
input variable b, is at least N,(n—1)/2. Let T be a depth-2 threshold
circuit that computes a parity function on » inputs. Fix an input b, and
let out,(i) denotes its outdegree. From T we derive a threshold circuit 7”
that computes a parity function on n— 1 inputs whose node complexity is
bounded from above by 2 out,(i)+1.

Let 7, be the circuit obtained from T by merging the source node
labelled b; with the source labelled 1, i.e., assigning the value 1 to the input
b,. Let T, be the circuit obtained by deleting the source node labelled 4,,
together with its incident edges, and negating the weight of each edge
entering the output node. Now, let 7" be the circuit obtained by coalescing
the output nodes and the corresponding source nodes of 7, and T;. Since
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T, and 7, compute the same parity function on »—1 inputs, it is not
difficult to see that T" computes that function as well. Note that each
level-1 node of T that has no incoming edge from b, corresponds to a pair
of nodes in T" that compute the same function but whose outgoing edges
have weights summing to 0. Therefore, the contribution of each such pair
to the output node of T” is always 0. Hence we can remove all such nodes
from 7" to obtain a circuit 7' whose node complexity is bounded from
above by 2 out;(i)+ 1. From this, we get the lower bound (N,(n—1)—
1)/2 on the outdegree of each non-constant source node, which in turn
gives the lower bound on E,(n). |

A Geometric View. Each gate in a threshold circuit can be interpreted
as an affine hyperplane. With this interpretation, it is not hard to prove:

LEMMA 2. In a depth-2 circuit for parity, the set of hyperplanes
associated with the nodes at level 1 must intersect every edge of the
n-dimensional unit hypercube.

This observation suggests the following problem.

Problem 1. What is the minimal number of hyperplanes required to
intersect all the edges of the unit hypercube?

This problem appears in {17, 27 and it was conjectured that this number
is n. An unpublished counterexample by M. Paterson is mentioned in [17].
By Lemma 1, a lower bound of f(n) on the number of hyperplanes would
imply an Q(nf(n)) lower bound on the edge complexity for computing
parity with a depth-2 circuit.

In the construction of the previous section, observe that the circuits are
restricted in the sense that the weights (except the ones that correspond to
constant input 1) of all level 1 gates are nonnegative. Therefore the
associated hyperplanes have nonnegative coefficients. It is not hard to see
that at least n such hyperplanes are needed to cut all of the edges of the
hypercube (no two of the n edges (0/1"7/ 0/*'1"~/~') can be cut
simultaneously by a hyperplane with nonnegative coefficients) and thus we
have:

THEOREM 2. Any restricted depth-2 threshold circuit that computes parity
has edge complexity of n*/2 + Q(n).

In the case where the weights are not restricted, the best lower bound
known on the number of hyperplanes needed to cut all edges of the hyper-
cube is Q(\/;), which gives an 2(n*?) bound on the edge complexity of
parity with depth-2 circuits. The Q(\/;) lower bound can be obtained by
showing that any one single hyperplane can cut at most 0(\/;2") edges of
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the cube [17]. We believe that this can be significantly improved but have
been unable to do so by this technique. Instead, the lower bounds
promised in the introduction are based on an analytic approach, which use
approximation by rational functions together with a degree argument.

5. REAL REPRESENTATIONS OF BOOLEAN FUNCTIONS

We consider the representation of boolean functions by real functions. In
particular, we will be interested in the real functions that are polynomials
or rational functions in their variables.

A real polynomial f(x,, x,, .., x,) In X,, X,, .., X, has the general form

f(xl’xb e _y(")z Z 9‘41...(1,,“"‘:‘1'
i

d120,..d,=0

such that only finitely many «,  ,’s are non-zero. The degree of f is
defined by

deg(f)= max {Z ditay dn#O}.

dy, .., dy

A polynomial f(x,, x,, .., x,,) 1s multilinear if, for each non-zero coefficient
Ay o ap 0<d, <1 for all i. A rational function is a ratio of two
polynomials. The degree of a rational function is the maximum of the
degrees of the corresponding polynomials.

We show that the boolean function computed by a threshold circuit can
be represented by a polynomial or a rational function whose degree is a
function of the size of the circuit. On the other hand, we show that any
polynomial or rational representation of parity function requires high
degree thus obtaining lower bounds on the size of threshold circuits. To
carry out this program, we introduce three notions of representation. Let
g:{0,1}" - {0, 1} be a boolean function and f: R” — R be a real function.

