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Abstract--This paper presents rigorous mathematical proofs for some observed convergence phenomena in an 
associative memory model introduced by Hopfield (based on Hebbian rules)for storing a number o f  random n-bit 
patterns. The capability o f  the model to correct a linear number o f  random errors in a bit pattern has been established 
earlier, but the existence of  a large domain o f  attraction (correcting a linear number o f  arbitrary errors) has not 
been proved. 

We present proofs for the following: 
• When m, the number of  patterns stored, is less than n/(4 log n), the fundamental memories have a domain o f  

attraction o f  radius on with p = 0.024, and the algorithm converges in time 0 (log log n). 
• When m = an (with c~ small), all patterns within a distance pnfrom a fundamental memory end up, in constant 

time, within a distance en from the fundamental memory; where ~ is about e - 1 / 4 ~  

We also extend somewhat Newman "s description of  the "energy landscape," and prove the existence of  an ex- 
ponential number o f  stable states (extraneous memories) with convergence properties similar to those of  the fun- 
damental memories. 

Keywords--Neural networks, Associative memory, Content addressable memory, Dynamical systems, Spin-glass 
model, Random quadratic forms, Learning algorithms, Threshold decoding. 

1. INTRODUCTION 

Understanding of the memory in biological systems is 
an important problem. An important characteristic of 
such a memory is its associative nature, that is, the 
ability to recall, given partial information. Following 
McCulloch and Pitts (1943 ), we can expect to model 
memory as an interconnected system of neurons with 
binary activity. Since biological memory is highly dis- 
tributed (see Lashley, 1960), it would be reasonable to 
assume that interconnections among the neurons col- 
lectively encode information. We also expect the bio- 
logical systems to evolve using a simple learning rule. 
One such natural learning rule was suggested by Hebb 
(1949) which essentially says that the synaptic inter- 
connection strengths reflect the correlated activity at 
the corresponding neurons. 

Models of memory based on these ideas have been 
studied by various researchers (see Hinton & Anderson 
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(1981); Kohonen (1984); Kohonen (1987) for history 
and references), and more recently by Hopfield (1982). 
In fact, a closely related model is studied by Little 
(1974) and Little and Shaw (1978). The model used 
by Hopfield consists of a system of fully interconnected 
neurons or linear threshold elements where the inter- 
connections have certain weights. Each neuron in the 
system can be in one of two states and the state of the 
entire system can be represented by an n-dimensional 
vector, where n is the number of neurons in the system, 
and the components of the vector denote the states of 
the corresponding neurons. The neurons update their 
states based on a linear form computed by the weights 
of their interconnections and the current state of the 
system. 

This system of interconnected neurons can exhibit 
some properties of memory, if the weights are chosen 
appropriately. For example, we observe stable states 
from which no out-of-the-state transitions occur. We 
also observe that stable states have an attracting prop- 

erty,  that is, when the system is initiated in a state close 
to a stable state, it will end up in the stable state after 
a succession of state transitions. The stable states to- 
gether with their attracting behavior can be thought of 
having the associative, content-addressable or error- 
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correcting property of a memory. In particular, we can 
regard the stable states as the information stored and 
their ability to attract nearby vectors as the ability to 
recall, given distorted or partial information. 

Such a system will be useful as memory if. gaven a 
set of vectors to be stored, the system, by a simple 
learning rule, creates the required interconnections 
such that the given vectors appear as stable states with 
an attracting property. 

The study of this model is interesting not only in 
the context of models of memory but also in the context 
of the statistical mechanics of disordered magnetic sys- 
tems, for example, infinite-range spin glasses. Kirk- 
patrick and Sherrington (1978) and Amit, Gutfreund. 
and Sompolinsky (1985. 1987) studied this infinite- 
range spin glass model using the nonrigorous replica 
method.  We discuss some of their results in the coming 
section. 

In the next section, we give a precise description of 
the model and formulate the mathematical problems 
associated with it. 

Our paper is strictly technical. We do not intend to 
provide a systematic introduction to the subject, explain 
potential use, limitations, or recent refinements of  the 
model: these have been done in several other papers. 

2. THE M O D E L  

We have a system ofn  fully interconnected neurons. 
The weight of the interconnection from the ith neuron 
to the j th  neuron is denoted by w~j. We assume that 
w u = wji, that is the interconnections are symmetric. 
The weights are conveniently represented as a sym- 
metric matr ix  W, with zeros in the diagonal. Each neu- 
ron can be in one of two states, say, + 1 or -1 .  The 
state of the entire system is denoted by an n-dimen- 
sional vector x, where the ith component x~ o f x  is the 
state of  the ith neuron. We will use the words state and 
vector interchangeably. 

Computation at each neuron follows a linear thresh- 
old decision. Each neuron computes a weighted sum 
of the states of  the other neurons. If  this sum exceeds 
a certain threshold associated with the neuron, the new 
state of  the neuron is set to be + 1. Otherwise, it is set 
to - 1. In this paper we assume, without loss of gen- 
erality, that the threshold associated with each neuron 
is zero. Therefore, i fx  is the current state of the system, 
the new state of the ith neuron is simply the sign of 

n 

the weighted sum ~ wijxj where the function sign is 

defined by 

sign(w) = {+l.  i f w > O  
- 1. otherwise 

The system can operate in one of two modes: syn- 
chronous or asynchronous. In the synchronous mode. 

the neurons simultaneously change their states at  dis- 
crete time intervals. Thus, after one synchronous step, 
the state x is changed to the state s i g n ( W x ) .  In the 
asynchronous mode. the individual neurons changc 
their state one by one, in an unspecified ~or random 
order of succession. (We assume, of course, that every 
neuron has its turn time and again 

In either case. we say that a state v reaches a state t- 
if the system, when started in state v. will be in state 
x after a successxon of state transmons. 

We define that a state x is stahh:' if x -stgn(FOX). 
Note that the notion of stable states Ls independent of 
the mode (synchronous or asynchronous ~ of  operauon 
of the system. 

We define E = -½xll~3c = --~ ~ wijx ,x i  as the 

energy of the system at state x. ~the quadratic form 
- ½ x TWx defines the "energy landscape" of the system. 
This concept is important if we note that the energy of 
the system decreases at every asynchronous move. This 
always guarantees that a stable state is reached even- 
tually in the asynchronous mode of operation, and all 
stable states are local minima of  the energy landscape. 
(Indeed, a state x is a local minimum for the energy 

function if Qi = Qi (x )  = ~ w~j.~,x ~ O,Jor all i, which 
j - - i  

is satisfied by stable states. ) 
We define the radius o f  attraction of a stable state x 

as the largest value of p such that every vector y at a 
distance not more than pn from x eventually reaches 
the state x. ( For convenience of notation, we will treat 
pn as an integer, and omit details related to rounding. ) 
In other words, the system can correct arbitrary pn 
errors made in the stable state x.  Here. and throughout 
the paper, "distance" refers to the Hamming distance, 
which is the number of components in which the two 
vectors differ. 

