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Abstract
In this paper we consider which aspects of the two prover model are necessary for their
striking language recognition and zero-knowledge capabilities.
We approach this question by looking at an alternative, more symmetric model which we
call the double verifier model. We find that in this model the shared randomness of the verifiers
is key to the language recognition power: if the verifiers don’t share randomness the power is
PSPACE; otherwise it is MIP = NEXPTIME. We find that the shared randomness of the provers is
necessary for zero-knowledge: if the provers don’t share randomness, statistical zero-knowledge
is only possible for languages in BPPNP ; else it is possible for all of NEXPTIME.
These results have immediate implications for the standard two-prover model. We see that
correlations between the verifier’s queries is crucial for the language recognition power of two
prover proofs. In particular, the natural analog of IP = AM does not hold in the two-prover
model unless NEXPTIME = PSPACE. Similarly, we see that shared randomness, or correlation
of the provers’ answers, is necessary for the statistical zero-knowledge of two prover proofs.
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Introduction

Two prover interactive proofs systems are well known for their language recognition power and
potential for zero-knowledge proofs. In this paper we consider which aspects of two prover proof
systems are necessary for them to retain these properties. We investigate to what extent two
prover proofs may be “simplified” while still retaining the ability to recognize all of NEXPTIME,
and moreover to do this in perfect zero-knowledge. Our motivation comes from the applications of
two prover proofs to approximation theory and to the design of low communication zero-knowledge
proofs.
We approach this question by looking at an alternative model, namely the double verifier proof
system. This is a clean and “symmetric” version of the two prover model in which the role of
various resources can be seen more clearly. We prove a number of results about this model and
then translate them back into implications about the standard two prover model.

1.1

The double verifier model

The double verifier (DV) model was suggested by [16]. It “separates” the verifier of the two prover
model into a pair of verifiers, one for each prover. Thus the system consists of a pair V = (V1 , V2 )
of verifiers and a pair P = (P1 , P2 ) of provers. Before the protocol begins the verifiers may share
a random string RV and the provers may share a random string RP . In addition each party has a
source of private coins. (While redundant in the general model, these coins will be important when
considering restricted forms of the model). In the interactive phase, V1 interacts with P1 to produce
transcript t1 ; separately, V2 interacts with P2 to produce transcript t2 . In these interactions each
party computes its messages as a function of the common input x, its shared coins, its private coins,
and messages received thus far. For the decision phase, the verifiers reunite and, as a function of
x, RV , t1 , t2 and their private coins, decide whether to accept or reject.
Note that V1 and V2 (resp. P1 and P2 ) cannot communicate during the interactive phase of the
protocol. The only link between V1 and V2 (resp. P1 and P2 ) is the coins RV (resp. RP ) they share
initially.
Clearly if we allow V1 and V2 to communicate during the protocol we recover the two prover
model. But, in fact, using the shared coins RV in lieu of this communication preserves the language recognition power of the model: it follows from [3] that the class DVIP of languages recognized with bounded error by double verifier proof systems equals the class MIP = NEXPTIME
(cf. Proposition 2.3). Moreover, it follows from [7] that every language L ∈ DVIP has a perfect
zero-knowledge double verifier proof. Thus, we have found a more “symmetric” version of the two
prover model which retains its power.

1.2

Results in the DV model

We ask ourselves a pair of “dual” questions. What happens if we break the symmetry by denying the
verifiers the initial shared randomness RV ? Correspondingly, what happens if we deny the provers
the initial shared randomness RP ? We find that the shared coins of the verifiers are essential to
the language recognition power of the system while the shared coins of the provers are essential to
the zero-knowledge.

1.2.1 The power of independent verifiers
We say that a pair of verifiers are independent if they don’t share any initial randomness RV . That
is, their questions and final decision are not functions of RV . In this case, their ability to verify
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proofs drops. In fact, having two provers no longer helps, and the power of the system is that of
single prover proofs.
Theorem 1.1 L is recognized by a double verifier proof system in which the verifiers are independent
if and only if L ∈ PSPACE.
That is, the class DVIPiv of languages recognized (with bounded error) by double verifier proof
systems in which the verifiers are independent is just PSPACE.
The fact that PSPACE ⊆ DVIPiv is easy to see (cf. Proposition 2.2). But the other direction,
namely DVIPiv ⊆ PSPACE, is not obvious, even though it might seem so at first glance. The proof
of this theorem is the main technical contribution of this paper and uses the idea of representing a
prover strategy by a short “list strategy” (See Section 1.4.3 for a discussion of the related techniques
of [18]).

