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Abstract

We consider the problem of efficiently enumerating the
satisfying assignments to AC0 circuits. We give a zero-
error randomized algorithm which takes an AC0 circuit
as input and constructs a set of restrictions which
partitions {0, 1}n so that under each restriction the
value of the circuit is constant. Let d denote the depth
of the circuit and cn denote the number of gates. This
algorithm runs in time |C|2n(1−µc,d) where |C| is the
size of the circuit for µc,d ≥ 1/O[lg c + d lg d]d−1 with
probability at least 1− 2−n.

As a result, we get improved exponential time
algorithms for AC0 circuit satisfiability and for counting
solutions. In addition, we get an improved bound on the
correlation of AC0 circuits with parity.

As an important component of our analysis, we
extend the H̊astad Switching Lemma to handle multiple
k-cnfs and k-dnfs.

1 Introduction

The Circuit Satisfiability problem, deciding whether a
Boolean circuit has an assignment where it evaluates to
true, is in many ways the canonical NP-complete prob-
lem. It is not only important from a theoretical point
of view, but pragmatically, since search problems di-
rectly reduce to Circuit Satisfiability without increas-
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ing the size of the search space. In contrast, reducing
problems such as planning or model-checking to the spe-
cial cases of cnf Satisfiability or 3-sat can increase the
number of variables dramatically. On the other hand,
cnf-sat algorithms (especially for small width clauses
such as k-cnfs) have both been analyzed theoretically
and implemented empirically with astounding success,
even when this overhead is taken into account. For some
domains of structured cnf formulas that arise in many
applications, state-of-the-art SAT-solvers can handle up
to hundreds of thousands of variables and millions of
clauses [11]. Meanwhile, very few results are known ei-
ther theoretically or empirically about the difficulty of
Circuit Satisfiability.

This raises the question: for which classes of circuits
are there non-trivial Satisfiability algorithms? More
precisely, for an algorithm that decides satisfiability for
circuits in a class C, we express its worst-case running
time as |C|2n(1−µ) where C is a circuit with n inputs.
We say that µ is the savings over exhaustive search and
write it in terms of n and the parameters of the class C,
for example, the ratio of gates or wires to the number
of inputs, and depth. The larger µ is, the more non-
trivial the algorithm can be considered. When can we
exploit the structural properties of C to obtain savings
over exhaustive search? What are the best savings for
various circuit classes? How is the expressive power of
a circuit class related to the amount of savings for its
satisfiability problem?

Williams’ recent work [20, 21] has given an addi-
tional motivation to look at improved algorithms for
Circuit Satisfiability problems. He shows that Circuit
Satisfiablity algorithms for a class of circuits with even a
very small improvement (µ = ω(log n/n) ) over exhaus-
tive search imply circuit lower bounds for that class.
Thus, he formally proves a connection showing that the
same understanding of the limitations of a circuit class
is needed both for improved algorithms and to prove
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lower bounds.
Among the satisfiability problems for various circuit

classes, the k-sat problem has attracted the attention
of several researchers since Monien and Speckenmeyer
[12] first showed that it can be computed in less than 2n

time in the worst-case, that is, in time |F |2n(1−µk) for
µk > 0 where F is a k-cnf. Researchers have obtained a
series of improvements for µk, with particular attention
to the case k = 3. Currently, the best known savings for
3-sat is about 0.614 for randomized algorithms [14, 9]
and about 0.4157 for deterministic algorithms [18, 13].
There are a suprisingly wide variety of state-of-the-art
algorithms for k-SAT, but they all achieve savings µk of
the form Θ(1/k) [15, 18].

Much less is known about the nature of savings
for satisfiability problems for more expressive circuit
classes. Schuler [19] has shown that the satisfiability
of an m-clause CNF F can be determined in time
|F |2n(1− 1

1+lg m ). Using a bit more careful analysis,
Calabro et al. [3] improved this from savings 1/O (lgm)
to 1/O

(
lg m

n

)
, giving constant savings when m = O (n).

Subsequently, Calabro et al. [4] have considered the
question of satisfiability of bounded-depth unbounded
fan-in circuits over standard basis (AC0 circuits) and
shown that the satisfiability of AC0 circuits C of size cn
and depth d can be decided in time |C|2n(1−µ) where
µ ≥ 1/O(c2

d−2−1 lg3·2d−2−2 c). Santhanam [17] has
considered cn-size formulas F with no depth restriction
and showed that the satisfiability problem for such
formulas can be solved in time |F |2n(1− 1

poly(c) ). More
recently, Williams [21] has shown that the satisfiability

of ACC circuits C can be solved in time |C|2n−Θ(n2−Θ(d)
).

In this paper, we return to AC0 circuits and seek
further improvement in the savings for the satisfiability
algorithm for AC0 circuits of size cn and depth d. While
the algorithm in [4] obtains savings in terms of c and d
independent of n, its double exponentially small savings
diminish rapidly to zero for d > 2 when c grows as a
function of n. While Williams’ algorithm [21] provides
nontrivial savings even when c grows sufficiently large
as a function of n, its savings decreases with n even
when c and d are constants. Furthermore, it leaves
open the question whether one can obtain significantly
better savings for AC0 circuits compared to the savings
Williams obtained for the ACC circuits.

Another independent motivation is the natural con-
nection to proving lower bounds. Paturi et al. [15] have
observed that the analysis that led to an improved up-
per bound for k-sat can also be used to prove lower
bounds for depth-3 AC0 circuits. Using this approach,
they obtain a tight lower bound of Ω(n

1
4 2

√
n) on the

number of gates required to compute the parity func-

tion with depth-3 circuits. Subsequently, [14] proposed
a resolution-based k-sat algorithm and obtained an im-
proved savings (by a constant factor) using a sophisti-
cated analysis. Using the same analysis, they construct
a fairly simple function (checking whether the input bi-
nary string is a codeword of a certain code) which re-
quires at least 21.282

√
n size for any depth-3 AC0 cir-

cuit. This is the best-known lower bound for depth-
3 circuits for any function. Although depth reduction
techniques based on Switching Lemma [5, 16, 1] and
especially the top-down technique of [7] for depth-3 cir-
cuits prove lower bounds that are close to 2

√
n, it is not

clear that these techniques by themselves would yield a
lower bound of 2c

√
n for c > 1.

It has been a long open problem to prove 2ω(n
1

d−1 )

size lower bounds for AC0 circuits of depth d. Since
the breakthrough results of Yao and H̊astad in the
mid 1980’s, there have been only modest improvements
[22, 5] and only for for depth-3 circuits [7, 14]. It is
tantalizing to prove better lower bounds by exploiting
the connection between AC0 satisfiability upper bounds
and lower bounds. Unfortunately, we do not have any
ideas for proving strong enough upper bounds for AC0

satisfiability that would imply better lower bounds. Our
modest goal is to obtain a satisfiability algorithm for
AC0 with savings sufficient enough to imply the some of
the best-known lower bounds.

1.1 Our Results and Techniques Our main result
is an algorithm for AC0 satisfiability with the best
known savings.

Theorem 1.1. There is a Las Vegas algorithm for
deciding the satisfiability of circuits C with cn
gates and depth d whose expected time is at most
poly(n)|C|2n(1−µc,d), where the savings µc,d is at least

1
O(lg c+d lg d)d−1 .

The above algorithm immediately follows from the
existence of an algorithm that enumerates all satisfying
assignments by partitioning the space into sub-cubes
where the circuit is constant.

Theorem 1.2. There exists a Las Vegas algorithm
which, on input a cn gate, depth d circuit C in n vari-
ables, produces a set of restrictions {ρi}i which parti-
tion {0, 1}n and such that for each i, C|ρi is constant.
The expected time and number of restrictions are both
poly(n)|C|2n(1−µc,d), where the savings µc,d is at least

1
O(lg c+d lg d)d−1 .

This result easily implies the known, almost tight,
lower bounds for depth-size tradeoffs for computing par-
ity. This is not surprising, because we use a version of
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the H̊astad Switching Lemma that was used to prove
these lower bounds. However, our results also imply
new, very tight, bounds on how well constant-depth cir-
cuits can approximate the parity. As another corollary
to Theorem 1.2, we obtain the following bounds on cor-
relation between AC0 circuits and the parity function.
Theorem 1.3 follows from Theorem 1.2 by summing the
correlation in each region of the partition computed by
Theorem 1.2. Recently and independently from this
work, H̊astad [6] achieved a similar bound on correla-
tion (although our result is better when the size of the
circuit is linear in the number of variables).

Theorem 1.3. The correlation of parity with any AC0

circuit of size cn and depth d is at most 2−µc,dn =
2−n/O(log c+d log d)d−1

.

Some particularly interesting special cases are:

1. For linear sized families of circuits, with c, d con-
stant, we obtain a constant savings µ and a strongly
exponential bound 2−Θ(n) on the correlation with
parity.