Given a set of vectors v ~. v 2 . . . .  v"  to be stored. 
a simple learning rule is used to determine the weights 
of the interconnections among the neurons. The goal 
is to construct the weights wij in such a way that the 
vectors v' are stable with a sufficiently large radius of 
attraction. 

For one vector v. the natural choice of  weights is the 
outer product matrix, wi; = vivj, since v is an eigenvector 
of this matrix with a large eigenvalue n, and all other 
eigenvalues are 0 (rank 1 matrix). Thus, s i g n ( W x )  
maps every vector within n / 2  from v into v. 

To store many vectors, we simply take the sum of 
the corresponding outer products with the hope that 
the system will remember these vectors with some ra- 
dius of attraction. Thus, our matrix W of weights is 
defined by 

m 

w~= ~, vivj' ' (i 4~ j) 
t = l  
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Note that the system does not remember the individual 
vectors vt, but only the weights wij which basically rep- 
resent correlation among the vectors. If a new vector 
is to be stored, the system "learns" by adding the new 
outer product to the existing weight matrix W. The 
vectors thus presented to the system will be called fun-  
damental  memor ies .  

We now completed the description of the model. 
For the system to function as a memory, we require 
that every fundamental memory is stable or at least 
there is a stable state at a small distance ~n. It is also 
desirable to have some positive radius of attraction 
around the fundamental memories. When the number 
of fundamental memories is large, that is, the system 
learned too many vectors, one can expect some "fad- 
ing" of memory. Then it is still reasonable to expect 
some kind of error correction property like the follow- 
ing: if the system is started at a state within a distance 
0n from a fundamental memory, it will reach a stable 
state within a distance of ~n from the fundamental 
memory after a sequence of state transitions. (Note 
that when e = 0, this means that the fundamental 
memory is stable with a radius of attraction p. ) 

Given any set of m fundamental memories, we 
would like to store them in the system. But this re- 
quirement is somewhat at odds with the requirement 
of error-correction. We cannot expect to store vectors 
which are too close to each other. In fact, it is easy to 
construct, for any n >_ 4, four vectors far from each 
other, which cannot be stable in any system. A reason- 
able minimal requirement in this connection is that 
we would like to store almost all sets of m vectors. 
Therefore, we will take a set of m random vectors as 
our set of fundamental memories. 

N o t a t i o n s  

For vectors x, xi will denote the ith component 
o fx .  

If x and y are vectors of the same dimension, the 
Hamming distance d ( x ,  y )  between x and y is defined 
as the number of components in which they differ. 

The scalar product (x, y) of two vectors is defined 
as (x, y) = E x iy i .  

i 

The norm of a vector x is defined as 

llxll = (E x~) '/2 
i 

We write [n] = { 1, 2 . . . . .  n}. 

P(A ) refers to the probability of the event A. 
E stands for expected value. 
For nonnegative p _< 1, we define the entropy func- 

tion 

h ( p )  = - p  l o g  p - (1 - p ) l o g ( 1  - p ) .  

For nonnegative p and p' such that o + p' -< 1, we 
define the entropy function 

h(p, p') = - p  log p - p' log p' 

- (1 - p - p ' ) l o g ( l  - p - p ' )  

(log stands for natural logarithm ). 
c l, c2, • • • are small positive absolute constants. 

3. PREVIOUS RESULTS 

In this section, we present the relevant previous 
mathematical results regarding the associative memory 
model. 

3 . 1 .  S t a b l e  S t a t e s  a n d  E n e r g y  L a n d s c a p e  

It is a basic question to find out for what values of 
m the fundamental memories will be stable with high 
probability. (Recall that a vector x is stable if x 
= s i g n ( W x ) .  An alternative terminology is "fixed 
point." ) 

Basic questions about the absolute stability of the 
global pattern formation is dynamical systems which 
are generalizations of the associative memory model 
have been studied by Grossberg (1982) and Cohen and 
Grossberg (1983) using Liapunov functions. 

McEliece, Posner, Rodemich, and Venkatesh (1987) 
proved the following important results regarding stable 
states: 

n 
If m < - - ,  then (with probability near 1) all 

4 log n 
fundamental memories will be stable. 

n n 
I f - -  < m < - - ,  then still most funda- 

4 log n 2 log n 
mental memories will be stable. 

When m is larger than cn / log  n, in particular, when 
m = an, the fundamental memories are not retrievable 
exactly, but one still may find stable states in their vi- 
cinity. This is suggested by the "energy landscape" re- 
sults of Newman (1988). In particular, Newman proves 
that, for all fundamental memories, all the vectors 
which are exactly at a distance of ~n from the funda- 
mental memory have energy in excess of at least #n 2 
above the energy level of the fundamental vector. These 
results of Newman are valid when a _< 0.056. 

Amit, Gutfreund, and Sompolinsky (1985, 1987) 
studied this associative memory model and extended 
it to include temperature. The temperature T = 0 cor- 
responds to the associative memory model discussed 
in this paper. They use the nonrigorous replica method  

(Kirkpatrick & Sherrington, 1978) to investigate the 
model. The replica method simplifies computations 
using certain additional independence assumptions and 
it is known to give incorrect results when T = 0. Some 
of their relevant results are given in the following. 

When the number of stored patterns m is such that 
a = m / n  is constant, as n becomes very large, Amit, 
Gutfreund, and Sompolinsky ( 1985 ) observed that the 
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system provides very effective retrieval o f  m e m o r y  tbr 
certain range o f  a. When  a < ac ~ 0.14, one can find 
stable states which are very close to the original stored 
patterns at a distance o f  less than 0.03n. As a decreases 
to 0, this distance decreases as  e -1 /2" .  Hence. if re- 
trieval o f  pattern with a small percentage of  error is 
tolerated, the storage capacity o f  the network is a, n. If  
one requires retrieval with a vanishing fraction o f  errors 
as n -~  oo, then a must  vanish with increasing n. Fi- 
nally, retrieval o f  patterns free o f  errors occurs when 
~ < 1 / (2  log n).  They also noted that the retrieval of  
m e m o r y  is stable against a small amoun t  o f  noise in 
the weights w~j, but  the m a x i m um  allowed level of  noise 
decreases to 0 as a approaches a,. 

They demonstrated,  by numerical  simulations, the 
existence of  a critical value a ,  ~ 0.14, below which 
m e m o r y  retrieval is still possible and rather efficient. 

