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Fast Methodology for Determining Eye Diagram
Characteristics of Lossy Transmission Lines
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Abstract—As the speed of signal through an interconnection
increases toward the multigigabit ranges, the effects of lossy
transmission lines on the signal quality of printed circuit boards
becomes a critical issue. To evaluate the eye diagram and thus
the signal integrity in the modern digital systems, this paper
proposes a fast methodology that employs only two anti-polarity
one-bit data patterns instead of the pseudo-random bit sequence
as input sources to simulate the worst-case eye diagram. Analytic
expressions are derived for the impulse response of the lossy transmission lines due to the skin-effect loss, while the Kramers–Kronig
relations are employed to deal with the noncausal problem related
to the dielectric loss. Two design graphs that can be used to rapidly
predict the eye diagram characteristics versus the conductive and
dielectric losses are then constructed and based on which, the
maximally usable length of transmission lines under a certain
signal specification can be easily acquired. At last, the time-domain simulations and experiments are implemented to verify the
exactitude of proposed concept.
Index Terms—Eye diagram, impulse response, Kramers–Kronig
(K–K) relations, lossy transmission line, pseudo-random bit sequence, signal integrity.

I. INTRODUCTION
YE diagram is a very helpful metric of intuitively and
quickly assessing the performance quality of digital signals through various interconnection structures, such as chip
carrier [1], [2], connector [3], [4], through silicon via [5], optical backplane [6], delay line [7], and so on. Since the switching
time and feature size of circuit devices keep on decreasing, many
nonideal effects previously regarded to be negligible now become the critical design challenges for meeting the requirements
of signal/power integrity and electromagnetic interference [8].
Several works have been devoted to the prediction of the eye
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diagram performance for these effects in some specific applications [9], [10]. Among them, the prominent one is the frequency-dependent loss of transmission lines that mainly comes
from the finite conductivity of imperfect conductor and the naturally electric polarization of dielectric material.
The dispersion accompanied by the frequency dependent loss
of the transmission lines will exhibit a relative long-tail response
on the transmitted signal. Hence, the lossy lines may induce serious intersymbol interference (ISI) problem, resulting in the
occurrence of poor eye diagram performance or even the incorrect functionality of logic gates, especially for the systems with
the long-distance data transmission inside. Even if a few compensation schemes were presented to alleviate the lossy effects
[11]–[13], it is imperious to evaluate the level of their influences
on the eye diagram performance.
To simulate the eye diagram performance of a high-speed
digital system, a pseudo-random bit sequence (PRBS) is often
adopted as the input excitation. Then, the successive output
waveforms can be overlapped on a specific time window to
produce the eye diagram for signal-integrity analyses [14].
The relationship between the eye diagram characteristics and
the lossy effects has been empirically investigated in previous
study [15]. However, it still lacked the complete discussion for
the eye-opening determination and the required large number
of bits in PRBS would be very time consuming in constructing
the sufficient responses, which are both the major motives for
this research.
This paper is organized as follows. In Section II, a much faster
but still accurate methodology which employs only two anti-polarity one-bit data patterns as the input excitation is proposed to
gauge the worst-case eye diagram performance at the receiving
end of a well-matched transmission-line system. With the appropriate simplification on the transfer function of lossy transmission lines, the corresponding impulse response is thus derived in Section III and can be divided into three parts, which are
associated with the effects of transmission line length, conductive loss, and dielectric loss, respectively. The Kramers–Kronig
(K–K) relations are, therefore, introduced to resolve the noncausality of impulse responses related to the dielectric loss [16].
In Section IV, the conductive and dielectric losses are further
quantified to construct two design graphs for the rapid prediction of resultant eye diagram characteristics and based on which,
one can easily acquire the maximally usable length of lines
under a certain signal specification. The comparisons of eye diagram characteristics between the simulated and measured results are shown in Section V for verification and the conclusions
are addressed in Section VI.
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Fig. 1. Typical transmission-line system with matched loads at both ends. The
cross section of transmission line is shown in the inset.