([4] also gives constant savings for satisfiability,
but our constant improves on theirs more than
exponentially and also holds for counting.)

2. We obtain non-trivial savings and correlation
bounds for circuits up to size 2O(n1/(d−1)).

Independently, H̊astad [6] achieved a similar result
for correlation. Beame, Impagliazzo, and Srini-
vasan [2] also give an improved algorithm and cor-
relation bound, but only for circuits up to a quasi-
polynomial size.

3. For k-CNF’s, we extend the known savings µ =
Θ(1/k) for satisfiability to also include counting
and enumeration of solutions.

The previous best algorithms for counting [10] had
savings µ ≈ 2−k.

Our results seem tight in the following two ways.
For covering the set of solutions by sub-cubes, we
achieve the best possible µ up to a constant factor.
Also, any algorithm that improved our µ more than
polynomially would prove that NEXP 6⊆ NC1 using
Williams’ technique.

A key ingredient in our analysis is an extended
Switching Lemma, proved in section 3.2. This switching
lemma is stated in terms of canonical decision trees
which we define formally in Section 2. Informally, the
canonical decision tree for a k-cnf queries all of the
variables in the first clause, simplifies the k-cnf, and
recurses.

Lemma 1.1. (Extended Switching Lemma) Let
φ1, . . . , φm be a sequence of k-cnfs and/or k-dnfs
in the same n variables. For any p ≤ 1/13, let ρ be
a random restriction which leaves pn variables unset.
The probability that the canonical decision tree for
(φ1, . . . , φm)|ρ has a path of length ≥ s where each φi

contributes at least one node to the path is at most
(13pk)s.

Using the observation that any path in the canonical
decision tree for (φ1, . . . , φm)|ρ is also a path in the
canonical decision tree for the subset of k-cnfs or
k-dnfs which contribute nodes to the path, and using
a union bound, we get the following corollary.

Corollary 1.1. Let φ1, . . . , φm be a sequence of
k-cnfs and/or k-dnfs in the same n variables. For any
p ≤ 1/13, let ρ be a random restriction which leaves pn
variables unset. The probability that the decision tree
for (φ1, . . . , φm)|ρ has a path of length ≥ s is at most
(2m − 1)(13pk)s.

In the rest of the paper, we provide detailed algo-
rithms and analysis to support our results.

2 Notation

We consider layered boolean circuits with alternating
layers of AND and OR gates, and where negations are
all at the input level. We refer to a circuit with d layers
of gates as a depth d circuit. We number the layers
from the output gate , layer 1, to the inputs and their
negations (layer d+ 1).

For circuits on n inputs, we parameterize them by
m = cn, the maximum number of gates in a layer
and d, the number of layers. We call such circuits
(n,m, d)-circuits , where c and d could be functions of
n. For technical reasons we are also interested in a slight
variant of (n,m, d)-circuits where we only require that
each gate at level d has fan-in bounded by k (rather
than limiting the number of gates at level d), for some
k. All other layers are still required to have at most m
gates. We refer to these circuits as (n,m, d, k)-circuits .

A restriction ρ on a set of variables V is a map
ρ : V → {0, 1, ∗}. We say that the variables v where
ρ(v) = ∗ are unset. For Boolean function f on all
n inputs, f |ρ is the restricted function on the unset
variables. For a circuit C, C|ρ is the restricted circuit
on the unset variables.

We say that a set of functions φ1, . . . , φm :
{0, 1}n → {0, 1} partitions {0, 1}n if for every x ∈
{0, 1}n there exists exactly one i such that φi(x) = 1.
The i’th region of the partition is the set of x so that
φi(x) = 1, and we identify the region with the function
φi. In particular, we are interested in partitions defined
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by functions of the form R∧ρ, where R is a k-cnf and ρ
is a restriction, which we will abbreviate as R = (R, ρ).
We say that two circuits, C and D, are equivalent in a
region R if R =⇒ (C ≡ D).

Definition 2.1. Let C be a circuit in n variables.
We say that a set P = {(Ri = (Ri, ρi), Ci)}i is a
partitioning for C if {Ri}i defines a set of regions which
partition {0, 1}n and for every i, C is equivalent to Ci in
the region Ri. We say that Ci is the circuit associated
with the region Ri.

We generalize this definition to sequences of circuits
in the natural way.

Define the height of a decision tree T , height(T ),
as the length of the longest path. We will view paths
in decision trees as restrictions in the natural way.
The canoncial decision tree for a cnf φ, tree(φ) is
constructed as follows: If any clause is empty, return
0. If there are no clauses, return 1. Otherwise, let C be
the first clause. Query all the variables in C in order.
Restrict φ by the results of these queries and recurse.
The canonical decision tree for a dnf is analogous.

We also similarly define the canonical decision tree,
tree(Φ), for a sequence of cnfs and/or dnfs Φ =
(φ1, . . . , φ`). First construct the canonical decision tree
for φ1. Along each path, restrict φ2, . . . , φ` by the
answers to queries and recurse. Label the leaves of the
resulting tree with the tuples of leaves from the original
trees.

When we construct the canonical decision tree for
a CNF φ, we group variables by the clause we are at
when we query them, and say the clause contributes
the corresponding set to the path. Similarly for any
subcircuit ψ of φ, we regard the set of nodes contributed
by all the occurrences of variables in ψ as the set of
nodes contributed by ψ.

3 Main Algorithm

Schuler [19] gives an algorithm for cnf-sat with savings
O(1/ log c). He does this by reducing the cnf to a mod-
erately exponential sized set of O(log c)-cnfs through a
case analysis, then using known k-SAT algorithms such
as [15] to get overall savings 1/O(log c). Like [4], our
algorithm can be thought of as generalizing Schuler’s
approach to larger depths, where each step performs a
case analysis to reduce a single circuit of depth d to a
moderate-sized collection of circuits which are all depth
d − 1. Calabro et. al. use a complex, but local, form
of Schuler’s case analysis, branching on large constant
sized sub-formulas of the input formula. Here, we use a
more global case analysis, based on H̊astad’s Switching
Lemma. This global treatment was in part inspired by
an algorithm of Santhanam [17] for formula satisfiabil-

ity, that constructs a decision tree for the formula whose
paths are short on average, although there might not be
a small depth decision tree for the formula.

Using a Switching Lemma to convert depth d cir-
cuits to depth d − 1 circuits is standard. However, to
achieve the claimed savings with Switching Lemmas is
not at all straight-forward. Assume that we have con-
verted the bottom two levels of our circuit to k-cnfs.
The main idea is that after a random restriction set-
ting all but about n/k variables, with high probability,
each of these sub-circuits is equivalent to a small depth
decision tree. View the random restriction as first pick-
ing the set of variables to restrict, then the values. For
a randomly chosen set of variables to restrict, our algo-
rithm will perform an exhaustive search over all settings
of the values. If for a certain setting, the sub-formulas
all become decision trees of depth k′, we can write them
all as k′-dnfs and combine with the level of OR gates
above. Then we can hope to get the recursive savings on
these branches for depth d − 1 circuits on n′ = Ω(n/k)
variables.

So there are two factors that limit our savings with
this approach: Even if the formula became constant
after every restriction, we cannot get savings more
than 1/k, since we use exhaustive search on n − n/k
variables.. On the other hand, there is a failure
probability (exponentially small in k′ ) where our sub-
formulas might not become small depth decision trees.
For these branches , we might not get any savings. So
our savings is also bounded by roughly k′/n, the log of
the failure probability as a fraction of n. Since our value
of k′ in this depth becomes the new value of k, it is hard
to see how to get savings more than 1/

√
n by this type

of argument, even for depth 3.
We get around this by taking a more error-tolerant

approach. We don’t assume that all of our sub-
formulas become small depth decision trees, just most
of them. This is still problematic, because the sub-
formulas might be identical or close, so the events that
they become small depth decision trees might be highly
correlated. To handle this, we look not at the decision
tree complexity of a single sub-formula but at sets of
sub-formulas, where the decision tree has to compute
the value of each one. If several formulas become
high depth for essentially the same reason, once we’ve
evaluated one of them, the others should become small
depth, so the combined decision tree will still have
relatively small depth. We give an extended switching
lemma that proves that it is (almost) exponentially
unlikely that there is a large set of sub-formulas who
all contribute many variables to their joint decision
tree. Thus, intuitively, with extremely high probability,
either only a few sub-formulas remain complex, or the
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ones that do all involve the same moderate sized subset
of variables.

Our algorithm then does a case analysis over which
of the sub-formulas are in this set of mutually complex
ones, and over all paths in their joint decision tree. For
each, the other sub-formulas are equivalent to k-dnfs
by definition. Because we are not insisting that all sub-
formulas become small, we can pick k relatively small
and still have an extremely small chance of failure. k
affects the overhead for the case analysis (we’ll have
to branch on which set of at most n/k of the m sub-
formulas stay complex, which is relatively small for
k = O(log c) ), which is determined by the length of
the joint decision tree. We can let this be a constant
fraction of the remaining variables, and so get a failure
probability exponentially small in n/k rather than k.

