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Abstract— This paper presents rigorous mathematical proofs for some observed convergence phenomena in an
associative memory model introduced by Hopfield (based on Hebbian rules) for storing a number of random n-bit
patterns. The capability of the model to correct a linear number of random errors in a bit pattern has been established
earlier, but the existence of a large domain of attraction (correcting a linear number of arbitrary errors) has not

been proved.
We present proofs for the following :

o When m, the number of patterns stored, is less than n/(4 log n), the fundamental memories have a domain of
attraction of radius pn with p = 0.024, and the algorithm converges in time O (log log n).
e When m = an (with « small), all patterns within a distance pn from a fundamental memory end up, in constant

time, within a distance en from the fundamental memory, where ¢ is about e

—1/4a.

We also extend somewhat Newman'’s description of the “‘energy landscape,” and prove the existence of an ex-
ponential number of stable states (extraneous memories) with convergence properties similar to those of the fun-

damental memories.

Keywords——Neural networks, Associative memory, Content addressable memory, Dynamical systems, Spin-glass
model, Random quadratic forms, Learning algorithms, Threshold decoding.

1. INTRODUCTION

Understanding of the memory in biological systems is
an important problem. An important characteristic of
such a memory is its associative nature, that is, the
ability to recall, given partial information. Following
McCulloch and Pitts (1943), we can expect to model
memory as an interconnected system of neurons with
binary activity. Since biological memory is highly dis-
tributed (see Lashley, 1960), it would be reasonable to
assume that interconnections among the neurons col-
lectively encode information. We also expect the bio-
logical systems to evolve using a simple learning rule.
One such natural learning rule was suggested by Hebb
(1949) which essentially says that the synaptic inter-
connection strengths reflect the correlated activity at
the corresponding neurons.

Models of memory based on these ideas have been
studied by various researchers (see Hinton & Anderson
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(1981); Kohonen (1984); Kohonen (1987) for history
and references), and more recently by Hopfield (1982).
In fact, a closely related model is studied by Little
(1974) and Little and Shaw (1978). The model used
by Hopfield consists of a system of fully interconnected
neurons or linear threshold elements where the inter-
connections have certain weights. Each neuron in the
system can be in one of two states and the state of the
entire system can be represented by an n-dimensional
vector, where # is the number of neurons in the system,
and the components of the vector denote the states of
the corresponding neurons. The neurons update their
states based on a linear form computed by the weights
of their interconnections and the current state of the
system.

This system of interconnected neurons can exhibit
some properties of memory, if the weights are chosen
appropriately. For example, we observe stable states
from which no out-of-the-state transitions occur. We
also observe that stable states have an attracting prop-
erty, that is, when the system is initiated in a state close
to a stable state, it will end up in the stable state after
a succession of state transitions. The stable states to-
gether with their attracting behavior can be thought of
having the associative, content-addressable or error-
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correcting property of a memory, In particular, we can
regard the stable states as the information stored and
their ability to attract nearby vectors as the ability to
recall, given distorted or partial information.

Such a system will be useful as memory if, given a
set of vectors to be stored, the system, by a simple
learning rule, creates the required interconnections
such that the given vectors appear as stable states with
an attracting property.

The study of this model is interesting not only in
the context of models of memory but also in the context
of the statistical mechanics of disordered magnetic sys-
tems, for example, infinite-range spin glasses. Kirk-
patrick and Sherrington (1978) and Amit, Gutfreund,
and Sompolinsky (1985, 1987) studied this infinite-
range spin glass model using the nonrigorous replica
method. We discuss some of their results in the coming
section.

In the next section, we give a precise description of
the model and formulate the mathematical problems
associated with it.

Our paper is strictly technical. We do not intend to
provide a systematic introduction to the subject, explain
potential use, limitations, or recent refinements of the
model; these have been done in several other papers.

2. THE MODEL

We have a system of n fully interconnected neurons.
The weight of the interconnection from the ith neuron
to the jth neuron is denoted by w;;. We assume that
w;; = wj;, that is the interconnections are symmetric.
The weights are conveniently represented as a sym-
metric matrix W, with zeros in the diagonal . Each neu-
ron can be in one of two states, say, +1 or —1. The
state of the entire system is denoted by an n-dimen-
sional vector x, where the ith component x; of x is the
state of the ith neuron. We will use the words state and
vector interchangeably.

Computation at each neuron follows a linear thresh-
old decision. Each neuron computes a weighted sum
of the states of the other neurons. If this sum exceeds
a certain threshold associated with the neuron, the new
state of the neuron is set to be +1. Otherwise, it is set
to —1. In this paper we assume, without loss of gen-
erality, that the threshold associated with each neuron
is zero. Therefore, if x is the current state of the system,
the new state of the ith neuron is simply the sign of

n
the weighted sum X w;;x; where the function sign is
j=1

defined by

+1, ifw=0
sign(w) =

—1, otherwise

The system can operate in one of two modes: syn-
chronous or asynchronous. In the synchronous mode,

]
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the neurons simultaneously change their states at dis-
crete time intervals. Thus, after one synchronous step.
the state x is changed to the state sign( Wx). In the
asynchronous mode, the individual neurons change
their state one by one, in an unspecified {or random ;
order of succession. (We assume, of course, that every
neuron has its turn time and again. )

In either case, we say that a state v reaches a state x
if the system, when started in state y. will be in state
x after a succession of state transitions.

We define that a state x is stabie if x = sign{ Wx).
Note that the notion of stable states is independent of
the mode (synchronous or asynchronous) of operation
of the system.