II. FAST EYE DIAGRAM ACQUISITION METHODOLOGY
A typical transmission-line system is depicted in Fig. 1 for
example, which mainly consists of a transmitter (Tx), a receiver
(Rx), and a single-ended microstrip line in between. In practice,
the transmitter is often equivalent to a voltage source followed
), while the receiver is with
by a serial resistor (
). As noticed in
an extremely high input impedance (
and the output- node voltage
Fig. 1, the source voltage
can be related by

Fig. 2. Fractional signal waveforms and resultant eye diagrams at node V of
Fig. 1 for PRBS with initial levels of (a) logic “0” and (b) logic “1” through a
30-in line. (a) Initial level of logic “0.” (b) Initial level of logic “1.”

(1)
and
denote the reflection coefficients at
where
is
the transmitting and receiving ends, respectively, and
the transfer function of lossy transmission line. It is noted that
is igthe frequency dependency of characteristic impedance
nored here under the assumption of a low-loss line [17]. Mostly,
both ends of the transmission line will be terminated with the
nearly matched loads to prevent from the multiple reflections.
Therefore, (1) is simplified to be
(2)
where the term “1/2” results from the voltage divided effect of
the termination resistances.
For the line length of 30 in, as the input signal adopts the
PRBS with the data rate of 5 Gbps, rise/fall time of 50 ps, voltage
amplitude of 0.8 V, and initial level of logic “0,” the sample
waveform of received signals and its resultant eye diagram at
are displayed in Fig. 2(a). The lossy effect of a
the node
transmission line greatly slacks off the transition edges of digital signals to cause a nonnegligible ISI problem and thereby
degrades the eye diagram performance. Further inspecting the
eye opening, an obvious upper bound exists at where the dotted
arrow points out. It is noted that the bound is actually formed
by the output response of the first logic “1” transformation from
an initial “0” level or a long data train of “0” level in the PRBS.
Similarly, if the initial level of PRBS is logic “1” or right after a
long data train of “1” level, the lower bound of the eye opening
in Fig. 2(b) can be easily identified as well.
To understand the more detailed mechanism, Fig. 3(a) and (b)
present the transient responses of several bit sequences with the
initial level set to be logic “0” (0 V) and logic “1” (0.4 V), respectively. The bit sequences all contain only two distinct bits,
which are separated by the multiples of a bit period, and the dc
voltage level of logic “1” can be given by
(3)

Fig. 3. Transient responses of several bit sequences with the initial levels of (a)
initial level of logic “0” and (b) initial level of logic “1.”

where
and
are the termination resistances, as well as
means the dc resistance of a lossy line. It is reminded that a
bit transformation must be realized by either a rising or falling
edge. Due to the induced ISI effect, the randomly alternate occurrences of both transition edges will directly affect the reachable voltage levels of bit transformations.
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Fig. 4. Eye sketch produced by overlapping transient responses of two antipolarity single bit transformations (solid curves) and its replicate with one bit
period apart (dotted curves).

For the voltage-level transition of logic “0” to logic “1,”
which relates to the upper bound of the eye opening, it is first
found in the region “A” of Fig. 3(a) that the signal transitions
suffered from the induced ISI effect will eventually possess
. Even if the latter
a higher voltage level than the marked
bit pattern happens at infinity, they are expected to get just the
equal amplitude. The same phenomenon is observed in the
region “B” of Fig. 3(b) since the starting point of concerned
, not the
signal transitions now changes into the marked
ideal level of logic “0.” These bring to an important inference
that the upper bound of the eye opening can be simulated by
only launching a single bit transformation onto the lossy line.
Such method still holds in finding the lower bound, provided
that the bit transformation scheme is inverted. For the present
and
, respectively. Due to the
case, the two bounds are
symmetrical property, it is expected that the pull-up and pulldown levels for the two kinds of single bit transformations
would be consistent. Thus, the two bounds can be related by
(4)
The worst-case eye height

is thus determined as

Fig. 5. Graphical representation of complete worst-case eye diagram constructed by present method.