Here, we describe the overall structure of the al-
gorithm. In Section 3.1 we describe the algorithm for
converting one level of cnfs to dnfs and vice versa, and
in Section 3.2 we prove our extended switching lemma.

We construct a partition for an (n,m, d)-circuit into
regions and associated (n′,m, d, k)-circuits by using a
technique of Schuler [19]. For the sake of exposition,
we assume that the bottom level gates are ∨ gates.
The other case can be handled in an analogous fashion.
While there exist a bottom level gate φ of fan-in greater
than k, branch on the disjunction of the first k inputs of
φ. If the disjunction is true, we replace the gate by the
smaller k input disjunction. If the disjunction is false,
we set the value of the k variables in the disjunction. We
repeat this branching process until all bottom level gates
have fan-in at most k. This step reduces the overall
savings by about 2−km/n.

Lemma 3.1. (Bottom Fan-in Reduction) Let C be
an (n,m, d)-circuit and let k ≥ 1 be a parameter.
There exists an algorithm which outputs a partitioning
P = ∪0≤f≤n/kPf for C, where the sets Pf are disjoint
and for each f , Pf contains at most

(
m+f

f

)
regions with

associated (n−fk,m, d, k)-circuits. The algorithm runs
in time poly(n) · |C| · |P|.

Proof. Let C be an (n,m, d)-circuit and let k ≥ 1 be a
parameter. Let R be an empty (true) k-cnf and let ρ
be a restriction where all variables are unset. Assume
that the bottom level gates are ∨ gates.

While there exists a bottom level gate φ with fan-in
greater than k, let φ′ denote the disjunction of the first
k inputs of φ. Branch on φ′. In the branch where φ′ is
true, replace φ with φ′ in C and replace R with R ∧ φ′.
In the branch where φ′ is false, replace ρ with ρ ∧ ¬φ′,
viewing ¬φ′ as a restriction which sets the literals in φ′

to false and replace C with C|¬φ′ .

When all bottom level gates in C have fan-in at
most k, output (R = (R, ρ), C).

Along any path in the computation tree of this
algorithm, let f denote the number of branches where
φ′ is false. Note that each path has at most m branches
where φ′ is true since each such branch reduces the
number of bottom level gates with fan-in greater than
k. For each value of f , there are at most

(
m+f

f

)
paths.

At the end of each such path, fk variables are set by
the false branches, resulting in (n−fk,m, d, k)-circuits.

Next, we repeatedly reduce the depth of
(n,m, i, k)-circuits by one until it reaches depth 2
(either a k-cnf or a k-dnf). Let Φ be the sequence
of subcircuits of an (n,m, i, k)-circuit at depth i − 1.
Assume without loss of generality that the subcircuits
are k-dnfs. The main technical ingredient for depth
reduction is an algorithm which constructs a partition
which allows us to transform a sequence of k-dnfs into
a sequence of equivalent k-cnfs in each region, or vice
versa. This algorithm will be described in detail in
Section 3.1. We apply this algorithm to transform Φ
into sequences of k-cnfs. Since the gates at level i− 1
change from ∨ to ∧, they may be combined with the
gates at level i− 2 to reduce the depth by one without
increasing the number of gates at any levels i − 2 or
higher.

Lemma 3.2. (Depth Reduction) Let C be an
(n,m, d, k)-circuit and let 0 < q ≤ 1/2 be a parameter.
There exists a randomized algorithm which outputs par-
titioning P for C where the circuit associated with each
region of P is an ( n

100k ,m, d− 1, k)-circuit. With prob-
ability at least 1− q, |P| ≤ s and the algorithm runs in
time poly(n) · lg 1

q · |C| ·s where s ≤ 2n
100k ·2

n− n
100k +3−km.

The depth reduction algorithm follows from
Lemma 3.3, given below and proved in Section 3.1.

Lemma 3.3. (Switching) Let Φ = (φ1, . . . , φm) be a
sequence of k-cnfs in n variables and let 0 < q ≤ 1/2
be a parameter. There exists a randomized algorithm
which takes Φ as input and outputs a partitioning P for
Φ where the circuits associated with each region of P
are k-dnfs in at most n

100k variables. With probability
at least 1 − q, |P| ≤ s and the algorithm runs in time
poly(n) · lg 1

q · |Φ| · s where s ≤ 2n
100k · 2

n− n
100k +3−km.

The case where each φj is a k-cnf and the circuits in
each region of P are k-dnfs is symmetric.

Proof of Lemma 3.2. Let C be an (n,m, d, k)-circuit
and let 0 < q ≤ 1/2 be a parameter. Let Φ =
(φ1, . . . , φm) be the sequence of subcircuits at rooted at
level d− 1 in C (k-cnfs or k-dnfs). Run the Switching
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(Lemma 3.3) on Φ to get {(Ri,Ψi = (ψi,1, . . . , ψi,m))}i

(Ψi will be a sequence of k-dnfs or k-cnfs). For each i,
let Ci be the circuit resulting from replacing φ1, . . . , φm

with ψi,1, . . . , ψi,m in C and then combining the gates
at level d− 2 and d− 1 (which will be the same type of
gates). Output (Ri, Ci).

By Lemma 3.3, each Ψi is a depth 2 circuit in
at most n

100k variables. Therefore, each Ci will be
an ( n

100k ,m, d − 1, k)-circuit after combining the gates
at levels d − 2 and d − 1. With probability at least
1−q, the algorithm of Lemma 3.3 produces P satisfying
|P| ≤ s and runs in time poly(n) · lg 1

q · |Φ| · s where

s ≤ 2n
100k · 2n− n

100k +3−km. This algorithm produces a
partition of the same size and increases the running time
by an additive O(|C| · |P|).

This lemma does d− 2 steps of depth reduction.

Lemma 3.4. (Repeated Depth Reduction) Let C
be an (n,m, d, k)-circuit and let 0 < q ≤ 1/2 be a param-
eter. There exists a randomized algorithm which out-
puts a partitioning P for C where the circuit associated
with each region is an

(
n

(100k)d−2 ,m, 2, k
)
-circuit (either

a k-cnf or a k-dnf). With probability at least 1 − q,
|P| ≤ s and the algorithm runs in time poly(n)·lg 1

q ·|C|·s

where s ≤ (2n)d−2

(100k)(d−1)(d−2)/2 2n− n

(100k)d−2 +(d−2)3−km.

Proof. We will prove Lemma 3.4 by induction on d. If
d = 2, output ((R = 1, ρ = 1), C) since C is already a
k-cnf or k-dnf and the bounds on P and the running
time holds with probability 1.

If d > 2 we assume by induction that we can run
this algorithm recursively on circuits of depth d−1 and
that the recursive call will satisfy the properties of the
lemma. First, run the Depth Reduction (Lemma 3.2)
on (C, q = q/2) to get P = {Ri, Ci}i (where each Ci

is an ( n
100k ,m, d − 1, k)-circuit). Then for each i, since

Ci has depth d − 1, run this algorithm recursively on
the (Ci, q = q/2n+1) to get Pi = {(Ri,j , Ci,j)}j (where
each Ci,j is an ( n

(100k)d−2 ,m, 2, k)-circuit). For each j,
output (Ri ∧Ri,j , Ci,j).

Say that P is good if |P| ≤ 2n
100k2n(1− 1

100k )+3−km.
By Lemma 3.2, P is good with probability at least
1 − q/2. For each i, say that Pi is good if

|Pi| ≤ ( 2n
100k )d−3

(100k)(d−2)(d−3)/2 2( n
100k )(1− 1

(100k)d−3 )+(d−3)3−km

(note that this is the result of a recursive call on an
( n
100k ,m, d−1, k)-circuit). By induction, each Pi is good

independently with probability at least 1− q/2n+1. By
a union bound, Pr [Pi is good for all i | P is good] ≥
1 − q/2, since if P is good then the number of Pis
is at most 2n (in the worst case, all 2n restrictions
which set all n variables may be in P). The proba-

bility that P and Pi for all i are all good is at least
(1− q/2)(1− q/2) > 1− q. In this case, the total num-
ber of outputs is at most(

2n
100k

· 2n(1− 1
100k )+3−km

)
·( (

2n
100k

)d−3

(100k)(d−2)(d−3)/2
2( n

100k )(1− 1
(100k)d−3 )+(d−3)3−km

)

=
(2n)d−2

(100k)(d−1)(d−2)/2
2n(1− 1

(100k)d−2 )+(d−2)3−km
.

When we end up with a k-cnf or a k-dnf C in
a region defined by a k-cnf R (and a restriction), we
apply a random restriction on a 1− 1/O (k) fraction of
variables and then construct a decision tree for the pair
(C,R) and then argue that the total number of leaves in
the decision tree isn’t too big. Each leaf in the decision
tree where R ≡ 1 corresponds to a restriction in the
region R where the value of the circuit is constant.