We define £ = —ix"Wx = ~5 I w;x,x;as the
e

energy of the system at state x. The quadratic form
—1 xTWx defines the “energy landscape” of the system.
This concept is important if we note that the energy of
the system decreases at every asynchronous move. This
always guarantees that a stable state is reached even-
tually in the asynchronous mode of operation, and all
stable states are local minima of the energy landscape.
(Indeed, a state x is a local minimum for the energy

n

function if Q; = Qi(x) = Z w,Xx,x, =0, forall i, which
je=d

is satisfied by stable states. )

We define the radius of attraction of a stable state x
as the largest value of p such that every vector y at a
distance not more than prn from x eventually reaches
the state x. (For convenience of notation, we will treat
pn as an integer, and omit details related to rounding. )
In other words, the system can correct arbitrary pn
errors made in the stable state x. Here, and throughout
the paper, “distance” refers to the: Hamming distance,
which is the number of components. in which the two
vectors differ.

Given a set of vectors v', v%, ..., 0™ to be stored,
a simple learning rule is used to determine the weights
of the interconnections among the neurons. The goal
is to construct the weights w;, in such a way that the
vectors v’ are stable with a sufficiently large radius of
attraction.

For one vector v, the natural choice of weights is the
outer prodict matrix, w;; = v;v;, since v is an eigenvector
of this matrix with a large eigenvalue #, and all other
eigenvalues are 0 (rank 1 matrix). Thus, sign(Wx)
maps every vector within z/2 from-v into v.

To store many vectors, we simply. take the sum of
the corresponding outer products with the hope that
the system will remember these vectors with some ra-
dius of attraction. Thus, our matrix. W of weights is
defined by

n
Wi = > viv; (i #).
=1
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Note that the system does not remember the individual
vectors v’, but only the weights w;; which basically rep-
resent correlation among the vectors. If a new vector
is to be stored, the system “learns” by adding the new
outer product to the existing weight matrix W. The
vectors thus presented to the system will be called fun-
damental memories.

We now completed the description of the model.
For the system to function as a memory, we require
that every fundamental memory is stable or at least
there is a stable state at a small distance en. It is also
desirable to have some positive radius of attraction
around the fundamental memories. When the number
of fundamental memories is large, that is, the system
learned too many vectors, one can expect some “fad-
ing” of memory. Then it is still reasonable to expect
some kind of error correction property like the follow-
ing: if the system is started at a state within a distance
pn from a fundamental memory, it will reach a stable
state within a distance of en from the fundamental
memory after a sequence of state transitions. (Note
that when ¢ = 0, this means that the fundamental
memory is stable with a radius of attraction p.)

Given any set of m fundamental memories, we
would like to store them in the system. But this re-
quirement is somewhat at odds with the requirement
of error-correction. We cannot expect to store vectors
which are too close to each other. In fact, it is easy to
construct, for any n = 4, four vectors far from each
other, which cannot be stable in any system. A reason-
able minimal requirement in this connection is that
we would like to store almost all sets of m vectors.
Therefore, we will take a set of m random vectors as
our set of fundamental memories.

Notations

For vectors x, x; will denote the ith component
of x.

If x and y are vectors of the same dimension, the
Hamming distance d(x, y) between x and y is defined
as the number of components in which they differ.

The scalar product (x, y) of two vectors is defined
as (x,v) = 2 x,y.

i

The norm of a vector x is defined as

Il x| =(2 x7)12.

We write [n] = {1,2,..., n}.

P(A) refers to the probability of the event 4.

E stands for expected value.

For nonnegative p < 1, we define the entropy func-
tion

h(p) = —plogp ~ (1 - p)log(l — p).

For nonnegative p and p’ such that p + p' < 1, we
define the entropy function
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h(p,p') = —plog p— p'log o’
— (L —p—p)log(l —p—p")

(log stands for natural logarithm ).
ci, C2, * » - are small positive absolute constants.

3. PREVIOUS RESULTS

In this section, we present the relevant previous
mathematical results regarding the associative memory
model.

3.1. Stable States and Energy Landscape

It is a basic question to find out for what values of
m the fundamental memories will be stable with high
probability. (Recall that a vector x is stable if x
= sign(Wx). An alternative terminology is “fixed
point.”)

Basic questions about the absolute stability of the
global pattern formation is dynamical systems which
are generalizations of the associative memory model
have been studied by Grossberg (1982) and Cohen and
Grossberg (1983) using Liapunov functions.

McEliece, Posner, Rodemich, and Venkatesh (1987)
proved the following important results regarding stable
states:

Ifm< , then (with probability near 1) all

4 log n
fundamental memories will be stable.
n

h i .
4 log 7 Jlogn’ then still most funda

mental memories will be stable.

When m is larger than cn/log n, in particular, when
m = an, the fundamental memories are not retrievable
exactly, but one still may find stable states in their vi-
cinity. This is suggested by the “‘energy landscape” re-
sults of Newman ( 1988). In particular, Newman proves
that, for all fundamental memories, all the vectors
which are exactly at a distance of en from the funda-
mental memory have energy in excess of at least un?
above the energy level of the fundamental vector. These
results of Newman are valid when a < 0.056.

Amit, Gutfreund, and Sompolinsky (1985, 1987)
studied this associative memory model and extended
it to include temperature. The temperature 7 = 0 cor-
responds to the associative memory model discussed
in this paper. They use the nonrigorous replica method
(Kirkpatrick & Sherrington, 1978) to investigate the
model. The replica method simplifies computations
using certain additional independence assumptions and
1t is known to give incorrect results when T = 0. Some
of their relevant results are given in the following.