1.2.2 The power of independent provers
We say that the provers are independent if they don’t share any initial randomness RP . We note
that as with other kinds of proof system, the optimal prover strategies in a double verifier proof are
deterministic. Thus the shared randomness of the provers is not necessary for language recognition:
every L ∈ DVIP has a double verifier proof system in which the provers are independent. But
independent provers can provide zero-knowledge only for relatively simple languages.
Theorem 1.2 Suppose L has a double verifier, statistical zero-knowledge proof system in which the
provers are independent. Then L ∈ BPPNP .
Moreover this remains true even if the verifiers are allowed to communicate during the protocol,
which will be important in Section 1.3.2.

1.3

Results in the standard model

We now note the implications for the model of two provers communicating with a single verifier [4].

1.3.1 Two Merlins are no better than one
In the standard notion of interactive proof systems [13], the verifier’s challenges to the prover are
based on a set of private coins, and hence may be highly nonrandom and correlated. In ArthurMerlin games [1, 2] the challenges are independently chosen random strings. But Goldwasser and
Sipser [14] showed that the two models have the same language recognition power. A natural
question, posed to us by Goldwasser, is whether this equivalence extends to two-prover interactive
proof systems. That is, suppose the verifier’s questions are purely random. That is, in each round
he generates a pair of strings, uniformly and independently distributed both of each other and of
all strings in previous rounds. He sends the first string to the first prover and the second string to
the second prover. Can such a system recognize NEXPTIME?
A direct corollary of Theorem 1.1 is that these “Two Merlin vs. Arthur” games will recognize
no more than the class IP = AM = PSPACE of languages recognized by the usual Arthur-Merlin
games. In fact Theorem 1.1 says something stronger, because it only asks that the verifiers be
independent: a particular verifier need not send uniformly distributed strings in every round, and
need not maintain independence of his queries between rounds.
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Viewing Theorem 1.1 in a different perspective, we conclude that correlation between queries
to the different provers is an essential ingredient in [3]’s proof that MIP = NEXPTIME and cannot
be disposed of, unless PSPACE = NEXPTIME.
We know that two prover proofs can be used to derive intractability of approximation results.
Simplifying the model — i.e proving that restricted versions of MIP also equal NEXPTIME — could
facilitate reductions to show new combinatorial problems are hard to approximate. In particular,
it might have helped if we could assume without loss of generality that the verifier’s questions to
the two provers are generated independently, and hence are not correlated. Unfortunately, as we
saw above, this is impossible unless PSPACE = NEXPTIME. (This does not mean our results have
only negative implications for approximation: see Section 2.3 for more positive results).

1.3.2 Zero-knowledge needs shared coins
The standard model for two-prover interactive proof systems allows the provers to agree on a
possibly randomized strategy before the protocol begins, or equivalently to share a common random string. Using this shared random string, there exist perfect zero-knowledge proofs for all of
NEXPTIME (combine [3] and [4]). In fact, there exist single-round perfect zero-knowledge proofs
for all of NEXPTIME with an exponentially small error probability [10]. We note that all of the
statistical zero-knowledge interactive proof systems constructed for two-provers use the shared random string in an essential way. It now becomes clear why this is so. We say that the provers
in a two prover proof are independent if they don’t share any randomness. It then follows from
Theorem 1.2 that L has a two prover statistical zero-knowledge proof with independent provers only
if L ∈ BPPNP . We use here the fact that Theorem 1.2 held also if the verifiers were allowed to communicate during the protocol. Thus shared randomness is necessary for statistical zero-knowledge,
at least in the light of our current beliefs on complexity theory.

1.4

Previous and related work

1.4.1 Simplifications of the two prover model
Simplifying proof systems, or finding alternative formulations of a proof system which retain properties of interest, is much investigated, both for single and multi prover proofs, perhaps because,
using a simpler or alternative form often enables us to obtain results that may otherwise have
escaped us. In the multi-prover model we note the following. One cannot eliminate a prover or
eliminate the separation of the two provers unless NEXPTIME = PSPACE. One cannot take away
the verifier’s random coin tosses, since NP is properly contained in NEXPTIME. There does not
exist any nontrivial one-sided proof system in which each prover only sends a bit to the verifier [7],
though such proof systems exist if the one-sidedness condition is dropped.

