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Abstract. The following size–depth tradeoff for threshold circuits is obtained: any threshold

circuit of depth d that computes the parity function on n variables must have at least n1+cθ−d edges,
where c > 0 and θ ≤ 3 are constants independent of n and d. Previously known constructions show
that up to the choice of c and θ this bound is best possible. In particular, the lower bound implies an
affirmative answer to the conjecture of Paturi and Saks that a bounded-depth threshold circuit that
computes parity requires a superlinear number of edges. This is the first superlinear lower bound
for an explicit function that holds for any fixed depth and the first that applies to threshold circuits
with unrestricted weights.

The tradeoff is obtained as a consequence of a general restriction theorem for threshold circuits
with a small number of edges: For any threshold circuit with n inputs, depth d, and at most kn
edges, there exists a partial assignment to the inputs that fixes the output of the circuit to a constant

while leaving bn/(c1k)c2θ
dc variables unfixed, where c1, c2 > 0 and θ ≤ 3 are constants independent

of n, k, and d.
A tradeoff between the number of gates and depth is also proved: any threshold circuit of depth

d that computes the parity of n variables has at least (n/2)1/2(d−1) gates. This tradeoff, which is
essentially the best possible, was proved previously (with a better constant in the exponent) for the
case of threshold circuits with polynomially bounded weights in [K. Siu, V. Roychowdury, and T.
Kailath, IEEE Trans. Inform. Theory, 40 (1994), pp. 455–466]; the result in the present paper holds
for unrestricted weights.
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1. Introduction. A fundamental problem in complexity theory is to prove lower
bounds on the size and the depth of general Boolean circuits for specific problems of
interest such as arithmetic operations, graph reachability, linear programming, and
satisfiability [11, 8, 5]. Unfortunately, current research has not begun to provide lower
bounds for such computationally significant problems in general models. For example,
the best known lower bound on the size of Boolean circuits over the standard basis
{AND, OR, NOT} for any problem in NP is a 4n− 4 bound on the parity function
[20]; over the basis of all two-input functions, the best known lower bound is 3n − 3
[4].

Since proving bounds for general circuits seems very difficult, it is interesting
to look at restricted families of circuits, for example, small-depth circuits over var-
ious bases. Some of these classes of circuits are interesting on their own. For ex-
ample, the size and the depth required for unbounded-fan-in circuits over the basis
{AND, OR, NOT} to compute a function f are the same as the number of processors
(up to a polynomial factor) and the parallel time (up to a constant factor) required
to compute f on a CREW PRAM model.
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Another basis of interest is the family of linear threshold gates. Circuits over
this basis, threshold circuits, have attracted interest as a model for neural networks
[14, 12] and because of the potential that hardware implementations of threshold cir-
cuits might become a reality [15]. Bounded-depth threshold circuits are also appealing
theoretically since they provide a surprisingly strong bounded-depth computational
model. Indeed, it has been shown that basic operations like addition, multiplication,
division, and sorting can be performed by bounded-depth polynomial-size threshold
circuits [7, 17, 22, 5, 2, 6, 24, 27, 13]. On the other hand, unbounded-fan-in bounded-
depth polynomial-size circuits over the standard basis (even when supplemented with
mod p gates for prime p) cannot compute majority [5, 21, 25]. Therefore, separating
the class of functions computable by bounded-depth polynomial-size threshold cir-
cuits, TC0, from those computable by polynomial-time Turing machines would be an
extremely interesting result in complexity theory.

In this paper, we give the first superlinear separation between bounded-depth
threshold circuits and P. More precisely, our main result (Theorem 1 and its refine-
ment, Theorem 3) says that for any threshold circuit with n inputs, depth d, and
kn edges, there exists a partial assignment to the inputs that fixes the output of

the circuit to a constant while leaving at least bn/(c1k)c2θ
dc variables unfixed, where

c1, c2 > 0 and θ ≤ 3 are constants. In particular, this implies (Corollary 2 and its
refinement, Corollary 4) that any depth-d circuit that computes the parity function

on n variables must have at least n1+cθ−d edges for the same θ and some constant
c > 0, proving the conjecture of Paturi and Saks [18]. (The value of θ obtained in this
paper is 1 +

√
2 = 2.414 . . ., as compared to the value (1 +

√
5)/2 = 1.618 . . . in the

upper bound given in [18].) In particular, any linear-size threshold circuit for parity
requires depth Ω(log logn), matching the upper bound given in [18].

The only lower bounds known previously for the number of edges needed to com-
pute the parity function were for depth-2 and depth-3 circuits with polynomial-size
weights. In [18], it is proved that Ω(n2/ log2 n) edges are required for depth-2 thresh-

old circuits and Ω(n1.2/ log5/3 n) edges are required for depth-3 circuits. These results
are obtained by showing that small-size depth-2 and depth-3 threshold circuits can
be approximated by low-degree rational functions. The results in this paper are more
general in that they hold for threshold circuits with arbitrary weights and all depths.
However, for the special cases mentioned above, our techniques yield weaker bounds.

Our proof uses a random restriction method as in [1, 9, 26, 10, 16]. However,
unlike previous proofs, our proof uses a distribution on the partial assignments that
depends on the structure of the circuit. The main restriction lemma (Lemma 3.1)
shows that for any family of linear threshold gates on a common set of n variables
with a total of δn edges, there is a partial assignment that leaves n/(4δ2 +2) variables
free and makes every gate in the family dependent on at most one variable. Given
a threshold circuit, this lemma can be applied to the set of gates at the first level in
order to reduce the depth of the circuit by 1. A straightforward induction argument
then yields the main result with θ = 3. A more careful induction argument improves
this to θ = 1 +

√
2.

In fact, the restriction lemma applies to a more general class of functions than
threshold functions, called generalized monotone functions. A Boolean function f(~x)

is generalized monotone if f(~x) = g(~x ⊕ ~b) for some monotone Boolean function g

and Boolean vector ~b, where ⊕ represents the componentwise addition mod 2. (These
functions are sometimes referred to in the literature as “unate.”)