Lemma 3.5. (Depth Two) Let C be a k-cnf or
k-dnf and R be a k-CNF each in the same n variables
and let 0 < q ≤ 1/2 be a parameter. There exists a ran-
domized algorithm which outputs a partitioning P for C
in the region R where each region on P is defined by a
restriction and the circuit associated with each region of
P is either 0 or 1. With probability at least 1−q, |P| ≤ s
and the algorithm runs in time poly(n)·lg 1

q ·(|C|+|R|)·s
where s ≤ 50 · 2n(1− 1

30k ).

Proof. Let p = 1
30k . Choose a set U of pn variables

uniformly at random. For each restriction ρ which
leaves the variables in U unset, construct the decision
tree T for (C,R)|ρ. For each path ρ′ in T ending at a
leaf labeled (b, 1), output (ρ ∧ ρ′, b).

The regions defined by each ρ ∧ ρ′ output partition
the region R, and in each region C has value b. All
that remains is bounding the number of pairs output.
By Corollary 1.1, Prρ [height(tree((C,R)|ρ)) ≥ s] ≤
3(13/30)s. We bound the expected total number of
outputs by first summing over all ρ and then summing
over s and using the fact that a decision tree of hight at
most s can have at most 2s leaves.

E
U

[|P|] ≤ E
U

[∑
ρ

number of leaves of tree((C,R)|ρ)

]
= 2n(1− 1

30k ) E
U,ρ

[number of leaves of tree((C,R)|ρ)]

≤ 2n(1− 1
30k )

n
30k∑
s=0

2s3(13/30)s

≤ 3 · 2n(1− 1
30k )

∞∑
s=0

(26/30)s < 25 · 2n(1− 1
30k ).
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By Markov’s inequality, with probability at least 1/2,
|P| ≤ 50 · 2n(1− 1

30k ). We may repeat the algorithm
lg 1

q times in parallel with independent choices of U
and output the smallest partition. This increases the
probability of success to 1− q.

We compose the preceding algorithms to get our
algorithm for AC0 circuits, formalized in the following
lemma.

Lemma 3.6. Let C be an (n,m, d)-circuit. Let k ≥ 1
be a parameter. There exists a randomized algorithm
which outputs a partitioning P for C where each region
is defined by a restriction and the circuit associated with
each region is either 0 or 1. With probability at least
1 − 2−n, |P| ≤ s and the algorithm runs in time at
most poly(n) · |C| · s where s ≤ 50 (2n)d−2

(100k)(d−1)(d−2)/2 ·

2n− 3n

(100k)d−1 +(d−2)3−km+4·2−k max(m,n/k).

Theorem 1.2 follows straightforwardly from
Lemma 3.6.

Proof of Theorem 1.2. Let C be an (n,m, d)-circuit. If

m ≥ 2Ω(n)
1

d−1 then output all 2n restrictions which
set all of the variables. Otherwise, we may choose
k = Θ

(
max

(
lg m

n , d lg d
))

such that

50
(2n)d−2

(100k)(d−1)(d−2)/2
2(d−2)3−km+4·2−k max(m,n/k)

≤ 2
2n

(100k)d−1

and then use Lemma 3.6. In either case, the algorithm

outputs at most 2
n− n

O(lg m
n

+d lg d)d−1 +O(1)

restrictions.

For the sake of simplifying the calculations in the
proof of Lemma 3.6, we first prove the special case where
the circuit has bottom fan-in k.

Lemma 3.7. Let C be an (n,m, d, k)-circuit. There ex-
ists a randomized algorithm which outputs a partition-
ing P for C where each region is defined by a restriction
and the circuit associated with each region is either 0 or
1. With probability at least 1 − 2−2n, |P| ≤ s and the
algorithm runs in time at most poly(n) · |C| · s where

s ≤ 50 (2n)d−2

(100k)(d−1)(d−2)/2 2n− 3n

(100k)d−1 +(d−2)3−km.

Proof. Run the Repeated Depth Reduction
(Lemma 3.4) on (C, q/2) to get a partition
P = {((Ri, ρi), Ci)}i for C. Each Ci is either a
k-cnf or a k-dnf in n

(100k)d−2 variables. Run the
Depth Two (Lemma 3.5) on (Ci, Ri, q = q/2n+1) to
get a partition Pi = {(ρi,j , bi,j)}j for Ci. Output
(ρi ∧ ρi,j , bi,j).

Say that P is good if |P| ≤
(2n)d−2

(100k)(d−1)(d−2)/2 2n(1− 1
(100k)d−2 )+(d−2)3−km. By

Lemma 3.4, Pr [P is good] ≥ 1 − q/2. For each i,

say that Pi is good if |Pi| ≤ 50 · 2
n

(100k)d−2 (1− 1
30k )

(note that the Depth Two is run on cir-
cuits in n

(100k)d−2 variables). By Lemma 3.5,
Pr [Pi is good] ≥ 1 − q/2n+1. By a union bound,
Pr [Pi is good for all i | P is good] ≥ 1 − q/2, since if
P is good then the number of Pis is much less than
2n. The probability that P and Pi are all good is at
least (1− q/2)(1− q/2) > 1− q. In this case, the total
number of outputs is at most(

(2n)d−2

(100k)(d−1)(d−2)/2
2n(1− 1

(100k)d−2 )+(d−2)3−km
)
·(

50 · 2
n

(100k)d−2 (1− 1
30k )
)

≤ 50
(2n)d−2

(100k)(d−1)(d−2)/2
2n(1− 3

(100k)d−1 )+(d−2)3−km
.

Proof of Lemma 3.6. Run the Bottom Fan-in Reduc-
tion (Lemma 3.1) on (C, k) to get P = ∪0≤f≤n/kPf

where Pf = {((Rf,i, ρf,i), Cf,i)}i. For each f and i,
the circuit Cf,i is an (n − fk,m, d, k)-circuit. Run the
algorithm of Lemma 3.7 on (Cf,i, q = 2−2n) to get
a partition Pf,i = {(ρf,i,j), bf,i,j)}j for Cf,i. Output
(ρf,i ∧ ρf,i,j , bf,i,j).

By Lemma 3.1, the sets Pf are disjoint and for
each f , |Pf | ≤

(
m+f

f

)
and the circuits associated

with each region in Pf are (n − fk,m, d, k)-circuits.
For each f and i, say that Pi,f is good if |Pf,i| ≤
50 (2n)d−2

(100k)(d−1)(d−2)/2 2(n−fk)(1− 3
(100k)d−1 )+(d−2)3−km. By

Lemma 3.7, Pr [Pf,i is good] ≥ 1 − 2−2n, and by a
union bound over the at most 2n pairs f, i, all of the
sets Pf,i are simultaneously good with probability at
least 1− 2−n. In this case, the total number of outputs
is at most

n/k∑
f=0

(
m+ f

f

)
50

(2n)d−2

(100k)(d−1)(d−2)/2
·

2(n−fk)(1− 3
(100k)d−1 )+(d−2)3−km

= 50
(2n)d−2

(100k)(d−1)(d−2)/2
2n(1− 3

(100k)d−1 )+(d−2)3−km·

n/k∑
f=0

(
m+ f

f

)
2−fk(1− 3

(100k)d−1 )+(d−2)3−km

≤ 50
(2n)d−2

(100k)(d−1)(d−2)/2
·

2n(1− 3
(100k)d−1 )+(d−2)3−km+4·2−k max(m,n/k)
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since

n/k∑
f=0

(
m+ f

f

)
2−fk(1− 3

(100k)d−1 )

≤
m+n/k∑

f=0

(
m+ n/k

f

)
2−fk

=
(
1 + 2−k

)m+n/k

≤ 2(lg e)2−k(m+n/k) ≤ 24·2−k max(m,n/k).

3.1 Switching Algorithm

Lemma 3.3, restated. Let Φ = (φ1, . . . , φm) be a
sequence of k-cnfs in n variables and let 0 < q ≤ 1/2
be a parameter. There exists a randomized algorithm
which takes Φ as input and outputs a partitioning P for
Φ where the circuits in each region of P are k-dnfs
in at most n

100k variables. With probability at least
1 − q, |P| ≤ s and the algorithm runs in time at most
poly(n) · lg 1

q · |Φ| · s where s ≤ 2n
100k2n− n

100k +3−km.

Let φ be a k-cnf. Consider the decision tree tree(φ)
for φ. If the height of tree(φ) is at most k′, then we
can construct a k′-dnf φ′ equivalent to φ by taking
the disjunction of the terms corresponding to paths in
tree(φ) labeled 1.