When the number of stored patterns m is such that
a = m/n is constant, as n becomes very large, Amit,
Gutfreund, and Sompolinsky (1985) observed that the
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system provides very effective retrieval of memory for
certain range of a. When a < «, =~ 0.14, one can find
stable states which are very close to the original stored
patterns at a distance of less than 0.03n. As « decreases
to 0, this distance decreases as ¢™'/?*, Hence, if re-
trieval of pattern with a small percentage of error is
tolerated, the storage capacity of the network is «, 7. If
one requires retrieval with a vanishing fraction of errors
as n = o, then o must vanish with increasing n. Fi-
nally, retrieval of patterns free of errors occurs when
«a < 1/(2 log n). They also noted that the retrieval of
memory is stable against a small amount of noise in
the weights w;;, but the maximum allowed level of noise
decreases to 0 as a approaches «,.

They demonstrated, by numerical simulations, the
existence of a critical value a,. ~ 0.14, below which
memory retrieval is still possible and rather efficient.

Amit, Gutfreund, and Sompolinsky also observed,
that, for sufficiently small «, there are exponentially
many stable states (extraneous memories) which are
“linear combinations™ of stored patterns. Gardner
(1986) computed an exponential (in #) upper bound
on the number of such extraneous states.

We will later prove an exponential lower bound on
the number of extraneous memories.

3.2. Random Errors

It is also important to find out the extent of error
correction around the fundamental memories. One
natural problem is to investigate the behaviour of the
system in the presence of random errors.

This question has been studied by McEliece, Posner,
Rodemich, and Venkatesh (1987). They prove the fol-
lowing:

If m < n/(4 log n), then a given vector within dis-
tance pn (p < §) from a fundamental memory will be
attracted to it in one synchronous step of the system
with high probability. In the asynchronous case, a linear
number of steps suffice.

This means that for most choices of m < n/(4 log
n) fundamental memories, the system can correct nost
patterns of at most pn errors in one synchronous step
{or linear number of asynchronous steps).

The above results leave open the question of retrieval
in the case of arbitrary error patterns. In the next sec-
tion, we look at this question.

3.3. Worst Case Errors

In most applications, correcting random errors may
be satisfactory. Yet, it is interesting to find out if stable
fundamental memories can attract all the vectors within
a distance of pn for some positive constant p.

For this, one cannot rely on simulations since sim-
ulations (due to the prohibitively large number of error
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patterns) can only reveal the behavior of the system in

the presence of random errors.

In fact, the following observations clearly demon-
strate that random errors and worst case errors behave
in entirely different ways.

* There cannot be a one synchronous-step convergence
in the presence of arbitrary pn errors, not even for
arbitrary Vn errors. Note that one synchronous-step
convergence is known for random errors as men-
tioned in the previous section.

¢ One cannot have a radius of attraction p near .
p > } is already impossible, even when m is very
small. Centrast this again with the case of random
errors. This observation was made earlier by Mont-
gomery and Vijaya Kumar (1986).

Thus, one can only hope for gradual convergence
and a small radius of attraction in the case of worst
case errors. It would be interesting to find the maximum
radius of attraction p,. We can only show that
0.024 < py < §.

In this paper, we establish the existence of a positive
radius of attraction p around the fundamental mem-
ories when m < n/(4 log n). Both synchronous and
asynchronous modes of operation will provide the
stated error correction. Moreover, it only takes
O(log log n) synchronous-steps for convergence.

Further, when m = an, for some constant «, we
prove error correction from p# errors to en errors. (Here
p is a constant, and ¢ can be made arbitrarily small by
choosing a sufficiently small «.) In the asynchronous
mode, if one starts within p#r bits of a fundamental
vector v, the system will converge to another state within
en bits of v,

4. PRESENT WORK

In the following we present a brief summary of our
results. This summary gives an idea of the “‘error-cor-
recting behavior” around the fundamental memories.

4.1. Summary

oy, 0, Ps, Pas Pp are absolute constants.

o If m < a,n, and if the system is started within a
distance of p,n from a fundamental memory, then,
in about log (#/ m) synchronous steps, it will end up
within a distance ne™"*" from the fundamental
memory, that is, it will eventually get within a dis-
tance ne ~"/*" of the fundamental memory and re-
mains within that distance.

When m < n/(4 log n), the system will converge to
the fundamental memory in O(log log n) synchro-
nous steps.

e In the asynchronous case; if m < a,n, and if the
system is started within a distance-of p, from a fun-
damental memory, then it will converge to a stable
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state within a distance of ne™™/*" from the funda-
mental memory.

In particular, when m < n/(4 log n), the system will
converge to the fundamental memory.

e For any fundamental memory v, the maximum en-
ergy of any state within a distance of p,n from v is
less than the minimum energy of any state ar a dis-
tance of p,n from v, and there are no stable states in
the annuli defined by the radii p,7n and ne ™" *" cen-
tered at the fundamental memories.

The following subsection contains a precise state-
ment of our results.

4.2. Results

The following Main Lemma gives a quantitative pic-
ture of the error-correcting behavior of the model. This
picture is basically as follows. Write « = m/n. There
are constants «, and p, such that for « < a, the following
holds with probability near 1. If the system is started
atany state at a distance pn (p < p, ) from a fundamental
memory (pn “errors’), then it will correct most of the
pr errors in one synchronous step, and be at a much
smaller distance p'n from the fundamental memory.
This p’ is about p* if p > «, and about ap?if p < a. A
repeated application of the synchronous operation will
result in a double exponential shrinkage of error, until
there are only about ne~!/** errors left. After that, the
system will never depart farther than this distance. (In
particular, there are no errors left, when o < 1/
(4 log n), i.e., we have synchronous convergence. )

The Main Lemma implies that the energy function
has no local minima in the annuli defined by the radii
psn and ne”'/** around any fundamental memory. This
will help us establish asynchronous convergence.

