Complexity of k-SAT

Russell ImpagliazzaRamamohan Pattiri
University of California, San Diego

Abstract k-SAT [9, 8, 5, 13, 14, 10, 11, 15] exhibit increasing com-

plexity ask increases. In particular, the best of these re-
The problem ok-SAT is to determine if the givénCNF sults [11] exhibits a randomized algorithm for solvikg
has a satisfying solution. It is a celebrated open question SAT with time complexityO(Q(l_%)”) whereu; > 1is
as to whether it requires exponential time to soOlSAT an increasing function of and approaches® /6 ~ 1.644.

for k > 3. Defines;, (for k& > 3) to be the infimum of  The algorithm is a variant of Davis-Putnam procedure and

{0 : there exists al@(2_‘5") algorithm for solvingk-SAT}. its analysis relies on accounting for the number of variables
DefineETH (Exponential-Time Hypothesis) fé-SAT as  forced due to unit clauses. The key idea of the analysis
follows: fork > 3, s, > 0. In other words, fork > 3, k- [10] is that thek-SAT either has a sufficiently isolated so-

SAT does not have a subexponential-time algorithm. In this|ytion and thus a solution which has sevamdtical clauses
paper, we show that; is an increasing sequence assuming for many variables or has a large number of satisfying so-
ETH for k-SAT. Lets, be the limit ofs,. We will in fact  |utions. If a variable ha$ critical clauses at a satisfying
show thats;, < (1 — d/k)s. for some constant > 0. solution, it is argued that the probability that the variable
is forced is at least/k. On the other hand, if th&-SAT
Although all NP-complete problems are equivalent as has sufficiently many solutions, then it is easier to randomly
far as the existence of polynomial-time algorithms is con- find one. In either case, it is shown that the probability of
cerned, there is wide variation in the worst-case complexity finding a satisfying solution i€ —"(:~1/%) which implies
of known algorithms for these problems. For example, there a time bound of pol§r)2™'~'/%). A more intricate anal-
have been several algorithms for maximum independent seysis of critical clauses [11] yields the better lower bounds
[7,12, 17, 18], and the best of these takes tin®d08™ in mentioned earlier. More recently, using a very simple anal-
the worst-case [12]. Recently, a 3-coloring algorithms with ysis, Sclohing [15] also obtained upper bounds of the form
1.3446™ worst-case time complexity is presented [2] and o(1—%)n although the constany, is smaller than the con-
it is known thatk-coloring can be solved i2.442" time stantyy, in [11].
[4]. However, it is not known what if any relationships exist
among the worst-case complexities of various problems. In  Despite the accumulated evidence regarding the
this paper, we examine the complexity ofSAT, and de- ~ complexity of k-SAT, we do not have any re-
rive a relationship that governs the complexity:eBAT for ~ Sults that rigorously support the claim that the
variousk under the assumption thatSAT does not have ~ complexity —of k-SAT increases with increasing
subexponential algorithms far> 3. k. Define s (for & > 3) to be the infimum of
When we consider algorithms fdr-SAT, we find de- 10 : there exists a®(2°") algorithm for solvingk-SAT}.
tailed information on the variation in the worst-case com- DefineETH (Exponential-Time Hypothesis) far-SAT as
plexity: Experimental evidence suggests that variants of follows: for k& > 3, s, > 0. In other words, fok > 3,
classical Davis-Putnam heuristic scales2aé!” for the ~ k-SAT does not have a subexponential-time algorithm.
hardest instances of 3-SAT [3]. Furthermore, it has been!n this paper, we show thay, is an increasing sequence
observed [16] that the Davis-Putnam heuristic scales much@ssumind=TH for k-SAT. Although many non-trivial algo-
worse due to reduced number of unit clauses and the noneffithms for k-SAT exist, all are strictly exponentia2®(™),
fectiveness of shortest clause heuristic. Also, all the recentin the worst-case, and it is an important open question

