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Abstract. The independence number of Cayley graphs has proved to be an important topic in
discrete mathematics, information theory, and computer science [18, 2]. In early 2017, Kane,
Lovett, and Rao provided a novel technique to compute such bounds via representation theory.
While earlier works had used the representation theory of abelian groups to analyze independent
sets [29, 3, 14], Kane et al. were the first to bring analysis of a non-abelian group, Sn , to the table,
proving an independence bound for the Birkhoff graph. This work aims to provide background,
intuition, and novel applications of Kane et al’s new technique in order to show its efficacy and
robustness across a variety of circumstances. In particular, we first show how the KLR technique
builds off of the Hoffman bound which recovers special cases of closed-form bounds given by
Delsarte’s linear program on abelian Cayley graphs associated to Aq (n, d). Second, we explain
how the KLR technique employs structure vs randomness for non-abelian groups, and show that
the technique generalizes to the hyperoctahedral group.
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1. Introduction
The Maximum Independent Set problem (Max-Ind-Set), computing the maximal size of an independent set in a graph G, has been a long-standing and important problem in discrete mathematics
and computer science.
Definition 1.1 (Independent Set). Given a graph G(V, E), a subset A ⊆ V is independent if
∀v, v 0 ∈ A, (v, v 0 ) ∈
/ E. The size of the largest independent set in G is the graph’s independence
number α(G).
Max-Ind-Set gave rise to a number of important topics in optimization, information theory, and
complexity. In 1979, Lovasz showed that Max-Ind-Set may be estimated via a semi-definite program,
providing the first example of an increasingly popular optimization scheme, and showed the importance of independence number for channel coding [27, 1]. In addition, Max-Ind-Set has a rich history
in hardness, both as one of Karp’s original NP-hard problems, and as one of the first problems in
hardness of approximation [24, 19].
Cayley graphs, which provide a geometric interpretation of a group, have held a similar spot of
importance.
Definition 1.2 (Cayley Graph). Given a group G and generator set S ⊆ G, the Cayley graph with
base group G and generator set S, Cay(G,S), is the graph (V, E) where V = G, and (g, g 0 ) ∈ E iff
g = sg 0 for some s ∈ S.
Cayley graphs have far-reaching applications in algebraic graph and geometric group theory, such
as in the study of Hamiltonicity, as well as in computer science in areas such as network architecture
and graph theory [26, 11]. Cayley graphs are often used in the construction of expander graphs
[2], and the spectra of any graph with a transitive automorphism group reduces to the spectra of a
Cayley graph [6].
This paper focuses on the combination of these two concepts: the independence number of Cayley
graphs. In the past, solving Max-Ind-Set even for specific Cayley graphs has proved important
in discrete math, information theory, and computer science [2]. For instance, it is this problem
that underlies the theory of error correcting codes. In 1950, Richard Hamming published a paper
explaining how to build a code which allowed for the recovery of data despite a limited amount of
corruption [18]. Hamming’s “q-ary codes” are subsets of Znq equipped with a metric called Hamming
distance, such that no two elements in the subset are close to each other.
Definition 1.3 (Hamming Weight and Distance). The Hamming weight |g| of an element g ∈ Znq
is the number of non-zero components of g. The Hamming distance d(g, h) for g, h ∈ Znq is the
Hamming weight of their difference |g − h|.
Formally, Hamming defines a q-ary code of distance d and size n (called an (n, d)-code) to be a
subset of Znq such that the minimum Hamming distance between any two elements (or codewords)
is d. Intuitively, it is clear that such a code can correct up to b d−1
2 c errors, simply by finding the
nearest codeword. Of course, a code with few elements is not so useful–we would like to encode as
much data as possible! This raises the natural question of exactly how large a q-ary (n, d)-code can
be, a number now referred to as Aq (n, d) [31]. Hamming provided an initial upper bound to Aq (n, d)
via sphere-packing, and proved that in certain cases his constructed codes achieved the bound [18].
Computing improved bounds on Aq (n, d) has remained one of the largest open problems in coding
theory since the 1950’s.
How does this relate to Cayley graphs or independent sets? Let Sq (n, d) = {g ∈ Znq | |g| < d}. An
(n, d)-code is exactly an independent set of G = Cay(Znq , Sq (n, d)), and Aq (n, d) = α(G)! In other
words, this problem at the heart of coding theory is exactly the independence bound of an abelian
Cayley graph.
This paper focuses on a novel technique introduced last year by Kane, Lovett, and Rao (henceforth referred to as the KLR technique) to compute an independence bound on Cayley graphs via
representation theory. In particular, Kane et al. study a Cayley graph of Sn called the Birkhoff
graph Bn = Cay(Sn , C), where C ⊂ Sn is the set of pure cycles, and prove the following upper
bound:
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Theorem 1.4 (Theorem 1.8 in [23]). For any independent set A ⊆ Bn , |A| ≤

n!
2

n−4
2

=

|Bn |
2

n−4
2

n!
, super-polynomial in the denominator,
The best previously known bound was α(Bn ) ≤ nlog(n)
but not exponential [16]. Further, KLR prove this bound is near-tight.
The use of representation theory itself in this area is hardly new. Earlier works, for instance, used
the representation theory of Fn2 to improve bounds on A2 (n, d) [29], or Fnq to examine structural
properties of independent sets [3, 14]. What makes the KLR technique special is its ability to deal
with more complex, and in particular non-abelian groups. Our work provides intuition, explanation,
and examples of the KLR technique, and in doing so recovers or improves previous independence
bounds on Cayley graphs with varying base groups and generator sets. With this in mind, we argue
that the KLR technique may in some sense be the “correct” way to view the independence number
of Cayley graphs.

1.1. Our Results. We begin by examining the Hoffman bound, an independence bound for dregular graphs, and its applications to Cay(Znq , Sq (n, d)). Further, we show that the KLR technique
may be viewed as an extension of the Hoffman bound which allows for the exploitation of structure
vs randomness via representation theory. Recall a graph is d-regular if every vertex has exactly d
edges, and a graph’s adjacency matrix is the indicator function for its edge set.
Theorem 1.5 (Hoffman). Given a d-regular graph G(V, E), |V | = n, whose adjacency matrix A
has eigenvalues λ1 ≥ . . . ≥ λn , an independent set S must satisfy:
−λn
|S| ≤ n
d − λn
The eigenvalues of Cay(Znq , Sq (n, d)) have a well known form as Krawtchouk polynomials:
q
Lemma 1.6 (Prop 25 in [22]). Let Kn,k
(x) be the Krawtchouk polynomials, defined by:
 

k
X
n−x
q
i
k−i x
(−1) (q − 1)
Kn,k (x) =
i
k−i
i=0

Given g ∈ Znq the corresponding eigenvalue λg of eigenvector χg is the Krawtchouk polynomial:
q
λg = Kn−1,d−1
(|g| − 1) − 1

How good is the Hoffman bound in this case? Here we require a bit more background into the
history of Aq (n, d). Hamming’s bound stood largely untouched until the 1970s, when Delsarte found
a linear program which provided uniform improvement [12]. Delsarte’s bound has stood relatively
untouched up to today, with only slight improvements given by semi-definite over linear programs
[28]. We look at the specific case of distance 3, q 6= 2, and show that Theorem 1.5 recovers Delsarte’s
bound for n ≡ 1, 2 (mod q), and Hamming’s bound for n ≡ 3 (mod q).
Corollary 1.7. For n ≡ 1, 2 (mod q), Theorem 1.5 gives
Aq (aq + r, 3) = q n

(q − 1)n − r(q − r)
((q − 1)n + r)((q − 1)n + r − q)

which is exactly the closed-form of Delsarte’s Linear Program for non-binary codes proved in [31].
We do not prove an explicit relation between the Hoffman bound and Delsarte’s Linear Program,
but we briefly discuss the connection between the two methods. Unfortunately, the minimum eigenvalue grows too fast past d = 3 for the Hoffman bound to be tight. This is at least in part because
the method is naive: it assumes the worst distribution of weights across characters in our computation. In particular, it assumes that the entirety of the weight outside of the trivial character occurs
at the same position as the minimum of the Krawtchouk polynomials, which forces our bound to be
large. In some cases, this is the true distribution of the weight–in fact it follows from Corollary 1.7
that this is the case for some perfect codes (codes which attain the Hamming bound). However, in
many cases it may be possible to find a psuedorandomness condition on A which assures a better
distribution of weight and improves our bound, as will be the method for non-abelian groups. We
leave this as an area of further research.
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Our second theorem is an analog to that of Kane et al. and proves that the KLR technique
can be extended to further non-abelian groups. In particular, we examine a Cayley graph of the
hyperoctahedral group S(2, n) = Z2 o Sn (see Section 7 for an in-depth definition), a group with
representations structurally similar to Sn .
Theorem 1.8. Let C be the set of pure cycles in the hyperoctahedral group S(2, n). For any inden
|G|
pendent set A ⊆ Cay(S(2, n), C) = G, |A| ≤ n!2
n−6 =
n−6
2