We also prove analogous results for the number of gates in a small-depth threshold
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circuit. We prove a lemma (Lemma 3.2) that is analogous to Lemma 3.1 and says
that for any family of N generalized monotone function gates on a common set of n
variables there is a partial assignment that leaves n/(N2 + 1) variables free and fixes
all of the functions. This result, together with a simple induction argument, proves
Theorem 2—that for any threshold circuit with n inputs, depth d, and N gates, there
exists a partial assignment to the inputs that fixes the output of the circuit to a
constant while leaving at least bn/2N2(d−1)c variables unfixed. This theorem easily
implies a (n/2)1/2(d−1) bound on the number of threshold gates required to compute
parity by a depth-d threshold circuit (Corollary 3). A similar bound (Ω(dn1/d/ log2 n))
was obtained previously in [23] in the special case of circuits with polynomial-size
weights. Beigel [3] obtains similar bounds for a more general circuit model that
allows any subexponential number of AND, OR, and NOT gates.

Section 2 contains definitions and some preliminary observations. In section 3, we
state the main restriction theorem with θ = 3 and show how it follows from Lemma
3.1. We also formalize the statement of Theorem 2 and show how it follows from
Lemma 3.2. These two lemmas are proved in the succeeding two sections. In section
6, a more careful argument is used to improve the value of θ in the main restriction
theorem to 1 +

√
2. In the last section, we present some related combinatorial results

and discuss some possible strengthenings.

2. Preliminaries. A threshold gate with fan-in n is an (n+ 1)-tuple g = (~w; b),
where ~w ∈ Rn and b ∈ R. wi is called the weight of variable i and b is called the
threshold value for the gate. The Boolean function fg : {0, 1}n → {0, 1} computed
by g is defined on input (x1, . . . , xn) = ~x ∈ {0, 1}n by fg(~x) = sgn(g(~x)), where the
weighted sum g(~x) is given by g(~x) = 〈~w, ~x〉−b =

∑n
i+1 wixi−b and sgn : R→ {0, 1}

is defined as

sgn(α) =

{
1 if α > 0,
0 otherwise.

A Boolean function f which is representable as fg for some threshold gate is called
a threshold function.

A threshold circuit T on n inputs is a directed acyclic graph with a designated
node (output) and exactly n source nodes, one for each input. Each nonsource node
is labeled by a threshold gate with its fan-in equal to the in-degree of the node. The
function fv(x1, . . . , xn) computed by the node v is obtained by functional composition
in the obvious way. The function fT : {0, 1}n → {0, 1} computed by T is the function
computed by the designated output node.

The gate complexity of T is defined as the number of nonsource nodes of T . The
edge complexity of T is defined as the number of edges in T .

The level of a node in a circuit T is defined inductively. The level of each source
node is 0. The level of any other node i is one more than the maximum level of its
immediate predecessors. The depth of T is the level of the output node. The circuit
T is layered if the inputs to each gate are from gates of level one less.

It will be convenient to fix a variable set X of cardinality n and define an as-
signment of X to be a function α : X → {0, 1}. Letting A(X) denote the set of
assignments, we then view an n-variable Boolean function f as a function from A(X)
to {0, 1}. We say that f depends on variable x ∈ X if there are two assignments α
and β that differ only in their values at x such that f(α) 6= f(β). The set of variables
that f depends on is denoted by S(f), and s(f) = |S(f)|.
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As usual, we write α ≤ β if α(x) ≤ β(x) for all x ∈ X, and we denote the
complement of α by α. A monotone Boolean function h is one that satisfies h(α) ≤
h(β) whenever α ≤ β. The sum α⊕ β of two assignments is defined by (α⊕ β)(x) =
(α(x) + α(y)) mod 2. A Boolean function f is a generalized monotone function if
there exists an assignment β and a monotone function h such that f(α) = h(α⊕ β).
The assignment β is called an orientation of f . It is easy to see that any threshold
function is a generalized monotone function g and β is an orientation of g if and only
for each in variable x in S(f), β(x) = sgn(wx), where wx is the weight of the variable
x.

A partial assignment α of X is a function from a subset Y of X to {0, 1}. The
domain Y of α is denoted ∆(α), and elements x ∈ Y are said to be assigned or fixed
by α. The variables in the set Φ(α) = X − ∆(α) are said to be unassigned or free.
We denote by P(X) the set of all partial assignments of X. This set contains A(X);
if we wish to emphasize that an assignment α is in A(X), we say that it is a total
assignment. If Y is a subset of variables and α is a total assignment, then αY denotes
the partial assignment with domain Y and αY (x) = α(x) for x ∈ Y .

If α and β are partial assignments such that ∆(β) ⊆ ∆(α) and β(x) = α(x)
for x ∈ ∆(β), then we say that α extends or is an extension of β. If α and β are
partial assignments that fix disjoint sets of variables, then the partial assignment αβ
is the unique minimal extension of both α and β. For a Boolean function f and a
partial assignment α, the restriction of f induced by α, written as f(α), is the Boolean
function with variable set Φ(α) obtained by assigning the variables in ∆(α) according
to α.

An ordering of a set Y is a bijection Γ : [|Y |] → Y , where [k] denotes the set
{1, 2, . . . , k}. Given Γ, we refer to Γ(i) as the ith element of Y . Also, Γ(≤ i) denotes
the set {Γ(j) : j ≤ i and j ∈ [|Y |]} and Γ(≥ i) denotes the set {Γ(j) : j ≥ i and j ∈
[|Y |]}.

The following simple lemma states the main property of the generalized monotone
functions that is used in this paper.

Lemma 2.1. Let f be a nonconstant generalized monotone function on X with an
orientation β, and let Γ be an ordering of X. Then there exists a j ∈ {0, 1, . . . , n}
such that f(βΓ(≤j)) is identically 0 and f(β̄Γ(≥j)) is identically 1.