Amit,  Gutfreund,  and Sompol insky also observed. 
that, for sufficiently small ct. there are exponentially 
many  stable states (extraneous memories)  which are 
"l inear combina t ions"  o f  stored patterns. Gardner  
(1986) computed  an exponential (in n) upper  bound 
on the number  o f  such extraneous states. 

We will later prove an exponential lower bound  on 
the number  of  extraneous memories.  

3.2. Random Errors 

It is also impor tan t  to find out  the extent of  error 
correction a round  the fundamenta l  memories.  One  
natural  problem is to investigate the behaviour o f  the 
system in the presence of  r andom errors. 

This question has been studied by McEliece, Posner, 
Rodemich,  and Venkatesh (1987).  They prove the fol- 
lowing: 

If  m < n / (4  log n), then a given vector within dis- 
tance pn (p < ½) from a fundamenta l  m e m o r y  will be 
attracted to it in one synchronous  step o f  the system 
with high probability. In the asynchronous case. a linear 
number  of  steps suffice. 

This means that  for most  choices o f  m < n / ( 4  log 
n) fundamental  memories,  the system can correct most 

patterns o f  at most  pn errors in one synchronous  step 
(or  linear number  o f  asynchronous  steps). 

The above results leave open the question o f  retrieval 
in the case o f  arbitrary error patterns. In the next sec- 
tion, we look at this question. 

3.3. Worst Case Errors 

In most  applications, correcting random errors may 
be satisfactory. Yet, it is interesting to find out  if  stable 
fundamental  memories  can attract all the vectors within 
a distance of  an for some positive constant  n. 

For this, one cannot  rely on simulations since sim- 
ulations (due  to the prohibitively large number  o f  error 

patterns) can only reveal the behavior of  the system ~n 
the presence of  r andom errors~ 

In fact, the following observations clearly demon-  
strate that  r andom errors and worst case errors behave 
in entirely different ways. 
• There cannot  be a one synchronous-step convergence 

in the presence o f  arbitrary pn errors, not  even for 
arbitrary ~n errors. Note  that one synchronous-step 
convergence is known for r andom errors as men- 
tioned in the previous section. 

• One cannot  have a radius o f  attraction o near :~. 
0 > ~ is already impossible, even when m is very. 
small. Contrast  this again with the case of  random 
errors. This observation was made earlier by Mont-  
gomery and Vijaya K u m a r  ( 1986)_ 
Thus, one can only hope for gradual convergence 

and a small radius o f  attraction in the case of  worst 
case errors. It would be interesting to lind the maximum 
radius of  attraction v~- We cal~ only show thal 

t 0.024 < 00 < 
In this paper, we establish the existence of  a positive 

radius o f  attraction p around the fundamental  mem-  
ories when m < n / (4  log n). Both synchronous  and 
asynchronous  modes of  operation wilt provide the 
stated error correction. Moreover: it only takes 
O( log log n) synchronous-steps fi.w convergence. 

Further, when m = (~n. for some constant c~. we 
prove error correction from on errors to ~n errors. ( Here 
0 is a constant, and e can be made arbitrarily small by 
choosing a sufficiently small a. I In the asynchronous  
mode. if one starts within an bits of  a fundamental  
vector v. the system will converge to another state within 
~n bits o f  v. 

4. PRESENT WORK 

In the following we present a brief  s u m m a r y  of  our  
results. This s u m m a r y  gives an idea o f  the "'error-cor- 
recting behavior" a round  the fundamenta l  memories.  

4.1. Summary 

as,  aa,  Pa, Pa, Pb are absolute constants. 
• I f  m _< a~n. and if the system is started within a 

distance of  p~ n f rom a fundamenta l  memory,  then. 
in about  log ( n / m )  synchronous  steps, it will end up 
within a distance ne -n/4m from the fundamental  
memory,  that is, it will eventually get within a dis- 
tance ne -~/4'~ of  the fundamental  m e m o r y  and re- 
mains within that  distance. 
When m < n / ( 4  log n), the system will converge to 
the fundamental  m e m o r y  in O( log  log n) synchro-  
nous steps. 

• In the asynchronous  case, if m ~ otan, and if the 
system is started within a distance o f  Pa f rom a fun- 
damental  memory,  then it will converge to  a stable 
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state within a distance of n e  -n /4m from the funda- 
mental memory. 
In particular, when m < n/(4  log n), the system will 
converge to the fundamental memory. 

t For any fundamental memory v, the maximum en- 
ergy of any state within a distance of pan from v is 
less than the minimum energy of any state at a dis- 
tance of Ob n from v, and there are no stable states in 
the annuli defined by the radii pbn and ne -n/am cen- 
tered at the fundamental memories. 
The following subsection contains a precise state- 

ment of our results. 

O( log (n /m) )  synchronous steps are sufficient to bring 
down the errors to ~(a)n.  

Theorem 1 (Error-Correction Theorem). The following 
holds with probability 1 - o(1). For all a < as and for 
all fundamental memories x ,  i f  the system is started at 
a vector y such that d(y ,  x)  < k ( a ) n ,  then, in 
O(min { log( n / m), log log n } ) synchronous steps, it 
will end up within a distance o f  ~ (a)n.from x and stays 
within this distance. 

In particular, we establish a domain of attraction 
when m < n/(4 log n). The radius of this domain of 
attraction is po. 

4.2. Results 

The following Main Lemma gives a quantitative pic- 
ture of the error-correcting behavior of the model. This 
picture is basically as follows. Write a = m / n .  There 
are constants as and ps such that for a _< as the following 
holds with probability near 1. If the system is started 
at any state at a distance on (p <- ps) from a fundamental 
memory (0n "errors"), then it will correct most of the 
pn errors in one synchronous step, and be at a much 
smaller distance p'n from the fundamental memory. 
This p' is about p3 i fp > a, and about ap 2 i fp < a. A 
repeated application of the synchronous operation will 
result in a double exponential shrinkage of error, until 
there are only about ne 1/4~ errors left. After that, the 
system will never depart farther than this distance. ( In 
particular, there are no errors left, when a < 1/ 
(4 log n), i.e., we have synchronous convergence. ) 

The Main Lemma implies that the energy function 
has no local minima in the annuli defined by the radii 
psn and ne-1/4~ around any fundamental memory. This 
will help us establish asynchronous convergence. 

In all the following statements, probability 1 - o(1) 
denotes probability approaching 1 as n ~ ~ .  

Main Lemma (One-Step Error-Correction). There is 
an as, and for every a <_ as there are two numbers e( a) 
< k (a)  with the following properties. 