In all the following statements, probability 1 — o(1)
denotes probability approaching 1 as n = .

Main Lemma (One-Step Error-Correction). There is
an as, and for every o < ay there are two numbers e(a)
< Ma) with the following properties.

l. Ma) is increasing to a constant p, as « tends
t0 0.

2. As atends to 0, e(a) is decreasing as e /%,

3. The following holds with probability 1 — o(1):
Forall p € (e(a), M a)) and for all fundamental mem-
ories x, if y is such that d(y, x) = pn, then x;L(y) > 0
Jor all but at most f(p)n of the indices i where f(p) can
be chosen as

fp) = max{e™'"*, cph(p)(a + h(p))}.

Repeated application of the Main Lemma yields the
following error-correction theorem which says that
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O(log(n/m)) synchronous steps are sufficient to bring
down the errors to e(a)n.

Theorem | ( Error-Correction Theorem). The following
holds with probability 1 — o(1). For all « < a, and for
all fundamental memories x, if the system is started at
a vector y such that d(y, x) < Na)n, then, in
O(min{log(n/m), log log n}) synchronous steps, it
will end up within a distance of e(a)n from x and stays
within this distance.

In particular, we establish a domain of attraction
when m < n/(4 log n). The radius of this domain of
attraction is p,.

Theorem 2 (Synchronous Domain of Attraction). The
Jollowing holds with probability 1 — o(1). If m
< n/(4 log n), x is any fundamental memory, and y is
suchthat d(y, x) < p,n, then the system started in state
y will converge to x within O(log log n) synchronous
steps.

In fact, this O(log log #n) convergence can be con-
sidered very fast. We already indicated that one-step
synchronous convergence is not possible even with
0(‘/}1/—01) arbitrary errors. The idea behind this obser-
vation is the following: One-step convergence would
mean, for example, x;L;(y) = 0 for all y close to x. By
changing the jth bit, we change the quantity x;L,(y)
and with 2w;;x;y;, which is of the order Vm. Since
x;Li(x) = O(n), by changing appropriate c\/% bits
of x, we can make x;L;(y) < 0.

As a result of the error-correction behavior in the
annulus defined by e(a)» and A(«)n, we can conclude
that there are no stable states in this region.

Theorem 3. The following holds with probability 1
= o(l) for all « < a,. There are no stable states in the
annuli defined by the radii e(a)n and N a)n around
the fundamental memories.

Remark: Actually, we get that there are not even
local minima of the energy function in the annulus
defined by A(a)# and e(a)n.

Convergence results in the asynchronous case, re-
quire the existence of high energy barriers around the
fundamental memories. This will ensure that there is
no escape too far away from a fundamental memory.
These barriers together with the result that there are
no stable states unless one gets within ¢(a)» distance
from a fundamental memory, ensure eventual conver-
gence to within ¢(a)n distance from the fundamental
memories. First, we present the results related to the
high energy barriers.

The following theorem establishes upper and lower
bounds on the energy of any state in the vicinity of a
fundamental memory.

Theorem 4 (Energy Levels). The following holds with
probability 1 — o(1). Let 0 < p < X and m = an.
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If x is a fundamental memory and y is such that
d(y, x) = pn, then
FE(y) ~ E(x) = 2p(1 — p)n?| < én’
where
0 =8(a, p) <2[(h(p) + A/n)
+ V2a(h(p) + A/n)1Vp(1 — p)

where A is such that A — log m tends to infinity.
We say that b, is a barrier for b, if, for all funda-
mental memories x,

max{E(y):d(y, x) < bn}

<min{E(y):d(y, x) = bmn}.

Theorem 4 gives the following energy barrier result,
which is a generalization of Newman’s result ( 1988).

Theorem 5. There exists a threshold oy, and two positive
constants b, < b, such that, with probability 1 — o(1).
for all m < ayn, by is a barrier for b, . In fact, any pair
b, and b, are good for which

2b|(1 - bl) + 6((1’, bl) < 2b2(l - bz) - 5(&, bz)

where 6(a, p) is as given in Theorem 4.

To establish convergence in the asynchronous case,
we will select o, < a; such that A(a,) ts a barrier for
e(a,). We write p; = e(e,) and p; = A(a,). (More
precisely, since A(a,) may be too large, one should
choose p, = min{ b, A(«a,)}, and assume that p, is a
barrier for p;.)

This implies, in the asynchronous mode, that if «
< o, then any state y within a distance of p;n from a
fundamental memory x will converge to a state within
a distance of e(a)n from x. Indeed, by Theorem 3,
there are no stable states in the annulus defined by
Ma)n and e(a)n, and A(a) > Ma,) = p2. But the
system was started within p;n of the fundamental
memory, and, since p, is a barrier for p,, it cannot
escape from the neighborhood with radius p,n. Thus,
we get the following result.

Theorem 6 (Asynchronous Convergence Theorem). The

following holds with probability 1 — o(1) for all m
< qun.

For all fundamental memories x, if y is such that
d(y, x) < pin, then the vector y will converge to a vector
within a distance of e(a)n from x.