However, in general, k′ will be much larger than
k. In this case, we split the paths in tree(φ) into
two categories: “short paths” of length at most k,
and “long paths” of length greater than k. Since any
assignment to a set of variables is consistent with exactly
one path in any decision tree on those variables, we
can partition {0, 1}n by partitioning the paths. We
will construct a k-cnf T (φ, k) which will define the
region corresponding to the set of short paths. Rather
than defining a single region for the set of long paths,
we further partition the space and define a separate
region for each long path (each long path viewed as a
restriction defines a region).

Formally, for any k-cnf φ and any k ≥ 1, let
Σ′ = {σ′1, . . . , σ′`′} be the set of paths of length greater
than k in tree(φ). Let Σ = {σ1, . . . , σ`} be the set of
paths of length k in tree(φ) that do not end at a leaf
(equivalently, Σ consists of the paths in Σ′ truncated
after k variables). Define T (φ, k) = ¬σ1∧¬σ2∧· · ·∧¬σ`

where each σi is viewed as the conjunction of the literals
along the path. Note that T (φ, k) is a k-cnf. An
assignment is in the region corresponding to short paths
if and only if it is not consistent with any σ′i. Since
the paths σ′i form complete decision trees after the
first k variables along each path, an assignment is not
consistent with any σ′i if and only if it is not consistent

with any σi, and therefore if and only if it satisfies
T (φ, k).

The algorithm will branch on the region T (φ, k)
and on the regions corresponding to long paths. In the
region T (φ, k), we can do as we did before and convert φ
into an equivalent k-dnf by only considering the short
paths ending with 1. Formally, for any k-cnf φ and any
k ≥ 1, let S(φ, k) = τ1 ∨ τ2 ∨ · · · ∨ τ` where τ1, . . . , τ`
are the paths of the decision tree for φ of length at most
k with label 1 where each τi is viewed as a conjunction
of the literals along the path. S(φ, k) is a k-dnf and
is equivalent to φ in the region T (φ, k). In the regions
correspond to long paths, φ is constant and therefore
trivially a k-dnf.

We repeat this process for each k-cnf φ1, . . . , φm

in order, each time recursively partitioning the current
set of regions.

The problem with this approach is that we may
well branch more than 2n times between branching on
T (φ, k) and branching on each long path. We solve this
problem by first applying a random restriction which
leaves a small constant fraction of the variables unset,
and then do depth reduction as described above. In
this case, we can bound the probability that the total
number of variables set along long paths will be too
large using Lemma 1.1.

Proof. Let p = 1
100k . Choose a set U of pn variable

to leave unset uniformly at random. Branch on each
restriction ρ0 which leaves the variables in U unset. Let
ρ = ρ0 and let R denote an empty (true) k-cnf. For
each φi in order, branch on T (φi|ρ, k).

In the region ρ ∧ T (φi|ρ, k), φi is equivalent to
S(φi|ρ, k) so set ψi = S(φi|ρ, k). Let R = R∧T (φi|ρ, k).
In this branch, say that φi is “not targeted.”

When T (φi|ρ, k) is false, we further branch on each
path ρ′ in tree(φi|ρ) of length greater than k. Let
ρ = ρ ∧ ρ′ and let ψi = b′ where b′ is the label at the
end of the path ρ′. In each of these branches, say that
φi is “targeted.”

Once we have branched in this fashion for each φi,
output the resulting (R = (R, ρ),Ψ = (ψ1, . . . , ψm)).

This algorithm naturally defines a computation
tree: First branch on each restriction ρ0, then for each
φi in order branch on whether φi is targeted, and if φi

is targeted branch on each long path. Each leaf of this
computation tree correspond to a region in partition
output. Define the “type” of each leaf as the sequence
of targeted k-cnfs along the path to the leaf. We
will group the leaves of the computation tree both by
type and by parent restriction ρ0 in order to bound the
expected number of leaves.

For any ρ0 and any type (sequence of targeted
k-cnfs) T , let Gρ0,T denote the set of leaves of type
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T with parent restriction ρ0. Consider the decision
tree tree(T |ρ0). Let Pρ0,T denote the set of paths in
tree(T |ρ0) where each k-cnf in T contributes at least
k + 1 variables to the path. The set of paths Pρ0,T

correspond exactly to the leaves in Gρ0,T : The path in
Pρ0,T corresponds to which branch ρ′ is taken at each
targeted k-cnf (each ρ′ sets at least k + 1 variables
since only paths of length > k are considered when
branching).

By Lemma 1.1, PrU,ρ0 [tree(T |ρ0) has a path of
length ≥ s where each k-cnf in T contributes at least
one variable] ≤ (13/100)s, which gives EU,ρ0 [|Pρ0,T |] ≤∑pn

s=0 2s(13/100)s (any decision tree of height s can
have at most 2s leaves). Since we only consider paths
in tree(T |ρ0) where each φi ∈ T contributes at least
k+1 variables, any such path must have length at least
|T |(k+1). We bound the expected number of outputs by
summing over restrictions ρ0, then path lengths s and
then sets of targeted k-cnfs T of size at most s/(k+1).
Let E(T |ρ0 , s) denote the event that tree(T |ρ0) has a
path of length ≥ s where each φi ∈ T contributes > k
variables

E
U

[|P|] =
∑
ρ0

∑
T⊆{φ1,...,φm}

E
U

[|Pρ0,T |]

= 2n−pn
∑

T⊆{φ1,...,φm}

E
U,ρ0

[|Pρ0,T |]

≤ 2n−pn
∑

T⊆{φ1,...,φm}

pn∑
s=0

2s Pr
U,ρ0

[E(T |ρ0 , s)]

= 2n−pn

pn∑
s=0

∑
T⊆{φ1,...,φm}
|T |≤s/(k+1)

2s Pr
U,ρ0

[E(T |ρ0 , s)]

≤ 2n−pn

pn∑
s=0

bs/kc∑
t=0

(
m

t

)
2s(13/100)s

≤ 2n−pn

pn∑
s=0

⌊ s
k

⌋( m

bs/kc

)
(26/100)s

grouping terms with the same value of bs/kc and
replacing bs/kc with s′

≤ 2n−pn

pn/k∑
s′=0

ks′
(
m

s′

)
(26/100)ks′

≤ pn2n−pn
m∑

s′=0

(
m

s′

)
(26/100)ks′

=
n

100k
2n−pn(1 + (26/100)k)m

≤ n

100k
2n−pn+(lg e)(26/100)km.

With probability at least 1/2, |P| ≤ 2n
100k ·2

n− n
100k +3−km.

We may repeat the algorithm lg 1
q times in parallel

with independent choices of U and output the smallest
partition. This increases the probability of success to
1− q.

3.2 Extended Switching Lemma

Lemma 1.1, restated. Let φ1, . . . , φm be a sequence
of k-cnfs and/or k-dnfs in the same n variables. For
any p ≤ 1/13, let ρ be a random restriction which leaves
pn variables unset. The probability that the decision tree
for (φ1, . . . , φm)|ρ has a path of length ≥ s where each
φi contributes at least one node to the path is at most
(13pk)s.

Our switching lemma is based on Beame’s proof [1]
of Razborov’s Switching Lemma [16] which in turn is
based on H̊astad’s Switching Lemma [5]. The idea is to
encode a restriction and a corresponding “bad” path in
the resulting decision tree using a different restriction
which sets additional variables and a few extra bits.
The total size needed for this encoding will be much less
than the size needed to encode the original restriction
and this ratio will give the probability bound.

Proof. Let P ′ be a path in tree((φ1, . . . , φm)|ρ) of length
at least s. Let P denote the prefix of P ′ of length exactly
s. Let m′ denote the index of the last formula φm′

which contributes a variable to P . Let x1, . . . , xs denote
the variables along P and let p1, . . . , ps denote the
values that P assigns to x1, . . . , xs. Let C1, . . . , Cs and
F1, . . . , Fs denote the clauses and formulae respectively
which contribute x1, . . . , xs (some Cis and Fis may refer
to the same clauses or formulae if they contribute more
than one variable to P ). Let index1, . . . , indexs denote
the indices of x1, . . . , xs in the clauses C1, . . . , Cs. Let
lasti, 1 ≤ i ≤ s be 2 if xi is the last variable contributed
by Fi along P ; be 1 if xi is the last variable contributed
by Ci (but not by Fi) along P ; and be 0 otherwise.

Let σ = σ1 · · ·σs where σi is a restriction where
σi(xi) = 0 if xi appears positively in Ci and σi(xi) = 1
otherwise, and σi(y) = ∗ for all y 6= xi (σ is constructed
to not satisfy the clauses C1, . . . , Cs). Let πi be the
restriction where πi(xi) = pi and πi(y) = ∗ for y 6= xi.
Note that P = π1 · · ·πs

We map (ρ, P ) to ρ′ = ρσ ∈ Rpn−s
n , ~index =

(index1, . . . , indexs) ∈ [k]s, ~last = (last1, . . . , lasts) ∈
[3]s and ~p = (p1, . . . , ps) ∈ [2]s.