1. M a )  is increasing to a constant po as a tends 
to O. 

2. As a tends to O, ~(a) is decreasing as e 1/4, 
3. The following holds with probability 1 - o(1): 

For all p ~ ( ~ ( a ), k (a ) )  and for all fundamental  mem- 
ories x ,  i f  y is such that d(y ,  x )  = on, then x iLi (y)  > 0 
for all but at most f ( p  )n o f  the indices i where f (p  ) can 
be chosen as 

f(p) = max{e -1/4~, c,ph(p)(a + h(p))}. 

Repeated application of the Main Lemma yields the 
following error-correction theorem which says that 

Theorem 2 (Synchronous Domain of  Attraction). The 
following holds with probability 1 - o(1). I f  m 
< n/(4 log n), x is any fundamental  memory,  a n d y  is 
such that d(y ,  x )  <_ pon, then the system started in state 
y will converge to x within O(log log n) synchronous 
steps. 

In fact, this O(log log n) convergence can be con- 
sidered very fast. We already indicated that one-step 
synchronous convergence is not possible even with 
O(nl~a)  arbitrary errors. The idea behind this obser- 
vation is the following: One-step convergence would 
mean, for example, x iL i ( y )  > 0 for all y close to x. By 
changing the j th  bit, we change the quantity x iL i ( y )  

and with 2wijxiyj,  which is of the order fmm. Since 
x iLi( x ) = O( n ), by changing appropriate cfnn/a bits 
of x, we can make x iL i ( y )  < O. 

As a result of the error-correction behavior in the 
annulus defined by ~(a)n and k ( a ) n ,  we can conclude 
that there are no stable states in this region. 

Theorem 3. The following holds with probability l 
- o(1) for all a < ao. There are no stable states in the 
annuli defined by the radii ~(a)n and k ( a ) n  around 
the fundamental memories. 

Remark: Actually, we get that there are not even 
local minima of the energy function in the annulus 
defined by k ( a ) n  and ~(a)n.  

Convergence results in the asynchronous case, re- 
quire the existence of high energy barriers around the 
fundamental memories. This will ensure that there is 
no escape too far away from a fundamental memory. 
These barriers together with the result that there are 
no stable states unless one gets within ~ ( a )n  distance 
from a fundamental memory, ensure eventual conver- 
gence to within ~(a)n distance from the fundamental 
memories. First, we present the results related to the 
high energy barriers. 

The following theorem establishes upper and lower 
bounds on the energy of any state in the vicinity of a 
fundamental memory. 

Theorem 4 (Energy Levels). The following holds with 
probability 1 - o(1). Let 0 < o <- ½ and m = an. 
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f f  X is a f u n d a m e n t a l  m e m o r y  and y is such that 
d ( y ,  x )  = on, then 

E(y )  - E (x )  - 2o(1 pin ~ <- bn ~ 

where 

/~ = 6(a, 0) < 2[ (h(p)  - A/n)  

- - V 2 a [ h ( p ) * A / n ) ]  o f ~  0) 

where A is such that A - log m tends to infinity.  
We say that  b2 is a barrier for b~ if, for all funda-  

menta l  m e m o r i e s  x .  

max / E(y)  : d(y,  x)  < b~n 

< min { E(y)  : d(y,  x)  = b2n ~.. 

T h e o r e m  4 gives the following energy bar r i e r  result.  
which is a genera l iza t ion o f  N e w m a n ' s  result  { 1988 ). 

Theorem 5. There exists a threshold 0t,h and two positiw, 

constants bl < b2 such that. with probabil i ty  1 o( 1 ). 

f o r  all m < athn, b2 is a barrier f o r  b~ . In  fact, any  pair  
b~ and b2 are good f o r  which 

2bl(1 - bl) -~ 6(a, bl) < 2b2(1 - b2) ~(Ot, b2~ 

where 6( a, p)  is as given m Theorem 4. 
To establish convergence in the a synch ronous  case. 

we will select ao < 0ts such tha t  ) , (a~) is a ba r r i e r  for 
~(aa) .  We wri te  o~ = e(a~)  and  p2 - X(0t~). ( M o r e  
precisely, since ~,(a~) may be too  large, one should  

choose p2 = ra in  { bz, ) , ( a a ) } .  and  assume that  02 is a 

ba r r i e r  for 0 ~. ) 
This  implies ,  in the  a synchronous  mode ,  that  if  a 

< a~ then any state y wi th in  a d is tance  o f  o~n from a 
fundamen ta l  m e m o r y  x will converge to  a state wi th in  
a d is tance  of  e ( a ) n  f rom x .  Indeed.  by  T h e o r e m  3. 
there  are no  stable states in the annu lus  defined by 
X(0t)n and ~(0t)n, and  X(0t) > ),(0t~) >- t02. But the 
system was s ta r ted  wi th in  p~n of  the fundamen ta l  
memory ,  and,  since 02 is a bar r ie r  for o~, it canno t  
escape from the ne ighborhood  with rad ius  p2n. Thus.  

we get the following result.  

Theorem 6 (Asynchronous Convergence Theorem).  The 

fol lowing holds with probabil i ty 1 - o(1) f o r  all m 

< O t a n .  

For all f u n d a m e n t a l  memor ies  x ,  i f  y is such that 
d ( y ,  x ) < pin ,  then the vector y will converge to a vector 

within a distance o f  ~ (0t) n f r o m  x .  
In par t icular ,  we get an a synch ronous  d o m a i n  o f  

a t t rac t ion  when m < n / ( 4  log n). 

Theorem 7. The fol lowing holds with probabil i ty  
1 - o(1) f o r  all m < n / ( 4  log n). For all f u n d a m e n t a l  
memor ie s  x ,  i f  y is such that d ( y ,  x )  <- otn ,  then the 

vector y will converge to x .  

5. PROOFS 

In this section, we present  the proot~ o f  our  theorems.  
Before that.  we develop some no ta t ion  and probabi l i ty  
tools. 

Let  v L. v z . . . . .  v m be r andomly  selected tunda-  
mental  memories .  The  learning rule gives us the weights 

~.  ,5. . . . .  

Let 

- 1  

We define the m-d imens iona l  vectors u = ~t'; . . . .  
vT') for i - 1. 2 . . . . .  n ( r ead ing  the mat r ix  of  the 
vectors v co lumnwise  ). We now have 

Q,(x) = Z (xiu ' ,  x ju '  ) = ~ ~,zc. Z x iu 1 
I ~ t  ¥ t  

where ( u'. u j ) denotes  the scalar  p roduc t  o f  the vectors  

u' and u j . 
In the next  subsection,  we present  cer ta in  large de- 

viation theorems.  The  following subsections conta in  the 

proofs  o f  our  results. 

5.1. Large Deviation Theorems 

Just like in N e w m a n ' s  paper  ( t 9 8 8 ) .  most  o f  o u r  

proofs  will be based on large devia t ion  t heo rems  to 
b o u n d  the probabi l i t i es  in quest ion.  