1.4.2 The role of randomness in ZK proofs
In the single prover model, it was shown by Goldreich and Oren [12] that removal of the randomness
of either party trivializes a zero-knowledge proof system. More specifically, only BPP languages
can have single prover (computational) zero-knowledge proofs having either of the following properties: (i) the verifier is deterministic, (ii) the prover is deterministic.
Dwork, Feige, Kilian, Naor and Safra [7] provide some lower bounds on the randomness in two
prover, statistical zero-knowledge proofs. Specifically, assuming BPP 6= NP, they show that in any
one-sided statistical zero-knowledge proof system for an NP-complete language either the verifier
uses more than Ω(log n) random bits or the provers use Ω(log log n) total (shared and private)
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random bits. In contrast, our result shows that shared randomness of the provers is necessary for a
statistical zero-knowledge proof for any language outside of BPPNP , regardless of how much private
randomness is used by any party. We note that our result also holds for protocols that are only
zero-knowledge with respect to an honest verifier; the lower-bound in [7] doesn’t hold for this case.

1.4.3 Techniques
Our concept of list strategies bares some similarity to a result of Lipton and Young [18] that in
two player games, there exist almost optimal mixed strategies which are a combination of a logarithmic number of pure strategies, and hence that there are almost optimal mixed strategy whose
representation is logarithmic in the size of the largest mixed strategies. However, in the [18] case,
the representation of the near optimal mixed strategy is polynomial in the size of representations
of pure strategies, whereas in our case we derive near optimal mixed strategy whose representation
is polylogarithmic in the size of pure strategies.
The proof of Theorem 1.2 makes use of the efficient, almost uniform generation primitive of [5],
and it is this that accounts for the BPPNP complexity. The primitive in question is a probabilistic,
polynomial time procedure which given an NP oracle can output an element distributed almost
uniformly at random in a set. More precisely, given oracles for NP and a set S, and given inputs
1n and δ > 0, the procedure runs in time poly(n, log δ −1 ), and outputs a random string from a
distribution within (statistical) distance δ of the uniform distribution on S ∩ {0, 1}n .1

1.4.4 Related models
Burmester and Desmedt [6] have also put forth a model of interactive proof systems which features
multiple verifiers. In their model, a single prover “broadcasts” to many verifiers. They are primarily
concerned with efficiency issues for cryptographic applications.

2

Double Verifier Interactive Proofs

We consider the class of double verifier proof systems. Extensions to multiple verifiers are not
considered in this paper.

2.1

Definitions

A verifier is a polynomial time machine and a prover is a computationally unbounded machine. A
double verifier protocol involves a pair V = (V1 , V2 ) of verifiers and a pair P = (P1 , P2 ) of provers.
Each party has its own, private, coin tosses; the coin tosses of Vi are usually denoted ri while those
of Pi are not made explicit (i = 1, 2). Additionally, the verifiers might, before the protocol begins,
share a random string RV and the provers might share a random string RP . These strings are
formally infinite; usually the provers/verifiers look at a prefix of these strings that is of expected
size polynomial in the input. The protocol takes place on common input x, whose length will be
denoted n. The interaction during the protocol is confined to the following: for each i = 1, 2,
parties Vi , Pi interact to generate a transcript ti : this is a random variable over the random choices
of RV , RP , ri and the coin tosses of Pi . Then the verifiers evaluate a boolean decision predicate on
x, RV , r1 , t1 , r2 , t2 and accept iff the value is 1. We denote by ACCEPTPV (x) the probability that
1

Note one can attain exponentially small error δ in polynomial time. A primitive for the same task provided in
[15] runs in time poly(n, δ −1 ), so that one can only attain polynomially small error in polynomial time: this won’t
suffice for our application.
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the verifiers accept in this interaction; the probability is over RV , r1 , r2 and the coins (shared and
private) of the provers. We let ACCEPTV (x) be the maximum of ACCEPTPV (x) over all pairs of
provers P .
Observe that in double verifier interactive protocols, V1 does not communicate with V2 , and P1
does not communicate with P2 . Of course Vi does not communicate with Pj for i 6= j. Also, r1 and
r2 are independently distributed. Had we allowed communication between the verifiers we would
recover the two prover model. Had we additionally allowed communication between the provers we
would recover the single prover model.
We say the verifiers are independent if their messages (each to its respective prover) are not
functions of RV . More precisely, we require that they run in polynomial time without having RV
as an input; we don’t know of any example where this technical distinction is important. We say
that the provers are independent if their strategies are not functions of RP .
Definition 2.1 Let 0 < ` (·) ≤ h (·) ≤ 1. Let V = (V1 , V2 ) be a pair of verifiers and P = (P1 , P2 )
a pair of provers. We say that P, V is a double verifier interactive proof system with error (h , ` ) for
language L if for every x:
(1) Completeness: x ∈ L implies ACCEPTPV (x) ≥ h (|x|), and
(2) Soundness: x 6∈ L implies ACCEPTV (x) ≤ ` (|x|).
When the error has the form (1 − , ) for some  then we abuse terminology and say that the proof
system has error . L has a double verifier proof if it has a double verifier proof with error  ≤ 1/3.
The error can be reduced by standard means.
DVIP denotes the class of all languages possessing double verifier proofs. DVIPiv denotes the
class of all languages possessing double verifier proofs in which the verifiers are independent.
A double verifier proof system is said to have unbounded error if it has error (h , ` ) with
` (n) < h (n) for all n. DVIPu denotes the class of all languages possessing double verifier proofs
with unbounded error and DVIPuiv denotes the class of all languages possessing double verifier proofs
in which the verifiers are independent and the error is unbounded.