In particular, we get an asynchronous domain of
attraction when m < n/(4 log n).

Theorem 7. The following holds with probability
1 — o(1) for all m < n/(4 log n). For all fundamental
memories x, if' v is such that d(y, x) < pin, then the
vector y will converge (o x.
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5. PROOFS

In this section, we present the proofs of our theorems.
Before that, we develop some notation and probability
tools.

Let v, v%, ..., v be randomly selected funda-
mental memories. The learning rule gives us the weights

"

wy, = o, Vs i e L2 A,
1=

Let
H w2
Qi = Ql( X) = -X‘ll‘[ = E Wi iXpx, E ( Z L’?U;’)X’,i.‘:;
]' P ! e
I
We define the m-dimensional vectors u' = (v}, . ...

vy for i = 1, 2, ..., n (reading the matrix of the
vectors v columnwise ). We now have
0ix) = T (s ) = (0,0 2 )
i i%i

where (', /) denotes the scalar product of the vectors
u' and o/ .

In the next subsection, we present certain large de-
viation theorems. The following subsections contain the
proofs of our results.

5.1. Large Deviation Theorems

Just like in° Newman’s paper { 1988), most of our
proofs will be based on large deviation theorems to
bound the probabilities in question.

Let X be a random variable. The function Rx(?)
= Ee is called the moment generating function of X.
The most important properties of Ry(¢)are listed here.

Fact 1. If X and Y are independent, then Ryx.y(1)
= Rx(t)Ry(1).

In particular, if X;, X, . . . , X, are independent and
identically distributed (i.i.d.) random variables and S,

n

= 2, X;, then
j=1

i=

Rs, (1) = [Rx,(13]"

Fact 2. (Chernoff’s bound).

For ¢ > u = EX, P(S, > cn) < [inf.oe ' R(1)]"
where R(t) = Ee'™. ‘

This simply follows from the following inequality,
known as Markov’s inequality: 1f- ¥ is a non-negative
random variable, then for any y > 0, P(Y = »)

EY
<—

y ,

Let X;, X», ..., X» be independent +1 random

variable, with P(X; = 1) = P(X; = —1) = }. As before,
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S,=2 X, and, foraset I < [n], S;= 2 X;. (Recall
i=1 el
that [n] = {1,2,...,n}.)

Fact 3. Ee™/ V< o012

Fact 4. Ee™SH" <

i _ 1

Vi— 2’
and J are disjoint sets.

In the last three inequalities, we used the following
observations: if all coefficients in the Taylor series ex-
pansion around O of a function f(x) are non-negative,
then

Fact 5. Ee™™ —1<t<1, where I

[ Sn
Eff =|<E
()= e
where 5 is standard normal. This follows from the well-

known inequalities

2k
E S < En?*,

n* =

(We assume absolute convergence of the Taylor series
to integrable functions with respect to the above mea-
sures. )

In the following, we give estimates of the scalar
product of sums of random vectors. Let u!, »?, ...,
be independent and uniformly distributed =1 random
vectors of dimension .

The first lemma estimates the norm of a sum of

random vectors.
Lemma 1. Let r be an integer.
PUIZ &= (1 + 6)rm] < e~ (m/2m®
J=1
where p,(0) is defined as
pi1(8) = 6 — log(l + 6).
The function p, has the property p,(z + V2—z) >z forz
> 0.

Corollary 1.
Pl S22 +2z+2Vz)rm) < e-*m

j=1
Thus, with probability | —e™, forall I, | I} = pn,
IS wil? < (1 + 2z + 2Vz)m| I

€l

where z = h(p)/a + A/m.
Consequently, with probability 1 — o(1), for all x
and I, |1l =pn,0<p =< i,
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I3 xu'll? < capler + h(p))n’
el

In particular, with probability 1 — o(1), for all x and
I’
12 xiu'|? < cyn?

el

Proof: Let Abetheevent |2 o/ |?= (1 + 8)rm.
J=1

A implies that, for all ¢ > 0,

e/ MERI o esym
By using Markov’s inequality, we get that

P(A) < e—t(H—b)mEE,I/’||E7-1ul||2.

Note that in the sums
(ZwW)i=ul+ui+ - +u
J=1

the terms are independent and uniformly distributed
+] random variables, and different sums are indepen-
dent of each other. Hence we get that

P(A) < E’d“+5)m(E€’l/r(uH‘ . -+u;)2)m.

By using the moment generating function inequality
Fact 4, we get that

1

~m/2[2t(1+6)+log(1-21)]

P(A) < e oM ——— =
(V1 —2nH™
The exponent in the above expression achieves its
.. . )
minimum in the range [0, 1) when t = ———— |
2(1 +6)

Hence, the lemma follows. ( The property of the func-
tion p; mentioned in the lemma is standard calculus.)

The first part of the corollary follows from the lemma
and the fact that the number of sets 7 to consider is

n A : n ,
< e™#)" (This factor makes the difference
pn on

between random errors and worst case errors.)

In the second part, we have to multiply by an ad-
ditional factor 2°” for the choice of x;.

Next, the following lemma estimates the scalar
product of two vector sums.

Lemma 2. Let r and s be integers. Then,

r+s

P2 u', 2 W)= 5mv—r§) < o™/ 2p2(d)
i=1 Jj=r+1
where p,(8) is given by

v 2
pa(8) = (VI + 462 — 1) + 1og(L+—45—_1)

282
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The function p, has the property pz(g + V}) >z for z
> 0.

Corollary 2.