2

2

2

While this result is an immediate corollary of [23], recovering the analogous near-tight bound using
the representation theory of a more complex group shows the robustness of the KLR technique.
2. Representation Theory
This section provides an overview of general concepts in representation theory essential to understanding the KLR technique and to continue work in the area. For further explanation of this
material, we suggest referring to Artin’s Algebra [5]. If the reader is familiar with representation
theory, they may skip to Section 4.
2.1. Group Representations, G-Modules, and Characters. Representation theory is the reduction of algebra to linear algebra by representing groups as linear transformations.
Definition 2.1 (Representation). An n-dimensional representation f of a group G is a homomorphism f : G → GLn (C), mapping from the group itself to invertible n × n matrices.
While this definition is intuitive, it requires a choice of basis–something we often wish to avoid.
We may define a canonical version, a G-module, which skips this step.
Definition 2.2 (G-Module). An n-dimensional G-module is a vector space V of dimension n
equipped with a homomorphism ρ : G → GL(V ), mapping from the group itself to the general
linear group of V . For elements g ∈ G, and v ∈ V , we often write ρ(g)(v) simply as gv. Thus V is
a G-module in the proper sense, with ρ specifying the group action.
This latter definition may seem somewhat abstract, but such modules are often familiar objects.
Consider, for instance, a group’s action on itself–this is called the regular representation.
Example 2.3 (Regular Representation). Given a group G, the left regular representation is the
G-module such that elements of G are basis vectors of V, and ρ(g)(h) = gh. Similarly, the right
regular representation is given by ρ(g)(h) = hg.
While it may be tempting to compare Fourier coefficients to one-dimensional representations or
G-modules, the analogous concept is in fact the trace of a representation, known as a character of
G. Character is well-defined for G-modules as trace is independent of basis. Characters also exhibit
a property that flies under the radar in abelian groups: they are class functions.
Definition 2.4 (Class Functions). A function χ : G → C is a class function if χ(g) = χ(g 0 ), for
g, g 0 ∈ G that share a conjugacy class.
Example 2.5. Given a group G with conjugacy classes λ1 , . . . , λn , the set membership functions
(
1 g ∈ λi
χλi (g) =
0 g∈
/ λi
form a basis for class functions over G. In the future, we may write χg for an element g ∈ G; this
refers to the set membership function for the conjugacy class of g.
This is the most intuitive, and certainly the simplest basis for class functions over a group G, but
it is far from being the most important. Many important results in representation theory will follow
from what is essentially Parseval’s theorem, that the inner product of these class functions does not
depend on choice of basis. In Fourier analysis, we use this theorem by then examining the Fourier
basis. In representation theory, we will examine the analogous basis, the characters of irreducible
representations of G.
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2.2. Irreducible Representations and the Maschke Decomposition. For finite groups, every
representation has a decomposition into so-called irreducible representations, called the Maschke
Decomposition. Given a G-module V , consider a proper subspace W invariant under the action of
G, that is ∀w ∈ W, gw ∈ W . This structure allows V to be expressed (as a G-module), as W ⊕ W ⊥ .
Further, there exists a basis for which the matrix form of the representation is block diagonal, where
the first block is given by W , and the second by W ⊥ . We may apply this technique until each
vector space in the decomposition has no proper G-invariant subspaces–these are the irreducible
representations. To prove Maschke decomposition, we need a new tool: unitary representations.
Definition 2.6 (Unitary Representations). Recall that an operator T on a vector space V equipped
with a Hermitian product is unitary if ∀v, w ∈ V
hT v, T wi = hv, wi.
Equivalently, if A is the matrix form of the operator T , A is unitary iff A† = A−1 . Likewise, a
representation ρ is unitary if there exists a Hermitian product such that ρ(g) is unitary for all
g ∈ G.
Lemma 2.7. If ρ is a unitary representation of G on a Hermitian space V , and W is a G-invariant
subspace, then ρ = ρW ⊕ ρW ⊥
Proof. If ρ is a unitary representation of G on a Hermitian space V , and W is a G-invariant subspace,
then W ⊥ is G-invariant as well, and ρ = ρW ⊕ρW ⊥ . Basic linear algebra gives V = W ⊕W ⊥ . Further
consider u ∈ W ⊥
hu, wi = hgu, gwi = hgu, w0 i = 0
which implies gu ∈ W ⊥ . Then we have that every unitary representation on a Hermitian vector
space is the direct sum of irreducible representations.

Here we have assumed that our representation is unitary, but this is in fact true in general. Recall
there always exists a positive definite Hermitian form on V {·, ·}; thus for any ρ we can construct
the form required by Definition 2.6 via averaging over G:
1 X
{gv, gw}
hv, wi =
|G|
g∈G

2.3. The Basis of Irreducible Characters. Formally, an irreducible character of a group G is
the trace of a representation (ρ, V ) such that V has no non-trivial G-invariant subspaces. Irreducible
characters provide an orthonormal basis for class functions akin to the Fourier basis. We begin by
showing orthonormality with respect to our standard Hermitian product.
Lemma 2.8 (Artin 10.4.6). Given two class functions, χ, χ0 : G → C, let the Hermitian product
P
1
hχ, χ0 i be |G|
χ(g)χ0 (g). The irreducible characters of G are orthonormal with respect to h·, ·i.
g∈G

Proof. We will say a linear transformation T : V 0 → V is G-invariant if T (gv 0 ) = gT (v 0 ). Note
that the kernel and image of G-invariant maps are G-invariant subspaces of V 0 and V respectively.
Thus for irreducible G-modules ρ,ρ0 with corresponding vector spaces V, V 0 , any G-invariant map
T : V 0 → V is either 0 or an isomorphism (this is known as Schur’s lemma). Given a general linear
transformation on G-modules T : V 0 → V , we would like to build a G-invariant one. We will do this
by taking advantage of translational symmetry and average over G by conjugation:
1 X −1
g T gv
T̃ (v) =
|G|
g∈G

From this point, our analysis will focus around the operator Φ(M ) = M̃ , which maps any linear
transformation to a G-invariant one. We begin by proving T r(Φ) = hχ, χ0 i, where χ and χ0 are
the characters of G-modules V and V 0 respectively. We will need the following result: for m × m
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and n × n matrices A and B, and a function F (M ) = AM B, T r(F ) = T r(A)T r(B). Now let
Fg (M ) = ρ(g)−1 M ρ0 (g), then:
T r(Φ) =

1 X
1 X
1 X
T r(Fg ) =
T r(ρ(g)−1 )T r(ρ0 (g)) =
χ(g)χ0 (g) = hχ, χ0 i
|G| g
|G| g
|G| g

Next we show T r(Φ) = Dim(Im(Φ)). Consider M ∈ Ker(Φ) ∩ Im(Φ). Since it is in the image it
is G-invariant, so Φ(M ) = M = 0. Since the intersection of image and kernel is trivial, we have
L = Im(Φ) ⊕ Ker(Φ). Using the image and kernel to build a basis for L, the matrix form of Φ is a
block form matrix with upper left block given by the identity on Im(Φ), and the lower right block
as identically 0. Thus the trace is the dimension of Im(Φ) as desired. Then for χ, χ0 , characters of
irreducible G-modules, hχ, χ0 i is the dimension of G-invariant transformations and Schur’s lemma
finishes the proof–the dimension of this space is zero if χ and χ0 are irreducible and non-isomorphic,
and one if they are isomorphic.

It is left to show that the irreducible characters form a basis for class functions.
Theorem 2.9 (Artin 10.8.5). The irreducible characters of a group G form an orthonormal basis
for class functions over G.
Proof. Let H be the space of class functions and C ⊆ H be the span of the irreducible characters of
G. We wish to show C = H, which we will do by proving that Dim(C ⊥ ) = 0. Given a class function
P
1
φ ∈ C ⊥ and representation ρ, define a G-invariant map T = |G|
g φ(g)ρ(g). The trace of T is
hφ, χi = 0, and by Schur’s lemma must be scalar multiplication, which implies T = 0. Recall the
left regular representation VG , i.e. left group action with basis eg , g ∈ G, ρreg
g (eh ) = egh . The basis
vectors eg are linearly independent elements of VG , but then the ρreg (g) are linearly independent as
well. Putting everything together we have a linear system:
1 X
φ(g)ρreg (g) = 0
|G| g
but then ∀g, φ(g) = 0, and dim(C ⊥ ) = 0 as desired. Thus the irreducible characters span the entire
space of class functions, providing an orthonormal basis.

2.4. Induced Representations. On a different note, in this work we will often desire to induce a
representation from a subgroup onto the parent group.
Definition 2.10 (Induced Representations). For H ≤ G, a left-transversal t1 , ..., tl , and a repre−1
sentation of H, Y , the induced representation on G is Y ↑G
H (g) = Y (ti gtj ), such that Y (g) = 0 if
g∈
/ H. The representation is independent of the chosen transversal.
We leave out the proof that this is in fact a representation, but it is detailed in Sagan [32]. For
us, the most important case will be when our subgroup representation Y is trivial.
Example 2.11 (Permutation Representation). Given a subgroup H ≤ G, inducing from the trivial
representation of H gives the Permutation Representation of H, 1 ↑G
H , a representation we will use
heavily in our computations.

