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Abstract. We relate the exponential complexities 2°®)™ of k-saT and
the exponential complexity 250235407 of T[,3-SAT (evaluating formulas
of the form Vx3ye¢(x,y) where ¢ is a 3-CNF in « variables and y vari-
ables) and show that s(co) (the limit of s(k) as k — oo) is at most
s(II23-SAT). Therefore, if we assume the Strong Exponential-Time Hy-
pothesis, then there is no algorithm for II33-SAT running in time 2"
with ¢ < 1. On the other hand, a nontrivial exponential-time algorithm
for T123-SAT would provide a k-SAT solver with better exponent than all
current algorithms for sufficiently large k. We also show several syntactic
restrictions of I123-SAT have nontrivial algorithms, and provide strong ev-
idence that the hardest cases of II123-SAT must have a mixture of clauses
of two types: one universal literal and two existential literals, or only ex-
istential literals. Moreover, the hardest cases must have at least n — o(n)
universal variables, and hence only o(n) existential variables. Our proofs
involve the construction of efficient minimally unsatisfiable k-CNFs and
the application of the Sparsification Lemma.

1 Introduction

From the viewpoint of exponential complexity of NP-complete problems, the
most studied and best understood problems are probably the restricted versions
of the general satisfiability problem (SAT), in particular, k-SAT, the restriction
of SAT to k-CNFs, and CNF-SAT, the restriction to general CNF's. There has been
a sequence of highly nontrivial and interesting algorithmic approaches to these
problems [Sch99, [PPZ99, [PPSZ05, [Sch05, DW05], [Rol05], where the best known
constant factor improvements in the exponent are of the form 1 — 1/60(k) for
k-saT and 1 — 1/60(lgc) for CNF-SAT with at most cn clauses. More recently,

* This research is supported by supported by the Simonyi Fund, the Bell Company
Fellowship and the Fund for Math, and NSF grants DMS-083573, CNS-0716790 and
CCF-0832797.

** This research is supported by NSF grant CCF-0947262 from the Division of Com-
puting and Communication Foundations. Any opinions, findings and conclusions or
recommendations expressed in this material are those of the authors and do not
necessarily reflect the views of the National Science Foundation.

V. Raman and S. Saurabh (Eds.): IPEC 2010, LNCS 6478, pp. 50 2010.
© Springer-Verlag Berlin Heidelberg 2010



On the Exact Complexity of Evaluating Quantified k-CNF 51

the algorithmic approaches have been generalized to obtain improved exponen-
tial time algorithms for bounded-depth linear size circuits [CIP09]. Also, a se-
quence of papers ([IPZ98, TP01l, [CIKPO0S8, [CTP06]) has shown many nontrivial
relationships between the exponential complexities of these problems, and helped
characterize their hardest instances (under the assumption that they are indeed
exponentially hard).

We consider the complexity of evaluating a quantified k-CNF ¢. A quantified
k-CNF is a quantified expression of the following form Q@1 - - - Q;x; ¢ where ¢ €
k-CNF, each x; is a tuple of Boolean variables, and each Q; € {V,3}. Similarly,
we define a quantified circuit to be a quantified expression Q@1 - - - Q;x; ¢ where
¢ is a Boolean circuit. For k = 2, the problem of evaluating quantified k-CNF
can be solved in linear time [APT79], but for k¥ > 3, it is PSPACE-complete.
Note that the exponential complexity of evaluating arbitrary quantified circuits
C, which is at least as hard, is at most 2"poly(|C|): evaluation of a circuit can be
carried out in time polynomial in its size, and backtracking need explore at most
2™ paths, each of length at most n, where n is the number of variables of the
input (and this only requires polynomial space as well). We ask whether there
exist nontrivial exponential-time algorithms for evaluating quantified k-CNF for
k > 3.

Since we cannot hope for a nontrivial, unconditional result about the expo-
nential complexity of qantified k-CNF, we will relate the exponential complexity
of evaluating quantified k-CNF to the exponential complexities of k-SAT. As in
[IP0T], we define the exponential complexity of an evaluation problem @ to be
s(P) = inf{c|3 a randomized algorithm for evaluating an instance ¢ of ¢ with
time complexity poly(m)2°" where m is the size of ¢ and n is the number of
variables}. While [TP01] did not explicitly use the words ‘randomized algorithm’
in its definition of s(k) (it uses the word ‘algorithm’ without qualification), it
meant to employ a broader class of algorithms (randmozed algorithms) so as to
define the constants s(k) robustly.