PSS ', T )= (z+ V2z)mVrs) < e™*™

i=1 J=r+l

Thus, with probability 1 — e™*, for all pairs of dis-
Jointsets I, J, | I| = p’'n, |J| = p"n,

(S u', Tw)<(z+ V2zymVII]1J]|
el jeJ
where z = h(p', p")/a + A/ m.

Consequently, with probability | — o(1), for all x
and for all pairs of disjoint sets 1, J, | I| = p'n, |J|
= plln’ 0 < pl’ pl/ < %,

(T, T w)| <cVp'p"h(p', p")a + h(p', p"))n’.

i€l =y

r+s

Proof: Let A denote the event (2 u', 2 1)
=1

= J=red

> smVrs. A implies that, for all 1 > 0,

ez/\/?s(z:.‘ UEEn W) i

By Markov’s inequality, we have,

Vrs(Sh, ', S5, 1)

P(A) < e ®mEe"

- e—mm(Eer/V:r(Z:-. iy 22 )y

By using Fact 5, we get

- e~m/2(21&+log(l—!2)]

1
PA < —tém __________ .
(A)=e iy

The exponent in the above expression will be min-
V1 + 462 -1

%5 . Hence,

imal in the range [0, 1) when ¢ =

the lemma follows.
Combining Corollary 1 and Corollary 2, we get

Corollary 3. With probability 1 — o(1), for all x and
for all pairs of (not necessarily disjoint) sets I, J, | 1|
=p;n, IJi =plln’0<plspll—<_ %’
(2w, Zuw)l
el eJ
< ¢s[Vo'p"h(p")(a + h(p")) + p'(a + h(p" )N,

5.2. Proofs of Our Results

Proof of Main Lemma. For a given fundamental vector
x, we will compute the probability that there exists a
y such that d(y, x) = pn and that there are more than
f(p)n indices i such that x;L;(y) < 0. Let 4 be this
event. Let K be the set of indices in which x and y differ
and let | K| = pn. Let o’ = f(p).

Clearly, we have

7 Aomlos and R. Pature

P(A)<PEK. |K| =pn, I, |1l = p=n

such that vi € T, x;L(y) < 0}

Note that Vi € 7, x;L;(y) = { mmplies 2 v, Ly}

< 0. But,
2 XLiy) = 2 xiLix) = T x (LA Ly)
el =¥ €]
= 2022, T vut)
=r el [SSF N
=35 Q =27 xut. Y oy + 21TV K m
= el N

For the sake of convenience. l¢t the fundamental
vector x = v'. Hence, the first components of all- the
vectors x;u' are 1. Let ¢ denote the m — |-dimensional
vector obtained from x;u' after removing the first com-
ponent. Clearly, 7' are independent and uniformly dis-
tributed 1 random vectors of dimension m — 1 (for
simplicity, we will not change m to #1 — | in the for-
mulas).

‘We now have

2 0= (2 xu, 2 xu)—mii

153 i€l JE[n]
= (T xau, T xp)+{Z xuY —mll
el jEn}~1 Al

=(n-m{Il +(Za, 2 @)+(zay

el Jjetny~ 2 (=3
=(n-m)|1l +71,+171,.
Thus, 2 x;,LAy)=(n—m) || + T + T2~ 273

el
+ 2|1 N K} m where
T.=(Zd, 2 W) T:=(2 7y and
el Einl~1 izt
7= 03 xu, 3 xeu®).
ied ke A

We now estimate from below each of the above terms
individually. From Corollary 2, we get

with probability 1 — ™%, where z; = h(p")/a + A/m.
(We used the fact that the inner product has a sym-
metric distribution. )

T> is obviously non-negative.

To estimate T3, we use Corollary 3.

Ty < cs[ Vo' ph(p)(a + h(p)) + p'{a + h(p'NIn*.

Hence, if
(1 ~ a)p' — alz, + V2z))Vo'1 - p)
— 2cs[Vo'ph(p)a + h(p)} + p'(a +.h(p'))] >0

then the probability P (3 a fundamental memory x
such that the event 4 holds) is upper bounded by me=2,
This probability is small if A — log m is large.

It is not hard to see that
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p' = f(p) = max{e”*, ciph(p)(a + h(p))}

will satisfy the last inequality. (The only case that needs
careful analysis is when p' = 1/n.)

We define the function e(a) = e~ /4=, It is easy to
see that there are positive o, and p, such that f(p) < p
for e(a) < p < ps, a < a,. Choose an increasing A(«),
ps < M a) < § such that f(p) < p for e(a) < p < Aa),
a = o,

Refinements: A little more careful analysis of the
above equation (separating the case np’ < k from np’
> k) shows the following more detailed picture: When

k+1 n

< _n_
M= +22logn

the number of errors left is at most k.

At the other end, when A(p) > «, one gets a better
bound by estimating 75 with the product of the norms
of the two factors in the scalar product. We get

T3 < Vop'(a + h(p))(a + h(p"))n*

that leads to the following more detailed error correc-
tion

p/ < eﬂ'/(nh(ﬂ))

as long as h(p’) > « holds. After this incredibly fast
error correction, the following slower (but still double
exponential ) function takes over:

p' = max{e * caph(p)}

Proof of Theorem 1: The theorem easily follows from
the Main Lemma and the definitions of A(a) and ¢( ).

Proof of Theorem 2: The Main Lemma shows that
when « < 1/(4 log n), e(a)n < 1, that is, there are no
errors left. The radius of attraction is p, = A(a,).

Proof of Theorem 4. For the sake of convenience,
assume that the fundamental memory x = v'. Let y
be such that d(y, x) = pn and let K be the set of co-
ordinates in which y and x differ.