We must now show that we can decode (ρ, P ) from
ρ′, ~index, ~last and ~p. Let ρi = ρπ1 · · ·πiσi+1 · · ·σs, for
0 ≤ i ≤ s. Note that ρ0 = ρ′ and ρs = ρP .

We will show that for any i < s given Ci, Fi and
ρi, we can decode πi+1 and therefore ρi+1. Then
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by induction, given ρ′ we can decode ρ and P . Let
last0 = 1 and let F0 = φ1. First we identify Fi+1. If
lasti = 2 then Fi+1 = φq+1 where q is the index such
that Fi = φq, and otherwise Fi+1 = Fi. If lasti = 0
then we know Ci+1 = Ci, otherwise we claim that Ci+1

is the first clause not satisfied by ρi. Once we identify
Ci+1, then indexi+1 is the index of xi+1 in this clause
and we get πi using pi. All that remains is to prove the
claim that when lasti = 1 then Ci+1 is first clause in F
not satisfied by ρi.

When xi+1 is queried along the path P when
constructing the decision tree for F |ρ, Ci+1 is the first
clause not satisfied by ρπ1 · · ·πi (otherwise a variable
in an earlier clause would have been queried instead).
Since setting more variables in a restriction cannot
change a clause from satisfied to not satisfied, all the
clauses in F before Ci are satisfied by ρi. All that
remains is to show that σi+1 · · ·σs does not satisfy Ci+1.
Let j be the largest index such that Cj = Ci+1, or
equivalently xj is the last variable from Ci+1 along P .
By the construction of σi+1, . . . , σj , σi+1 · · ·σj does not
satisfy Ci+1 and either j = s or ρπ1 · · ·πiσi+1 · · ·σj

sets all of the variables in Ci+1 (because of the way
we construct decision trees). In either case, no σ`, ` > j
can satisfy Ci+1 so we conclude that ρi does not satisfy
Ci+1.

All that remains is to calculate the probability over
the choice of ρ that the path P exists. We bound this
probability by the size of the encoding when P exists
over the size of the encoding of ρ. Let R`

n denote the
set of restrictions on n variables which leave exactly `
variables unset.

Pr
ρ

tree((φ1, . . . , φm)|ρ) has a path of
length ≥ s where each φi con-
tributes at least one node to the
path


≤ |Rpn−s

n × [k]s × [3]s × [2]s|
|Rpn

n |
=

(
n

pn−s

)
2n−pn+s(6k)s(
n
pn

)
2n−pn

=
(pn)!(n− pn)!

(pn− s)!(n− pn+ s)!
(12k)s

=
(

pn

n− pn+ s

)(
pn− 1

n− pn+ s− 1

)
· · ·
(
pn− s+ 1
n− pn+ 1

)
(12k)s

≤
(

pn

n− pn+ s

)s

(12k)s ≤
(

12pk
1− p

)s

≤ (13pk)s.

4 Correlation & Lower Bounds

Let C be a depth d size m AC0 circuit. Theo-
rem 1.2 implies that there exists a set of at most

2n−n/O(lg m+d lg d)d−1
restrictions which partition {0, 1}n

and make C constant.
Consider the parity functions. Any partition of

{0, 1}n which makes parity constant requires 2n restric-
tions. Setting 2n−n/O(lg m+d lg d)d−1 ≥ 2n and solving
for m in terms of d and vice versa we get the follow-
ing bounds, which match the optimal bounds proved by
H̊astad [5]:

• Any size poly(n) AC0 circuit which computes parity
requires depth at least lg n

lg lg n −O
(

lg n
lg2 lg n

)
.

• Any depth d circuit which computes parity requires

size at least 2
Ω

„
n

1
d−1

«
.

Definition 4.1. Let C denote a class of circuits. Let
f : {0, 1}n → {0, 1} be a function. The correlation of f
with circuits from C is

max
C∈C

(
Pr

x∈{0,1}n
[C(x) = f(x)]−

Pr
x∈{0,1}n

[C(x) 6= f(x)]
)

= max
C∈C

E
x∈{0,1}n

[
(−1)C(x)(−1)f(x)

]
Proof of Theorem 1.3. Let C be the class of depth d size
cn AC0 circuits. We will bound the correlation of C
and the parity function. Let C be an element of C
and consider the partition produced by Theorem 1.2.
Each restriction in this partition which sets fewer than
n variables contributes 0 to the correlation with parity.
Each restriction which sets all n variables contributes
at most 2−n to the correlation with parity. Thus
the correlation of C with parity is at most 2−µc,dn =
2−n/O(lg c+d lg d)d−1

.

We give a construction of a family of
(n, cn, d)-circuits that both require 2n−n/Ω(lg c)d−1

regions and have correlation 2−n/Ω(lg c)d−1
with parity.

Thus, our algorithm and the implied correlation bounds
with parity are close to optimal. This construction
is generally considered folklore, and a more detailed
explanation is given in [8].

Parity on ` inputs can be computed by depth d

size O(`2`
1

d−1 ) circuits with either an ∧ or an ∨ output
gate. Construct a circuit on n inputs by grouping the
inputs into n

Θ(lg c)d−1 groups of ` = Θ(lg c)d−1 inputs.
Construct depth d circuits computing the parity of each
group each with an ∧ output gate. Take the conjunction
of all of these circuits. This gives an (n, cn, d)-circuit.

Each input which sets the circuit to 1 correctly
computes parity (assume that the number of groups
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of inputs is odd). At most half the remaining inputs
compute parity correctly. The fraction of inputs which
cause the circuit to output one, and therefore the
correlation with parity is 2−

n

Θ(lg c)d−1 . The number
of inputs which cause the circuit to output one is
2n− n

Θ(lg c)d−1 . Since flipping any bit on any of these
inputs will change the output to 0, each input which
causes the circuit to output 1 must have its own region,
giving a 2n− n

Ω(lg c)d−1 lower bound on the number of
regions.

Finally, we will sketch how a small but signifi-
cant improvement in our algorithm combined with the
results of Williams [20, 21] would show new circuit
lower bounds. If the satisfiability of size m, depth
d AC0 circuits in n variables can be decided in co-
nondeterministic time 2

n(1− 1
O(lg m)o(d) )

, then NEXP 6⊆
NC1. Note that any such algorithm cannot do as we did
and enumerate satisfying restrictions since there can be
too many. Furthermore, note that the fact that our al-
gorithm is zero-error is important since it implies that it
is co-nondeterministic as is needed by Williams’ result.

Any NC1 circuit C with n inputs can be converted

to an equivalent depth d size 2n
O( 1

d−1 )
AC0 circuit, by

the following construction which seems to be considered
folklore. LetD = O (lg n) denote the depth of C. Divide
the layers of C into d − 1 groups of D

d−1 consecutive
layers. Replace each group of layers by trivial depth two,

size poly(n)22
D

d−1 circuits, alternating between ANDs of
ORs and ORs of ANDs, and then combine layers of the
same type of gates. Since D = O (lg n), the result is a

depth d size 2n
O( 1

d−1 )
AC0 circuit.

Williams shows that for any “reasonable” class
of circuits C (AC0,ACC,NC1,P/poly, etc.), if the sat-
isfiability of circuits in C with n inputs is in co-
nondeterministic time 2n/nD for an appropriate abso-
lute constant D then NEXP 6⊆ C. Running a (hypo-

thetical) 2
n(1− 1

O(lg m)o(d) )
satisfiability algorithm on the

size 2n
O( 1

d−1 )
AC0 circuit resulting from a NC1 circuit

would give a sufficiently fast satisfiability algorithm for
Williams’ result to show NEXP 6⊆ NC1.
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ization of Schöning’s k-SAT Algorithm. In Proceedings
of the Forty-Fourth Annual ACM Symposium on The-
ory of Computing, 2011.

[14] R. Paturi, P. Pudlák, M.E. Saks, and F. Zane. An im-
proved exponential-time algorithm for k-sat. Journal
of the ACM, 52(3):337–364, May 2005. Preliminary
version in 39th Annual IEEE Symposium on Founda-
tions of Computer Science, pages 628–637, 1998.

[15] R. Paturi, P. Pudlák, and F. Zane. Satisfiability cod-
ing lemma. Chicago Journal of Theoretical Computer
Science, December 1999. Preliminary version in 38th

971 Copyright © SIAM.
Unauthorized reproduction of this article is prohibited.



Annual Symposium on Foundations of Computer Sci-
ence, 566-574, 1997.

[16] Alexander A. Razborov. Bounded arithmetic and lower
bounds in boolean complexity. In Feasible Mathematics
II, pages 344–386. Birkhauser, 1993.

[17] Rahul Santhanam. Fighting perebor: New and im-
proved algorithms for formula and qbf satisfiability.
In Proceedings of the 2010 IEEE 51st Annual Sym-
posium on Foundations of Computer Science, FOCS
’10, pages 183–192, Washington, DC, USA, 2010. IEEE
Computer Society.
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Stefan Kratsch and Magnus Wahlström.