Let ETH denote the Exponential-Time Hypothesis: s(3) > 0. Let s(oo) de-
note the limit of the sequence {s(k)}. [[P01] proposed the open question whether
s(00) = 1, which we will call the Strong Exponential-Time Hypothesis (SETH).
Since the best known upper bounds for s(k) are all of the form 1 — 1/0(k),
SETH is plausible.

As with CNF-SAT, we will consider various syntactic restrictions of quanti-
fied k-SAT to arrive at a minimally complex set of formulas which are as hard
as the standard existentially quantified 3-CNFs as far as exponential complex-
ity is concerned. However, merely bounding k does not seem to be enough.
Our main restriction is to bound the number of alternations of quantifier type.
Define II;k-SAT (X;k-SAT) as the problem of evaluating a quantified k-ONF
Q11 - Q;xz; ¢ where ¢ € k-CNF, each x; is a tuple of Boolean variables, and
each Q; € {V,3} is V iff j is odd (even). Using the earlier notation, s(II;k-SAT)
and s(X;k-SAT) denote the exponential comlexities of the evaluation problems
IT;k-sAT and X;k-SAT respectively. Note that k-SAT is the same problem as
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Y1 k-sAT (also, s(k) = s(X1k-SAT) ) and that II; k-SAT is the problem of evalu-
ating universally quantified k-CNF, which can be done in polynomial time.

Our main result is s(00) < $(I123-SAT). Thus SETH would imply that for
[133-sAT, virtually no improvement over the 2" exhaustive search algorithm is
possible. Since II;k-SAT is at least as hard when ¢ > 2, k > 3, the complexity
of problems in the polynomial hierarchy would seem to top off rather early. Of
course, SETH is a very strong assumption, so this evidence should be considered
weak. Conversely, a single nontrivial algorithm for II53-SAT would provide a
k-SAT solver better than all current algorithms for sufficiently large k.

We also show several syntactic restrictions of IIs3-SAT that have nontrivial
algorithms, concluding that the hardest cases of [I33-SAT must have a mixture of
clauses of two types under the assumption SETH: one universal literal and two
existential literals, or only existential literals. Algorithmic design may benefit by
concentrating on the hard cases, in much the same way that much of the progress
in k-SAT solvers has been driven by focusing on the hard cases — when there are
a linear number of clauses, only one solution, expanding variable-dependence
graph, etc.

Lastly, we relate the exponential complexities s(II;k-SAT) (s(X;k-SAT)) for
various i, k when the clause density is not too high, although it may well be that
these are all simply 1.

[Wil02] explored similar problems, namely exponential upper bounds for solv-
ing quantified constraint satisfaction problems (QCSP) with domain size d and
cn constraints, each of width < k. When d = 2 and the formula is in k-CNF,
we’ll call this k-QCNF. [Wil02] solves QCSP for d = 3 in time O(2:%6%") QCNF
in O(2:%35¢") time and space, 3-QCNF in time O(2:51%°") and the special case
of 3-QCNF with ¢ = 1 in time O(2:4%2"). Each of these techniques outperforms
exhaustive search only when c¢ is very small, certainly no more than 2. This is
probably not an accident: our results suggest that finding a substantially im-
proved algorithm for moderate ¢, even for low quantifier depth, is unlikely.

The main step of our lower bound proof is to encode a k-CNF as a [133-CNF
using only o(n) additional variables. For this encoding, we construct a mini-
mally unsatisfiable CNF formula with many clauses while using few additional
variables. Another key technique in our proofs is the Sparsification Lemma
[IPZ98, [CTPO6):

Lemma 1 (Sparsification Lemma). 3 algorithm A Vk > 2;e € (0,1],¢ €
k-CNF with n variables, Ay (¢) outputs a sequence ¢1,...,¢s € k-CNF with
nO®) delay such that

1. s < 2"
2. sol(¢) = |, sol(¢;), where sol(¢) is the set of satisfying assignments of ¢
3. Vi € [s] each disjunction of h literals occurs < O(*)3*=1) times in ¢;, which
also implies
(a) each literal occurs < O(%)3* times, or < O(!1g!) times for k = 2, in
b
(b) il < O(%)*n.
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1.1 Notation