Proof. Label the elements of X as x1, . . . , xn according to the ordering Γ. Any
assignment α is identified with the vector (α(x1), . . . , α(xn)). Consider first the case
that f is monotone, i.e., β = 0n. Since f is not a constant function, we have f(0n) = 0
and f(1n) = 1. Let j be the least index such that f(0j1n−j) = 0 . This implies
that f(βΓ(≤j)) is identically 0. j ≥ 1 since f is not a constant function. Then
f(0j−11n−j+1) = 1, which implies that f(β̄Γ(≥j)) is identically 1 by monotonicity since
every total assignment that extends β̄Γ(≥j) is greater than or equal to 0j−11n−j+1.

In the case that f is not monotone, the desired result follows immediately by
applying the previous argument to the monotone function h(α) = f(α⊕ β).

One useful consequence of this lemma is the following.
Corollary 1. Any generalized monotone function f on n variables has a partial

assignment α that leaves at least bn/2c variables free, such that f(α) is constant.

3. Results. Our main result concerns the computational power of depth-d thresh-
old circuits with a small number of edges.

Theorem 1. Let C be an n-input threshold circuit with depth d and nk edges,
where k ≥ 1. Let f denote the function computed by C. Then there exists a partial

assignment α that leaves at least bn/(2(3k)3d−1−1)c variables free such that f(α) is a



SIZE–DEPTH TRADEOFFS FOR THRESHOLD CIRCUITS 697

constant function.
If f is the parity function, then f(α) is constant only if α is a total assignment.

Thus it follows from Theorem 1 that if C is a depth-d circuit with nk edges that

computes the parity function on n variables, then n < 2(3k)3d−1−1. This yields the
following result.

Corollary 2. Any threshold circuit of depth d that computes parity of n vari-

ables has at least n1+1/(3d−1−1)/(3
√

2) edges.
The key to proving Theorem 1 is the following.
Lemma 3.1 (main lemma). Let F be a collection of generalized monotone func-

tions on n variables and let δ = (1/n)
∑
f∈F s(f) (so the total support of the functions

is nδ). Then there exists a partial assignment α that leaves at least n/(4δ2 + 2) vari-
ables free such that for every f ∈ F , f(α) depends on at most one variable.

Proof of Theorem 1 from main lemma. We proceed by induction on the depth d of
the circuit. If d = 1, the circuit consists of a single threshold gate and the conclusion
follows from Corollary 1. For d > 1, let F be the family of functions corresponding
to the gates at depth 1. By hypothesis, the sum of the fan-ins of these gates is at
most nk. Lemma 3.1 implies that there is a partial assignment that leaves at least
n′ = n/(4k2 + 2) ≥ n/(6k2) variables free such that the induced restriction of each
function in F depends on at most one variable. We may then collapse the first level
of the circuit, i.e., if g is a gate at depth 2, then each input to g is either an input
to the circuit or the output of a gate at level 1, which after the restriction is equal to
a variable or its complement. Thus each gate g at depth 2 can now be reexpressed
as a threshold gate that depends only on the original inputs. (Note that g may have
several edges entering which depend on the same variable, but these can be combined
into one edge by adjusting the weights of g.) Hence we obtain a depth-(d− 1) circuit
C ′ on at least n′ variables with at most n′k′ edges, where k′ = 6k3 and nk = n′k′.
By the induction hypothesis, there exists a partial assignment to the variables of C ′

such that the number of free variables is at least⌊
n′

2(3k′)3d−2−1

⌋
≥
⌊

n/(6k2)

2(3(6k3))3d−2−1

⌋
≥
⌊

n

2(3k)3d−1−1

⌋
,

as required to prove the theorem.
Remark. Since the main lemma applies to generalized monotone functions, it

might appear that Theorem 1 could be generalized to apply to circuits whose gates
compute arbitrary generalized monotone functions. However, the proof fails to gen-
eralize because when the circuit is collapsed in the induction step, a level-2 gate may
have more than one input corresponding to the same variable. In that case, it is not
true that the gate computes a generalized monotone function of the original variables;
indeed, it is easy to see that every n-variable Boolean function can be represented as a
single generalized monotone function on 2n variables by identifying variables in pairs.

To bound the number of gates in a small-depth circuit instead of the number of
edges, we use the following (simpler) relative of Lemma 3.1.

Lemma 3.2. Let F be a collection of generalized monotone functions on n vari-
ables. Then there exists a partial assignment α that leaves at least bn/(|F |2 + 1)c
variables free such that for each f ∈ F , f(α) is a constant function.

This leads to the following result for threshold circuits with a small number of
gates. In this case, the result holds for generalized monotone functions.
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Theorem 2. Let C be a circuit consisting of generalized monotone function gates
of depth d on n inputs with at most N gates. Then there exists a partial assignment
α leaving bn/2N2(d−1)c variables free such that fC(α) is constant.

Proof of Theorem 2 from Lemma 3.2. We proceed by induction on the depth
d of the circuit, as in the proof of Theorem 1. If d = 1, the circuit consists of a
single threshold gate and the conclusion follows from Corollary 1. For d > 1, consider
the family F of threshold functions corresponding to the depth-1 gates. Note that
|F | ≤ N − 1. We apply Lemma 3.2 to F to obtain a partial assignment that leaves
at least n′ = bn/(|F |2 + 1)c ≥ bn/N2c variables free such that the induced restriction
of each function in F is constant. After the restriction, the only nonconstant inputs
to the second-level gates are the inputs to the circuit. Thus the resulting circuit C ′

has depth at most d− 1, at most N gates, and at least n′ variables. By the induction
hypothesis, there exists a partial assignment of the variables of C ′ which leaves at
least bn′/2(N)2(d−2)c ≥ bn/2(N)2(d−1)c variables free (where the inequality follows
from the fact that for positive integers n, A, and B, bbn/Ac/Bc = bn/ABc).

Again using the fact that the only partial assignments that make the parity func-
tion constant are the total assignments, we deduce that the number N of gates of a
depth-d parity circuit satisfies 2N2(d−1) ≥ n, and thus we have the following.