Weak Compositions and Their Applications to Polynomial Lower-Bounds for Kernelization

Danny Hermelin and Xi Wu.

Co-nondeterminism in compositions: A kernelization lower bound for a Ramsey-type
problem

Stefan Kratsch.

Session 1C

Popularity vs Maximum cardinality in the stable marriage setting

Telikepalli Kavitha.

A Matroid Approach to Stable Matchings with Lower Quotas

Tamas Fleiner and Naoyuki Kamiyama.

On the (In)security of Hash-based Oblivious RAM and a New Balancing Scheme

Eyal Kushilevitz, Steve Lu and Rafail Ostrovsky.

Privacy-Preserving Group Data Access via Stateless Oblivious RAM Simulation
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Michael Goodrich, Michael Mitzenmacher, Olga Ohrimenko and Roberto Tamassia.

Private Data Release Via Learning Thresholds

Moritz Hardt, Guy Rothblum and Rocco Servedio.

IP1

Structural and Logical Approaches to the Graph Isomorphism Problem.

Martin Grohe

Session 2A

Near Linear Time (1 + ε)-Approximation for Restricted Shortest Paths in Undirected
Graphs

Aaron Bernstein.

Approximate Distance Oracles with Improved Preprocessing Time

Christian Wulff-Nilsen.

Exact Distance Oracles for Planar Graphs

Shay Mozes and Christian Sommer

Single source distance oracle for planar digraphs avoiding a failed node or link

Surender Baswana, Utkarsh Lath and Anuradha Mehta.

Physarum Can Compute Shortest Paths

Vincenzo Bonifaci, Kurt Mehlhorn and Girish Varma.

Session 2B

The condensation transition in random hypergraph 2-coloring

Amin Coja-Oghlan and Lenka Zdeborova.

A new approach to the orientation of random hypergraphs

Marc Lelarge.

The MAX-CUT of sparse random graphs

Hervé Daudé, Conrado Martinez, Vonjy Rasendrahasina and Vlady Ravelomanana.

A simple algorithm for random colouring G(n, d/n) using (2+\ε)d colours.

Charilaos Efthymiou.

The Maximum Degree of Random Planar Graphs

Michael Drmota, Omer Gimenez, Marc Noy, Konstantinos Panagiotou and Angelika Steger.

Session 2C

Computing distance between piecewise linear bivariate functions

Guillaume Moroz and Boris Aronov.

Packing anchored rectangles
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Adrian Dumitrescu and Csaba Toth.

Algorithms and Data Structures for the Transportation Problem in Geometric Settings

R Sharathkumar and Pankaj Agarwal.

Jaywalking your Dog - Computing the Fréchet Distance with Shortcuts

Anne Driemel and Sariel Har-Peled.

Submatrix maximum queries in Monge matrices and Monge partial matrices, and their
applications

Haim Kaplan, Shay Mozes, Yahav Nussbaum and Micha Sharir.

Session 3A

The Entropy Rounding Method in Approximation Algorithms

Thomas Rothvoss.

Approximating CSPs with Global Cardinality Constraints Using SDP Hierarchies

Prasad Raghavendra and Ning Tan.

Polynomial integrality gaps for strong SDP relaxations of Densest k-Subgraph

Aditya Bhaskara, Moses Charikar, Venkatesan Guruswami, Aravindan Vijayaraghavan and Yuan Zhou.

Linear Index Coding via Semidefinite Programming

Eden Chlamtac and Ishay Haviv.

Concentration Inequalities for Nonlinear Matroid Intersection

Konstantin Makarychev, Warren Schudy and Maxim Sviridenko.

Concentration and Moment Inequalities for Polynomials of Independent Random
Variables

Warren Schudy and Maxim Sviridenko

Session 3B

Width of Points in the Streaming Model

Alexandr Andoni and Huy Nguyen.

The Shifting Sands Algorithm

Andrew Mcgregor and Paul Valiant.

Analyzing Graph Structure via Linear Measurements

Kook Jin Ahn, Sudipto Guha and Andrew Mcgregor.

On the communication and streaming complexity of maximum bipartite matching

Ashish Goel, Michael Kapralov and Sanjeev Khanna.

Lower Bounds for Number-in-Hand Multiparty Communication Complexity, Made Easy

Jeff Phillips, Elad Verbin and Qin Zhang.

Session 3C
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SINR Diagram with Interference Cancellation

Chen Avin, Asaf Cohen, Yoram Haddad, Erez Kantor, Zvi Lotker, Merav Parter and David Peleg.

Wireless Connectivity and Capacity

Magnus Halldorsson and Pradipta Mitra.

Gathering despite mischief

Yoann Dieudonne, Andrzej Pelc and David Peleg.

Stochastic coalescence in logarithmic time

Po-Shen Loh and Eyal Lubetzky.

Towards Robust and Efficient Computation in Dynamic Peer-to-Peer Networks

John Augustine, Gopal Pandurangan, Peter Robinson and Eli Upfal.

Session 4A

Using Hashing to Solve the Dictionary Problem (In External Memory)

John Iacono and Mihai Patrascu.

I/O-Efficient Data Structures for Colored Range and Prefix Reporting

Kasper Green Larsen and Rasmus Pagh.

Confluent Persistence Revisited

Sebastien Collette, John Iacono and Stefan Langerman.

Fully Persistent B-trees

Gerth Stølting Brodal, Spyros Sioutas, Konstantinos Tsakalidis and Kostas Tsichlas.

A Little Advice Can Be Very Helpful

Arkadev Chattopadhyay, Jeff Edmonds, Faith Ellen and Toniann Pitassi.

Session 4B

An efficient polynomial-time approximation scheme for Steiner forest in planar graphs

David Eisenstat, Philip Klein and Claire Mathieu.

A Polynomial-time Approximation Scheme for Planar Multiway Cut

Mohammadhossein Bateni, Mohammadtaghi Hajiaghayi, Philip Klein and Claire Mathieu.

Finding an induced path of given parity in planar graphs in polynomial time

Marcin Kaminski and Naomi Nishimura.

Spanning closed walks and TSP in 3-connected planar graphs

Ken-Ichi Kawarabayashi and Kenta Ozeki.

Approximate Tree Decompositions of Planar Graphs in Linear Time

Frank Kammer and Torsten Tholey.

Session 4C

Bypassing UGC from some Optimal Geometric Inapproximability Results
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Venkatesan Guruswami, Prasad Raghavendra, Rishi Saket and Yi Wu.

Inapproximability Results for the Multi-level Uncapacitated Facility Location Problem

Ravishankar Krishnaswamy and Maxim Sviridenko.

On the hardness of pricing loss leaders

Preyas Popat and Yi Wu.

The complexity of conservative valued CSPs

Vladimir Kolmogorov and Stanislav Zivny.

The Set of Solutions of Random XORSAT Formulae

Dimitris Achlioptas, Yashodhan Kanoria, Mike Molloy, Andrea Montanari, Morteza Ibrahimi and Matt Kraning.

IP2

Belief Propagation Algorithms: From Matching to Cancer Genomics.

Jennifer Chayes

Session 5A

Approximation Algorithms and Hardness of the k-Route Cut Problem

Julia Chuzhoy, Yury Makarychev, Aravindan Vijayaraghavan and Yuan Zhou.

Approximate Duality of Multicommodity Multiroute Flows and Cuts: Single Source Case

Christian Scheideler and Petr Kolman.

On a Linear Program for Minimum-Weight Triangulation

Arman Yousefi and Neal Young.

Constant Factor Approximation Algorithm for the Knapsack Median Problem

Amit Kumar.

Subquadratic time approximation algorithms for the girth

Liam Roditty and Virginia Vassilevska Williams.

Session 5B

A Universally-truthful Approximation Scheme for Multi-unit Auctions

Berthold Vöcking.

Optimal Crowdsourcing Contests

Shuchi Chawla, Jason D. Hartline and Balasubramanian Sivan.

Sequential Auctions and Externalities

Renato Paes Leme, Vasilis Syrgkanis and Eva Tardos.

Mechanism Designs via Consensus Estimate and Cross-Check

Bach Ha and Jason Hartline.

Black-Box Reductions for Cost-Sharing Mechanism Design

Konstantinos Georgiou and Chaitanya Swamy.
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Session 5C

Counting Perfect Matchings as Fast as Ryser

Andreas Björklund.

Approximate Counting via Correlation Decay in Spin Systems

Liang Li, Pinyan Lu and Yitong Yin.

Approximation algorithms for two-state anti-ferromagnetic spin systems on bounded
degree graphs

Alistair Sinclair, Piyush Srivastava and Marc Thurley.