3. The Hoffman Bound for Cayley Graphs
There are two conditions any new independence bound must meet to be of interest: first, it
must be tight in certain cases, and second, it must outperform the Hoffman bound. In fact, the
KLR technique may be seen as a sort of generalization of the Hoffman bound to take advantage
of representation theory and pseudorandmoness. Thus as a baseline, we will first examine how the
Hoffman bound performs on Cayley Graphs.
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3.1. The Hoffman Bound. The Hoffman bound requires two additional graph theoretic definitions: regularity and the adjacency matrix.
Definition 3.1 (d-regular). An undirected graph G(V, E) is d-regular if every vertex v has exactly
d edges.
Recalling our definition from the introduction, Cayley graphs then are |S|-regular. One often
wishes to consider a graph in matrix form–indeed much of graph theory is done via linear algebra
in this manner.
Definition 3.2. Let G(V,E) be a graph. The adjacency matrix A of G is defined to be:
(
1, (i, j) ∈ E
Aij =
0, else
For an undirected graph, A is always symmetric, which makes spectral analysis a particularly
useful tool. Indeed, in 1970, Hoffman proved an independence bound based on the spectrum of A:
Theorem 3.3 (Hoffman Bound). Let G(V, E) be an undirected d-regular graph, and let A be the
adjacency matrix of G. Let |V | = n, and d = λ1 ≥ . . . ≥ λn be the eigenvalues of A corresponding
to an orthonormal eigenbasis 1/n= v1 , v2 , . . . , vn with respect to the inner product defined in Lemma
2.8. Any independent set S ⊆ V must then sastisfy:
−λn
|S| ≤ n
d − λn
Proof. Let S be an independent set of G, and let f : V → F2 be the indicator function of S. Consider
the inner product hf, Af i. What does the application of the adjacency matrix A do to the indicator
function f ? One can think about it as spreading f out across its neighbors. In particular, Afi > 0
exactly when vertex i shares an edge with an element in S. Since S is independent, hf, Af i = 0.
Let {ai }ni=1 be the coefficients of f in the eigenbasis. We first note two important properties of the
Pn
|S|
2
ai : a1 = hf, v1 i = |S|
i=1 ai = n . Now we can prove the theorem:
n , and hf, f i =
hf, Af i =

n
X

λi a2i

i=1

= da21 +

n
X

λi a2i

i=2
2

≥d

|S|
+ λn
n2



|S| |S|2
− 2
n
n



Substituting in 0 for hf, Af i then gives the desired result.



3.2. Cayley Graphs. The question remains, how well does the Hoffman bound perform on Cayley
graphs? To answer this, let’s first recall the formal definition of a Cayley graph from the introduction:
Definition 3.4 (Cayley Graph). Given a group G and generator set S ⊆ G, Cay(G,S) is the graph
(V, E) where V = G, and (g, g 0 ) ∈ E iff g = sg 0 for some s ∈ S.
Example 3.5. Given a finite group |G| = n, Cay(G,G) is the complete graph Kn .
To apply the Hoffman bound, we must first analyze the eigenvalues of Cayley graphs. In general,
the computation of these spectra is difficult, but we can gain some insight by formulating them in
terms of the representation theory of the underlying group G [13].
Theorem 3.6 (Diaconis & Shahshahani). Given a group G, let S be a generating set containing no
incomplete conjugacy classes. Further, let these classes be indexed by i, and χi be the ith irreducible
representation of G. Then the eigenvalues of the adjacency matrix A are exactly:
1 X i
λi = i
χ (g)
χ (e)
g∈S

An easier treatment of this theorem can be found in [25].
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3.3. The Abelian Case: Aq (n, d). In general, it is difficult to compute these characters, but for
a special set of abelian Cayley graphs, the eigenvalues have an easily computable form. Recall from
the introduction that Sq (n, d) is the set of elements of Fnq of hamming weight less than d. We will
examine G = Cay(Znq , Sq (n, d)), where Max-Ind-Set corresponds to the famous problem of finding
the largest q-ary (n, d)-code, whose size is denoted Aq (n, d). Computing Aq (n, d) has been studied
in great depth since Hamming’s seminal paper on error correcting codes, in which he proved the
first major upper bound for q-ary codes commonly seen via sphere-packing [18]:
Theorem 3.7 (Hamming Bound). Let t = b d−1
2 c, then:
Aq (n, d) ≤

t
P
k=1

qn

n
k
k (q − 1)

In the late 1970s, Delsarte provided a linear program which gave a uniform improvement over
the Hamming bound [12]. The bound stood unchallenged for decades, and it is only recently that
semi-definite programming methods have provided slight improvements [28]. How does the Hoffman
bound compare to Hamming and Delsarte? Let’s look at some explicit computations. First, we
will need to compute the eigenvalues of G. To do so, we will need to compute the irreducible
characters of Fnq (for a full treatment of the representation theory of Fnq , see [3]). Consider the set
of one-dimensional representations indexed by g ∈ Fnq :
ρg (g 0 ) = e
Here, hg, g 0 i =



n
P

i=1

gi ∗ gi0

2πihg,g 0 i
q


(mod q). This is clearly a homomorphism, as

ρg (g1 + g2 ) = e

2πihg,g1 +g2 i
q

=e

2πihg,g1 i
q

e

2πihg,g2 i
q

= ρg (g1 )ρg (g2 )

Further, these representations are distinct for each group element, and irreducible due to being
degree one (they have no non-zero proper subspaces). Since there are |G| of these representations,
they form the irreducible basis for class functions f : Fnq → C.
Now we are ready to compute the eigenvalues of G.
q
Lemma 3.8 (Prop 25 in [22]). Let Kn,k
(x) be the Krawtchouk polynomials, defined by:
q
Kn,k
(x)

=

k
X

i

(−1) (q − 1)

k−i

i=0


 
x n−x
k−i
i

Given g ∈ Znq the corresponding eigenvalue λg of eigenvector χg is the Krawtchouk polynomial:
q
λg = Kn−1,d−1
(|g| − 1) − 1

Proof. To begin, applying Theorem 3.6 gives
λg =

X

χg (a).

a∈Sq (n,d)

Our computation will revolve around these irreducible characters. Without loss of generality, we may
assume that g is non-zero in its first |g| = i elements–permuting coordinates makes no computational
difference. Let us begin by considering the case of the sum just over weight k. Select j non-zero
values to be placed in the first i slots, and let their positions be denoted by p(m). Recall that the
irreducible character associated to an element g ∈ G is given by the product of the characters on
each component, and that χk for k ∈ Zn is the homomorphism given by χk (1) = e2kπi/n . Letting ω
be a primitive qth root of unity, our computation then becomes:
X
|x|=k

g

χ (x) =

j
X Y
|x|=k m=1

gp(m)

χ

(xp(m) ) =

j
X Y
|x|=k m=1
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ω

gp(m) xp(m)

= (q − 1)

k−j

j
Y
X
l=1 y∈Zq \0

ω xp(l) y

The roots of unity sum to 0, thus in dropping trivial root this last summation
becomes −1. Further

the k − j non selected values have q − 1 possible values. There are ji methods to select our j non
n−i
zero values, and k−j
ways to arrange the other values. Summing over all j ≤ k gives us exactly
q
the Krawtchouk polynomial Kn,k
(i). At this point, we have shown:
λg =

d−1
X

Kkq (|g|).

k=1

The Krawtchouk polynomials admit a number of interesting recurrence relations which in turn
provide a formula for exactly this sum [10]. It is, in fact, the case that
d−1
X

q
Kkq (|g|) = Kn−1,d−1
(|g| − 1) − 1.

k=1

This concludes the proof.



In fact, the reader familiar with coding theory, and in particular the history of Aq (n, d), may
not be surprised by the form of the above expression. The Krawtchouk polynomials were used by
Delsarte to derive his Linear Programming bound [12], as well as in later analysis of closed-form
solutions [31]. With this in mind, let us examine how Hoffman compares to Delsarte and Hamming
for the case of single error correcting codes, i.e. distance 3.
Corollary 3.9 (Aq (n, 3)). Let R[x] round x to the nearest integer.
i
 h
i

  h
2nq−2n−q+4
1
− n(q − 1)(n(q − 1) − q + 3)
q n−1 q qR n−2
q + 2 + n(q − 2) − q + 4 R
2q
 h
i
 h
i
Aq (n, 3) ≤
2nq−2n−q+4
1
qR n−2
q + 2 + n(q − 2) − q + 4 R
2q
Proof. We need only compute the smallest eigenvalue, which will occur at the closest integer to the
minimum of the quadratic:

1
q
Kn,k
−n(q − 1)(2mq + q − 3) + mq(mq + q − 4) + n2 (q − 1)2
(m − 1) =
2
Our minimum value occurs at 2nq−2n−q+4
and takes the value:
2q


 



1
2

−qR

2nq − 2n − q + 4
2q

qR

2nq − 2n − q + 4
− 2n(q − 1) + q − 4
2q

− n(q − 1)(n(q − 1) − q + 3)

Plugging this value into Theorem 3.3 gives the desired bound.