Corollary 3. Any circuit of depth d consisting of generalized monotone function
gates that computes the parity of n inputs has at least (n/2)1/2(d−1) gates.

Slightly stronger bounds (removing the half from the exponent of the lower bound)
than those obtained in Theorem 2 and Corollary 3 were previously proved in [17, 23]
for the case of threshold circuits with polynomially bounded weights.

It remains to prove Lemmas 3.1 and 3.2, and these proofs constitute the main
part of the paper. The proofs of these lemmas are similar; both use a probabilistic
method to demonstrate the existence of the required partial assignment.

The proof of Lemma 3.2 is somewhat simpler, so we present the proof in the next
section. The proof of Lemma 3.1 will be presented in section 5.

4. Proof of Lemma 3.2. In the probabilistic arguments in this section and the
next, we adopt the following notational convention. Random variables are denoted
by placing a ˜ over the identifier. When we refer to a specific value that a random
variable may assume, we denote that value by an identifier without a .̃

We have a family F of Boolean generalized monotone functions on n variables
and seek a partial assignment that makes all of the functions constant. It will be
convenient to fix an indexing f1, f2, . . . , fm of the functions in F . Let βi be an
orientation for f i.

Fix an ordered partition Y1, Y2, . . . , Yq of the variable set X into q = m2 +1 blocks
of nearly equal size (each having bn/qc or bn/qc + 1 variables). The desired partial
assignment will be obtained by fixing the variables in all but one of the blocks. We
describe a randomized procedure P which produces such a partial assignment α̃ and
show that with positive probability f i(α̃) is constant for all i ∈ [m].

The procedure P is as follows. Let U be a symbol (meaning “unallocated”).
Choose uniformly at random a 1–1 function M̃ from [m]×[m] ∪ {U} to [q]. Intuitively,
we think of M̃ as “allocating” sets YM̃(i,1), . . . , YM̃(i,m) to function f i, while leaving

set YM̃(U) unallocated. In addition, choose a vector (t̃1, t̃2, . . . , t̃m) uniformly from

the set {0, 1, 2, . . . ,m}m. For each 1 ≤ i, j ≤ m, if j ≤ t̃i, then fix the variables in
YM̃(i,j) according to βi, and if j > t̃i, then fix the variables in YM̃(i,j) according to β̄i.
Thus all of the variables except those in the unique block YM̃(U) are fixed. Call the
resulting partial assignment α̃.
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The key property of this distribution is given by the following lemma.
Lemma 4.1. For each h ∈ [m], the probability that fh(α̃) is not constant is at

most 1/(m+ 1).
It follows from this lemma that the probability that there exists i ∈ [m] with

f i(α̃) not constant is at most m/(m+ 1). Thus there exists a particular α such that
f i(α) is constant for all i ∈ [m], and this α satisfies the conclusion of Lemma 3.2.

Proof of Lemma 4.1. Fix h ∈ [m]. We define a modification Ph of the procedure P .
It will be easy to see that this modified construction produces the same distribution;
we then use the modified construction to verify the conclusion of the lemma.

The modified construction is as follows. Choose t̃′i ∈ {0, . . . ,m} uniformly at
random for i 6= h, and pick t̃′h ∈ {1, . . . ,m + 1} uniformly at random. Pick M̃ ′, a
random 1–1 function from [m]× [m] ∪ {(h,m+ 1)} to [q]. For i 6= h, assign variables
in YM̃ ′(i,j) as before, according to βi if j ≤ t̃′i and according to β̄i otherwise. For

j < t̃′h, assign the variables in YM̃ ′(h,j) according to βh, and for j > t̃′h, assign them

according to β̄h. We leave the variables in YM̃ ′(h,t̃′h) unassigned.
As in the original procedure, each gate is allocated m random sets of variables,

with one random set of variables being unallocated. For each gate, the number of
these sets fixed according to the orientation of the gate is randomly chosen between
0 and m, and the rest are set according to the negation of the orientation. Thus the
two distributions are identical. More formally, we could define M̃(i, j) = M̃ ′(i, j) for

i 6= h, M̃(h, j) = M̃ ′(h, j) for j < t̃h
′
, M̃(h, j) = M̃ ′(h, j + 1) for t̃′h < j ≤ m, and

M̃(U) = M̃ ′(h, t̃h
′
) and define t̃i = t̃′i for i 6= h, t̃h = t̃′h−1. Then the distributions on

M̃ and t̃ are identical to those in the original process, and all values M and t1, . . . , tm
of these random variables, if chosen by the original process, would determine the same
value of α as M ′ and the t′i’s do in the modified process.

Thus it will suffice to upper bound the probability that fh(α̃) is not constant
when α̃ is constructed according to Ph. For this, fix any value M ′ for M̃ ′, and fix
values t′i for t̃′i, i 6= h. This determines the setting of α̃ for all the variables in YM ′(i,j)
for i 6= h. We will show that, given the above information, the probability that fh is
nonconstant when restricted by α̃ is at most 1/m+ 1. Let g be fh restricted to the
variables in the blocks Yh,j , 1 ≤ j ≤ m+ 1, with the other variables set according to
α̃. (As we noted before, the value of α̃ at all other variables has been fixed by the
information that we are conditioning on.) g is a generalized monotone function with
the same orientation βh as fh.

For each block YM ′(h,j), fix an arbitrary order on variables of the block; extend
these orders to an ordering Γ on all the variables for g by ordering the blocks according
to j. Then we can apply Lemma 2.1 to obtain an index l such that the functions
g(βhΓ(≤l)) and g(β̄hΓ(≥l)) are both constant. Let 0 ≤ r ≤ m + 1 be such that Γ(l) ∈
YM ′(h,r), i.e., the lth variable is in the rth block allocated to fh. We claim that

g(α̃)—and hence fh(α̃)—is constant unless t̃′h = r, an event which happens with
probability 1/(m+ 1) (since t̃′h ∈ [m + 1] is chosen independently from M̃ ′ and the
t̃′i’s for i 6= h.). If t̃′h > r, all variables in blocks labeled r or less are fixed by α̃ to
βh, so α̃ extends βhΓ(≤l), so g(α̃) is constant. Similarly, if t̃′h < r, α̃ extends β̄hΓ(≥l)
and g(α̃) is constant. Thus with probability 1− 1/(m+ 1), fh(α̃) = g(α̃) is constant,
as required to complete the proof of Lemma 4.1 and hence of Lemma 3.2.