A CNF is a set of clauses and a clause is a set of literals. A CNF F is regarded
as a formula at times and as a set of clauses at other times. Intended meaning
should be clear from the context. For example, F' C G indicates that the CNF's
F and G should ve viewed as sets of clauses. |F'| denotes the number of clauses
in the CNF F. A k-clause contains at most k literals. A k-CNF is a CNF which
contains only k-clauses. We also use CNF to denote the set of all CNFs. If ¢ is
a formula, then var(¢) denotes set of variables occurring in ¢. If a is a partial
assignment to the variables of ¢, ¢|a denotes the restriction of ¢ to a. We use
SAT to denote the set of satisfiable formulas.

2 II,3-SAT Lower Bound

Our proof uses a construction similar to [Che(09], proposition 3.2, that allows us
to reduce the clause width of a k-CNF using a small number of new quantified
variables. For this, we need for all £’ a “minimally unsatisfiable” k¥’-CNF which
includes a large number of ¥/ — 1 clauses. Moreover, we would like to employ
as few additional variables as possible, certainly no more than o(n) additional
variables. The following construction suffices for our purposes. However, it is an
open question whether there are other constructions that employ fewer variables.
Our construction differs from [Che09] primarily in its efficiency, since we are more
concerned with exponential complexity rather than hardness for a class closed
under polynomial time reductions, such as NP or coNP.

Say a pair (F,G) of formulas in CNF is minimally unsatisfiable iff VF' C
F ((F' ANG) ¢ SAT «— F’ = F). In other words, pair (F,G) is minimally
unsatisfiable iff F'A G is unsatisfiable, but for any proper subset F/ C F, F' AG
is satisfiable. Say that ¢ € CNF is combinable with (F,G) iff |¢| < |F| and
var(¢) Nvar(F AG) = 0. In this case, letting f :  — F be an arbitrary injection,
we define

combine(¢, F,G) = GU{{I} U f(O) |l € C € ¢} U (F — range(f)),

i.e., starting with G, for each clause C' of ¢ and literal [ of C, we add a clause
meaning “l implies the clause of F' corresponding to C”; and any clauses of F’
that are left over get added as-is, without adjoining a literal.

Lemma 2. Let ¢ be combinable with minimally unsatisfiable (F,G) and ¢' =
combine(p, F, G). Then Ya € {0,1}V(%) (¢(a) = 1 < ¢'la ¢ SAT). In other
words, for every assignment to the variables of ¢, ¢la evaluates to true iff ¢'|a
1s unsatisfiable.

Proof. This is simply because in ¢, after assigning to var(¢), each clause f(C)
appears in the resulting formula iff some literal [ € C' is assigned true. Note that
this does not depend on the specific injection f: ¢ — F. a

Lemma 3. Vk > 3, given m € N, one can construct in time poly(m), F €
(k —1)-CNF and G € k-CNF such that
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— (F,G) is minimally unsatisfiable
—|F[>m
2
— |var(FAG)| < 57 s,
Proof. Let 1 =[m K 1. Consider a (k—1) x I matrix A of Boolean variables z; ;
and the contradictory statements

1. “every row of A contains a 17,
2. “every choice of one entry from each row contains a 0”.

k—1

We can express [Il by using at most [ new variables y; ; and k-clauses G

k—2

as follows. For each ¢, partition x;1,...,2;; into b = [kig] blocks of size at
most k£ — 2. Add to G k-clauses expressing that y; 1 is the OR of the variables
of the first block; y; ; is the OR of y; ;1 and the variables of the jth block, for
j € [2,b—1]; and that the OR of y;,—1 and the variables of the bth block is
true. Note that y = 21 V 23 V -+ V 2 can be expressed as an (I + 1)-CNF since
every Boolean function in n variables can be expressed as a CNF where each
clause has width at most n. We can express[2l by using a set F' of (k— 1)-clauses
where |F| = [*~1 > m. Each clause in F is a disjunction of the negations of the
variables in the matrix where each row contributes exactly one variable. F' and
G have the desired properties. g

Corollary 1. Vk, k' > 3, given ¢ € k-CNF with n variables x and m clauses, one

can construct in time poly(n), ¢’ € k'-CNF with n variables x and (kk,,:lj [m k’lfl-|
variables y such that Va € {0,1}(®) (¢(a) = 1 < ¢'|a ¢ SAT). In particular,

¢ € SAT iff VxIy ¢’ is false.