Corollary 3.10. For n ≡ 1, 2 (mod q), Theorem 1.5 gives
Aq (aq + r, 3) = q n

(q − 1)n − r(q − r)
((q − 1)n + r)((q − 1)n + r − q)

Which is exactly the closed-form of Delsarte’s Linear Program for non-binary codes proved in [31].
We have seen that Hoffman (and thus the KLR-technique as we will show in Section 4) matches
Delsarte’s bound, but we would like to understand why this is the case only for n ≡ 1, 2 (mod q).
In part, it has to do with the relative location of the true minimum of the Krawtchouk polynomial
2−n
to integer values. We noted that the minimum occurs exactly at n − 21 + 2−n
q . Thus, when q = 0,
1
(n ≡ 2 (mod q)) the closest integer to our minimum is exactly 2 away, the furthest it can possibly
be. 2−n
= 1/q, (n ≡ 1, 3 (mod q)) is the second furthest away it can be (for n ≡ 3 (mod q), the
q
bound matches the Hamming bound but not Delsarte’s bound). For n > 3 (mod q), Hamming’s
bound outperforms Hoffman’s bound.
We would further like to understand any connection between Delsarte’s and Hoffman’s bounds.
In brief, Delsarte’s Linear Program relies on Hamming schemes, commutative association schemes
whose eigenvalues correspond to the sums of characters of a given Hamming weight [12]. In other
words, the connection between the two methods lies in the irreducible characters of the underlying
group.
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Unfortunately, for larger distance, the Hoffman bound fails to recover even the Hamming bound.
It is possible one could use the KLR technique to get around this method. In Section 6, we will see
how KLR extend the Hoffman bound by using representation theoretic structure and pseudorandomness to bound certain troublesome characters. Unfortunately, this actually appears to be more
difficult in the abelian case due to the lack of induced representations with significant structure.
4. The KLR Technique
Recently, Kane, Lovett, and Rao (KLR) introduced a novel representation-theoretic technique
that gave an exponentially improved upper bound on the independence number of the Birkhoff
graph, a special Cayley graph of Sn . In this section, we will introduce the basic setup of the KLR
technique for a general Cayley graph Cay(G,S), and show how it relates to the Hoffman bound.
4.1. The KLR Technique. Consider a Cayley graph Cay(G,S), and a subset A ⊆ G which we
would like to test for independence. Kane et al. begin by introducing two class functions φ, ψ : G →
C. In particular, φ is defined to be a combination of all pairs of elements in A, i.e. a convolution of
the indicator set of A with itself, and ψ as some subset of generators with no incomplete conjugacy
classes. When we take the inner product of φ and ψ, we are testing whether any two elements differ
by a generator. Formally, let our generator subset be C ⊆ S. Kane et al. define φ, ψ ∈ C[G] as
follows:
X
1
σaa0−1 σ −1
φ=
|G||A|2
0
σ∈G,a,a ∈A

1 X
τ
ψ=
|C|
τ ∈C

At first glance it may be unclear why φ is conjugated by all of G. The sole reason for this inclusion
is that it forces φ to be a class function by spreading out the value of each pair evenly across its
conjugacy class. Let’s examine the inner product of φ and ψ:
1 X
1 X
hφ, ψi =
φ(g)ψ(g) =
φ(g).
|G|
|C||G|
g∈G

g∈C

Here, we have used the fact that ψ is 0 on g ∈ G − C. Note that in the above φ and ψ have taken
on the form of functions, in particular, φ(g) = χg (φ), expanding the definition of χg linearly over
the group ring. Then it is clear that the above equation is greater than 0 if and only if φ is non-zero
on some g ∈ C. In particular, this occurs exactly when two elements in A differ by an element of C:
g = σaa0−1 σ −1
a = σ −1 gσa0
a = g 0 a0
Here g 0 ∈ C as C has no incomplete conjugacy classes. One might think you could be clever, and,
by removing the conjugation by σ, allow C to have incomplete conjugacy classes. However, one way
or another, φ and ψ must be class functions, as their inner product is only sensitive up to difference
in conjugacy class.
On its own, this inner product is not particularly useful, as we have no information in the standard
basis. However, given that φ is a convolution, it will become a product in the basis of irreducible
characters. This will be more tractable. In this case:
1 X
hφ, χλ i =
φ(g)χλ (g)
|G|
g∈G

λ

= χ (φ)
λ

where we have expanded the definition of χ linearly–for an abelian group, this is simply the Fourier
coefficient of φ evaluated at λ. Finally this implies that
1 X λ
hφ, ψi =
χ (φ)χλ (ψ)
|G|
λ`n
12

4.2. KLR vs. Hoffman. The difference between the KLR technique and Hoffman’s bound lies
in the use of representation theory rather than spectral analysis. Hoffman uses the orthonormal
eigenbasis for his inner product, whereas KLR instead use the irreducible characters, a basis for
class functions. Let’s begin by examining the naive case of the KLR technique, where we do not
take advantage of extra representation-theoretic structure, and use a strategy similar to Hoffman.
Proposition 4.1 (KLR-Hoffman). Let G be a group of size n, and S a generating set with no
incomplete conjugacy classes. Further, let the conjugacy classes of G be indexed by [k] s.t. |S| =
λ1 ≥ λ2 . . . ≥ λk , where for simplicity we have let λi = χi (S). If A ⊆ Cay(G, S) is independent,
then:
−λk
|A| ≤ n
|S| − λk
Proof. The proof follows much the same as Theorem 3.3. Define φ, ψ as in Section 4.1, with C = S.
First, let’s examine χg (φ) (Claim 3.2 in [23]):
1 X g
1 X g
χ (aa0−1 ) =
χ (a)χg (a0 )
2
|A|
|A|2 0
a,a0 ∈A
a,a ∈A
!
!
!
X
X
X
1
1
χg (a)
χg (a)
=
χg (a) =
|A|2
|A|2

χg (φ) =

a∈A

a∈A

a∈A

!
X

χg (a)

a∈A

≥0
g
We
P see that we have decomposed χ (φ) into the Fourier weights of the indicator function of 1A =
a. Because our basis is orthonormal, we may use the same two pieces of information regarding the
a∈A

character decomposition as Hoffman, namely that: h1A , χ1 i =

|A|
n ,

and h1A , 1A i =

|A|
n

=

k
P

1ˆA (i)2 .

i=1

This latter equality is known as Parseval’s theorem. This allows us to use the same trick: pull out
the trivial coefficient, and bound the remaining coefficients knowing the entire sum.
hφ, ψi ∝

k
X

|1A (i)|2 λi

i=1
k

= |S|

|A|2 X
|1A (i)|2 λi
+
n2
i=2

≥ |S|

|A|2
|A| |A|2
+ λn (
− 2 )
2
n
n
n

Substituting 0 for hφ, ψi concludes the proof.



Now for abelian base groups, this is exactly the Hoffman bound. However, for non-abelian base
groups, the eigenvalues differ from the character sums by the degree of the character–making the
Hoffman bound potentially stronger. On the other hand, this is far outweighed by the ability to
take further advantage of representation theory, as we will see in Section 6.
5. Representation Theory of the Symmetric Group
We have shown that even a naive application of the KLR technique is as good as the Hoffman
bound for abelian groups, but for the method to truly shine we will need a group with significantly
more structure. With such structure, however, comes the complication of group representations.
This section aims to provide requisite background in the representation theory of the symmetric
group. If the reader is already familiar with this topic, and in particular its combinatorial foundations
(Young tableaux, tabloids, etc.), they should skip to Section 6. If, on the other hand, the reader
would like more information on the representation theory of Sn , we refer them to Sagan [32].
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5.1. Young Tableaux and Tabloids. We will express partitions of n as λ ` n, where λ =
{λ1 , ..., λl } is a partition with decreasing integer values that sum to n. The representation theory of the symmetric group shares a deep connection to certain combinatorial objects known as
tableaux. We will use tableaux to construct irreducible representations, as well as for computations
such as Young’s rule which will be essential for the KLR technique.
Definition 5.1 (Ferrers Diagram). Given a partition λ ` n = (λ1 , . . . , λn ), its Ferrers diagram is
a diagram of dots with left justified rows such that the ith row has λi dots. We will use empty boxes
instead of dots, as we intend to fill the boxes with numbers.
Ferrers diagrams are the basis for Young diagrams, which replace the dots with integers.
Definition 5.2 (Young Tableaux). Given the Ferrers diagram F of a partition λ ` n, a Young
tableaux is a bijective map f : F → [n], and is displayed by placing the number i in box f −1 (i).
Young tableaux are useful combinatorial objects in their own right, but we may wish to generalize
them to allow for non bijective functions. These are called generalized Young tableaux.
Definition 5.3 (Generalized Young Tableaux). Given the Ferrers diagram F of a partition λ ` n,
a generalized Young tableaux is a map f : F → Z. The cardinality of the pre-image of i is denoted
as µi , and f is said to have content µ.
Finally, there are many specific types of Tableaux which will be important for certain representations or computations. One particularly important such type are the semi-standard Tableaux.
Definition 5.4 (Semi-standard Tableaux). A Tableaux is semi-standard if its rows are weakly increasing, and its columns are strictly increasing
Example 5.5. Consider the hook partition λ ` n = (3, 1, 1). Figure 1 shows, from left to right, the
Ferrers diagram, a Young tableaux, a generalized Young tableaux of content (2, 2, 0, 1), and a semistandard tableaux. Hook partitions will become particularly important for character computations
3

1

2

1

1

2

1

4

2

2

5

4

5

3

4

Figure 1. Young diagrams
later on.
Definition 5.6 (Young Tabloid). Given the Ferrers diagram F of a partition λ ` n, a Young tabloid
is an equivalence class of Young tableaux with relation given by equality of the set of integers of each
row. In other words, a Young tabloid is a Young tableaux with un-ordered rows.
Example 5.7. Figure 2 shows an equality and inequality of tabloids.
1