We say f exactly represents g if, for all be {0,1}", f(b)=g(h). We have
the following well-known fact regarding the exact representation of boolean
functions by multilinear polynomials, which is easily proved (for example)
by induction on the number of variables.

Fact 1. For every boolean function g on »n variables, there is a multi-
linear real polynomial f of degree at most n which exactly represents g.

The other two notions of representation are weaker. We say that f sign-
represents g if g(E) =sgn(f (5)) for all boolean vectors b. For a real-valued
function h on n variables, let ||A|, =max;, (0, 1} Ih(g)l. We say f
approximates g within error ¢ if | f— gl <& Observe that if f exactly
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represents g then f sign-represents g and if f approximates g with error
<1/2, then f — 1/2 sign-represents g.
We now show that the sign-representation of parity requires high degree.

LemMma 3. If a real polynomial f(x,, x,, ..., x,,) sign-represents a parity
JSunction, then deg(f)=n.

Proof. Without loss of generality, we assume that f/ is multilinear since
we are only concerned with the behavior of f on boolean inputs. We use
induction on n to prove that deg(f) is at least n.

Clearly, the statement is true for n=1. For some »n > 2, assume that
f(x;, x5, .., x,,) sign-represents the function p, on n variables. (The other
case can be handled similarly.) Since f is multilinear, it can be written as

J(x1, Xgy e X)) =X filXe, s X,)
+ fo(x3, s X,)

such that fy(x,, x;, .., x,) sign-represents p. on n—1 variables and
Silxa, X5, oy X))+ fo(X2, X3, -, X,,) sign-represents p, on n— 1 variables.

It follows that f(x,, xs, .., X,) sign-represents p, on n— 1 variables.
Observe that the degree of f, is one less than that of f. By the induction
hypothesis, we have that deg(f,}>=n— 1. Hence, deg(f)=n. |}

CoOROLLARY 1. If a rational function f(x,,..x,)=h(x,, .., X,)/
hy(xy, .., X,) sign-represents a parity function on n variables, then the sum of
the degrees of the polynomials h, and h, is at least n.

Remark. This lemma can be used to give a simpler proof of the result
of Alon et al. {2] concerning the minimal cardinality of a family of +1
vectors that is to cover all the vertices of a +1 n-dimensional hypercube.
More precisely, they considered the following problem due to Knuth. Let
K(n, d) denote the minimal k for which there exists + 1 vectors ¥, ¥, ..., ¥
of dimension n such that for any +1 vector # of dimension n, there is an
i, 1 i<k, such that |7, 4| <d, where ¢-4 denotes the inner product of
two vectors. Knuth’s construction shows that K(n, d)<{n/(d+1)] for
n=d (mod 2). Alon and others proved a matching lower bound using
elementary linear algebra. This lower bound can also be obtained from
Lemma 3, by noting that a family of k& vectors that satisfies Knuth’s
criterion can be used to obtain a polynomial of degree at most k(d+1)
that sign-represents parity. In the following, we give the proof.

Let d=n (mod 2). Assume that the +1 vectors #,,.., U, have the
property that, for every point X of the 41 hypercube, there is some i such
that |7,- X| <d. For 1 i<k and 0<j<d, define the linear forms 4;(X) =
§,-X—d+2j. Since the dot product of two +1 vectors of length » is

643/112/2-8
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congruent to n (mod 2), it follows that every +1 vector X satisfies one of
the equations 4,(X)=0.

Let us define the parity of a +1 vector to be the parity of the number
of — I’s in it. It is easy to see that Lemma 3 applies also when the variables
take the values 4 1. Observe that for each i and j, all +1 vectors ¥ that
satisfy A;(X) =0 have the same parity. Thus we can classify the 4; as even
or odd according to the parity of the vectors that satisfy the equation
h;=0. Let f(¥)=(I1 h,-j]z— 1/2, where the product is taken over all
even h; and g(¥=[ITh;,]*>— 1/2, where the product is taken over all odd
h;. It is easy to see that both the polynomials f and g sign-represent
the parity functions on n variables and so by Lemma 3 each has degree at
least n. On the other hand, the sum of their degrees is 2k(d+ 1). Hence,
k(d+1)=n.

6. RATIONAL APPROXIMATION OF THRESHOLD CIRCUITS

In this section, we prove our main approximation results for depth-2 and
depth-3 circuits and apply them to obtain lower bounds on the edge
complexity of such circuits that compute parity.