Proof. Use lemma [ to construct minimally unsatisfiable (F, G) with F € (k' —

1)-0NF, G € K'-ONF, |F| = m, [var(F A G)| < ® 7D [mw"17, and var(e) N

var(F' A G) = . Let ¢’ = combine(¢, F, G) and apply lemma 21 O
Theorem 1. s(c0) < s(II23-SAT).

Proof. Fix k and € > 0. We will show that s(k) < s(I123-SAT) + 4e. Let ¢ be
a k-CNF with n variables. Use Lemma [I] to sparsify ¢ into at most 2¢® many
subformulas ¢; so that each has at most m = | |? clauses for all sufficiently
large n. By corollary [l with k' = 3, for each ¢;, we can construct in time poly(n)
a y; € Il23-CNF with (1 + €)n variables such that ¢, € SAT iff ¢; is false. So
¢ € SAT iff v; is false for some i. Evaluating each ; with some II53-SAT solver

with exponential complexity < s(II33-SAT) + €, we see that
s(k) < (s(I123-SAT) + €)(1 + €) + € < s(I133-SAT) + 4e. |

The previous result puts us in an interesting situation. [IP01] showed that ETH,
namely that s(3) > 0, implies s(k) increases infinitely often as a function of k.
Consider the following much weaker analogue.

Conjecture 1. ETH = 3¢ > 2,k > 3 s(IL;k-sAT) < s(Il;41k + 1-SAT).
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Conjecture[l] together with Theorem[I would imply that s(co) < 1. To see this,
assume that for some i and k, s(II;k-SAT) < $(Il;11k + 1-SAT). Since s(II; 11k +
1-sAT) < 1, it follows that s(I133-SAT) < s(I1;k-SAT) < 1, which implies s(o0) <
1 by Theorem [Il

3 Algorithms for Two Special Cases

In this section, we show that Quantified CNF-SAT has a poly time algorithm if
each clause has at most one existential literal and that II53-SAT has a nontrivial
algorithm if each clause has at least one universal literal. The purpose of such
theorems is to find where the hard cases of II;k-SAT lie.

In a quantified CNF, we say that two clauses A, B disagree on variable x iff
one of A, B contains x and the other contains —x. A, B are resolvable iff they dif-
fer in exactly 1 variable x, and the resolvent is resolve(A, B) = AU B — {z, ~z}.
Also, define eliminate(A) to be A after removing any universal literal [ of A
for which no existential literal I’ of A occurs after [ in the order of quantifica-
tion. A, B are @Q)-resolvable iff they are resolvable on an existential variable, and
the Q-resolution operation is qresolve(A, B) = eliminate(resolve(A, B)). Biining,
Karpinski and Flogel [BKF95] introduced the Q-resolution proof system and
showed that it is sound and complete, in the sense that a quantified CNF is
false iff the empty clause can be derived by first replacing each clause C' by
eliminate(C') and then repeatedly applying qresolve to generate new clauses.

Theorem 2. Lety =Vaxy Jxg -V, ¢ be a quantified Boolean formula where
each clause of ¢ € CNF has at most one existential literal. Then i can be
evaluated in polynomial time.

Proof. Since each clause contains at most one existential literal, any application
of the Q-resolution operator will produce the empty clause. Letting ¥’ be ¢ after
replacing each clause C' by eliminate(C'), 1 is true iff ¢)’ does not contain the
empty clause and no two clauses are Q-resolvable in 1)’ a

Theorem 3. Let ¢y = Vo Jy ¢, where ¢ € 3-CNF. If each clause of ¢ has at
least one universal literal, then 1 can be evaluated in time 2°™ for some ¢ < 1.

Proof. Let G = (V, E) where

V ={existential literals of ¢}
E ={(a,b) labeled with ¢ | (a VbV ¢) is a clause of ¢

and a, b are existential and c is universal}.