Approximating Fixation Probabilities in the Generalized Moran Process

Josep Diaz, Leslie Ann Goldberg, George Mertzios, David Richerby, Maria Serna and Paul Spirakis.

A Satisfiability Algorithm for AC0

Russel Impagliazzo, William Matthews and Ramamohan Paturi.

Session 6A

The Notion of a Rational Convex Program, and an Algorithm for the Arrow-Debreu Nash
Bargaining Game

Vijay Vazirani.

Beyond Myopic Best Response (in Cournot Competition)

Amos Fiat, Elias Koutsoupias, Katrina Ligett, Yishay Mansour and Svetlana Olonetsky.

Metastability of Logit Dynamics for Coordination Games

Vincenzo Auletta, Diodato Ferraioli, Francesco Pasquale and Giuseppe Persiano.

Sketching Valuation Functions

Ashwinkumar Badanidiyuru, Shahar Dobzinski, Hu Fu, Robert Kleinberg, Noam Nisan and Tim Roughgarden.

Voting with Limited Information and Many Alternatives

Flavio Chierichetti and Jon Kleinberg.

Session 6B

Partial match queries in random quadtrees

Nicolas Broutin, Ralph Neininger and Henning Sulzbach.

Top-κ Document Retrieval in Optimal Time and Linear Space

Gonzalo Navarro and Yakov Nekrich.

LSH-Preserving Functions and Their Applications

Flavio Chierichetti and Ravi Kumar.

A Linear Time Algorithm for Seeds Computation

Tomasz Kociumaka, Marcin Kubica, Jakub Radoszewski, Wojciech Rytter and Tomasz Walen.

Tight bounds on the maximum size of a set of permutations with bounded VC-dimension

Josef Cibulka and Jan Kyncl.
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Session 6C

A Near-Optimal Sublinear-Time Algorithm for Approximating the Minimum Vertex Cover
Size

Krzysztof Onak, Dana Ron, Michal Rosen and Ronitt Rubinfeld.

Space-efficient Local Computation Algorithms

Noga Alon, Ronitt Rubinfeld, Shai Vardi and Ning Xie.

Testing Odd-Cycle-Freeness in Boolean Functions

Arnab Bhattacharyya, Elena Grigorescu, Prasad Raghavendra and Asaf Shapira.

Networks Cannot Compute Their Diameter in Sublinear Time

Silvio Frischknecht, Stephan Holzer and Roger Wattenhofer.

Parallelism and Time in Hierarchical Self-Assembly

Ho-Lin Chen and David Doty.

Session 7A

Simple and Practical Algorithm for Sparse Fourier Transform

Haitham Hassanieh, Piotr Indyk, Dina Katabi and Eric Price.

Sparser Johnson-Lindenstrauss Transforms

Daniel Kane and Jelani Nelson.

Optimal Column-Based Low-Rank Matrix Reconstruction

Venkatesan Guruswami and Ali Sinop.

Sublinear Time, Measurement-Optimal, Sparse Recovery For All

Ely Porat and Martin Strauss.

Session 7B

Resource Augmentation for Weighted Flow-time explained by Dual Fitting

S. Anand, Naveen Garg and Amit Kumar.

Scheduling Heterogeneous Processors Isn't As Easy As You Think

Anupam Gupta, Sungjin Im, Ravishankar Krishnaswamy, Benjamin Moseley and Kirk Pruhs.

Online Scheduling with General Cost Functions

Sungjin Im, Benjamin Moseley and Kirk Pruhs.

Race to Idle: New Algorithms for Speed Scaling with a Sleep State

Susanne Albers and Antonios Antoniadis.

Session 7C

A Faster Algorithm to Recognize Even-Hole-Free Graphs

Hsien-Chih Chang and Hsueh-I Lu.
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Separating stable sets in claw-free graphs via Padberg-Rao and compact linear
programs

Yuri Faenza, Gianpaolo Oriolo and Gautier Stauffer.

Global Minimum Cuts in Surface Embedded Graphs

Jeff Erickson, Kyle Fox and Amir Nayyeri.

Competitive Routing in the Half-θ6-Graph

Prosenjit Bose, Sander Verdonschot, Rolf Fagerberg and Andre Van Renssen.

Session 8A

A Near-Linear Algorithm for Projective Clustering Integer Points

Kasturi Varadarajan and Xin Xiao.

Data reduction for weighted and outlier-resistant clustering

Dan Feldman and Leonard J. Schulman.

Local Homology Transfer and Stratification Learning

Paul Bendich, Bei Wang and Sayan Mukherjee.

Learning k-Modal Distributions via Testing

Constantinos Daskalakis, Ilias Diakonikolas and Rocco Servedio.

Session 8B

An O(n2) Time Algorithm for Alternating Büchi Games

Krishnendu Chatterjee and Monika Henzinger.

Efficient Algorithms for Maximum Weight Matchings in General Graphs with Small Edge
Weights

Chien-Chung Huang and Telikepalli Kavitha.

A Scaling Algorithm for Maximum Weight Matching in Bipartite Graphs

Ran Duan and Hsin-Hao Su.

List-Coloring Graphs without Subdivisions and without Immersions

Ken-Ichi Kawarabayashi and Yusuke Kobayashi.

Session 8C

Fast zeta transforms for point lattices

Andreas Björklund, Thore Husfeldt, Petteri Kaski, Mikko Koivisto, Jesper Nederlof and Pekka Parviainen.

Deterministic Construction of l-type Ellipsoids and its Application to Derandomizing
Lattice Algorithms

Daniel Dadush and Santosh Vempala.

Constructing high order elements through subspace polynomials

Qi Cheng, Shuhong Gao and Daqing Wan.
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Improved Output-Sensitive Quantum Algorithms for Boolean Matrix Multiplication

Francois Le Gall.

Session 9A

A Proof of the Boyd-Carr Conjecture

Frans Schalekamp, David Williamson and Anke Van Zuylen.

Traffic-redundancy aware network design

Siddharth Barman and Shuchi Chawla.

Approximating Rooted Steiner Networks

J. Cheriyan, Bundit Laekhanukit, Guyslain Naves and Adrian Vetta.

Matroidal Degree-Bounded Minimum Spanning Trees

Rico Zenklusen.

Approximation Algorithms for Stochastic Orienteering

Anupam Gupta, Ravishankar Krishnaswamy, Viswanath Nagarajan and R. Ravi.

Session 9B

Expanders are Universal for the Class of all Spanning Trees

Daniel Johannsen, Michael Krivelevich and Wojciech Samotij.

Directed Nowhere Dense Classes of Graphs

Stephan Kreutzer and Siamak Tazari.

Bidimensionality and Geometric Graphs

Fedor V. Fomin, Daniel Lokshtanov and Saket Saurabh.

Weighted Capacitated, Priority, and Geometric Set Cover via Improved Quasi-Uniform
Sampling

Timothy Chan, Elyot Grant, Jochen Koenemann and Malcolm Sharpe.

Submodular Functions are Noise Stable

Mahdi Cheraghchi, Adam Klivans, Pravesh Kothari and Homin Lee.

Session 9C

Random Walks, Electric Networks and The Transience Class problem of Sandpiles

Ayush Choure and Sundar Vishwanathan.

Information Dissemination via Random Walks in d-Dimensional Space

Henry Lam, Zhenming Liu, Michael Mitzenmacher, Xiaorui Sun and Yajun Wang.

Rumor Spreading and Vertex Expansion

George Giakkoupis and Thomas Sauerwald.

Ultra-Fast Rumor Spreading in Social Networks

Nikolaos Fountoulakis, Konstantinos Panagiotou and Thomas Sauerwald.
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The mixing time of the Newman--Watts small world

Louigi Addario-Berry and Tao Lei.

Session 10A

Outperforming LRU via Competitive Analysis on Parametrized Inputs for Paging

Gabriel Moruz and Andrei Negoescu.

An O(log k)-competitive Algorithm for Generalized Caching

Anna Adamaszek, Artur Czumaj, Matthias Englert and Harald Räcke.

Simultaneous Approximations for Adversarial and Stochastic Online Budgeted Allocation

Vahab Mirrokni, Shayan Oveis Gharan and Morteza Zadimoghaddam.

Improved Competitive Ratio for the Matroid Secretary Problem

Sourav Chakraborty and Oded Lachish.

Session 10B

Fixed-Parameter Tractability of Directed Multiway Cut Parameterized by the Size of the
Cutset

Rajesh Chitnis, Mohammadtaghi Hajiaghayi and Dániel Marx.

Erd\H{o}s-P\'osa property and its algorithmic applications --- parity constraints,
subset feedback set, and subset packing

Naonori Kakimura, Ken-Ichi Kawarabayashi and Yusuke Kobayashi.

Subexponential Parameterized Algorithm for Minimum Fill-in

Fedor V. Fomin and Yngve Villanger.

Shortest Cycle Through Specified Elements

Andreas Björklund, Thore Husfeldt and Nina Taslaman.
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