Let  X be  a r a n d o m  variable.  The  funct ion R x ( t )  
- E e  tx is cal led the  m o m e n t  generat ing func t ion  o f  X. 
The  mos t  i m p o r t a n t  proper t ies  o f  R x ( t )  are  l isted here. 

Fact 1. 1[" X and Y are independent,  then R x + y ( t )  

= R x ( t ) R y ( t ) .  
In part icular ,  ifX~, X2 . . . . . .  ~', are  independen t  and  

ident ical ly  d i s t r ibu ted  ( i . i .d.)  r andom variables  and  S ,  
n 

= ~ Xi, then 
I = I 

Rs.( t)  = [Rx,(t)]". 

Fact 2. ( Che rno f f ' s  bound).  
For c > # = E X ,  P (Sn  > cn)  ~ [ in f t~oe-C'R( t )]  " 

where R (  t) = E e  txl. 
This  s imply  follows f rom the  following inequali ty,  

known as M a r k o v ' s  inequal i ty:  I f  Y is a non-negat ive  
r a n d o m  variable,  then for any y > 0, P ( Y  >- y )  

E Y  

Y 
Let  X~, )(2 . . . . .  X~ be independent - 1  r a n d o m  

variable,  with P ( X i  = 1 ) = P(  X i = - 1) = t .  As before, 
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Sn = E X,., and, for a set I _~ [ n ], St  = E X~. ( Recall 
i = l  i @ l  

that  [n] = { 1, 2 . . . . .  n} . )  

Fact 3. E e  ,s"/~<- e t2/2 - - ~  < t < +oo 

1 
Fact 4. E e  ts2"/" <- - -  0 <- t < ½ 

V l  - 2t 

1 
Fact 5. E e  ts's'/¢7770- < 1 < t < 1, where I 

- lfi~_ t 2 '  

and J are disjoint sets.  
In the last three inequalities, we used the following 

observations: if  all coefficients in the Taylor series ex- 
pansion a round 0 of  a f u n c t i o n f ( x )  are non-negative, 
then 

where ~ is s tandard normal .  This  follows f rom the well- 
known inequalities 

S2"k < EnZk. E - - ~ -  _ 

(We assume absolute convergence of  the Taylor series 
to integrable functions with respect to the above mea- 
sures. ) 

In the following, we give estimates of  the scalar 
p roduc t  of  sums of  r andom vectors. Let  u l, u 2, . . . ,  
be independent  and uni formly  distr ibuted + 1 r andom 
vectors of  d imension m.  

The  first l e m m a  estimates the n o r m  of  a sum of  
r andom vectors. 

L e m m a  1. Le t  r be an integer. 

r 

P[] IZ  uJ][ : >- (1 + 3)rm] <_ e -rm/2)pl(6) 
j = l  

where Pl (6) is defined as 

pt(3) = 3 - log(1 + 3). 

The funct ion p~ has the property  pt ( z  + ~ z )  > z f o r  z 
> 0 .  

Corollary 1. 
r 

P[II Z uJ[I2 >-(1 + 2 z + 2 ~ z ) r m ]  < e - ~ "  
j = l  

Thus,  with probabil i ty  1 - e - a , f o r  all I ,  [ II = pn,  

II Z uql 2 < (1 + 2z + 2V-zz)ml/I 
i E l  

where z = h ( p ) / a  + A / m .  

Consequently ,  with probabil i ty  1 - o(1),  f o r  all x 
and1 ,  I l l  = pn,  O < p <_ ½, 

II ~ x,uql  2 < c=p(~ + h(p))n ~ 
iE1 

I, 
In  particular, with probabil i ty  1 - o( 1 ) , for  all x and 

tl E x ,u ' l l  ~ < c+n ~ 
i ~ l  

r 

Proof: Let A be the event II E u j II 2 ~ (1 + 6) rm.  
j = l  

A implies that, for all t > 0, 

e t / r l lE ; - t uq l  = > e t t [ + + )  m 

By using Markov ' s  inequality, we get that  

P(A ) < e-m++)mEe udlxv''uql:. 

Note that  in the sums 

r 

( E u ~ ) , = u ) + u  2 + . . .  +u f  
d=l 

the te rms  are independent  and uni formly  distr ibuted 
_+1 random variables, and different sums are indepen- 
dent of  each other. Hence  we get that  

P(A) < e-'<l++)"(Ee'/"("', . . . . . . .  ~)~)". 

By using the m o m e n t  generating function inequality 
Fact 4, we get that  

P(A) _< e -m+~)m 
(V l  - 2t) m 

- -  e - m / 2 [ 2 t ( l + 6 ) + l o g ( l - 2 t ) ]  

The exponent  in the above expression achieves its 
6 

m i n i m u m  in the range [0, ½) when t - - -  
2(1 + 6) 

Hence, the l e m m a  follows. (The  proper ty  of  the func- 
tion Pl ment ioned  in the l e m m a  is s tandard calculus. ) 

The first part  of  the corollary follows from the l e m m a  
and the fact that  the n u m b e r  of  sets I to consider is 

< e h(p)17. (This  factor makes  the difference 
an pn 

between r andom errors and worst case errors.)  
In the second part,  we have to mult iply by an ad- 

ditional factor 2 pn for the choice o f x i .  
Next, the following l e m m a  est imates the scalar 

product  o f  two vector sums. 

L e m m a  2. Le t  r and s be integers. Then,  

r r + s  

P ( ( ~  u i, ~ u j ) >  bm~rs) < e -m/zp~<+) 
i=1 j = r + l  

where P2 (6) is given by  

( vl + 4 6 2 -  1 ) 
p2(b) = (Vl + 462 - 1) + log 232 
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The function p~ has the property p2( 2 + Vz)  > z j o r  z 
> 0 .  

Corollary 2. 
r r+s 

P(( ~, u ~, ~ u ~) >- (z + ~z)mV~rs) < e - : "  
i = 1  j=r+l  

Thus,  with probability l - e -a,  for all pairs o f  dis- 
joint  sets I,  J ,  I II = o'n, I JI -- o"n, 

( ~  u', ~ u ~) < (z + l ~ z ) m ~ l l  IJI 
i ~ l  j ~ J  

where z = h(p ' ,  p " ) / a  + A/rn .  
Consequently, with probability 1 - o(1),  for  all x 

and for all pairs o f  disjoint sets I,  J ,  [ I[ = p'n, I Jl 
= p " n , O < p ' , p "  <_ ½, 

t( Z u ~, Z u')l  < c~7~o'p"h(o', p")(,~ + h(t;, t;'))n 2. 
i ~ l  j G J  

r • ~.s' 

Proof: Let A denote  the event ( ~  u', Z u J) 
i = l  j ~ - r + [  

> 6mfr-rs. A implies that, for all t > 0. 

et/77j~s(X,~. , , ,*, u ,  Zj-,+~ re) > (? tam.  