While we define the graph G assuming that each clause has exactly two exis-
tential literals and one universal literal, other cases can be handled as well. For
example, if (a VbV ¢) is a clause with a as the sole existential variable and
the remaining two literals b and ¢ are universal, we introduce the edge (a,a)
with the label b A c. 2-clauses can be treated similarly. Branching rules used in
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[Wil02] can also be applied to reduce the fomulas with these special types of
clauses (clauses with more than one universal literal or 2-clauses) to formulas
with clauses containing exactly one universal literal and two existential literals.

A consistent path in G is a path such that no two edge labels disagree, a
consistent cycle is a consistent path that is a cycle. Consistency of a path can
be checked in polynomial time since all labels are products of literals. Then ) is
false iff there is an existential variable z such that there is a consistent cycle in
G containing nodes z, z.

Notice that a simple cycle containing nodes z, zZ cannot use more edge labels
than 4en, where en is the number of existential variables. So we can test whether
there is a consistent cycle in G containing z, Z in time at most poly(|w|)(fgl) <
poly(|t£])22#(2)" where h is the binary entropy function.

If € is large, we can exhaustively search over all settings of the univer-
sal variables and then use a 3-SAT algorithm on the rest. If our 3-SAT algo-
rithm runs in time 2537 then the combined algorithm runs in time at most
min{2(1-)ntes@)n 92h(2)nY which is maximized at about € = .05 for s(3) = .403
and yields a run time of at most 2:97". If s(3) is smaller, this value would be
even smaller. Also, there is already an algorithm for 3-sAT with s(3) < .403
[Rol05]. O

It is unlikely that we can find a polynomial time algorithm for the variant where
each clause has at least one universal literal because of the following.

Theorem 4. The language of true I133-CNF formulas where each clause has at
least one universal literal is coNP-complete.

Proof. The language is in coNP because a witness for falsehood is a consistent
cycle containing some existential variable z and its negation z. To show coNP-
hardness, we reduce from 3-UNSAT. Let ¢ € 3-CNF have n variables & and m
clauses. Assume without loss of generality that m is even, otherwise, just repeat
some clause twice. Let n’ = ', y = (y1,...,yn) be new variables, and consider
the following contradictory 2-CNF:

F={(yi = vi+1), Wir1 = yi) i € [0 =1} U{(yn — 71), (51 — yn') }-

Then the pair of formulas (F, () is minimally unsatisfiable and |F| = m. By
Lemma [2] ¢ = Vx3y combine(¢, F, D) is a [133-CNF with at least one universal
variable in each clause and such that ¢ € SAT iff ¢ is false. O

The coNP-hardness of theorem Ml also follows from [Che09], proposition 3.2, if one
observes that the number of universal variables in each constraint constructed
there is 1.

4 Reduction to a Canonical Form

Theorems [I] and [3] together suggest that pure existential clauses (those with
only existentially quantified literals) and clauses with a mixture of universal and



On the Exact Complexity of Evaluating Quantified k-CNF 57

existential literals are both essential to make an instance of II33-SAT hard. Below
we present further evidence of this.

Let II33-SAT’ be the special case of II33-SAT where each clause is one of just
two types:

(1) one universal literal and two existential literals
(2) pure existential.

We then obtain the following theorem, which uses the same idea as in [Wil02]
and follows from the algorithm therein.

Theorem 5. s(II23-sAT') < 1 = s(II23-sAT) < 1.

Proof. Let A be an algorithm with run time < O(2°") with ¢ < 1 for II33-sAT’.
Given a IT33-CNF, do this: while there is a clause other than types (1) or (2),
i.e., a clause C' with at least one universal variable and at most one existential
variable, reject if there is no existential variable in C, but otherwise branch on
the universal variables. One of the branches will force the existential variable.
Each formula at a leaf has only clauses of type (1) or (2), so apply algorithm A.
This solves the general case in time at most O(29") where d = max{c, 1%7} <1.

O

We may also assume, without loss of generality, that in a II;k-SAT the number
of existential variables is o(n), since otherwise we could branch on every possible
setting of the universal variables and then invoke a k-SAT solver to obtain a
nontrivial algorithm.