2.2

Some elementary properties of the model

It is known that for both single and two prover interactive proofs the class of recognized languages
remains the same whether one asks for bounded or unbounded error. Below, we see that the same
is true of double verifier proofs. But, interestingly, we will see that the type of error makes a
difference when one makes the verifiers independent.
We begin by observing that if L ∈ PSPACE then L has a double verifier interactive proof in
which the verifiers are independent.
Proposition 2.2 PSPACE ⊆ DVIPiv .
Proof: The standard model of one prover interactive proofs [13, 2] is a special case of double
verifier interactive proofs. In this special case, the predicate accept(x, RV , r1 , t1 , r2 , t2 ) ignores the
entries RV , r2 and t2 . The result now follows from [21, 19].
When the verifiers make use of their shared randomness they can recognize all of NEXPTIME.
Moreover, this is true for both the case of bounded error and the case of unbounded error.
Proposition 2.3 DVIP = DVIPu = NEXPTIME.
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Proof: Since DVIP ⊆ DVIPu it suffices to show that DVIPu ⊆ NEXPTIME and NEXPTIME ⊆ DVIP.
For the first, one can use the argument that MIP ⊆ NEXPTIME, noting that it does indeed apply
even when the error is unbounded. On the other hand, the protocol of [3] for NEXPTIME does not
require the queries to one prover to depend on the answers of the other prover, and hence can be
executed in the double verifier model. Details are omitted.
Hence the double verifier model is as powerful as general multiprover models as long as we allow
the verifiers to share coins. (It is instructive to think of how the verifiers run the protocol of [3] in
the above and note that they do use their shared coins).
When only a single round of interaction is allowed, it is easy to see that the standard two prover
model and the double verifier model are the same. Thus results in the former translate to the latter.
In particular, we have the following.
Proposition 2.4 Every L ∈ NEXPTIME has a bounded error, perfect zero-knowledge, double verifier
proof system with one round and exponentially small error.
Proof: Follows from [10] which in turn built on [17, 11, 7]. Details are omitted.
When we disallow the shared coins, the language recognition power is unchanged for the unbounded
error case:
Proposition 2.5 DVIPuiv = NEXPTIME.
Proof: The verifiers follow a [3] type proof system for NEXPTIME as indicated above, with Vi using
ri in the role of the shared coins. When they get together, they reject if r1 6= r2 . Else they accept
iff the original protocol indicated that they should accept. Thus if x ∈ L then ACCEPTV (x) = 2−l
where l = |r1 | = |r2 |, and if x 6∈ L then ACCEPTV (x) ≤  · 2−l where  is the error probability of
the original system.
In contrast, Theorem 1.1 says that the language recognition power for the bounded error case drops
to PSPACE.

2.3

Implications for approximation

Results on the language recognition power of interactive proof systems can be turned around and
presented as hardness results on the complexity of approximating the maximum attainable success
probability of the provers. The motivation is that thereafter, reductions can be used in order to
show hardness of approximation results for other problems, following the paradigm of [9]. In this
context, parameters of the proof system are usually scaled down, so as to obtain NP-hardness
results rather than the less interesting NEXPTIME-hardness results. In this context an implication
of the difference between bounded and unbounded error for double independent verifiers is given
by the following proposition. It says that the accepting probability of independent verifiers can be
efficiently approximated to within a small additive error, but not within even large multiplicative
factors.
Proposition 2.6
(1) Let γ(n) ≥ 1/ poly(n) and let V = (V1 , V2 ) be independent. Then there is a function A, computable in polynomial space, such that |A(x) − ACCEPTV (x)| ≤ γ(|x|) for all x.
(2) For any γ(n) ≤ 2poly(n) there is an independent V = (V1 , V2 ) such that approximating ACCEPTV (·)
within a multiplicative factor of γ(|x|) is NEXPTIME-hard.

