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Abstract

Learning-based control aims to construct models of a system to use for planning or
trajectory optimization, e.g. in model-based reinforcement learning. In order to
obtain guarantees of safety in this context, uncertainty must be accurately quan-
tified. This uncertainty may come from errors in learning (due to a lack of data,
for example), or may be inherent to the system. Propagating uncertainty in learned
dynamics models is a difficult problem. Common approaches rely on restrictive
assumptions of how distributions are parameterized or propagated in time. In con-
trast, in this work we propose using deep learning to obtain expressive and flexible
models of how these distributions behave, which we then use for nonlinear Model
Predictive Control (MPC). We introduce a deep quantile regression framework
for control which enforces probabilistic quantile bounds and quantifies epistemic
uncertainty. Using our method we explore different approaches for learning tubes
which contain the possible trajectories of the system, and demonstrate how to use
them in a Tube MPC scheme. Furthermore, we prove these schemes are recursively
feasible and satisfy constraints with a desired margin of probability. Finally, we
present experiments in simulation on a nonlinear quadrotor system, demonstrating
the practical efficacy of these ideas.

We propose learning time-varying invariant sets as a way to address the difficulties with propagating
uncertainty for safety critical control, as well as to characterize the performance of a learned model
or tracking controller. For the sake of exposition we first constrain ourselves to the following quantile
description of the dynamics:

zt+1 = fz(zt, vt) (1)
ωt+1 = fω(ωt, zt, vt, t)

P (d(xt, zt) ≤ ωt) ≥ α, ∀t ∈ N
where z ∈ Z ⊆ Rnz is a latent state of equal or lower dimension than x, i.e. nz ≤ n, and
v ∈ V ⊆ Rmz is a pseudo-control input, also of equal or lower dimension than u, i.e. mz ≤ m. In
the simplest case, we can fix vt = ut and/or zt = xt. Also, ω ∈ Rnz is a vector which we call the
tube width, with each element of ω > 0.

This defines a "tube" around the trajectory of z within which x will stay close to z with probability
greater than α ∈ [0, 1]. More formally, we can define the notion of closeness between some x and z by,
for example, the distance between z and the the projection of x onto Z: d(x, z) = |PZ(x)−z| ∈ Rnz ,
where PZ is a projection operator. Let Ωω(z) ⊂ X be a set in X associated with the tube width ω and
z: Ωω(z) := {x ∈ X : d(x, z) ≤ ω}, where the ≤ is element-wise. Other tube parameterizations are
possible, for example Ωω(z) := {x ∈ X : ‖PZ(x)− z‖ω ≤ 1}, where ω ∈ Rnz×nz instead.
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The coupled system (1) induces a sequence of sets {Ωωt(zt)}Tt=0 which form a tube around zt. Our
goal is to learn how this tube changes over time in order to use it for planning safe trajectories.

Our challenge is to learn the tube dynamics fω. Given data collected as trajectories D =
{xt, ut, xt+1, zt, vt, zt+1, t}Tt=0, we can formulate the learning problem for fω as follows.

Let fω be parameterized with a neural network, fθω. For a given t and data point
{xt, ut, xt+1, zt, vt, zt+1, t}, let ωt = d(xt, zt) be the input tube width to fω, and ωt+1 =
d(xt+1, zt+1) the candidate output tube width. The candidate tube width at t + 1 must be less
than the estimate of the tube width at t+ 1, i.e: ωt+1 ≤ fθω(ωt, zt, vt, t). To train the network fθω to
respect these bounds we can use the following check loss function:

Lαω(θ, δ) = Lα(ωt+1, f
θ
ω(ωt, zt, vt, t)) Lα(y, q) =

{
α|y − r| y > r

(1− α)|y − r| y ≤ r (2)

where the the loss is a function of each data sample δ = {ωt+1, ωt, zt, vt, t}. With the assumption of
i.i.d. sampled data, when Lαω(θ, δ) is minimized the quantile bound will be satisfied.

In addition to the quantile loss we also introduce an approach to enforce monotonicity of the tube with
respect to the tube width. This is important for ensuring recursive feasibility of the MPC problem.
We use a loss function which penalizes the network for having negative divergence, similar to Gupta
et al. [2019]:

Lm(θ, δ) = −min(0,∇ωfω(ω, z, v, t)) (3)

where ∇ω =
∑nz

i=1
∂fω
∂ωi

∣∣∣
ω,z,v,t

is the divergence of fω with respect to ω.

Finally, in order to account for uncertainty in regions where no data is available for estimating quantile
bounds, we incorporate methods for estimating epistemic uncertainty. We adapt a method which
adds an additional output layer to our quantile regression network which is linear with respect to
orthonormal weights Tagasovska and Lopez-Paz [2019]. Let g(z, v, t) be a neural network with
either fixed weights which are either randomly chosen or pre-trained, with l dimensional output.
We branch off a second output with a linear layer: Cᵀg(z, v, t), where C ∈ Rl×k. The estimate of
epistemic uncertainty is chosen as ue(z, v, t) = ‖Cᵀg(z, v, t)‖2. Then, the parameters C are trained
by minimizing the following loss:

Lu(C, δ) = ‖Cᵀg(z, v, t)‖2 + λ‖CᵀC − Ik‖. (4)
where λ > 0 weights the orthonormal regularization. We use the learned tube dynamics to perform
MPC trajectory optimization on a quadrotor (Figure 1).
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Figure 1: Left: A learned tube (green) with learned mean (blue) which captures the distribution of
trajectories (cyan) on a full quadrotor model tracking a target trajectory (black), propagated for 200
timesteps forward from the initial states (dots). Right: Top-down view of tube MPC for quadrotor
dynamics, with learned error dynamics fe and learned tube dynamics fω , showing 5 individual MPC
solutions at different times along the path taken. Red circles indicate obstacles. Notice that zt is free
to violate the constraints, while the actual cyan trajectory xt does not.
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