3

5

=

5

1

3

6=

5

2

2

2

4

4

3

Figure 2. Tabloid Equivalence
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5.2. Permutation Modules. Permutation modules are large representations with significant structure induced from Young subgroups.
Definition 5.8. Given a partition λ = (λ1 , . . . , λl ), the Young subgroup Sλ ⊂ Sn is
S1,...,λ1 × Sλ1 +1,...,λ1 +λ2 × · · · × Sn−λl +1,...,n
which is isomorphic to
Sλ1 × Sλ2 × · · · × Sλl
These subgroups are the base of our irreducible representations, and have very important induced
structure.
Definition 5.9 (Permutation Modules). For a partition λ ` n, the permutation module M λ is the
induced module of the Young subgroup Sλ , 1 ↑SSnλ = C{π1 Sλ , . . . , πk Sλ } for {π1 , . . . , πk } a transversal
of Sλ .
Permutation modules have a number important properties. First, tabloids provide a combinatorial basis for permutation modules, that is: M λ = C{{t1 }, . . . , {tk }}, where {t1 }, . . . , {tk } are the
lambda-tabloids and group action is simply given by π{t} = {π(t)}. Equally importantly for our
purposes, permutation modules decompose into irreducible representations in an often computable
way, via Young’s rule.
L
Theorem 5.10 (Young’s Rule). M λ =
Kµ,λ S µ
µ`n

Here, Kµ,λ is the number of semi-standard tableaux of shape µ and content λ, and together are
known as the Kostka numbers.
5.3. Specht Modules. Now we can introduce the irreducible representations of Sn , which are
known as the Specht modules. There are two primary ways these are defined, we will note both
definitions here but primarily use the second later on. We first define the row and column stabilizers
of a tableaux t with rows {Ri } and columns {Ci }:
Rt = SR1 × . . . × SRl
Ct = SC1 × . . . × SCk
Further, we define two useful group algebra sums:
X
X
R+
π, C−
sgn(π)π
t =
t =
π∈Ct

π∈Ct

This allows us to define an important extension of a tabloid.
Definition 5.11 (Polytabloid). Given a tabloid {t}, its polytabloid is
e t = C−
t {t}
The irreducible representations of Sn , the Specht modules, may be derived from polytabloids.
Definition 5.12 (Specht Modules). Given a partition λ ` n, the Specht Module S λ is the sub-module
of M λ spanned by all polytabloids of shape λ
Perhaps a more common but somewhat less intuitive equivalent definition for the Specht Modules
uses the Young symmetrizer sλ , which takes advantage of the fact that the tabloid {t} = Rt t.
X
−
sλ = R+
(−1)c rc
t Ct =
r∈Rt ,c∈Ct

Then the Specht module S λ is C[Sn ]sλ . For proof that the Specht modules are irreducible and
distinct, we refer the reader to Sagan [32].
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6. The KLR Technique for the Symmetric Group
Now that we have seen an abelian application of the KLR technique, and have the requisite
background in the representation theory of the symmetric group, let us examine the specifics of its
use on a Cayley graph of the symmetric group, the Birkhoff Graph.
Definition 6.1 (Birkhoff Graph). The Birkhoff Graph Cay(Sn , C) is the Cayley graph on the symmetric group with generating set C consisting of all pure cycles.
The setup of the technique is the same as above, but the Birkhoff graph will require a more subtle
condition on A to get a tight bound. Before, our condition merely regulated the trivial representation.
Here, it will bound the norm of the permutation modules evaluated on the indicator function for
A, effectively smoothing out its Fourier coefficients. If, on the other hand, the condition is violated
and any coefficient is too large, we will be able to restrict to a smaller case and use induction. This
technique and the simplification of our inner product requires a number of computational lemmas.
Further, since it is partly these computations which informs our decision for a condition on A, we
will examine them before proving the independence bound.
6.1. Computational Lemmas and the Test Set Condition. In general, computing the characters on a given conjugacy class of the symmetric group is difficult, and the result is not necessarily
clean. When we applied the KLR Technique to abelian groups, our function ψ summed over all generators, but here, the characters are simply to complicated to make this a reasonable computation.
There is, however, a combinatorial rule for computing these values called the Murnaghan-Nakayama
rule. While this rule is complicated in general, it simplifies nicely for n-cycles on Sn , so our ψ will
only test for these generators.
Lemma 6.2 (Murnaghan-Nayakama Rule for (n)-Cycles). Given a partition λ ` n,
(
(−1)m , λ = hm
λ
χ ((n)) =
0, else
Here, hk are the aptly named “hook partitions” of shape (n − k, 1, . . . , 1).
This computation motivates us to focus on hook partitions, as it will kill all other terms in our
inner product. In particular, we will examine the decomposition of permutation modules indexed
by hook partitions.
Lemma 6.3 (Young’s Rule for Hook Partitions). For a hook partition hk ` n:
k  
M
k
M hk =
S hm
m
m=0
According to this lemma, if we can bound M hk , we can bound our irreducible characters and thus
our inner product. Yet, the above lemmas barely give any hint of how to relate this representation
theory back to the graph itself–what conditions on the graph will bound the permutation module?
The idea brought forward by Kane et al. was to pick an explicit basis for M hk and examine its
matrix form.
Remark 6.4. The permutation module M λ with basis given by λ-tabloids is of the form:
(
1, π(I) = J
λ
MI,J (π) =
0, else
P
1
π, extending the definition of M λ linearly gives:
Further, for A ⊂ Sn , ζ = |A|
τ ∈A

λ
MI,J
(ζ) = P robA [π(I) = (J)]

Here, in other words, is a connection to our graph: we bound the probability that a random draw
from A sends tabloid I to J. This allows us to take advantage of the structure vs. randomness
paradigm. In other words, if A is sufficiently random, we will be able to bound M and our computation successfully. If, on the other hand, A is structured, we will be able to use that structure for
an inductive argument.
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6.2. Independence Bound for the Birkhoff Graph. With the above lemmas out of the way,
we are ready to prove that a set A, with special conditions to allow for induction and bounded
characters, cannot be independent.
Proposition 6.5 (Prop 3.1 in [23]). Given odd n, c sufficiently small, and A ⊂ Sn s.t.
(1) All elements of A are of the same sign
k
(2) For any even k < n, and any I, J hk -tabloids, P rπ∈A [π(I) = J] < c (n−k)!
n!
two elements in A differ by an n-cycle, and thus A is not an independent set of the Birkhoff Graph.
If a set A satisfies condition (2), we call it c-pseudorandom.
Proof. The proof of this statement mainly requires the simplification of hφ, ψi by the lemmas presented in Section 6.1. While φ is defined equivalently to the abelian case, ψ is summed over n-cycles
rather than the entire generating set, which allows us to compute the irreducible characters directly.
Applying Lemma 6.2 reduces our inner product to a sum over hook partitions:
X
hφ, ψi =
χλ (φ)χλ (ψ)
λ`n

=

n−1
X

(−1)m χhm (φ)

m=0

Now we will show how our condition from Section 6.1 bounds the characters of φ. In particular, our
condition on A allows us to bound its Frobenius norm:
M hk (ζ)I,J = P rπ∈A [π(I) = J] ≤ ck /(n)k
 k X
X
c
hk
2
hk
2
|M hk (ζ)I,J | = ck
||M (ζ)||F =
|(M (ζ)I,J )| ≤
(n)k
I,J

I,J

On its own, this is not of much help, but expanding out φ, we can see that:
T r(M hk )(φ) = ||M hk (ζ)||2F
and combining this with Lemma 6.3 gives a bound on χhm (φ)!
 
X
k
1+
χhm (φ) ≤
Kλ,hk χλ (φ) ≤ ck
m
λ

ck − 1
=⇒ χhm (φ) ≤

k
m

From here, the argument essentially devolves intro tricks for picking the correct k to bound our sum.
For m ≤ n/2, pick k = 2m for the following final bound:
χhm (φ) ≤

c2m − 1

2m
m

This works for m ≤ n/2, but we need a bit more work for m > n/2. Given a partition λ ` n, we
receive its conjugate partition by flipping its rows and columns. Further, the Specht modules of
∗
conjugate partitions λ, λ∗ differ exactly by the sign representation, i.e. S λ = S λ ⊗ Sign. Without
hm
loss of generality we may assume our set A is entirely even, which gives χ (φ) = χhn−1−m (φ) and
bounds the remaining characters.
Putting everything together, we first pull out the trivial character and its conjugate (similar to the
abelian case!), then bound the remaining negative terms (odd m).
n−1

1
hφ, ψi ≥ 1 −
2

2
X

c2m − 1

2m

m≥1,m odd

m

√
which happens to be positive for c > 1 small enough [23]. Kane et al’s specific constant of c = 2
requires a slight modification to k.
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In the abelian case, our condition immediately gave us an independence bound. Because of the
more stringent conditions on A, in this case we need to apply induction to finish our bound.
Theorem 6.6 (Theorem 1.8 in [23]). For an independent set A in the Birkhoff graph Bn , |A| ≤

n!
2

n−4
2

Proof. We will first prove the theorem assuming all permutations of A have the same sign and that
n!
n is odd. In this case, our bound will be better, |A| ≤ n−1
. If n = 1, then the bound is |A| ≤ 1,
2