7

Proof: The first item is a consequence of the proof, given in Section 3, that DVIPiv ⊆ PSPACE.
For the second item, use the proof of Proposition 2.5 and notice that the initial  can be made
exponentially small. We omit the details.
The context of approximation sheds more light on the effect of allowing or not allowing the verifiers
to share a common random string. When the verifiers do share a random string the acceptance
probability exhibits a gap which, in the terminology of [20], is at location 1. Removing the shared
random string moves the gap location to something very close to 0. But in both cases the ratio
between the boundaries of the gap is exponential, so that approximating the acceptance probability
within a multiplicative, exponential factor is NEXPTIME-hard.
Item (2) of Proposition 2.6 might be useful for proving non-approximability results, but, given
that its proof follows in a simple way from related results in the standard two prover model, we
don’t a priori expect there to be a substantial gain over using the standard two prover model
directly in this regard.

3

Independent verifiers recognize exactly PSPACE

In this section we prove Theorem 1.1. We already saw that PSPACE ⊆ DVIPiv (Proposition 2.2).
Now suppose L ∈ DVIPiv . We want to show that L ∈ PSPACE.

3.1

Overview of the proof

Let (P1 , P2 , V1 , V2 ) be a proof system for L, where P1 and P2 are deterministic optimal provers
for V = (V1 , V2 ). If the optimal strategies for P1 and P2 could be computed in PSPACE, then
membership in L could be computed in PSPACE. While these optimal strategies may be NEXP-hard,
we can transform (P1 , P2 , V1 , V2 ) into a proof system, (P10 , P20 , V1 , V2 ) with the following properties,
(1) The strategies for P10 and P20 are deterministically computable in PSPACE.
(2) If x ∈ L, then ACCEPT(P1 , P2 , V1 , V2 , x) − ACCEPT(P10 , P20 , V1 , V2 , x) ≤ (x), where (x) >
1/|x|O(1) .
Thus, the transformed provers are PSPACE-bounded, but almost as effective as the original provers.
In particular, there is an easily computable threshold λ such that accept(P10 , P20 , V1 , V2 , x) ≥ λ
whenever x ∈ L, and accept(P10 , P20 , V1 , V2 , x) < λ whenever x 6∈ L. These two cases may be
distinguished in PSPACE by running (P10 , P20 , V1 , V2 ) for every possible value of V1 and V2 ’s coin
tosses, yielding a PSPACE decision procedure for L. It remains to show how to construct nearoptimal provers that run in PSPACE.
We assume without loss of generality that V enforces some limit `(x) on the total size of
(r1 , t1 , r2 , t2 ). In our construction of efficient near-optimal provers, we first show how to approximate
one of the original prover-verifier pairs by a much simpler object: a family of transcript-lists.
Notationally, we replace (P1 , P2 , V1 , V2 ) by (P1 , V1 , {Tx1 }). For each x, Tx1 contains a short list of
transcripts. Instead of combining its results with the interaction between V2 and P2 , V1 simply
chooses a transcript at random from Tx1 , and acts as if it was the (P2 , V2 ) transcript. Here our
notion of transcripts includes V2 ’s private random string as well as V2 ’s conversation with P2 . In
general, this transformation does not yield any meaningful result for any short set of transcripts.
However, when the verifiers are independent, we show that there exists {Tx1 } such that for all P1∗
and x, (P1∗ , P2 , V1 , V2 ) and (P1∗ , V1 , {Tx1 }) accept x with nearly the same probability.
We can view (P1∗ , V1 , {Tx1 }) as a single prover proof system that takes as input (x, Tx1 ), and
therefore there is an optimal prover P1∗ [Tx1 ] that runs in PSPACE, but must take Tx1 as input as
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well as x. By the approximation result, (P1∗ [Tx1 ], P2 ) will perform nearly as well as (P1 , P2 ). We
then approximate (P1∗ [Tx1 ], P2 , V1 , V2 ) by ({Tx2 }, P2 , V2 ) and construct a PSPACE-bounded optimal
prover P2∗ [Tx2 ]. (P1∗ [Tx1 ], P2∗ [Tx2 ]) will perform nearly as well as (P1 , P2 ), and hence if (P1 , P2 ) is
optimal, then (P1∗ [Tx1 ], P2∗ [Tx2 ]) will be near-optimal. Finally, we show that a suitable Tx1 and Tx2
may be computed in PSPACE, yielding truly PSPACE-bounded provers P10 and P20 .