6.1. Depth-2 Circuits

THEOREM 3. Let T be a depth-2 threshold circuit with n variables and at
most E edges. Let u,,,, denote the maximum norm of its gates. Then

1. The boolean function computed by T can be sign-represented by a
rational function whose degree is at most 4 \/l—:" In(6u,,,,),

2. For any 5€(0, 1/2), the boolean function computed by T can be
approximated with error at most 0 by a rational function whose degree is at
most 4 \J E 1024ty /).

From the first part of this theorem and Corollary 1, we obtain the result
claimed in the introduction.

COROLLARY 2. Any depth-2 threshold circuit with polynomially bounded
weights that computes parity has Q(n*/In* n) edges.

In the rest of this section, we present a proof of Theorem 3. Our main
tool is a construction due to Newman of low-degree rational functions that
approximate the function |x| on the interval [—1,1]. We say that the
function r(x) approximates |x| over the interval [ —1, 1] within error ¢ if
SUp, (. 4q IH(x)—Ix| | <e.
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For integer k> 1, let &, = e~ V% and

k—1

pe(x)=1] (x+¢&,

i=0

__px)=p(—x)
R = p( )
_ p(x)
S = )

Note that R,(x) and S,(x) are rational functions of degree at most
k+1.

THEOREM 4 (Newman [1/§]). In the interval [ —1,1], R, (x) approxi-
k

mates |x| within error 3e ~'".
This result is considered to be the starting point of the modern theory of
rational approximation. It is worth mentioning that no real polynomial of
degree k can approximate |x| within error o(1/k).
This theorem enables us to approximate the sgn function.

CoRrOLLARY 3. For 0<é <1, the function sgn(x) can be approximated
by S,(x) over Hy=[—1, =31 [, 1] within error 3e ~v*/26.

Proof. Note that sgn(x)=(1+ |x|/x)/2 for x#0. Therefore, |S,(x)—
sgn(x)| = [(Re(x) — x1)/2x] < 3e “V¥/25 over H,. 1

We use this result to show that the function computed by any threshold
gate can be well approximated by a rational function of small degree. Let
G be a threshold gate on n inputs with weight vector w and let f;(b)=
sgn(X7_, w;b;) denote the boolean function computed by G. Let u=

7_ Iwil be the norm of G. We then have the following approximation
lemma for G.

LeMMA 4. For each integer k21, there exists a real function gk(l-;) of
degree k that approximates the boolean function f; on {0, 1}" within error
6ue V.

Proof. Let s([_)')z(Zj;l w;b;— 1/2)/2u. Since w, are integers, we have
1/4u<|s(b)| <1, that is, s(b)eH,,, for all be{0,1}". Thus by the
corollary, sgn(s(B)) is approximated by the degree-k rational function
S, (s(B)) within error 6uev*. |}

We now prove the theorem stated in the beginning of the section.
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Proof of Theorem 3. Let m be the number of level-1 gates and let 4,(b)
denote the boolea_p function computed by the ith gate for 1 <igm. Let
g(b)= 27 wihi(b), where w, w,, ..., w,, are the weights corresponding to
the output gate at level-2. Then fr(b) =sgn(g(b)).

To prove the first part of the theorem, we need to construct a low-degree
rational function r(x,, .., x,) that sign-represents the function f;. To do
this we first construct a low-degree rational function approximation for g.
Each of the boolean functions A, can be exactly represented by a multi-
linear polynomial p, whose degree is at most the fan-in of the associated
gate Also, by Lemma4, each A, can be approximated within error

Upnax € VK by a degree k& multivariate rational function A;. We select a
posmve real number d’ and a positive integer £ (to be specified later) and
substitute into g for each h; as follows: substitute p; for A, if A; comes from
a gate of fan-in at most d' and otherwise substitute 4;. Call the resulting
function g'(X). Note that the number of terms for which 4] is used is at
most E/d’ since the number of edges is bounded above by E. Thus if we
express g’ as a ratio of polynomials, the degree of the denominator is at
most (E/d')k and the degree of the numerator is at most d’ +(E/d)

Selecting d’ = \/Ek guarantees that the degree of g’ is at most 2/ E
Also, for be {0, 1},

Q"l

|2'(B)— 2(b)| Z [wil 1hi(B)— hi(

i=1
/_
< 6umax , Z |W,-|

< 6u? e Vk

max

)l

If we select k so that this error is within 1/4 (k=|4In?(6u,,,) ] will
do), the function r(X)= g'(¥)—1/2 satisfies g(g)>r(5)>g(5)—1 and
thus _sgn(r(5))=sgn(g(d)) = f(5). The degree of r is then at most
4 ﬁ In(6u,,, ), as required to prove the first part of the theorem.