5. Proof of the main lemma. Again, index the functions in F as f1, . . . , fm

and let βi denote an orientation for f i. For each variable x, let Dx be the subfamily
of F that consists of those functions that depend on variable x and let δx = |Dx|.
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Thus the quantity δ = (1/n)
∑
f∈F s(f) in the lemma is also the average of the δx’s.

We seek a partial assignment α that leaves at least n/(4δ2 +2) variables free and such
that for every f ∈ F , f(α) depends on at most one variable.

We will describe a randomized algorithm A(L), where L is a positive real param-
eter, for constructing a partial assignment α̃ and show that, for an appropriate choice
of L, α̃ has the desired properties with positive probability. The random procedure in
the previous proof can be viewed as associating a fraction m/(m2 +1) of the variables
to each function and then fixing the variables associated with a function in a way that
is determined by the orientation of the function. We will do something similar here;
however, here we will require that the set of variables assigned to f i is a subset of
S(f i), the set of variables on which f i depends.

Procedure A(L).

1. Partition the variables. (Intuitively, this step assigns each function a set of
variables in proportion to its support size, leaving a few variables unassigned.) Con-
struct a random partition of the variable set X into m+1 parts R̃, C̃1, C̃2, . . . , C̃m. For
each variable x, the block of the partition containing x is determined independently
according to the following rule. With probability 1/(1 +Lδx), x ∈ R̃. Otherwise, x is
assigned to block C̃ĩ(x), where ĩ(x) is the index of a uniformly chosen element of Dx.

In other words, for each f i ∈ Dx, the probability that x ∈ C̃i is L/(1 + Lδx). Let
r̃ = |R̃| and for each i ∈ [m], let c̃i = |C̃i|.

2. For each i ∈ [m], fix all of the variables in C̃i. (Intuitively, this step fixes
the variables assigned to each f i so that any particular function f i becomes constant
with a good probability.) For each i ∈ [m], choose b̃i uniformly at random from
{0, 1, . . . , c̃i}. Choose a subset B̃i of C̃i uniformly from all b̃i-element subsets of C̃i.
Let γ̃i denote the partial assignment which fixes the variables of B̃i according to βi

and fixes the variables of C̃i − B̃i according to β̄i. Let γ̃ be the union of the partial
assignments γ̃i, i ∈ [m].

3. Fix some of the variables in R̃. (Intuitively, this step cleans up the few
remaining functions that are still nonconstant so that they depend on at most one
variable.) For each i ∈ [m], let T̃i denote the set of variables on which f i(γ̃) depends,
and if T̃i 6= ∅, let T̃ ′i be an arbitrary subset containing all but one element of T̃i;
otherwise, T̃ ′i = ∅. Let α̃ be the restriction obtained from γ̃ by setting all the
elements of each T̃ ′i to 1.

The third step above ensures that the partial assignment α̃ has the required
property that f i(α̃) depends on at most one variable for each i. Thus it remains to
show that with positive probability the number φ̃ of variables left free is sufficiently
large.

The set of free variables of α̃ consists of those variables in R̃ that are not fixed
during step 3. Thus φ̃ ≥ r̃ −

∑m
i=1 max{0, |T̃i| − 1}. Our goal is to obtain a lower

bound on the expectation of φ̃. Note that E[r̃] =
∑
x∈X 1/(Lδx + 1).

The harder part is to upper bound the expectation of a(|T̃i|), where a(m) =
max{0,m− 1}. The key lemma of this section is the following.

Lemma 5.1. For each h ∈ [m],

E[a(|T̃h|)] ≤
1

L

∑
x∈S(fh)

1

Lδx + 1
.

Assuming this lemma for the moment, we have
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E[φ̃] ≥ E[r̃]−
m∑
i=1

E[a(|T̃i|)]

≥
∑
x∈X

1

(Ldx + 1)
−

m∑
i=1

1

L

∑
x∈S(fi)

1

Lδx + 1

≥
∑
x∈X

1

(Ldx + 1)
− 1

L

∑
x∈X

∑
fi∈Dx

1

Lδx + 1

≥
∑
x∈X

1

(Ldx + 1)
−
∑
x∈X

δx/L

Lδx + 1

=
∑
x∈X

1− δx/L
Lδx + 1

≥ n
(

1− δ/L
Lδ + 1

)
,

where the last inequality follows from the convexity of the function λ(z) = (1 −
z/L)/(Lz + 1) for positive z and the fact (Jensen’s inequality) that the arithmetic
mean of a convex function on a set is at least the function evaluated at the mean
value of the set. Choosing the parameter L = 2δ to (approximately) maximize this
quantity, we will have that the expectation of φ̃ is at least n/(4δ2 + 2). Thus among
the partial assignments that could be produced by the procedure A(2δ), there must
exist a partial assignment that leaves at least n/(4δ2 + 2) variables free, as required
to prove the main lemma.

It remains to prove Lemma 5.1. Fix h ∈ [m]. Let χ̃h denote the random variable
which is 1 if the hth function is not fixed after step 2, i.e., if fh(γ̃) is not constant,
and is 0 if fh(γ̃) is constant. Clearly, T̃h is empty if χ̃h = 0, and otherwise T̃h is a
subset of the set Ũh = R̃ ∩ S(fh). Letting ũh denote the cardinality of |Ũh|, we have
a(|T̃h|) ≤ χ̃ha(ũh). Lemma 5.1 is an immediate consequence of the following Lemma.