3.2

Converting (P1 , P2 , V1 , V2 ) to (P1 , V1 , {Tx1 })

Consider the probabilistic function accept0 (x, r1 , t1 ) that generates r2 and t2 according to V2 and
P2 and then outputs the value of accept(r1 , t1 , r2 , t2 ). One can consider the protocol to be executed
as follows:
(1) V1 generates a random string r1 . Using r1 and x, V1 interacts with P1 , generating a transcript
t1 .
(2) V1 samples accept0 (x, r1 , t1 ), and accepts or rejects accordingly.
If this procedure accepts x with probability p then (P1 , P2 , V1 , V2 ) also accepts x with probability
p. Thus, we have reduced the system to one with a single prover, but computing accept0 may be
as hard as computing P2 ’s strategy, so the verifier may no longer run in polynomial time.
We approximate P2 by a family of lists {Tx1 }. To show that the approximation makes sense, we
exhibit a probabilistic function accept∗ that approximates accept0 , but is easily computable given
Tx1 .
Let T = {(r2,1 , t2,1 ), . . . , (r2,m , t2,m )}. We define accept∗ (x, r1 , t1 , T ) as the probabilistic function
computed by uniformly choosing 1 ≤ i ≤ m and returning the value of accept(x, r1 , t1 , r2,i , t2,i ).
One can think of T as a list of “canned” transcripts. Choosing a transcript from T at random
approximates choosing a transcript from the interaction between V2 and P2 . Lemma 3.1 shows that
there exists a polynomial-sized Tx1 such that accept∗ (x, r1 , t1 , Tx1 ) is a uniformly good approximation
for accept0 (x, r1 , t1 ).
Lemma 3.1 Let (x) > 1/|x|O(1) and let `(x) denote the maximum possible size of (r1 , t1 , r2 , t2 ).
Then for all x there exists Tx1 such that
• |Tx1 | < (`/(x))c , for some global constant c, and
• For all (r1 , t1 ) it is the case that
|Pr[accept∗ (x, r1 , t1 , Tx1 ) = 1]
−Pr[accept0 (x, r1 , t1 ) = 1]| < (x).
Remark: The lemma holds for all (x) > 0, but we make the added restriction to emphasize the
point that |Tx1 | can be made polynomial in |x|.
Proof of Lemma 3.1: We show that a sufficiently large randomly chosen Tx1 will suffice with
high probability. Fix r1 and t1 , and let p denote the probability that accept0 (x, r1 , t1 ) = 1.
Let Tx1 be generated as follows. For m sufficiently large and for 1 ≤ i ≤ m, choose r2,i uniformly and independently, and let t2,i by the result of running V2 and P2 on x, using r2,i as
V2 ’s random input. (Note since P2 is deterministic and fixed, t2,i is determined by r2,i ). Let
r1 ,t1 are independent random variables, each
Xir1 = accept(x, r1 , t1 , r2,i , t2,i ). Note X1r1 ,t1 , . . . , Xm
r1 ,t1
r
,t
r
,t
1
1
1
1
with expectation p. Let X
= X1
+ . . . + Xm . We note that
Pr [ accept∗ (x, r1 , t1 , Tx ) = 1 ] =
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1
r1 ,t1
mX

.

Using standard Chernoff bounds,
h

Pr

X r1 ,t1
m

−p >

i

2 m/2

≤ e−

,

and for large enough m this can be made strictly less than 2−`(x) . So
h

Pr ∃r1 , t1 :

X r1 ,t1
m

−p >

i

< 1.

Hence, some Tx1 meeting the conditions of the lemma must exist.
Consider the proof system (P1 , V1 , {Tx1 }) that works as follows. On input x, V1 interacts with P1 as
before, but instead of having V2 and P2 interact, (r2 , t2 ) is generated by choosing at random from Tx1 .
V1 then accepts or rejects as before. We define ACCEPT(P1 , V1 , {Tx1 }, x) to be the probability that
(P1 , V1 , {Tx1 }) accepts on input x. Lemma 3.2 states that if {Tx1 } is chosen according to Lemma 3.1,
then for every P ∗ it is the case that (P ∗ , V1 , {Tx1 }) is a good approximation to (P1 , P2 , V1 , V2 ).
Lemma 3.2 Let (x) and Tx1 be as in Lemma 3.1. Then for all P ∗ it is the case that |ACCEPT(P ∗ ,
P2 , V1 , V2 , x) − ACCEPT(P ∗ , V1 , {Tx1 }, x)| < (x).
Proof: Let ρ(r1 , t1 ) be the probability that P ∗ and V1 generate (r1 , t1 ). By a straightforward
probability argument, we have
ACCEPT(P ∗ , P2 , V1 , V2 , x)
P

=

(r1 ,t1 ) ρ(r1 , t1 )Pr[accept

0

(x, r1 , t1 ) = 1]

and
ACCEPT(P ∗ , {Tx1 }, V1 , x)
=

P

(r1 ,t1 ) ρ(r1 , t1 )Pr[accept

∗

(x, r1 , t1 , Tx1 ) = 1].