5 Parameter Trade-Off at Higher Levels of the Hierarchy

In the next theorem, we show that when confronted with a II;k-SAT instance,
one may be able to reduce k to k' < k if one is willing to increase 7 by 1, and the
input clause density is not too high. If m is a function, let X;k-SAT,,, (IT;k-SAT,,)
be 3;k-SAT (IL;k-SAT) but where the number of clauses is promised to be at most
m(n).

Theorem 6. Let k, k' > 3,m € o(n* ).V odd i > 1,

$(2;k-SAT,,)
s(IT;k-SAT,,)

< S(HZ‘+1 k‘/—SAT)
< s(%;k'-sAT)

(which is uninteresting for i = 1 since II1k-SAT is in P). ¥V even i > 2,

11
$(2:k-SAT,) < s(I;k'-SAT)
s(IL;k-SAT,, ) < s(3;11k'-SAT)

Proof. Consider a quantified formula Q11 - - - Q;x; ¢ where each Q) is a quan-
tifier, each x; is a tuple of Boolean variables, and ¢ is a k-CNF with n variables
x and < m(n) clauses. Using corollary [l Ve > 0 and for sufficiently large n, we
can construct in polynomial time a k’-CNF ¢’ such that
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— ¢’ has (1 + €)n vars: « and en new ones y
— for each assignment a to x, ¢(a) = 1 iff ¢’|a ¢ SAT.

So
iz Qixi ¢
Qi Qi ~Jy ¢
S-Q\x1 - QixiTy ¢
where Q’j is existential iff @); is universal. O

It would be nice to eliminate the requirement that ¢ have at most o(nk,_l)
clauses. One might try to do this by first sparsifying ¢, but the possibly complex
quantification of the variables prevents this.

Acknowledgments. We thank the reviewers for their helpful comments.
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Preface

The International Symposium on Parameterized and Exact Computation (IPEC,
formerly IWPEC) is an international symposium series that covers research in
all aspects of parameterized and exact algorithms and complexity. Started in
2004 as a biennial workshop, it became an annual event from 2008.

The four previous meetings of the IPEC/TWPEC series were held in Bergen,
Norway (2004), Ziirich, Switzerland (2006), Victoria, Canada (2008) and Copen-
hagen, Denmark (2009). On recommendations of the Steering Committee, from
this year, the word ‘symposium’ replaces the word ‘workshop’ in the name, and
it gets a new abbreviation IPEC (rhyming with the old one IWPEC).

IPEC 2010 was the fifth symposium in the series, held in Chennai, India,
during December 13-15, 2010. The symposium was co-located with the 30th
Foundations of Software Technology and Theoretical Computer Science confer-
ence (FSTTCS 2010), a premier theory conference in India.

At TPEC 2010, we had three plenary speakers: Anuj Dawar (University of
Cambridge, UK), Fedor V. Fomin (University of Bergen, Norway) and Toby
Walsh (NICTA and University of New South Wales, Australia). The abstracts
accompanying their talks are included in these proceedings. We thank the speak-
ers for accepting our invitation and for their abstracts.

In response to the call for papers, 32 papers were submitted. Each submission
was reviewed by at least four reviewers. The reviewers were either Program
Committee members or invited external reviewers. The Program Committee
held electronic meetings using the FasyChair system, went through extensive
discussions, and selected 19 of the submissions for presentation at the symposium
and inclusion in this LNCS volume.

From this year IPEC also started the tradition of awarding excellent student
paper awards. This year the award was shared by two papers, “Small Vertex
Cover Makes Petri Net Coverability and Boundedness Easier” by M. Praveen and
“Inclusion/Exclusion Branching for Partial Dominating Set and Set Splitting”
by Jesper Nederlof and Johan M. M. van Rooij. We thank Frances Rosamond
for sponsoring the award.

We are very grateful to the Program Committee, and the external review-
ers they called on, for the hard work and expertise which they brought to the
difficult selection process. We also wish to thank all the authors who submitted
their work for our consideration. Special thanks go to Meena Mahajan and her
team for the local organization of IPEC 2010. We thank, in particular, Neeldhara
Misra and Geevarghese Philip for help in maintaining the website of IPEC 2010.



VI Preface

Finally, we thank the Institute of Mathematical Sciences for the financial sup-
port, its staff for the organizational support, and the editors at Springer for their
cooperation throughout the preparation of these proceedings.

December 2010 Venkatesh Raman
Saket Saurabh
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