By Markov ' s  inequality, we have, 

P(A)  < e - t a m E e  ~/{rs(~ ' '  u'. 27-~, ,el 

= e _ ~ a m ( E e J ' i A ( ~ , ' . ,  u'. 27-~, ~ ) ) , , .  

By using Fact 5, we get 

P(A) -< e - t a m -  1 _ : e_m/212t~+log(t_t~)] 
(VI t 2 )  m 

The exponent  in the above expression will be min- 
f]- + 4~ 2 -  1 

imal in the range [0, l ) w h e n t  = 2b . Hence, 

the l emma  follows. 
Combin ing  Corol lary 1 and Corollary 2, we get 

Corollary 3. With probability 1 - o(1 ), jor  all x and 
for all pairs o f  (not necessarily disjoint) sets I,  J,  II1 

t p n ,  IJ[ = " O < p ' - p "  t : p n ,  < <-- ) ,  

l ( Z  u', Z d)l 
i ~ I  j ~ J  

< c~[Vp'p"h(p")(a + h(p")) + o'(a + h(p ' ) ) ln  2. 

5 .2 .  P r o o f s  o f  O u r  R e s u l t s  

Proof  o f  Main  L e m m a .  For a given fundamenta l  vector 
x ,  we will compu te  the probabili ty tha t  there exists a 
y such that  d ( y ,  x )  = on and that  there are more  than 
f ( p ) n  indices i such that  x~Li(y)  < O. Let A be this 
event. Let  K b e  the set o f  indices in which x and y differ 
and let IKI  -- on.  L e t p '  = f ( p ) .  

Clearly, we have 

P(A)_< P(qK, IK] : o n ,  l, il! : ~,'~ 

such that v i  6_- I .  x ~ L ( y )  ~ O~ 

Note that v i  E I, x ,L , (  y)  ~ 0 rmplies L' :v,L,(y) 

_< 0. But, 

.viLi(.V) = ~ x iLi (x)  -- z.. ~" -vi(L~(. ' ) I . A y ) t  
IU t lG I 1¢.1 

tp  [ I~ l [P& K 

For the sake of  convenience, let the fundamental  
vector x = v ~. Hence, the first components  o f  all the 
vectors x~u' are t. Let 6 '  denote the rn - l-dimensional 
vector obtained f rom x, u '  after removing the first com- 
ponent.  Clearly, t7 are independent  and uniformly dis- 
tributed _1 random vectors o f  d imension m 1 (for 
simplicity, we will not  change m to m -- 1 in the for- 
mulas ). 

We now have 

i ~  1 t& I 

;E l 

A'jU J ) - m i 1 
j ~ [ n ]  

X j l t  3 ) + ~ ~ "  X t l t i )  2 - -  m l [  

] ~ i [ n ] -  I ;+: ;' 

= (n m) II ,- T~ ~- 12. 

Thus. Z x i L i ( y ) = ( n  m)  It  + TI + ' 1~-  21"3 
iG  l 

+ 2  I V 1 K I m w h e r e  

iEI  l ~ [ n [ -  ] 

T: = (~£ t~'~z: and 

t ,  , ) £ x , u ' ,  ~ x , u ° l .  
; ( - l  # ~  A 

We now estimate from below each of  the above terms 
individually. From Corol lary 2, we get 

Tl > - { z l -  V~zl)mVII l (n  -- I / I )  

with probability 1 - e -a ,  where z~ = h ( p ' ) / a  + A / m .  
(We used the fact that  the inner product  has a sym- 
metric distribution. ) 

T2 is obviously non-negative. 
To estimate T3, we use Corollary 3. 

T3 < c ~ [ V p ' p h ( p ) ( a  + h ( p ) )  + v ' ( a  ~ h ( p ' ) ) ] n 2  

Hence. if 

- 2c~[Vp'ph(p)(a + h(pD, + o'(a + h(p'))] > 0 

then the probabili ty P ( ]  a fundamenta l  m e m o r y  x 
• m a such that the event A holds) is upper bounded by e . 

This probability is small if A - log m is large. 
It is not hard  to see that  
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p' : f ( p )  = max{e -~/4", clph(p)(a + h(p))} 

will satisfy the last inequality. (The only case that needs 
careful analysis is when p'  = 1 / n . )  

We define the function ¢ (o') = e-~/4". It is easy to 
see that there are positive O's and p~ such t h a t f ( p )  < p 
for ~ (O') < p <- ps, O" < O'o. Choose an increasing ~ ( O" ), 
p~ _< X(o') < ½ such t h a t f ( p )  < p for ~(o') < p < X(o'), 

O ' ~  O' s . 

Refinements:  A little more  careful analysis of  the 
above equation (separating the case np' < k from no'  
> k) shows the following more  detailed picture: When 

k + l  n 
m < - -  

k + 2 2 1 o g n  

the number  of  errors left is at most  k. 
At the other end, when h (p) > a, one gets a better 

bound  by estimating T3 with the product  of  the norms  
of  the two factors in the scalar product.  We get 

T3 < cVpp'(a + h(p) ) (a  + h(p'))n z 

that leads to the following more detailed error correc- 

tion 

p '  < e -c/(ph(p)) 

as long as h(p ' )  > O" holds. After this incredibly fast 
error correction, the following slower (but  still double 
exponential)  function takes over: 

p' = max{e -1/4", caph(p)} 

Proof  o f  Theorem 1: The theorem easily follows from 
the Main L e m m a  and the definitions of  M O') and ~(o'). 

Proof  o f  Theorem 2: The Main L e m m a  shows that 
when a < 1/(4 log n), ~(a)n < 1, that is, there are no 
errors left. The radius of  attraction is po = ~(o'o). 

Proof  o f  Theorem 4: For the sake o f  convenience, 
assume that the fundamental  m e m o r y  x = v j. Let y 
be such that d(y ,  x )  = on and let K b e  the set of  co- 
ordinates in which y and x differ. 

It is easy to see that 

E(y)  - E(x)  = 2( ~ XkU k, ~ xkuk). 
kE K kEI~ 

Since x = v 1, we get 

E(y)  - E(x)  = 2p(1 - p)n 2 + 2( ~ ilk, ~ ak) 
k E  K k ~ K  

where ~7' is obtained from x i u  i by removing the first 
component .  Note that the OLs are independent and 
uniformly distributed ___1 random vectors o f  dimension 
m - 1 .  