results that show improved exponential-time algorithms for Whether subponential algorithms exist.  The plausibility
of such a subexponential time algorithm fefrSAT was
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second order existential quantifiers, followed by a series Sparsification Lemmg6]: For all e > 0, .-CNF F' can be
of first order universal quantifiers, followed by a basic written as the disjunction of at maat* k-CNF F; such that
formula (a boolean combination of input and quantified F; contains each variable in at masgk, ¢) clauses. More-
relations applied to the quantified element variables.) over, this reduction takes at ma3{poly(n)2c™) time.
This result implies that th&TH mentioned earlier can
be equivalently stated as “For sorke> 3, s;, > 0" or
“SNP ¢ SUBEXP”", or “Satisfiability of linear-sized
circuits can be solved in sub-exponential time”. We feel

that this provides at least intuitive evidence that such N, all directions, thek-CNF must contain at least one criti-

algorithm is unlikely to exist. o _ cal clause for each variable. We then argue that if a general
If k-SAT does not have a subexponential time algorithm r_.cNE has a satisfying solution with at mdst (for an ap-
(ETH for k-SAT), it is interesting to have a more precise propriately chosen > 0) 1's, then such a solution can be
idea regarding the constantin the exponent. Forinstance,  found in time2"(®» using exhaustive search whére) is
even undeETH for k-SAT, it still probably is a very chal-  the binary entropy function. In the other case, we are guar-
lenging question to prove any lower boundssan. Canwe  anteed that if thé-CNF is satisfiable, then it has a solution
at least show that,, is an increasing sequence? HOw are that s critical with respect to at leadt variables. We then
sk related? Uncovering the relationships amepgvill en- extend the proof for the unique solutiom ¢ritical clauses)

able us to boundy, in terms ofs., andk thus giving some  ¢ase to the case where we have a solution which is suffi-
evidence as to the optimality or nonoptimality (under the cjently isolated §n critical clauses).

assumptioreTH for k-SAT) of the recent exponential-time _
algorithsm fork-SAT. Unique k-SAT

In this paper, we will show that;, < (1 — d/k)se Let F be ak-CNF with at most one satisfying solution
where the constant ~ s../(2elog(2/sx)). More pre-  \ith each variable appearing in at mestlauses. IfF is
cisely, given any integek > 3 and anye > 0, we find uniquely satisfiable, then there is at least one critical clause
a k' so that the following type of reduction is possible: for each variable at the unique solution. If we apply the
Let F' be ak-CNF in the variables{z:,...,zn,}. FOr  standard Davis-Putnam procedure with a random ordering
somem < 2, we will constructk’-CNF's Fi, ..., Fi, ofthe variables, then we expect that at least of the vari-
in at mostn(1 — d/k) variables in time polfn)2" such  gples to appear as unit clauses and thus are forced if all the
that F' is satisfiable iff\/", F; is satisfiable. Then we  qther nonforced variables are set according to the unique
boundsy, as follows: By solving eactF; using an algo-  solution. We will make the dependencies among the vari-
rithm running in2(sw +<)(1=4/k)n time, we can determine  apjes explicit by trading up the clause width for a reduced

Hence, it is sufficient to deal with-CNF F' where each
variable occurs at mogttimes for some: > 0. To prove
our result, we first consider the case eCNF containing
exactly one solution. Since the unique solution is isolated

whetherF is satisfiable in time poly) 25w (1=d/k)nt2en < number of variables.
25 (1=d/kint2en Thussy, < soo(1 — d/k) + 2¢. Since is Although the implicit dependencies among the variables
arbitrarily small, we get the desired bound fqt do not seem obvious, we show that we need only search a