2

which√is trivially true as |S1 | = 1. This serves as the base case for our induction. Let n be odd, if
A is 2-pseudorandom, we are done. Otherwise, there exists even m < n and hm -tabloids I, J s.t.
P rπ∈A [π(I) = J] ≥ 2m/2 /(n)m . Consider the set:
A0 = {π ∈ A : π(I) = J}
Note that these are now permutations on Sn−m (with some relabeling), since they fix m coordinates.
|A0 |, therefore, may be viewed as an independent set in Bn−m . Since this set is of smaller dimension,
we may apply the inductive hypothesis:
|A| ≤ (n)m 2−m/2 |A0 | ≤ (n)m 2−m/2 (n − m)!/2n−m−1/2 = n!/2(n−1)/2
Now we reduce to the case above in general. To restrict to the case where A has only permutations
of the same sign, simply pick the larger set of permutations in A with the same sign, A2 , losing only
a factor of 2. If n is odd we are done. If n is even, we will take a similar strategy to the above
and reduce to Bn−1 . Let j be the most common value of π(n). We have P rπ∈A [π(n) = j] ≥ 1/n.
For simplicity, with relabeling let j = n. Consider the set A3 = {π ∈ A2 |π(n) = n}. A3 is an
independent set in Bn−1 , and n − 1 is odd. Thus we have
|A| ≤ 2|A2 | ≤ 2n|A3 | ≤ 2n(n − 1)!/2(n−2)/2 = n!/2(n−4)/2

7. The Generalized Symmetric Group
For a given Cayley graph Cay(G, S) and test set A, the key to the KLR technique lies in the
pseudorandomness condition on A and its relation to the representation theory of G. For the abelian
case, there was no obvious condition, which brings up the question of whether the technique extends
to other groups. An obvious choice for further exploration are the generalized symmetric groups,
the wreath product of Zk and Sn , due to their similar representation theory to Sn .
7.1. The Generalized Symmetric Group. To define the Generalized Symmetric Group, we will
need the wreath product, which in turn relies on the semi-direct product.
Definition 7.1 (Semi-direct Product). Given groups G and H along with a homomorphism φ :
H → Aut(G), the (external) semi-direct product of groups G and H, G o H, is the group (G × H, ◦)
where
(g, h) ◦ (g 0 , h0 ) = (g(φ(h)g 0 ), hh0 ).
φ defines a group action of H on G. In the future, we may drop φ when notation is clear.
Example 7.2 (Dihedral Group). The semi-direct product Cn o C2 with φ(0)(g) = g, φ(1)(g) = g −1
is the dihedral group D2n . In this case, take (1, 0) = r, the rotation, and (1, 1) = f , the reflection.
Clearly these generate the group and rn = e. Further, f 2 = (1 − 1, 1 + 1) = e, and f rf = (−1, 0) =
(1, 0)−1 . This gives the classic presentation of the dihedral group.
Definition
7.3 (Wreath Product). Given groups G and H, and a set Ω with H acting on it, let
Q
K=
Gw . In other words, K is the direct product of copies of G indexed by the set Ω. Further,
w∈Ω

we extend the action of H on Ω to an action over K by changing the value at coordinate ω to that
at h−1 ω. Formally, elements k ∈ K, h ∈ H, and a coordinate ω of k,
h(k)ω = kh−1 ω
Here, kω denotes the value of k at the coordinate index ω. The (unrestricted) wreath product G o H
is then the semi-direct product K o H, where the action of H on K is as above.
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We call a wreath product regular when Ω := H, and the action is given by left multiplication.
Example 7.4. The simplest regular wreath product, Z2 o Z2 , is the dihedral group D8 . We will
work through this example in more detail to get a feeling for wreath products. To begin, note that
Z2 o Z2 = ((Z2 )0 × (Z2 )1 ) o Z2 . In fact, this is a particularly nice example to showcase the importance
of the group action for a semi-direct product. We are about to show that Z4 o Z2 ∼
= (Z2 × Z2 ) o Z2
(albeit with different group actions)–an equivalence that should look odd to even a new student of
abstract algebra! Let’s choose r = (1, 0, 1). Then we have:
r = (1, 0, 1), r2 = (1, 1, 0), r3 = (0, 1, 1), r4 = (0, 0, 0)
Further let:
f = (1, 0, 0), f 2 = (0, 0, 0)
Then:
f rf = ((1, 0, 0) ◦ (1, 0, 1)) ◦ (1, 0, 0) = (0, 0, 1) ◦ (1, 0, 0) = (0, 1, 1) = r−1
Finally, we show r and f generate the group. f r = (0, 0, 1), then f r ◦ (1, 0, 1) = (0, 1, 0) = f 0 .
Together, f and f 0 clearly generate (Z2 × Z2 ) o 0, and to get one in the last coordinate, we can
simply add f r = (0, 0, 1)!
Finally we are ready to define the generalized symmetric group
Definition 7.5 (Generalized Symmetric Group). The generalized symmetric group S(m,n) is the
wreath product Zm o Sn with Ω = {1, . . . , n} with the natural group action of permutation.
Many wreath products may be quite hard to visualize, but the generalized symmetric group
is delightfully simple. Elements may be viewed as pairs of permutations and elements in Znm , and
composition is a simple matter of applying permutations to the coordinates of Znm with some addition
and composition of permutations! To show this, let’s do a quick example of element composition:
Example 7.6. Let G = S(3, 3), π = (12), σ = (23), g = (0, 1, 2), and g 0 = (1, 0, 0). Then
(g, π) ◦ (g 0 , σ) = (g + (π(g 0 )), πσ)
= ((0, 1, 2) + (0, 1, 0), (123))
= ((0, 2, 2), (123))
Just like the symmetric group, the irreducible representations of the generalized symmetric group
may be constructed via Specht modules, and rely heavily on Young tableaux.
7.2. The Hyperoctahedral Group. As is often the case in mathematics, we will examine the
case m = 2:
Definition 7.7 (Hyperoctahedral Group). The hyperoctahedral group is S(2, n) = Z2 o Sn
The hyperoctahedral group gives the symmetries of the hypercube (we showed this for the case
n = 2 in Example 7.4). Due to the common use of the hypercube, especially with the ubiquity of
boolean function analysis, one could imagine such a group of symmetries and its representations to
be useful throughout much of computer science. Indeed, the hyperoctahedral group has found use
in cryptography [30, 7], as well as a number of other areas in discrete math and combinatorics. Yet,
despite its stark similarity to the symmetric group, there is a dearth of usage of its representation
theory. This section provides a novel use of the representation theory of the hyperoctahedral group
and shows that the KLR technique may be expanded to non-abelian groups beyond Sn .
7.3. The Signed Symmetric Group. For a full treatment of the signed symmetric group, see
Richard Bayley’s dissertation [8]. As a permutation group, S(2, n) is a subgroup of S2n known as
the signed symmetric group, and has a very simple formulation. In particular, let us relabel the
normal {1, . . . , 2n} to Ω = {−n, −n + 1, . . . , −1, 1, . . . , n}. Then
S(2, n) = {π ∈ SΩ | π(−i) = −π(i)}
To understand the representation theory of S(2, n), we will first need to understand its structure as
a group. Being a permutation group, every element π ∈ S(2, n) has a unique cycle decomposition
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in S2n . Cycle notation does not work well with negative numbers, so from here on out we will
write −k = k̄, and k̄¯ = k–notation introduced by Bayley. Given a cycle c = (a1 a2 . . . an ), with
ai ∈ {n̄, . . . , n}, let c̄ denote the “negation” of the cycle, c̄ = (a¯1 a¯2 . . . a¯n ). The representation
theory of the signed symmetric group will rely on two different types of cycles:
Definition 7.8 (Stable and Anti-Stable Cycles). Let Ω = {n̄, . . . , 1̄, 1, . . . , n}. Given a cycle c ∈
SΩ ∼
= S2n :
(1) if c = c̄, we call c a stable cycle
(2) if c 6= c̄, we call c an anti-stable cycle
Example 7.9. Let’s consider the simplest non-trivial signed symmetric group, S(2, 2). In general,
the group has 2n n! elements, so we need only list 8 elements in our case. They are:
{(), (11̄), (22̄), (11̄)(22̄), (12)∗ (1̄2̄)∗ , (12̄)∗ (21̄)∗ , (121̄2̄), (12̄1̄2)}
In the above, cycles with a star denote anti-stable cycles, those without are stable. As one can see,
anti-stable cycles come in pairs. This is true in general, as any element of S(2, n) must be stable as
a whole.
Recall that the conjugacy classes of the symmetric group correspond to certain cycle decompositions. In particular, two elements are in the same conjugacy class if they have the same number
of cycles of each length in their decomposition. Further, these decompositions then correspond to
partitions of n. The signed symmetric group mirrors this structure, but instead of using only the
length of cycles to distinguish them, it uses length and stability.
Remark 7.10. π, σ ∈ S(2, n) are conjugate if their decomposition has the same number of stable
cycles of every size, and same number of anti-stable cycles of every size [8].
Just as in the case of Sn , these are related to partitions of n. In fact, the conjugacy classes are
indexed by bi-partitions, i.e. two partitions λ, µ s.t. |λ| + |µ| = n, denoted (λ, µ) ` n This relation is
given by the following rules laid out in Bayley’s work [8]. The first partition of the pair corresponds
to the stable cycles in the permutation. Each row of the partitions Ferrers diagram corresponds to
a single stable cycle, with length equivalent to half the length of the cycle. The second partition
corresponds to anti-stable cycles, where each row corresponds to half a pair of anti-stable cycles,
with length equivalent to this single cycle.
Example 7.11. The element (11̄)(22̄)(34)(3̄4̄) ∈ S(2, 4) corresponds to the bi-partition
!
,
In fact, these bi-partitions were originally used to index the conjugacy classes of the hyperoctahedral group thought of as a wreath product.
7.4. The Representation Theory of the Hyperoctahedral Group. For a full treatment of the
representation theory of the hyperoctahedral group, refer to [15]–we will only provide an overview
of what is necessary for the KLR technique. In many ways, the representation theory of the hyperoctahedral group is the generalization of the representation theory of the symmetric group from
partitions to bi-partitions of n. In fact, for right-handed degenerate bi-partitions, i.e. when the left
partition is the empty-set, the theory often simply reduces to that of Sn . The irreducible representations, just as in the symmetric group, are Specht modules indexed by bi-partitions which we will
write as S λ,µ . Further, these representations may be constructed as sub-modules of permutation
modules similarly indexed by bi-partitions M λ,µ .
Definition 7.12 (Permutation Module for S(2,n)). Given a bi-partition λ, µ ` n, the permutation
S(2,n)
module M λ,µ is defined to be the induced representation 1 ↑Sλ ×Bµ . Here Sλ is the Young Subgroup
corresponding to the partition λ, and Bµ , for µ ` m, is the semi-direct product of Sµ o E(m), the
subgroup of diagonal m × m matrices with ±1 values.
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This mirrors the original definition of the permutation module for Sn , but in general, M λ,µ has
no known corresponding basis of combinatorial objects. Around the turn of the century, Halicioglu
and Morris developed a combinatorial method to build the Permutation and Specht modules using
Dynkin diagrams, which they expand to a generalized version of Young tableaux [17]. However,
the combinatorial method does not seem to lend itself as well to decomposition into irreducibles.
Geissinger and Kinch’s method, on the other hand, leads to an analogous result to Young’s rule:
Theorem 7.13 (Theorem III.5 in [15]). Given a bi-partition λ, µ ` n, the permutation module
decomposes into the irreducible Specht modules by:
!
M X
λ,µ
M
=
Kα,m Kβ,(λ−m)∪µ S α,β
α,β