Thus, we can bound |ACCEPT(P ∗ , P2 , V1 , V2 , x) − ACCEPT(P ∗ , {Tx1 }, V1 , x)| from above by
P

(r1 ,t1 ) ρ(r1 , t1 )

· δ(x, r1 , t1 , Tx1 )

where we have set δ(x, r1 , t1 , Tx1 ) = |Pr[accept0 (x, r1 , t1 ) = 1] − Pr[accept∗ (x, r1 , t1 , Tx1 ) = 1]|. But
this quantity is at most (x). So the bound is (x) as desired.

3.3

Constructing near-optimal provers using advice

Lemma 3.3 states that an optimal prover for convincing V1 in conjunction with {Tx1 } is a nearoptimal prover for convincing (V1 , V2 ) in conjunction with P2 .
Lemma 3.3 Let P2 and V2 be fixed, and let (x) and Tx1 be as in Lemma 3.1. Let P1∗ [Tx1 ] be an
optimal prover for convincing V1 to accept x in conjunction with {Tx1 }. Then for all P1 it is the case
that a − b < 2(x) where
a = ACCEPT(P1 , P2 , V1 , V2 , x)
b = ACCEPT(P1∗ [Tx1 ], P2 , V1 , V2 , x) .
Proof: We let
c = ACCEPT(P1 , V1 , {Tx1 }, x)
d = ACCEPT(P1∗ [Tx1 ], V1 , {Tx1 }, x) .
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By Lemma 3.2, we have
a − c < (x)
d − b < (x) .
But since P1∗ [Tx1 ] is optimal, d ≥ c. Combining these inequalities gives the bound stated in the
Lemma.
Using the above lemmas, we show the existence of a pair of provers which are near-optimal and
can be computed in PSPACE given access to an advice string for each input.
Lemma 3.4 Let (P1 , P2 , V1 , V2 ) be an independent-query two-prover proof system, and let (x) >
1/|x|O(1) . There exist provers P1∗ and P2∗ and families of transcript lists {Tx1 } and {Tx2 } such that
(1) Pi∗ runs in polynomial space on input (x, Txi ), and
(2) a − f < (x) where
a = ACCEPT(P1 , P2 , V1 , V2 , x)
f

= ACCEPT(P1∗ [Tx1 ], P2∗ [Tx2 ], V1 , V2 , x) .

Proof: By Lemmas 3.1–3.3, we can construct a prover P1∗ [Tx1 ] such that a − b < (x)/2, where
b = ACCEPT(P1∗ [Tx1 ], P2 , V1 , V2 , x) .
Performing the same construction on (P1∗ [Tx1 ], P2 , V ), this time with the second prover, we obtain a
prover P2∗ [Tx2 ] such that b − f < (x)/2. Combining these inequalities gives a − b < (x). Now each
Pi∗ is a single prover trying to convince a polynomial time verifier in conjunction with Txi . But this
is equivalent to a single-prover proof system with input (x, Txi ). Hence, by the result of [8] there
exists an optimal Pi∗ [Txi ] that is computable in PSPACE on input (x, Txi ).

3.4

Eliminating the advice

To complete the proof of Theorem 1.1, we show that useful (Tx1 , Tx2 ) can be generated in PSPACE
from input x. First, we note that Feldman’s proof that PSPACE-bounded optimal provers exist is
constructive. That is, given V , the input (x, Tx1 , Tx2 ) and the transcript of the conversation so far,
there exists a PSPACE-bounded procedure that will produce Pi∗ [Txi ]’s next response. Thus, given
the (Tx1 , Tx2 ) we can compute the probability that the constructed (P1∗ [Tx1 ], P2∗ [Tx2 ]) will cause V to
accept in PSPACE. Hence, by exhaustive search, the modified provers P10 and P20 can compute the
optimal (Tx1 , Tx2 ) in PSPACE and then simulate P1∗ [Tx1 ] and P2∗ [Tx2 ]. The theorem follows.