Lemma 5.2. Let h ∈ [m] and let q be an arbitrary nonnegative-valued function
defined on the natural numbers. Then

E[χ̃hq(ũh)] ≤ 1

L
E[q(ũh + 1)].

Applying this lemma with q = a, the right-hand side of the inequality is just
E[ũh]/L, which by linearity of expectation is

1

L

∑
x∈S(fh)

P[x ∈ R̃] =
1

L

∑
x∈S(fh)

1

Lδx + 1
,

as required to prove Lemma 5.1.
Proof of Lemma 5.2. Let K̃ = C̃h ∪ Ũh, i.e., the set of variables on which fh

depends that are assigned to either C̃h or R̃. Let k̃ = |K̃|.
Fix a particular instantiation Ci and Bi for all i 6= h and let Ξ denote the event

that C̃i = Ci and B̃i = Bi for all i 6= h. Note that Ξ determines the value K of K̃
and also determines γ̃ on all variables in S(fh) − K̃. Thus let g be the function of
the variables in K determined by restricting fh according to γ̃i for each i 6= h.
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We will show that for any such event Ξ,

E[χ̃hq(ũh) | Ξ] ≤ 1

L
E[q(ũh + 1) | Ξ].

The lemma then follows by deconditioning the expectation.
Given Ξ, the variables in K are partitioned into the two sets C̃h and Ũh as follows:

for x ∈ K, the conditional probability given Ξ that x is in R̃ (and hence in Ũh) is
p = 1/(L + 1), and otherwise (with probability L/(L + 1)) x is in C̃h. Furthermore,
these events are independently determined for each x ∈ K. Thus the conditional
distribution given Ξ of ũh is a binomial distribution B(k, p), i.e., P[ũh = i | Ξ] =(
k
i

)
pi(1− p)k−i. We have

E[χ̃hq(ũh) | Ξ] ≤
k∑
i=0

q(i)P[ũh = i | Ξ]P[g(γ̃) is not constant | Ξ ∧ (ũh = i)]

=

k∑
i=1

q(i)

(
k

i

)
pi(1− p)k−iP[g(γ̃) is not constant | Ξ ∧ (ũh = i)].

We next determine an upper bound for P[g(γ̃)is not constant | Ξ ∧ (ũh = i)].
The conditional distribution of C̃h, B̃h given Ξ ∧ (ũh = i) can be described as

follows. C̃h is a uniformly chosen (k− i)-element subset of K, b̃h is chosen uniformly
at random from {0, 1, . . . , k − i}, and B̃h is a uniformly chosen b̃h-element subset of
C̃h.

An alternative way to generate this same distribution on B̃h, C̃h is as follows:
Choose an order Γ̃ of the elements of K uniformly at random. Choose b̃h uniformly
from {0, 1, . . . , k − i}. Let B̃h be the first b̃h elements of K and let C̃h consist of B̃h
together with the last k − i − b̃h elements of K. It is clear that this distribution is
equivalent to the one described in the previous paragraph.

We want to determine the conditional probability that g is not constant given Ξ
and ũh = i. Lemma 2.1 applied to the function g and the ordering Γ̃ of K implies
that there is an index j̃ = j̃(Γ̃) in {0, 1, . . . , k} such that f(βh

Γ̃(≤j̃)) is identically 0

and f(β̄h
Γ̃(≥j̃)) is identically 1. Now observe that if b̃h is chosen to be greater than

or equal to j̃, then the partial assignment γ̃h is an extension of βh
Γ̃(≤j̃) and f(γ̃h) is

thus identically 0. Similarly, if b̃h is chosen to be less than j̃ − i, then the partial
assignment γ̃h is an extension of β̄h

Γ̃(≥j̃) and f(γ̃h) is thus identically 1. Thus the

only way that Ξ̃h can be nonzero is if b̃h satisfies j̃ − i ≤ b̃h ≤ j̃ − 1, and since b̃h is
chosen uniformly in the range {0, 1, . . . , k− i}, this happens with probability at most
i/(k − i + 1). We conclude that the conditional probability given Ξ ∧ (ũh = i) that
g is not constant is at most i/(k − i + 1). Using this probability, we can rewrite the
expression for the conditional expectation of χ̃hq(ũh) as

E[χ̃hq(ũh) | Ξ] ≤
k∑
i=1

q(i)

(
k

i

)
pi(1− p)k−i i

k − i+ 1

=
p

1− p

k∑
i=1

q(i)

(
k

i− 1

)
pi−1(1− p)k−(i−1)

=
p

1− p

k−1∑
i′=0

q(i′ + 1)

(
k

i′

)
pi
′
(1− p)k−i′
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=
p

1− p

k−1∑
i′=0

q(i′ + 1)P[ũh = i′ | Ξ]

≤ p

1− pE[q(ũh + 1) | Ξ]

=
1

L
E[q(ũh + 1) | Ξ],

as required to complete the proof of Lemma 5.2, which in turn completes the proofs
of Lemma 5.1 and the main lemma.

6. An improved lower bound. In this section, we present refined versions of
Theorem 1 and Corollary 2 for which the parameter θ is reduced from 3 to 1 +

√
2.

In the following, our results are stated for layered threshold circuits. This is sufficient
for our purposes since an arbitrary threshold circuit can be converted to a layered one
that computes the same function by increasing the number of edges by a factor of at
most d.

To state the improvement of Theorem 1, define νi for i ≥ 1 to be the solution
to the recurrence equation νi+2 = 2νi+1 + νi with the initial conditions ν1 = 1 and
ν2 = 3. Note that the explicit expression for νi is of the form A(1+

√
2)i+B(1−

√
2)i,

where A 6= 0 and B are easily determined constants, and so νi ∈ Θ((1 +
√

2)i).

Theorem 3. Let C be a layered depth-d threshold circuit with n inputs d and nk
edges, where k ≥ 1. Let f denote the function computed by C. Then there exists a
partial assignment α that leaves at least bn/4(11k)νd−1c variables free such that f(α)
is a constant function.