m⊂λ

Here, a partition m ⊂ λ if ∀i, mi ≤ λi .
As in the previous use of the KLR technique, it is this decomposition which is key to bounding
our computation.
7.5. Symmetric Functions. A polynomial f is said to be symmetric if ∀π ∈ Sn , f (x1 , . . . , xn ) =
f (xπ(1) , . . . , xπ(n) ). Symmetric functions play a pivotal roll in both the representation theory of the
symmetric and hyperoctahedral groups. While we were able to define the irreducible representations
using equivalent ideas over Young tableaux, we will need some results on symmetric functions for
our computations. Perhaps the most obvious symmetric polynomial is the power sum:
Definition 7.14 (Power sum). The power sum of x at k is given by:
pk (x1 , . . . , xn ) =

n
X

xki

i=1

Amazingly, despite their simplicity, power sums end up having great importance. Often we will
wish to decompose symmetric functions into some basis. In fact, there is a basis of symmetric
functions closely tied to Young tableaux known as Schur polynomials.
Definition 7.15 (Schur polynomials). Given a partition λ ` n, let the matrix (Mλ )ij = xiλi +n−j .
The associated Schur polynomial is then:
sλ (x) =

det(Mλ )
det(M∅ )

Example 7.16. The Schur polynomial associated to the empty-set, s∅ , is 1.
This was the initial definition for Schur polynomials offered by Cauchy. Almost a century later,
Littlewood proved a connection between Schur polynomials and Young tableaux [35]:
Theorem 7.17. Given a partition λ ` n:
sλ (x) =

XY
T

xc(T )i

i

where the sum is over semi-standard tableaux T of size λ and content c(T ).
This theorem provides some intuition for why Schur polynomials show up in our computations.
8. KLR Technique for the Hyperoctahedral Group
8.1. Picking a Cayley Graph. With our base group chosen, we are left to pick a generating set.
Recall that chosen for the Birkhoff graph: the set of all pure cycles C. Perhaps the most natural
extension, then, would be the set of pure cycles of the signed symmetric group. However, upon
closer examination, one notices that this graph to have very large independent sets based on parity,
similar to Cay(Fn2 , {ei }). What about pairs of anti-stable cycles? This generator set leads to a richer
structure with no large independent sets. In fact, due to the inclusion of the elements {(0, c) | c ∈ C},
the graph contains a partition of 2n subgraphs which contain the Birkhoff graph. Then, to be robust
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to different groups, we would like to show that we may substitute the hyperoctahedral group for the
symmetric group in our analysis to recover a similar bound.
We note as well that the anti-stable cycles do not generate the hyperoctahedral group; they
generate the subgroup of index 2 called the coxeter group Dn . Contrary to the definition given
previously, Cayley graphs actually do not need a full generator set S. Let C now be the set of
anti-stable pairs. Our analysis below will be on Cay(S(2, n), C), which is two disjoint copies of a
Cayley graph with a full generator set, Cay(Dn , C).
8.2. Computational Lemmas. As for the symmetric group, there are a number of computational
results we will need to apply the KLR technique. These computations inform our generator subset
and condition on A, so we present them first here while explaining their use in more detail in
Section 8.5. Our first lemma will regard the computation of χλ,µ (ψ), and will lead us to define a set
of partitions analogous to hooks for bi-partitions.
Lemma 8.1 (Murnaghan-Nakayama for ((n), ∅)). Given a bipartition λ, µ ` n, let χλ,µ be the
irreducible character corresponding to S λ,µ . Then:

m

(−1) , λ, µ = hm , ∅
λ,µ
χ ((n), ∅) = (−1)m , λ, µ = ∅, hm


0, else
Proof. We will use a well known analog of the Murnaghan-Nakayama Rule [34, 33]. Given a bipartition λ, µ ` n, the rule states:
Y
Y
X
(pλi (x) + pλi (y)) (pµj (x) − pµj (y)) =
χα,β (λ, µ)sα (x)sβ (y)
i

i

α,β`n

Of course, we only wish to examine a single bi-partition, (n), ∅ ` n, which simplifies the above to:
X
pn (x) + pn (y) =
χα,β (n, ∅)sα (x)sβ (y)
α,β`n

The left-hand side may be simplified to hook partitions using the original Murnughan-Nakayama
rule:
n−1
n−1
X
X
pn (x) + pn (y) =
(−1)i shi (x) +
(−1)i shi (y)
i=0

i=0

This leaves us with an equality of Schur functions:
n−1
X
i=0

(−1)i shi (x) +

n−1
X

(−1)i shi (y) =

i=0

X

χα,β (λ, µ)sα (x)sβ (y)

α,β`n

Schur functions are a basis of symmetric functions, thus matching the coefficients gives the desired
result.

This lemma reduces our computation down to degenerate hook bi-partitions, which we call unihooks.
Definition 8.2 (Unihooks). We call a bi-partition λ, µ ` n a left-unihook if it is of the form (hm , ∅).
Similarly, we call a bi-partition λ, µ ` n a right-unihook if it is of the form (∅, hm ). We call the
union of left and right unihooks the set of unihooks.
Let’s examine how permutation modules indexed by such partitions decompose.
Lemma 8.3. The decomposition of the permutation module M ∅,hk is given by:
k  
M
k
M ∅,hk =
S ∅,hm
m
m=0
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Proof. This is a direct application of Geissenger and Kinch’s Rule, Theorem 7.13:
!
M X
M ∅,hk =
Kα,m Kβ,(∅−m)∪hk S α,β
α,β

=

M

=

M

m⊂∅

Kα,∅ Kβ,hk S α,β

α,β

Kβ,hk S ∅,β

β

=

k  
M
k
m=0

m

S ∅,hm


Unfortunately, the permutation modules of left unihooks are a great deal more complicated than
right unihooks, and the corresponding Geissenger and Kinch decomposition is not useful. With
this in mind, we will need the following lemma concerning the relationship between conjugate and
transpose bi-partitions.
Lemma 8.4 (Proposition II.I in [15]).
∗

1. χλ,µ = χλ

,µ∗

χ(1

n

),∅

2. χλ,µ = χµ,λ χ(n),∅
n

Further S (1 ),∅ is the alternating representation on Sn with trivial action on E(n), and S (n),∅ acts
trivially on S n while counting parity on E(n).
To get equivalence between unihooks, we will want to define the idea of sign and parity for S(2, n).
Definition 8.5 (Sign and Parity). An element x = (a1 , . . . , an , π) ∈ Z2 o Sn shares its sign with π,
and parity with (a1 , . . . , an )
Now let’s explicitly write out equivalences between unihooks where we have assumed even sign
and parity.
Corollary 8.6. Given x ∈ S(2, n) with even sign and parity, then:
(1) χ∅,hk (x) = χ∅,hn−k−1 (x)
(2) χ∅,hk (x) = χhk ,∅ (x)
8.3. A Basis for Permutation Modules. In general, the permutation modules M λ,µ do not seem
to correspond to any nice basis structure as M λ did with λ-tabloids. However, unihooks provide a
special case in which the permutation modules are significantly simplified:
S(2,n)

M hk ,∅, = 1 ↑Sh

k

S(2,n)

M ∅,hk = 1 ↑Bh

k

S(2,n)