From Corollary 2 we get 
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[E(y) - E(x)  - 2p(1 - p)n21 

< 2 ( z +  V~z)mVIKJ(n - IKJ) 

with probability 1 - m e  -~, where z -- h ( p ) / a  + 
A / m .  Choose again a A much  beyond log m. 

(The exact equation is 

]E(y)  - E(x)  - 2p(1 - p)n2] < 2abVp(l - p ) n  2 

with probability < e -"/2p2¢~)n, which is equivalent to 

Newman ' s  equation. ) 

6. E X T R A N E O U S  M E M O R I E S  

In this section, we will establish the existence o f  an 
exponential number  o f  stable states, and extend some 
of  our  previous results to these stable states. 

6.1 .  Stabi l i ty  

Note that our  convergence proofs were based on the 
fact that the gradient at the fundamental  memories  
was large. More precisely, all Qi are large when m 
< cn/log n, and still most  Qi are large when m = cn. 
We observe that this property is sufficient to extend our  
proofs. Hence, we introduce the notion of f - s tab le  vec- 
tors. 

Given 0 < fl < 1, a vector x is f -s table i f Q i ( x )  >- fin 
for all i. 

Note  that a f-stable vector is not  only stable but also 
a deep energy min imum.  In fact, f-stable vectors have 
a large domain of  attraction. Furthermore,  all the fun- 
damental  vectors are f-stable when m < cn/log n. 

When m = O'n for some constant O', we cannot  es- 
tablish the existence off-stable vectors. A weaker notion 
of  stability (valid for all fundamental  memor ies )wi l l  
be introduced, and used to derive some error-correcting 
properties. 

For 0 </3 < 1 and 0 _-< ~ < 1, we define that a vector 
is (/3, E)-stable if for all but  at most  ~n indices i, Qi (x)  

> fin. 
Even though ([3, ~)-stable vectors are not stable 

themselves, we will later see that there are stable states 
in their close vicinity. 

Theorem 8. Let  0 < 13 < 1. Then, there ex&ts Co = Co(13) 
such that, with probability 1 - o(1), if m 
< con~log n, then all f undamenta l  memories  are/3- 
stable. (co can be made  arbitrary close to ~ by choosing 
a small  enough/3. ) 

Theorem 9. Let  0 < f < 1 and ~ > O. Then there exists 
ao = O'0(/3, ~) such that, with probability 1 - o ( 1 ) , / f  
m <- O'on, then, all fundamenta l  memories  are ( f ,  ~)- 
stable. 

In addition to the fundamental  memories,  there are 
an exponential number  of  other stable vectors. Some 
are there accidentally ( t rue extraneous memories) ,  but  
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c'" of  them are there for a reason. The  whole model  is 
based on a l inear method,  so one is not surprised to 
see that  it r e m e m b e r s  not  only individual vectors, but  
the whole subspace generated by them.  (This  has been 
observed by several researchers before. ) 

Given vectors v ', v 2, . . . ,  we define 

S(v  1, v 2, • • ") = {s ign(~  div;) : di = +_I }. 

Theorem 10. For every positive ~, there & an a* = a * ( ~ ) 
such that, with probabil i ty 1 - o(1),  i f  m <_ a*n , then 
more  than ha l f  o f  the 2 m "linear combinat ions"  o f  the 
f undamen ta l  memor ies  (i.e.,  e lements  o f  S(  v~ . . . . .  
v , , ))  are (0.5, ~)-stable. 

For the p roo f  of  this theorem,  we need the following 
s imple l emma.  

L e m m a  3. Let  Yi,j be independent and uniformly dis- 
tributed + 1 random variables. Then,  

e ~ I~2 r,.jI < d ! ~ m -  I <(4V-d) t'. 
i = l  / = I  

m 

Proof: Let  Yi = I Z Yi, /I ,  and write D = d f m  - 1. 
j =  I 

N 
There  exist more  than  ~- i 's such that  Y; < 2D.  Thus,  

the probabi l i ty  in question is bounded  by 

2N[P(Yi < 2D)] ~v/2 

m m sv/2 ] 
Proof  o f  Theorem 10: We show first that  for any 

specific choice o f  the coefficients d;, the vector  x 
m 

= sign( Y~ d;vi) is (0.5, O-s table  with probabi l i ty  l 
i = l  

- o ( l ) .  
Given any  specific d~, we can replace the vectors v' 

with the vectors Nil) i since the scalar products  ( W ,  u k ) 
are invariant  under  the sign changes o f  the vectors v'. 
Hence,  without  loss of  generality, we take d; = 1 for 
all i .  

m m 

Let  x = sign( E v;). Write ~i = x~u; = sign( Z 
i = l  j=l 

X u~) u'. ~ is obtained by flipping over the components 
of u; if u; has more -l's than +l's. Otherwise, W 
equals u ;. 

Le t  I denote  the set o f  indices i such that  ( x ,u ' ,  
E x j u  j )  < 0.5n,  and  let us write ~ = [ I I / n .  Then,  we 

have 

(~x~u i, ~ a ~)- m i l l  < 0 . 5 n l l I .  
i ~ l  j ~ l  

! Ac,mt6.s arm R. Palur: 

The vectors if' wilt be writ ten as u' + 2z: where z: 
is a (0, 1)-vector defined as follows. 

Let d = (1,  u ~) where 1 is an m-dimensional  vector 
all o f  whose componen t s  are equal  to  1. I f d  ~ 0, then 
z '  is a 0 vector. Otherwise,  we will r andomly  select { d! 
of  the indices j where u ~ is - 1, and set z; to ~ for these 
j and 0 elsewhere. It is clear that  zT; and u ~ + 2z; have 
the same distribution. Fur thermore .  the probabi l i ty  p 

that  a c o m p o n e n t  of  z '  is l. is approx imate ly  Vm 

We now have 

";'" ('t' + -~")) 
t~ ] = I t e l  : 

We est imate the two te rms  

S, = (>2 xiu',  ~ .'," ~ 
t ~ l  i:: I 

&, = ( ~ x ; u ' ,  E : )  
IG 1 f 1 

separately. We est imate Sz in the following way. 

n 

& = ( Z  x;u',  E Z z ~) 
16- / ,, = 1 

+ ( ~  x;u', ~ (z" "- Ez~)) = Szl + $22. 
i E l  /=1 

Since x , u '  is the flipped over version of  u;; it follows 
that  

m 

s2, = np Z (x,u' ,  1) = np Z t E u;i. 
iE l i~:: l i=! 