As before, this theorem immediately implies a size–depth tradeoff for the parity
function.

Corollary 4. Any threshold circuit of depth d ≥ 2 that computes parity of n

variables has at least (n/11)
1+ 1

νd−1 edges.

To motivate the proof of Theorem 3, we first summarize the main inductive
argument of the previous proof. In each inductive step, the depth of the circuit
is decreased by 1 by fixing some variables in order to eliminate the first level. The
fraction of variables left unfixed after each step is inversely proportional to the square
of the parameter δ, the ratio of the number of edges at the first level to the number
of unfixed variables before the step. In analyzing the resulting recurrence, we upper
bounded the number of edges at the first level by the total number of edges in the
circuit.

The idea for improving this analysis is to substantially improve this upper bound
on the number of edges at the first level, thereby increasing the fraction of variables
that are known to survive each reduction step. It might seem that since the circuit
is arbitrary, we cannot do better than to bound the number of edges at the first level
by the total number of edges in the circuit. This is indeed true the first time the
reduction is applied. However, it turns out that for all subsequent reduction steps,
there is a better bound available. This is because the partial assignment produced
by A(L) in the proof of Lemma 3.1 has a very useful side effect: for each first-level
gate whose output is fixed to a constant by the partial assignment, the edges leaving
that gate can be eliminated from the circuit. We will show that with high probability
the number of edges in the second level of the circuit (which becomes the first level)
is decreased by a large amount. This allows us to keep a larger fraction of variables
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unassigned when we recursively perform the reduction on the first level of the resulting
circuit.

To make this idea precise, we need a modified version of Lemma 3.1.
Lemma 6.1. Let F be a collection of generalized monotone functions on n vari-

ables, and suppose that each function f ∈ F has a nonnegative weight w(f). Let
δ = (1/n)

∑
f∈F s(f) ≥ 1 and W =

∑
f∈F w(f). Then assuming that n/(9δ)2 ≥ 4,

there exists a partial assignment α that leaves at least n/(9δ)2 variables free such that
1. for every f ∈ F , f(α) depends on at most one variable;
2.
∑

f :f(α) is not constant w(f) ≤W/8δ.
Note that when we apply this lemma in the inductive argument, the weights of

the functions will correspond to the out-degree of the corresponding gates. The point
is that the total number of edges remaining on the new first level can then be bounded
above by 1/8δ times the number of edges in the circuit.

Proof of Lemma 6.1. The proof is a modification of that of Lemma 3.1, and we
retain the notation of that lemma. We use procedure A(L) to generate the random
restriction α̃. We show the following:

1. With probability at least 1/2, the sum of the weights of the nonconstant
gates is at most 2W/L.

2. Assuming that n ≥ 16(1 + Lδ), then with probability exceeding 1/2, the
number φ̃ of free variables is at least n(1− 8δ/L)/2(Lδ + 1).

If we choose L = 16δ, then it follows immediately that with positive probability
α̃ satisfies the conclusion of the lemma, and thus such a partial assignment exists.

Thus it suffices to prove the two claims. For the first claim, using the notation of
Lemma 5.2, the sum of the weights of the nonconstant gates can be bounded above
by

m∑
h=1

χ̃hw(fh).

The expectation of a generic term of the sum can be bounded above by w(fh)/L
using Lemma 5.2 with q being the constant function w(fh). Thus the expectation of
the sum is at most W/L. By Markov’s inequality, with probability greater than 1/2,
the sum does not exceed 2W/L.

We now verify the second claim. As in the proof of the main lemma, we write
φ̃ ≥ r̃ − s̃, where s̃ denotes

∑m
i=1 max{0, |T̃i| − 1}.

Recall that r̃ is the cardinality of R̃. For each x ∈ X, let r̃x denote the random
variable that is 1 if x ∈ R̃ and is 0 otherwise; then r̃ =

∑
x∈X r̃x. Thus as observed

previously, E[r̃] =
∑
x∈X 1/(1 + Lδx), which is at least n/(1 + Lδ) by the convexity

of the function λ(y) = 1/(1 +Ly) for nonnegative y. Furthermore, since the variables
r̃x are mutually independent, we may use Chernoff-type bounds (see, e.g., Theorem
2 of [19]) to bound the probability that r̃ is less than half its mean: P[r̃ < E[r̃]/2] <
e−E[r̃]/8 = e−n/8(1+Lδ). In particular, for n ≥ 16(1 + Lδ), this is less than 1/4.

On the other hand, by Markov’s inequality, P[s̃ > 4E[s̃]] ≤ 1/4. Combining this
with the previous inequality, we get P[(r̃ ≥ E[r̃]/2)∧(s̃ ≤ 4E[s̃])] > 1/2, which implies
that P[r̃ − s̃ ≥ E[r̃]/2− 4E[s̃]] > 1/2. As noted above, E[r̃] ≥ n/(1 + Lδ), and from
Lemma 5.1, E[s̃] ≤

∑
x∈X(δx/L)/(Lδx + 1) which is at most (δ/L)/(Lδ + 1) (by the

concavity of the function λ(y) = (y/L)/(Ly + 1) for positive y). Substituting these
bounds, we get P[φ̃ ≥ n(1− 8δ/L)/2(Lδ + 1)] > 1/2.

Corollary 5. Let C be a depth-d layered threshold circuit with n inputs and
nk edges, where k ≥ 1. Let f denote the function computed by C. For i ≥ 0, let
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ρi = (11k)νi+1−1. Then for each i ∈ {0, 1, . . . , d − 1} such that n ≥ 4ρi, there exists
a partial assignment αi that leaves at least n/ρi variables free such that f(αi) can be
computed by a layered circuit Ci of depth d− i.

Proof. For i = 0, we take αi to be the trivial restriction and C0 = C. For
i ∈ [d − 1], we will use Lemma 6.1 repeatedly to define partial assignments αi and
circuits Ci that have depth d− i. For Ci, we let ni denote the number of inputs, mi

denote the number of edges entering the level-1 gates, and Fi denote the family of
functions computed by the level-1 gates.