= 1 ↑Sn−k

S(2,n)

= 1 ↑Sn−k oE(n)

Both right and left unihooks have nice combinatorial bases, generated by versions of tabloids based
off of naturally defined signed Young tableaux. However, we will focus on the simpler right unihook
permutation modules, whose basis remains the Young hk -tabloids. We rename these Unsigned Young
tabloids, as they are equivalent to Young tabloids with the sole difference being action by π ∈ S(2, n)
as π({t}) = {|πt|}.
Lemma 8.7. The unsigned Young tabloids provide a basis for the permutation module M ∅,hk =
S(2,n)
1 ↑Sh oE(n)
k
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Proof. Recall that
S(2,n)

1 ↑Sn−k oE(n) = CS(2, n){π1 Bhk , . . . , πm Bhk }
for a left-transversal {π1 , . . . , πm } of Bhk [32]. Let T be the module spanned by the unsigned
tabloids: CS(2, n){{thk }}. We will construct an isomorphism:
θ : M ∅,hk → T
by θ(πi Bhk ) = {πi thk }. This is clearly bijective, as it sends a basis to a basis (note that the number
n!
of Unsigned hk -tabloids (n−k)!
= [S(2, n) : Bhk ]). The additive homomorphic property follows
immediately from definition. Multiplication is only slightly more subtle, and follows due to the fact
that the subgroup fixes {thk } (the tableaux filled in order (left to right, up to down) by [n]). In
particular, given σ ∈ Bhk , ∃j s.t. σπi Bhk = πj Bhk . In this case, θ(σπi Bhk ) = {πj thk }. Further, we
may write σ = πj sπi−1 , for some s ∈ Bhk . Then
σθ(πi Bhk ) = σ{πi thk } = {πj sπi−1 πi thk } = {πj thk }.

8.4. Permutation Modules and the Test Set Condition. Recall that for the symmetric group,
the main condition on our test set A stemmed from the matrix representation of M λ under the
tabloid basis. Because we have a decomposition rule mirroring Young’s rule, the same approach will
allow us to bound the irreducible characters of the hyperoctahedral group. Given unsigned Young
hk -tabloids I, J, then:
(
1, π(I) = J
∅,hk
MI,J
(π) =
0, else
Now in creating our condition, we have to hold two considerations in mind: bounding our characters,
and allowing for induction. For the symmetric group, we only really had one choice, the tabloid
condition, and it worked for both. This is no longer the case: attempting to use a condition on left
unihooks will result in failure of induction. Consider the most natural condition on A: ∀I, J, signed
hk -tabloids,
2n n!
ck
, |S| =
.
P robπ∈A [π(I) = J] ≤
|S|
(n − k)!
On the surface, this condition seems great, and even implies the natural condition on unsigned
tabloids:
ck
n!
P robπ∈A [π(I) = J] ≤
, |U | =
.
|U |
(n − k)!
Together these give what seem like appropriate bounds: T r(M hk ,∅ (φ)) ≤ ck and T r(M ∅,hk (φ)) ≤ ck .
Yet, even without doing any computation we can immediately tell that induction will fail under this
property. Our independence bound T (n) requires the following recursion:
T (n) ≤ T (n − m)

n!2n
(n − m)!ck

Even setting T (n) to be the size of the entire group doesn’t work, giving us
(n − m)!2n−m

n!2n
2n−m
= n!2n m
m
(n − m)!c
c

Since c, m are constant, cm cannot possibly compete with 2n−m asymptotically, so our condition
cannot be used inductively. Thus informed, we will instead use only the condition on unsigned
tabloids,Pand use Corollary 8.6 to bound left unihooks. Recall our normalized indicator function
1
τ . Then analogous to the Sn case, we have:
ζ = |A|
τ ∈A

M ∅,hk (ζ)I,J = P rπ∈A [π(I) = J] ≤

ck
|U |

=⇒ ||M ∅,hk (ζ)||2F ≤ ck
These bounds will be instrumental to applying the KLR technique.
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8.5. Applying the KLR Technique. We are finally ready to apply the KLR Technique to the
hyperoctahedral group.
Proposition 8.8. Given a set of vertices A in Cay(S(2, n), C), n odd, with the properties:
(1) All elements in A are of the same sign and parity
k
(2) For unsigned tabloids I,J, P robπ∈A [π(I) = J] ≤ c (n−m)!
n!
then√two elements π, σ ∈ A differ by an anti-stable pair of length 2n for small enough c > 1, e.g.
c = 2.
Proof. As a reminder, we will redefine φ and ψ.
φ=

1
|S(2, n)||A|2

ψ=

1
|C2n |

X

X

σaa0−1 σ −1

σ∈S(2,n),a,a0 ∈A

τ

τ ∈C2n

Here ψ is summed over C2n , pure stable cycles of length exactly 2n. As with the Birkhoff graph, we
begin with:
X
hφ, ψi =
χλ,µ (φ)χλ,µ (ψ)
(λ,µ)`n

Our next step is to compute the irreducible characters evaluated on ψ, but since we have chosen ψ
to be purely cycles of length 2n, we may apply Lemma 8.1, which reduces our problem to a sum
over the characters of unihooks:
n−1


X
hφ, ψi =
(−1)m χhm ,∅ (φ) + χ∅,hm (φ)
m=0

=2

n−1
X

(−1)m χ∅,hm (φ)

m=0

In the second step, we have applied Corollary 8.6 which condition (1) allows us to use (shifting by
an odd sign and/or parity if necessary) to further the simplification. Recall from Section 6.2 that
T r(M ∅,hk (φ)) = ||M ∅,hk (ζ)||2F . Geissenger and Kinch’s rule then gives:
n−1
X k
∅,hk
T r(M
(φ)) =
χ∅,hm ≤ ck
m
m=0
This clearly mirrors the process for Sn and gives:
χ∅,hm (φ) ≤

ck − 1

k
m

We are now in the same position as in Proposition 6.5, and the desired bound follows for c =

√

2. 

With this in hand, we can prove our independence bound.
Theorem 8.9. For any independent set A ⊂ Cay(S(2, n), C), |A| ≤

n!2n
2

n−6
2

Proof. We begin by assuming that n is odd and A consists entirely of one sign and parity. Here we
n
will prove |A| ≤ n!2
n−1 . Our base case n = 1 is clear, since simplifying gives |A| ≤ 2 which is clearly
2

2

true as |S(2, 1)| = 2. If A satisfies the unsigned tabloid conditions, then A is not independent and
we are done. Assume A does satisfy this condition, then there exist unsigned hk -tabloids I, J s.t.
k/2
P robπ∈A [π(I) = J] ≥ 2 (n−k)!
. Now let A0 = {π ∈ A | π(I) = J}. In the case of the symmetric
n!
0
group, A was an independent set in the lower dimensional space, but here because the tableaux
are unsigned, this is no longer true. However, we can reduce to the lower dimensional graph by
restricting to the most common group of k signs on the lower rows of the tabloids, losing a factor of
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at most 2k . With some relabeling, the restricted A0 is then an independent set in Cay(S(2, n−k), C),
so we may apply our inductive hypothesis:
|A| ≤

n!2n
2k n!
0
|A
|
≤
(n − k)!2k/2
2(n−1)/2

Now let’s generalize this to even n and A of any sign. Our base case still clearly holds for our new
2n n!
bound 2(n−6)/2
. First, we simply reduce to the more common sign and parity in A, reducing its size
by a factor of 4 at most. Second, if n is even, we will restrict to the most common value of π(n),
1
at most. This gives a new set A0 which is an independent set in
which reduces the size of A by 2n
Cay(S(2, n − 1), C). Then inductively:
n!2n
|A| ≤ 8n|A0 | ≤ (n−6)/2
2

9. Further Directions
9.1. Abelian Base Groups: Aq (n, d). Perhaps the clearest direction of further research is an
extension of our new result on Aq (n, d). One possibility lies in examining the Fourier coefficients
of our indicator function more closely. Our bound at the moment is extremely crude, as it simply
assumes the Fourier weight is entirely concentrated at the minimum coefficient–this is, of course,
true in the case of some perfect codes. Understanding the layout of Fourier coefficients in large
independent sets could allow not only for an improved closed-form bound for single error correcting
codes (perhaps one could match the new semi-definite bounds), but might also open up the possibility
of expanding to larger distances.
9.2. Non-Abelian Base Groups and Coding Theory. Another obvious direction is to continue
the work this paper presents on non-abelian groups. For instance, one could likely generalize the
technique to S(m, n) for any m, rather than picking m = 2 as we have done above. The representation
theory of the generalized symmetric group is well-studied, and the results necessary for application
of the KLR technique are likely known as well.
While studying the generalized symmetric group would help show the robustness of the method,
novel applications to other families such as affine groups could have implications in coding theory.
The main application of the KLR Technique in [23] is to provide an exponential lower bound on
alphabet size of maximally recoverable codes over grid topologies, a popular layout for error correcting codes. Studying other non-abelian base groups with well understood representation theory
could shine light on lower bounds for other code topologies as well.
9.3. Lower Bounds for S(2, n). In order to further examine whether the KLR technique is the
“correct” way to view independence number, we should prove the tightness of our bounds. We
know for both the abelian and symmetric case our bound is often tight. However, we have provided
no lower bound for the hyperoctahedral group, which forced the addition of extra generators and
possibly weakened the tightness of our bound.
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