To prove the second part of the theorem, we note that on boolean inputs
g(b) is integer valued and bounded in absolute value by u,, and g'(5)
differs from g(b) by at most 1/4, and thus the function #(b)= (g (b)—
1/2)2u,,,, has absolute value in the range [1/(8u,.),1]. Thus by
Corollary 3, the function §;(#(X)) approximates sgn(#(X)) with error at
most 12u_, e 7. Choosing j to be [In?(24u,, /0)] yields an error of
approximation at most d. The degree of the resultmg function is j times the
degree of ¢, which is bounded above by 4 \/E In3(24u,,,,/8). 1

6.2. Depth-3 Circuits

In this section, we obtain a result for depth-3 circuits that is analogous
to Theorem 3.
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THEOREM 5. Let T be a depth-3 threshold circuit with n variables and E
edges. Let u,,, denote the maximum norm of its gates. Then the boolean
Sfunction computed by T can be sign-represented by a rational function whose
degree is ar most 24E%° 1n*7(7Eu,,, ).

Once again we use Corollary 1 to derive the following consequence of
Theorem $.

COROLLARY 4. Any depth-3 threshold circuit with polynomially bounded
weights requires Q(n'-2/In>"> n) edges for computing parity.

Proof of Theorem 5. Let N, and N, denote the number of gates at
levels 1 and 2 respectively. Let x,, ..., x,, denote the inputs to the circuit T
(feeding into the level-1 gates). Let yy, ..., yy, and z,, .., z, be the outputs
of level-1 and level-2 gates respectively. We can view each y, as a function
of {x,}, and each z, as a function either of {x,} or of {y;}. Let wy, .., wy,
be the weights of the wires that feed into the gate at level-3 and let
glxy, s x,) =2 w;z,. The output of the circuit is fr(x;, .., x,)=
sgn(g(x,, .., x,)). We will construct a low-degree rational function
r(x,, .., x,) to approximate g within error < 1/2 over boolean inputs; since
g 1s integer-valued, r — 1/2 will be a sign-representation of g and hence f;.

To this end, we construct the rational functions sy, ..., s, such that each
s, approximates z; within error 1/2ug,, so that r =32, w;s, approximates
g=>", w;z, within error <1/2. By part 2 of Theorem 3 with § = 1/2u_,,,
we can approximate z; within error é by a rational function of degree at
most 4 /E In*(48u? ) < 32 \/EIn*(Tup,,). If we were to take s; to be this
approximation, the resulting rational function r(x,, .., x,) would have
degree 32N, ﬁ In3(7u,,,,), which is too large for our purposes. To get a
lower degree approximation, it will be useful to distinguish the z, and the
y; according to the fan-in of their associated gates. For a positive integer
d, define I,= {i| z; has fan-in at most d} and J,={j |y, has fan-in at
most d}.

Let d, be a positive real number to be specified later. For those i¢1,,
we will take s; to be the rational function of degree at most
32 \/E In*(7u_,,.) mentioned above. Since there are at most E/d, such i, the
contribution to the degree of r is at most 32E** 1n*(7up,, )/d,. For iel,,
we use the following lemma to construct s,.

LEMMA 5. Let d be an arbitrary positive real number. There exist
rational functions s, for i€ I, such that
1. s, approximates z; within error 1/2u,,,
2. all the s;’s have the same denominator
3. all 5;’s have degree at most 6 \/EilnﬂEumx).
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Since all the s; have the same denominator, the contribution to the
degree of r(x,, ..., x,,) is at most 6 \/Ed, In(7Eu,,,.). Hence the total degree
of r is at most 32E%? In*(Tu,,, )/d, 4»6\/51l In(7Eu,,,,). We now select
d, = (32E/6)** In*?(7u,,,,) to obtain an upper bound on the degree of r of
24E%¢ In**(7Eu,,,,) as required to prove the theorem. ||

It remains to prove Lemma 5.