Our proof relies on earlier ideas regarding critical clauses relatively smaller search space to uncover these dependen-
[10, 11] and thedlecompositiorof an arbitraryk-CNF into cies. We first show that by a simple random selection we
linear sizek-CNFs [6]. The new key idea in the paper is a can concentrate the forced variables. Let the variables be
reduction by which we can decrease the number of variablegartitioned into setst andB. We say that the variableis
by increasing the width of the clauses. In the following we forcedby an assignmeni to the variablesint if z € B and

develop the ideas we need to prove our result. F contains a clause containingor its complement such
Let F' be ak-CNF. We say that a satisfying solution that all the other literals in the clause are frehand are set
# = (z1,...,7,) of F isisolatedwith respect to a vari-  to False by the assignmemt

ablez if # is no longer a satisfying solution when the bit
z is flipped. The crucial observation [10] is that if a sat-
isfying solution# is isolated with respect to variable(a

critical variablefor &), there must exist a clauge (a criti- ThenB contains at least/ (ek) forced variables on aver-

;?Lr?:aa;:goafnzg)islqé zuncehggﬁ;tgeo%rgi};m:g :ggr\?;lafable age with respect to the assignment, which assigns values
9 P g to variables inA according to the unique satisfying assign-

z. One of our key ideas is to use critical clauses to express

o . . . ment.
the critical variables in terms of other variables. In order to
efficiently identify the critical clauses, at the outset we ex- Proof:  Let x be a variable and’, be a critical clause
press an arbitrarg-CNF as a subexponential disjunction of for it at the unique solution. Since the unique satisfying as-
linear sizek-CNFs. Such an expression is possible from the signment makes all the other literals in the clause False, the

Lemma 1l Let F' be a uniquely satisfiablé-CNF. Let A
and B be random sets of variables created by the process:
variable z € B with probability 1/k, otherwisez € A.



probabilityz is forced bya 4 is the same as the probability and thus on a total dt:k variables.

x € B and all other variables i, are in A, which is at Substitute¥; .. for z; in F'. After the substitution, each
least; (1 — 1/k)*=! > 1/(ek). HenceB contains at least ~ clause inF’ depends on at mostk? variables fromy” =
n/(ek) forced variables on average with respecitn AulJl_, v;. Call the new formula. Definel » = F'A
u N, ®;. Definek’ = clk®. ThusI :is k'-CNF in the
In fact, we can eliminate the randomness by usirig a  variablesint’. Intuitively, I" - expresses that for a satisfying
wise independent distribution. We can constriugtise ran- assignment of F', f; variables are forced by 4 in B; and
dom space of siz&(n?*) in polynomial time [1]. We will the remaining variables i are renamed ag;'s.
try all possible selections of and B from such a space. We will now definel’ = \/fFf» wherefranges over all
In the rest of the discussion, we will assuMeand B vectors(fy,..., f,) such thaly._, f; > n/(ke).

are a partition for which the conclusion of the lemmais true  since|B| < n, it then follows that the number of vectors
anq we assig_n the variables ih accroding to the unique funder consideration is at mo§t+ 1)"/. By selecting
satisfying assignment df. I such thatl satisfieslog(l + 1)/I < ¢, we havel as the

For each variable < B, the proposition is forced by gisjunction of at mos2<" k'-CNF on at most.(1—1/(ek))
the assignment” can be expressed by the forrallavhere  ygriables wheré’ = clk2.

G is a DNF with at most terms and with each term con- It is clear that if F' is uniquely satisfiable then there is
taining at mostk — 1) literals. Each term corresponds to exactly onef such thatl - is uniquely satisfiable and all

a clause i’ containingz or its negation such that all the  otherT - are unsatisfiable. Moreover I is not satisfiable,
other variables in the clause arednand it is precisely the  thenrl is also not satisfiable.

product of the negations of all the other literals in the clause.  1q eliminate the randomness in the selection of the par-
Similarly, we defineG!, as the disjunction of such terms iition 4 andB, we try all the partition§ 4, B) from an ap-
wherex appears positively, expressing fs forced to be propriate pesudorandom space and consfygt as above.
true”. If the clause were a critical clause foat a solution,  pefinel’ = VI'45 where the disjunction ranges over all
then all the other literals in the clause will assume the value partitions from the pseudorandom space of siZé").