It is easy to see that

E(y) = E(x) = 2( 2 xuth, 2 xiu").
keEK

keEX

Since x = v', we get

E(y) - E(x)=2p(1 —p)n? + 2( X @*, X a*)

kEK kER

where 7' is obtained from x,u' by removing the first
component. Note that the #'-s are independent and
uniformly distributed +1 random vectors of dimension
m— 1.

From Corollary 2 we get
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|E(y) — E(x) = 2p(1 — p)n?|

<2z + V22ymVK|(n — |K})

with probability 1 — me™, where z = h(p)/e +
A/m. Choose again a A much beyond log m.
(The exact equation is

|E(y) — E(x) = 2p(1 = p)n*| <2abVp(l = p)n’

with probability < e /272" which is equivalent to
Newman’s equation. )

6. EXTRANEOUS MEMORIES

In this section, we will establish the existence of an
exponential number of stable states, and extend some
of our previous results to these stable states.

6.1. Stability

Note that our convergence proofs were based on the
fact that the gradient at the fundamental memories
was large. More precisely, all O, are large when m
< cn/log n, and still most Q; are large when m = cn.
We observe that this property is sufficient to extend our
proofs. Hence, we introduce the notion of S-stable vec-
tors.

Given 0 < 8 < 1, a vector x is 8-stable if Q;(x) = fin
for all .

Note that a S-stable vector is not only stable but also
a deep energy minimum. In fact, 8-stable vectors have
a large domain of attraction. Furthermore, all the fun-
damental vectors are g-stable when m < cn/log n.

When m = an for some constant «, we cannot es-
tablish the existence of 3-stable vectors. A weaker notion
of stability (valid for all fundamental memories) will
be introduced, and used to derive some error-correcting
properties.

For0 < B8 < 1and 0 < e < |, we define that a vector
is (B8, €)-stable if for all but at most en indices i, Q,(x)
> fn.

Even though (8, ¢)-stable vectors are not stable
themselves, we will later see that there are stable states
in their close vicinity.

Theorem 8. Let 0 < 8 < 1. Then, there exists ¢, = ¢,(8)
such thar, with probability 1 — o(1), if m
< conflog n, then all fundamental memories are -
stable. (¢, can be made arbitrary close to 1 by choosing
a small enough 8.)

Theorem 9. Let 0 < B < 1 and € > 0. Then there exists
a, = a,(B, €) such that, with probability 1 — o(1), if
m < a,n, then, all fundamental memories are (3, €)-
stable.

In addition to the fundamental memories, there are
an exponential number of other stable vectors. Some
are there accidentally (true extraneous memories), but
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¢™ of them are there for a reason. The whole model is
based on a linear method, so one is not surprised to
see that it remembers not only individual vectors, but
the whole subspace generated by them. ( This has been
observed by several researchers before.)

Given vectors v, v?, . ... we define

S(vh v - = {sign(T dv)di = +1).

Theorem 10. For every positive ¢, there is an o* = a*(¢)
such that, with probability 1 — o(1), if m < a®n, then
more than half of the 2™ “linear combinations™ of the
Sfundamental memories (i.e., elements of S(v,. .. ..
V) are (0.5, €)-stable.

For the proof of this theorem, we need the following
simple lemma.

Lemma 3. Let Y, ; be independent and uniformly dis-
tributed *1 random variables. Then,

P(%,% |§ Y.l < dVm - 1) < (4Va)™.

=1 j=1

Proof:LetY;= |2 Y, ;|, and write D = dVm — 1.
=1

N
There exist more than 5 I’s such that Y; < 2D. Thus,

the probability in question is bounded by
2VM[P(Y; < 2D) V2

N m —~m 2 N
<2M 4D+ 1) /2 2 < (aVa)™.

Proof of Theorem 10: We show first that for any
specific choice of the coefficients d;, the vector x

= sign( 2 dv;) is (0.5, €)-stable with probability |
i=1

—o(1).

Given any specific d;, we can replace the vectors v’
with the vectors d;v’ since the scalar products (#/, u*)
are invariant under the sign changes of the vectors v'.
Hence, without loss of generality, we take d; = 1 for
all /.

m

m
Let x = sign(2 v;). Write &' = x;u’ = sign( 2
=1 j=1

X u')u'. ' is obtained by flipping over the components
of u' if u' has more —1’s than +1°s. Otherwise, @i’
equals 2.

Let I denote the set of indices i such that (x;u’,
2 x;ju') <0.5n, and let us write ¢ = || /n. Then, we
J*
have

(S xu', % #Yy~ml|I|l <0.5n| .

i€r =1

A Nomlos and R, Patyri

The vectors i will be written as 1’ + 2z° where
is a (0, 1)-vector defined as follows.

Let d = (1, u') where 1 is an m-dimensional vector
all of whose components are equal to |. If 4 = 0, then
z'is a 0 vector. Otherwise, we will randomly select | 4!
of the indices j where #’is —1, and set =" 10 1 for these

J and O elsewhere. It is clear that 77 and ' + 2z have

the same distribution. Furthermore, the probability p

that a component of ' is 1, is approximately —

/1
We now have
n -
(Zxaul, T@Yy= (2 x5 (' + 22,
€] =1 p=ys

We estimate the two terms

S =2 xul, T owh
el s

S;v = (Z,’C,‘u‘. S o'}
i€/

separately. We estimate S, in the following way.