Proof. For iel,, each z; can be viewed as a function of at most d of the
boolean values y; and thus can be represented exactly by a multilinear
polynomial p; in y, of degree at most d. We next approximate each of the
y; by a rational function g;(x,, .., x,) and obtain the approximation s, to
z; by replacing each y; by ¢; in p,.

Let d' be a positive real number and k& be a positive integer (to be
specified later). For jeJ,, we define g, to be the multilinear polynomial
exactly representing y;; note that the degree of g, is at most 4". For j¢ J,,
we define g, to be the degree k rational approximation to y, obtained by
applying I;emma 4; the error of this approximation is bounded above by
6u, e v~

We now need to analyze the degree and error of the s; obtained in this
way. Let ¢ be the product of the denominators of the rational approxima-
tions g;. The degree of ¢ is at most kE/d’ since there are at most E/d” y,
whose fan-in exceeds 4 and the other y; are exactly represented by polyno-
mials. Since each term of p; is a constant multiple of the product of at most
d distinct y;’s, after g, is substituted for y;, the denominator of the term is
a divisor of ¢ and thus the term can be expressed with ¢ as its denominator.
The numerator of the result will have degree at most dd’ + kE/d’' (which is
at least the degree of the denominator). Choosing d' = ./ kE/d to minimize
this expression, we obtain an upper bound on the degree of s, of 2 . /kFd.

To analyze the error introduced by approximating z; by s5,, we need to
consider the error introduced by substituting g, for y, for j¢J, in the
multilinear polynomial p,. Note that for je J,., ¢, is an exact representation
of y,. The following lemma gives a bound on the norm of f when its
variables are perturbed. Recall that for any real function f on n variables,

the norm of f is ||/, = sup;. o 1y» /(D).

_ LemMa 6. Let f(X) be a multilinear polynomial on n variables. For any
be{0,1}" and GeR",

/(B +d)~ f(B) s[n 1+2|a.«|)—1]||fnx

Proof. Define for 0<i<n the functions f(x,, ,..,x,)=/S(a +
b\s---sai+bi’ XH,‘,...,X,,) and gi(xi+l’"'sxn):f(bh"-abi’xi+1"“’xn)'
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Note that each f and g, are multilinear, fo=g,=1, /, =f(5+b‘), and
g.= f(b).

We prove that |fi—gill« <|fllw (ITj-, (1+2]a])—1] by induction
on i. The basis case i =0 is trivial. For the induction step, assume 0 <i<n
and that | fi— g/l <1 fll e [I‘[j.=, (142 1a,])— 1]. It suffices to show that

Ifivi— &8sl S +21a, 4 1 i~ &ill« +21ai4 4] 1 /1. By the triangle
inequality of the norm, we have

Hﬁ+ 1~ &i+ l”oc < ”.f;+1(xi+2’ ey X,,)—f;-(b,-+,, Xig2s e xn)”
F L5 Xiay o Xu) = &i 1(Xip 25 s Xl

Note that g, ,(x;,2, .« X,)=gi(b; 11, X; 42, - X,) and thus the second
summand is at most || f;—g,/l.. To bound the first summand, note that
since f;is linear in x, , , we can write £;(X, , 1, v X,) = X; o 1AM (X 14 25 o X0) +
h?(xi+2i "y xn)'

Also fip (X 02y Xu)=fil@i o 1+ biy 15 Xiy 25 s X,). Thus, the first sum-
mand is equal to |a,, ] |A}|| ., which is bounded above by 2 la;, ;| || fll .,
since A} (X4 2y s Xu) = Fi(1, Xi 4 2y s X)) — S0, X, 5, ..y X,,). Summarizing
these bounds, applying the triangle inequality once again, and noting that
gl < IS, we get

Ifivs—8isile 21850 1l + 1 fi— 8l
L2aial Ugdlw + Ifi—gill) + I1fi—8ill
S2ail 1Mo+ +2 a0 /i~ &ill o>

as required to prove the induction step. §

When we substitute g, for y; into p, to obtain s,, all but at most \/kE/d
of the ¢, are exactly equal to y;, and each remaining ¢, differs from the
corresponding y; by at most 6u,,,, e VE Thus, applying the above lemma,
we obtain that s, approximates z, within error [(1 + 6u,,,, e ~¥*)V*&d _17].
We can select k =| 9 In*(7Eu,,,) | so that this is less than 1/2u,,,. Thus
we obtain an upper bound of 6 \/Evdln(7Eumax) on the degree of s;. This
completes the proof of Lemma 5. |
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