False at the solution. Observe ti@f andG’ — X depend So far we assumed that contains at most clauses for
only on at most(k — 1) variables inA. each variable. If this is not true, we first use the Sparsifi-
Let I be an integer (to be chosen later). To identify cation Lemma to writd" = \/, F; where eacl¥; contains
the forced variables i3 further, we partitionB into sets  at moste(k, €) occurrences of each variable and there are at

Bi,..., By of sizel. For eachB;, we nondeterministically  most2<" formulasF;. Then for each¥;, we construct; as
select the numbef; € {0,1,...,1} of forced variables in  above and” = \/,T';. Since each; is a disjunction of at
Bjsuchthab, f; > n/(ek). We will eliminate the nonde-  most2<” k'-CNF, I is a disjunction of at most>” k'-CNF.
terminism by trying out at mogt"°&(1)/! such choices. Thus we obtain the following theorem.
Let ®; be the f;-th slice function in the variable§,
for z € B;. ®; depends only on the variables i and Theorem 1 For anye > 0, there is ak’ such that the fol-
furthermore only on at mosi(k — 1) of them. lowing holds: IfF' is a k-CNF with at most one satisfying
Having sufficiently identified the forced variables, we assignment, then the satisfiability bfis equivalent to the
will express each variable iB; in terms of a fewer num-  satisfiability of F” whereF' is a disjunction of at mos2>"
ber,l — f;, of variables. Let; = {yi,,...,y;_, }. Let k'-CNF on at mosti(1 — 1/(ek)) variables. MoreoverF’

B; = {z1,...,z;} without loss of generality. For; € B;, can be computed frorf in time O (poly(n)2><").

observe that the following proposition is satisfiabléand ) ) ) o

[x; is true iff eitherz; is forced to be true or ife; is Letoy = inf{o| Uniquek-SAT is solvable in time" }.
not forced, thenz; is the j’-th unforced variabley; , in Letoo, = limy, 0k Then we have

Y; andyij, is true]. To figure out which new variablg:
is to be assigned t@; in casex; is not forced, we con-
sider all the variables:y,z»,...,z;—1 in B; that occur
beforez; and check how many of them are forced. Let General k-SAT
B = Bi(Geyrs- s Gay_1y¥iy,---,Yi;) be a Boolean ex-

Corollary 1 oy, < (1 —1/(ek))ooo

pression that evaluates g, if and only if g — 1 of the G Once again, consider a satisfialleCNF where each
aretrue. LeW, .. be the conditiorG;j V(Ge; ABj). Wi, variable appears at mostimes. Letd > 0 (to be selected
expresses the proposition;* is true Iff eitherz; is forced later). We will consider all input§ = (z1,...,z,) with

to be true or ifz; is not forced, them; is thej’-th unforced ~ at mostén 1's. If one such? is a satisfying solution, we
variableyij, inY; andyij, is true”. ¥; .. only depends on  can find a satisfying solution in time pdly)2"(9" where
at mostle(k — 1) variables inA and on the variables il; h(9) is the binary entropy function. In the other case, we



are guaranteed that there exists a satisfying solutiof of
which is isolated with respect to at ledst variables. Since
we have a sufficiently isolated solution, we will do a similar
analysis as in the unique SAT case to conclude

Theorem 2 Let F' be ak-CNF. Assume that it has no so-
lution with fewer thandn 1's. For anye > 0, there ex-
ists ak’ such that the following holds: The satisfiability of
F is equivalent to the satisfiability of whereF" is a dis-
junction of at mosg2<” k£’-CNF on at most(1 — 6/(ek))
variables. MoreoverF' can be computed frord" in time

O(poly(n)22m).,

Sketch of the Proof: Assume thatF' has a saitsfying so-
lution. By hypothesis, any such solution must hawel’s.
We fix one one such solutiom and for any paritiond and
B of variables, we define our notion of ‘forcing’ with re-
spect to the assignmeaty. A random partitiond and B
guarantees thd® contains at leastn /(ek) forced variables
on average with respectto. The rest of the proof follows
a very similar line to that of the unique satisfiability case.