For 0 ≤ i ≤ d−2, we construct Ci+1 from Ci as follows: Apply Lemma 6.1 to the
set Fi with w(f) equal to the fan-out (in Ci) of the gate into level 2. Note that the
quantity δ in this application of the lemma is equal to mi/ni. Thus the hypothesis of
the lemma holds as long as ni ≥ 4(9(mi/ni))

2. Assuming this holds, then after the
application of the lemma, we can eliminate the level-1 gates to produce Ci+1.

It remains to verify that for 0 ≤ i ≤ d − 2, ni ≥ 4(9(mi/ni))
2 (so that Lemma

6.1 can be applied in constructing Ci+1) and ni+1 ≥ n/ρi+1 (which is the conclusion
of the corollary). From the conclusion of Lemma 6.1, ni+1 ≥ ni/(9(mi/ni))

2. Thus if
we define p0 = n and pi = n3

i−1/(9mi−1)2 for i ≥ 1, then the condition for applying
the lemma to construct Ci+1 for 0 ≤ i ≤ d − 2 is pi+1 ≥ 4 and the conclusion of
the lemma gives ni+1 ≥ pi+1. Furthermore, Lemma 6.1 implies that the number of
edges into the level-1 gates of Ci+1 is at most 1/8δ times the number of edges into the
level-2 gates of Ci, and hence mi+1 ≤ nkni/8mi. Squaring this and multiplying both
sides by 81pi+2ni, we obtain nin

3
i+1 ≤ (81nk/8)2pi+2pi+1. Substituting the bounds

ni+1 ≥ pi+1 and ni ≥ pi yields the following recurrence entirely in terms of pi: for
i ≥ 0,

pi+2 ≥
(

8

81nk

)2

p2
i+1pi ≥

(
1

11nk

)2

p2
i+1pi

with the initial conditions p0 = n and p1 ≥ n3/(9nk)2 ≥ n/(11k)2.
If we set li = log pi, we get a linear recurrence which is easily shown to imply

pi ≥ n/ρi. (Alternatively, this inequality can be verified directly by induction on i.)
Thus for each i ∈ {0, 1, . . . , d− 2}, if n ≥ 4ρi+1, then pi+1 ≥ 4 and ni+1 ≥ pi+1 ≥

n/ρi+1, as required.
We can now finish the proof of Theorem 3. If n < 4ρd−1 then we can choose any

total assignment for α and the conclusion holds trivially. Otherwise, we may apply
Corollary 5 with i = d − 1 to find a partial assignment αd−1 with at least n/ρd−1

unfixed variables such that the resulting restricted function can be computed by a
single threshold gate. Applying Corollary 1, we need to fix at most half the remaining
variables to make the function constant.

7. Final remarks and open problems. This paper gives the first nontrivial
lower bounds, for threshold circuits with arbitrary weights and any fixed depth, on the
number of edges and gates needed to compute an explicit function. The results show
that there are functions ε(d) and γ(d) such that any depth-d threshold circuit that
computes parity on n variables must have at least n1+ε(d) edges and nγ(d) gates. In
our case, the functions ε(d) and γ(d) tend to 0 as d tends to∞. An apparently difficult
challenge would be to prove an nε lower bound, with ε > 1 a constant independent of
depth, on the number of gates needed to compute some explicit function.

For each fixed depth, there is a gap between the bounds provided by our results
and the best constructions for parity circuits. For instance, for depth-2 circuits, the
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result in this paper gives an Ω(n3/2) bound on the number of edges and an n1/2 bound
on the number of gates, while the best construction requires O(n2) edges and O(n)
gates. One way to reduce this gap is to improve Lemma 3.1 by increasing the number
of variables left free in the restrictions.

Problem 1. What is the smallest exponent r such that the conclusions of Lemmas
3.1 and 6.1 hold with n/(4δ2 + 2) replaced by Ω(n/δr)?

The best possible r is at least 1, as shown by the family F = {Ti : 0 ≤ i ≤ n} of
n-variable functions, where Ti is the function which is 1 on inputs with at least i 1’s.
If the conclusion holds for r = 1, then this would lead to an Ω(n2)-edge lower bound
for depth-2 circuits that compute parity and, more generally, to an improvement in
the value of θ in the main theorem to θ = (1 +

√
5)/2. This would exactly match

the value of θ in the known upper bounds. Note that for purposes of applications
to circuits, it would suffice to consider the above problem for families of threshold
functions rather than for generalized monotone functions.

It is interesting also to look for a similar improvement to Lemma 3.2.
Problem 2. What is the smallest exponent r such that the conclusion of Lemma

3.2 holds with n/(4δ2 + 2) replaced by Ω(n/|F |r)?
Again, the best lower bound on r we have is 1. Any value of r < 2 would give a

corresponding improvement in Theorem 2: the number of variables left free would be
Ω(n/Nr(d−1)).

For the special case of monotone functions, it is easy to show that Lemma 3.2 has
such a strengthening.

Proposition 1. Let F be a collection of monotone functions on n variables.
Then there exists a partial assignment α that leaves at least bn/(|F | + 1)c variables
free such that for each f ∈ F , f(α) is a constant function.

Proof. Fix an ordering Γ for the variables X and for each f ∈ F , let j(f) be
the index promised by Lemma 2.1. Order the functions as f1, f2, . . . , fm so that
j1 ≤ j2 ≤ · · · ≤ jm, where ji = j(fi), and let j0 = 0 and jm+1 = n + 1. Let i be an
index such that ji+1 − ji is maximum (and hence at least (n+ 1)/(m+ 1)) and let α
be the assignment which sets all variables in Γ(≤ ji) to 0 and Γ(≥ ji+1) to 1. Then
fh(α) is identically 0 for all h ≤ i and fh(α) is identically 1 for all h ≥ i + 1. The
number of free variables of α is ji+1 − ji − 1 ≥ bn/(m+ 1)c.
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