Sy =(2 x;u E X /)
=1

el

+ (2 xu', {2~ Ez')) = Sy + Sas.
el j=1
Since x,u' is the flipped over version of u'; it follows
that

m

Syo=np 2 (xu, )y =np 2 | 2 usl.

el =l f=1

It follows from Lemma 3 that, with probability |
—o(1), for all |I|, S5 > ce°n|T} = ce’n? We also
have that

1Sl <12 xauf) Ii% (z/ ~ Ez)|

el J=1

m n

E|X (2 -EZ)|*= T E[3 (zi - Ez)]?
=1 k=1 =1

= % é E(z} ~ EZ)? = Z S E(z%)? =mnp.

k=1 j=1 kel =i

Thus, since p ~ 0, | T (z/ — Ez/)|* = o(n?) with
Jj=1

probability 1 — o(1). From this and from Corollary 1,
we get that .Sy, and o(n?) with prababﬂityr 1 = o(l):
To estimate S;, we use the inequality

IS = 12 xaul 12 w .
€1 J=1
Again, from Corollary 1, we get that with probability
1 — o(1), for alt x and for all | I], | S,| < enV¥mn
= ¢'Van?.
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Comparing S; and S;,, we get that as long as «
< ¢"¢®, the number of indices / for which Q;(x) < 0.5n,
1s at most en.

Hence, with probability 1 — o(1), x is a (0.5, €)-
stable vector. It follows that, with probability 1 — o(1),
most of the 2™ “linear combinations” of the funda-
mental vectors are (0.5, €)-stable which proves the
theorem.

Remark: In fact, the proof shows that the above set
of linear combinations can be extended from =1 linear
combinations to all linear combinations, that is, to the
set { sign( 2 d;v;) } with real coefficients d;. This would

improve the lower bound ¢ to ™"}

6.2. Convergence

In this subsection, we show that the stability intro-
duced above guarantees convergence properties similar
to those of the fundamental memories.

Theorem 11. The Main Lemma, and Theorems 1-7
remain valid if we replace fundamental memories by
B-stable vectors, but the numerical quantities involved
change as follows:

The function f(p) in the Main Lemma is replaced
by flp) = c2(B)ph(p)(e + h(p)) (ie, e(a) be-
comes ().

(Or, as we remarked after the proof of the Main
Lemma, one can take for f(p) the smaller of the two
quantities max{a, e "NV and c(B)ph(p)(a
+ h(p)).)

Thus, Theorems 2 and 7 (synchronous and asyn-
chronous convergence) hold even if m = an with a con-
stant . The condition m = O(n/log n) is not necessary
any more since we assumed that x is 3-stable.

All constants involved in these theorems will depend
on p.

The bound in Theorem 4 changes to

[E(y) — E(x)| < cVp(a + h(p))n®.

Indeed, the only term that changes in the proof of
the Main Lemma is 77, but this is now assumed to be
greater than 8n| I]. The other theorems are corollaries.

The proof of the analogue of Theorem 4 follows the
same pattern. We start with the identity

E(y) — E(x) = 2( 2 xxuX, 2 xiut)
ek kek
and then estimate the scalar product by the lengths of
the vectors using Corollary 1.

The following theorem follows from the above and

the definition of (3, €)-stable vectors.

Theorem 12. The Main Lemma, and Theorems 1, 3,
4, 5, 6 remain valid if we replace fundamental memories
by (B, e)-stable vectors, e(a) by e, and f(p) by f(p) + «.
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Corollary 4. If x is a (B, €)-stable vector, then there is
a stable state within a distance of en from x.

Corollary 5. There are constants aep > 0 and ¢ > 1
such that, with probability 1 — o(1), if m < aexph, then
the number of stable states is more than c™.

Indeed, it is easy to see that for a fixed ¢ < %, the
probability that two of the vectors in S(v', v%, -+ +)
are at a distance 2e# or less, is exponentially small (in
n). Starting with the 2™~! vectors mentioned in Theo-
rem 10, and using a greedy algorithm, one can select
¢ of these vectors such that any two of them are at a
distance larger than 2en. For each of them, select a
stable vector within a distance en.

Remark: If one is satisfied with an exponential con-
vergence (time log »n) instead of double exponential
convergence (time log log #), then the following much
simpler proof could be given for the convergence to -
stable vectors.

It is based on a lemma that establishes a Lipschitz
type property for the gradient of the energy function.

Lemma 4 Gradient Lemma. Let O < 8 < 1. Then there
exist positive a,(8), p,(8) such that the following holds
with probability 1 — o(1) for all a < a,(8), p < p.(B).
Forall x and y, if d(y, x) < pn, then the number
of i such that
| L{x)— Li(y)| = Bn

is at most p' where p' = c(B)p(a + h(p)) < p/2

Proof Indeed, if K denotes the set of indices where
x and y differ, then

Li(x) ~ L{y) = 2(u', 2 xxu)

keK—i
Thus, if [ stands for the set where
Li(x) = L(y) = Bn
then, by Corollary 1,
[1Bn < 2 (Li(x) = Ly))

el
=2(Z u', 3 xeu*)y—2m|INK]|

i€l kEK

=202 wl Y x|
kEK

el

< 2Veap(a + h(p))Verp'(a + h(p'))n?
< p'Bn?

(a contradiction) if
p' > (c/B%)p(e+ h(p)) < p/2

assuming p and « are small in terms of 8. Thus, if x is
(3-stable, then it has the error correcting property of the
Main Lemma with p’ < c(8)p(a + h(p)). If x is (B,
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¢)-stable, then it also has the error correcting property,
but with p’ above replaced by p’ + e.
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