It follows f rom L e m m a  3 that,  with probabil i ty  1 
- 0(1), for all 1II ,  S2j > ce2nlI]: = ce3n 2, We also 
have that  

n 

I Sz,.I < l ie  x,u'lt lIE (z ' - -EzJ ) l t  
iE1  j~-I  

n m n 

EIIZ (z j -  EzJ)l/2 = X E [ X  ( ~ -  Ez~)] 2 
j = l  k = l  j = t  

= Z Z E ( ~ - E z a * )  2_< ~ E ( z  2 = m n p .  
k = t  t = l  ~,=1 i=1  

tt 

Thus,  since p --~ 0, 11E (z j - Ez:)H= = o ( n : )  with 
j = l  

probabi l i ty  1 - o(1).  F rom this and f rom Corol la ry  1, 
we get that  $22 and o ( n  2) with probabi l i ty  1 ~ o(1):  

To es t imate  St ,  we use the inequali ty 

I&l  ~ IIZ x~uql ~Zu~t[. 

Again, f rom Corol lary  1, we get tha~ with p robaNl i ty  
1 2 o(1),  f o r a l l x a n d f o r a l l  i i l ,  tS ,  I <-en~-"-flY- 
= C ~ G H  2 .  
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Compar ing  S~ and S2j, we get that  as long as a 
< c"e 6, the n u m b e r  of  indices i for which Q~(x) < 0.5n, 
is at most  Cn. 

Hence, with probabil i ty  1 - o(1),  x is a (0.5, e)- 
stable vector. It follows that, with probabi l i ty  1 - o(1),  
most  of  the 2 m " l inear  combina t ions"  of  the funda- 
mental  vectors are (0.5, E)-stable which proves the 
theorem. 

Remark:  In fact, the p roo f  shows that  the above set 
of  linear combina t ions  can be extended f rom + 1 linear 
combinat ions  to all l inear combinat ions ,  that  is, to the 
set { sign( Z divi) } with real coefficients di. This would 

i 

improve  the lower bound  c m to e ¢~in{m2'n}. 

6.2. Convergence 

In this subsection, we show that  the stability intro- 
duced above guarantees convergence propert ies similar 
to those of  the fundamenta l  memories .  

Theorem 11. The Main  L e m m a ,  and Theorems 1-7 
remain valid i f  we replace fundamenta l  memories  by 
13-stable vectors, but the numerical  quantities involved 
change as follows: 

The .function f ( p  ) in the Main  L e m m a  is replaced 
by .f(p) = c2(/3)ph(p)(ee + h (p ) )  (i.e., ~(c~) be- 
comes 0) .  

(Or, as we remarked  after the proo f  o f  the Main  
L e m m a ,  one can take for  f ( p  ) the smaller  o f  the two 
quantities m a x { a ,  e -(/(ph(p))} and c(/3)ph(p)(e~ 
+ h ( p ) ) . )  

Thus,  Theorems 2 and 7 (synchronous and asyn- 
chronous convergence) hold even i f  m = an with a con- 
stant a. The condition m = 0 ( n / log n) is not necessary 
any more since we assumed  that x is ~3-stable. 

All  constants involved in these theorems will depend 
o n / 3 .  

The bound in Theorem 4 changes to 

I E(y)  - E(x)[  _< cVo(a + h(p))n 2. 

Indeed, the only t e rm that  changes in the p roof  of  
the Main L e m m a  is T~, but  this is now assumed to be 
greater than/3n[ I [ .  The  other theorems are corollaries. 

The  p roo f  of  the analogue of  Theo rem 4 follows the 
same pattern.  We start  with the identity 

E(y)  - E(x)  = 2( ~ XkU k, ~ XkU k) 
k ~  K kE_i(" 

and then est imate the scalar product  by the lengths of  
the vectors using Corol lary 1. 

The following theorem follows f rom the above and 
the definition of  (/3, ¢)-stable vectors. 

Theorem 12. The Main  L e m m a ,  and Theorems 1, 3, 
4, 5, 6 remain valid i f  we replace fundamenta l  memories  
by (/3, ~ ) -stable vectors, c ( a ) by  ~, and  f (  p ) by f (  p ) + E. 
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Corollary 4. I f  x is a (/3, e )-stable vector, then there is 
a stable state within a distance of~n. from x .  

Corollary 5. There are constants aexp > 0 and c > 1 
such that, with probability 1 - o(1), (I'm <- OCexpn, then 
the number  o f  stable states is more than c m. 

Indeed, it is easy to see that  for a fixed ~ < ~, the 
probabil i ty that  two of  the vectors in S ( v  1, v 2, • • • ) 
are at a distance 2~n or less, is exponential ly small ( in 
n).  Starting with the 2 m-1 vectors ment ioned  in Theo-  
rem 10, and using a greedy algori thm, one can select 
c m of  these vectors such that  any two of  them are at a 
distance larger than 2~n. For each of  them,  select a 
stable vector within a distance ~n. 

Remark :  If  one is satisfied with an exponential  con- 
vergence ( t ime log n) instead of  double exponential  
convergence ( t ime log log n) ,  then the following much  
simpler p roof  could be given for the convergence to/3- 
stable vectors. 

It is based on a l e m m a  that  establishes a Lipschitz 
type proper ty  for the gradient  of  the energy function. 

L e m m a  4 Gradient L e m m a .  Let  0 < [3 < 1. Then there 
exist positive so ([3), po (~)  such that the following holds 
with probabili ty 1 - o ( 1 ) f o r  all a <_ c~o(/3), p <- po(/3). 

For all x and y ,  i f  d ( y ,  x )  <_ pn, then the number  
o f  i such that 

I Li(x) - Li(y) l >- fin 

is at most  O' where o' = c(/3)p(e~ + h (o ) )  < p / 2  

Proof: Indeed, if K denotes the set of  indices where 
x and y differ, then 

L I ( x ) - L i ( y )  = 2(u i, ~ XkU k) 
k ~ K  i 

Thus, if I stands for the set where 

Li(x) - Li(y) >-- [3n 

then, by Corollary 1, 

II]Sn < ~ (Li(x) - Li(y)) 
iE1 

= 2 ( ~ u  i, ~ X k U k ) - - 2 m ] I N K ]  
iE1 k ~ K  

-< 211 ~ u'll fl Z xkukll 
i~: l k~  K 

<-- 2Vc2p(o~ + h(p))Vczp'(c~ + h(p'))n 2 

< p'[3n 2 

(a contradict ion)  if  

p '>  (c/132)p(c~ + h(p)) < 0/2 

assuming P and a are small in te rms  of  13. Thus,  i f x  is 
/3-stable, then it has the error  correcting proper ty  of  the 
Main L e m m a  with p '  < c( /3)o(a  + h (o ) ) .  I f x  is (/3, 
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) - s t ab le ,  t h e n  i t  a l so  h a s  t h e  e r r o r  c o r r e c t i n g  p rope r ty ,  

b u t  w i t h  P '  a b o v e  r e p l a c e d  b y  p '  + e. 
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