By selectingd so thath(d) < s~ /2, we get the follow-
ing corollary (assumingTH).

Corollary1 s, < where d =

Soo/(2e10g(2/50))-

ssc(l — dJE)

Open Problems

Efficiently reducek-CNF to k’-CNF so that the clause
width is reducedX’ < k) by increasing the number of vari-
ables.

AssumingETH for k-SAT, obtain evidence for the hy-
pothesiss, = 1.

Obtain a relationship for the worst-case complexity for

variousk-colorability problems.

References

[1] Alon, N., Spencer, J., and Eod; P., (1992), “The
Probabilistic Method”, John Wiley & Sons, Inc.

[2] R. Biegel and R. Epstein, 3-Coloring in time

0(1.3446™) time: a no-MIS algorithmProceedings

of the 36th Annual IEEE Symposium on Foundations

of Computer Scien¢@p 444-453, 1995.

[3] Crawford, J. M., and Auton, L.D. (1996), Experimen-

[5] E. A. Hirsch, Two New Upper Bounds for SAT, SIAM
conference on Discrete Algorithms, 1997.

R. Impagliazzo, R. Paturi and F. Zane, Which Prob-
lems have Strongly Exponential Complexity?998
Annual IEEE Symposium on Foundations of Computer
Science

(6]

[7] Jian, T. (1986), AnO(2°-304" algorithm for solving
maximum independent set problefEE Transac-
tions on ComputersC-35, 847-851.

O. Kullmann and H. Luckhardt (1997), Deciding
Propositional Tautologies: Algorithms and their Com-
plexity, submitted to Information and Computation

(8]

Monien, B. and Speckenmeyer, E., (1985), Solving
Satisfiability In Less Tha™ Steps, Discrete Applied
Mathematic<l0, pp. 287-295.

9]

[10] Paturi, R., Pudlk, P., and Zane, F., (1997), Statisfia-
bility Coding Lemmajn Proceedings of the 38th An-
nual IEEE Symposium on Foundations of Computer

Science, October 1997.

[11] Paturi, R., Pudlk, P., Saks, M., and Zane F., (1998),
An Improved Exponential-time Algorithm fd-SAT,
1998 Annual IEEE Symposium on Foundations of

Computer Science

[12] Robson, J. (1986), Algorithms for maximum indepen-

dent setsJournal of Algorithms7, 425-440.

[13] Schiermeyer, I. (1993), Solving 3-Satisfiability in less
than1.579™ Steps,in Selected papers from CSL '92,
LNCS \Vol. 702, pp. 379-394.

[14] Schiermeyer, I. (1996), Pure Literal Look Ahead: An
0(1.497™) 3-Satisfiability Algorithm, Workshop on
the Satisfiability Problem, Technical Report, Siena,
April 29 - May 3, 1996; University of KIn, Report
No. 96-230.

[15] Schoning, U. (1999), AnO((2k/(k + 1))™.poly(n))
algorithm fork-satisfiability, manuscript

[16] Selamn, B. (1999), Personal Communication.

[17] Shindo, M., and Tomita, E. (1990), A simple algo-
rithm for finding a maximum clique and its worst-case
time complexity,Systems and Computation in Japan
21:3,1-13.

tal Results on the Crossover Point in Random 3SAT. [18] Tarjan, R., and Trojanowski, A. (1977), Finding a

Artificial Intelligence 81.

[4] T. Feder and R. Motwani, Worst-case Time Bounds

for Coloring and Satisfiability Problems, manuscript.

maximum independent se&JAM Journal of Comput-
ing, 6, 537-546.