4

Shared random strings and statistical zero-knowledge

Here is a sketch of the proof of Theorem 1.2. We in fact prove this result for the somewhat stronger
case of a standard verifier instead of a double verifier. Thus we consider a standard two prover
(and single verifier) proof system but with the provers independent. Suppose L is accepted by
such a system (P1 , P2 , V ). As before, we construct a more efficient pair of provers (P10 , P20 ) such
that (P10 , P20 , V ) is also a proof system. In this case, Pi0 ’s strategy can be computed in probabilistic
polynomial time given access to an oracle for NP (technically, an oracle for any NP-complete
language). To decide L in BPPNP we can then run the interactive proof (P10 , P20 , V ), and accept or
reject according to the decision of the verifier.
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To construct efficient provers (P10 , P20 ), the first observation we make is that each prover’s response is dependent on his conversation thus far with the verifier, and is independent of the messages
sent by the other prover. Note that this is not true with an arbitrary two-prover proof system,
because here the provers may share coins.
Given a distribution D, let ω ← D denote the operation of sampling an element from D. Let P
P
be a predicate such that P(ω) holds with nonzero probability when ω ← D. We denote by ω ←D
the operation of repeatedly taking samples ω ← D until P(ω), and then returning ω. Finally, we
denote by (P1 , P2 , V )(x) the distribution on the conversations generated by (P1 , P2 , V ) on input x.
We use the efficient, almost uniform generation primitive of [5]. Suppose that D is samplable in
polynomial time, and P is computable in polynomial time. Then if one is given an oracle for NP, the
P
primitive in question allows ω ←D to be approximately sampled in probabilistic polynomial time.
To be more precise, the primitive will generate a string distributed at random in a distribution
which has statistical distance δ from the desired one, while running in time poly(log δ −1 ). This
means δ can be made exponentially small with polynomial overhead. Hence, for this sketch we will
treat it as a perfect sampling procedure.
We can view a prover as a probabilistic function that takes a partial transcript representing
its conversation thus far with the verifier, and returns a response. We define P1∗ as follows (P2∗ is
defined analogously). Given the partial transcript t of P1∗ ’s interaction with V , let Ph (ω) denote
P

h
the predicate that holds iff ω agrees with t. P1∗ samples ω ←(P
1 , P2 , V )(x) and gives as his response
∗
the response given by ω. The key observation is that P1 has the same functional behavior as P1 .
This follows from the definition of (P1 , P2 , V )(x) and the independence property of the provers.
We now show how to implement P1∗ in polynomial time with an NP oracle. First, suppose
that the simulator S for (P1 , P2 , V ) works in polynomial time (in general, S may work in expected
polynomial time). By the definition of zero-knowledge, sampling ω ← (P1 , P2 , V )(x) is equivalent

P

h
to sampling ω ← S(x) whenever x ∈ L, and hence sampling ω ←(P
1 , P2 , V )(x) is equivalent to

P

h
sampling ω ←S(x).
Thus, using the result of [5], P1∗ can be implemented in the desired time-bound.
When S(x) is only guaranteed to run in expected polynomial time, the proof is greatly complicated. We first consider the approximate simulator Sq (x), where q is a polynomial. Sq (x) runs S,
but aborts if S attempts to run for longer than q(|x|) steps. We can use the above procedure to
efficiently (given an NPoracle) implement approximate P1∗ and P2∗ based on Sq , and call the resulting provers P10 and P20 . Note that unlike P1∗ and P2∗ , P10 and P20 will no longer implement the same
strategies as P1 and P2 . However, we inductively show that when one runs (P10 , P20 , V ) on input
x then most of the time the simulated strategy will be reasonably close to the original strategy.
The distribution of complete transcripts (the complete conversation along with V ’s coin-tosses)
generated by (P10 , P20 , V ) on input x will approximate that generated by (P1 , P2 , V ) in the following
sense: For all but |x|−c of the probability mass of the complete transcripts, the probability assigned
by (P10 , P20 , V ) to each complete transcript is to within a (1 ± |x|−c ) multiplicative factor of the
probability assigned it by (P1 , P2 , V ). Here, c can be made as large as desired, provided that q is
set to be a sufficiently large polynomial. This implies that if (P1 , P2 , V ) accepts x with probability
p, then (P10 , P20 , V ) accept x with probability at least (1 − |x|−c )(p − |x|−c ). Thus, (P10 , P20 ) serve as
efficient near-optimal provers, which implies the theorem.
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