constructed in Fig. 5. By the way, inside the worst-case eye diagram the transitioning signals degraded by the ISI effects will
only lie in the region excluding the eye opening.
Real systems usually consist of coupled transmission-line
structures and there may be multiple segments existing in the
transmission channel. As a consequence, the signal quality of
the concerned signal trace will be not only restricted by its
lossy nature but also influenced by the crosstalk noises from
other signal traces and the reflection noises from the internal
impedance mismatches. However, if only the system response
appears to be “monotonic,” which means that the effects of
the crosstalk and reflection noises are considered to be almost
negligible, it is inferred that the proposed methodology can
then be used to establish the worst-case system eye diagram.
III. IMPULSE RESPONSE DERIVATION
For the derivation of system impulse response, one typical approach is to find the corresponding frequency response first. In
of lossy transmission lines
general, the transfer function
as expressed by
(7)

(5)
On the other hand, signal timing is also a key factor for the
system performance. By overlapping the transient responses of
two required single bit transformations, the eye is sketched as
the solid curve in Fig. 4 and the worst-case eye width
can be defined with the time difference between the two crossing
points
and
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can be obtained from the phasor-form telegrapher’s equations,
where
(8)
is the propagation constant, is the line length, and , , ,
and are the per-unit-length equivalent lumped elements [17].
The resistance and conductance can be given by

(6)
and
denote the instants for an eye-opening set as
where
depicted in Fig. 4. Nonetheless, the eye-like plot looks a little
deficient for lack of the timing jitter information. It is known
that the timing jitter can be figured out by subtracting the eye
width from the bit period. That is to say, reproducing the solid
curve in the right side with one bit period apart, as the dotted
curve in Fig. 4, and taking the time difference between the instants and can generate the timing jitter. With this graphical
improvement, the complete worst-case eye diagram is thereof

and
(9)
is the line
where is the resistivity, is the permeability,
is the loss tangent. As for the inductance and
width, and
capacitance , they are accessible through the utilization of a
2-D method of moments [8], [18], [19].
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In most cases, the low-loss assumption (
) can be applied to further approximate (8) as

and

(10)
Substitution of (10) into (7) yields

(11)
Recalling the convolution theorem of signal processing [21], the
of lossy transmission lines can be treated
impulse response
,
as the convolution sum of inverse Fourier transforms of
, and
, which are discussed as follows.
is associated with the time-delay effect.
a)

Fig. 6. Impulse response associated with dielectric loss.

(12)
acts for taking the inverse Fourier transform
where
is the propagation delay of the lossy
and
line.
is associated with the conductive loss.
b)
In reference to [18], the result reads

$

(13)

where
(14)
It is observed that the derived
automatically satisfies
the causality because of the nature of Laplace transform.
is associated with the dielectric loss.
c)
should take the form of
For a real response,
for
for
From the table of the Fourier transform pairs [21],
obtained as

.
(15)
is first

(16)
where
(17)
The graph for
at
is shown in Fig. 6. Due to
, the
the absence of imaginary part in the expression of
exhibits a noncausal property that is not permitted in real
systems. The reason for causing this shortcoming is that in reality any dielectric material cannot have a constant loss tangent
at all frequencies [20].

Fig. 7. Real and calculated imaginary parts of

H (!).

However, for a causal system, the real and imaginary parts
of the transfer function would be subject to specific relations,
which are called the Kramers-Kronig (K-K) relations, i.e.,

(18)
where denotes the principal value over the integral. With the
help of the K–K relations, the real and thus calculated imaginary
are both provided in Fig. 7. After numerically
parts of
,
taking the inverse Fourier transform on the complete
the resultant
as also shown in Fig. 6 becomes nearly
. This oscilone-sided except for a little oscillation around
lation, which is well known as “Gibbs’ phenomenon,” is mainly
attributed to the inevitably finite bandwidth in the numerical integral of Fourier transform [21].
, it is clear that the refined
Compared with the original
impulse response actually make all the energy on the negative
is symmetrical
time axis shift to the positive one. Since
with respect to
, the function values on the positive time
axis will double while the enclosed area between the
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TABLE I
DIMENSIONS AND (A , B ) OF THE MICROSTRIP LINE IN FIG. 1

TABLE II
EYE DIAGRAM CHARACTERISTICS BY HSPICE VERSUS PRESENT METHOD
FOR THE MICROSTRIP LINE IN FIG. 1

Fig. 8. Worst-case eye diagram characteristics versus A and B . (a) Contour
plot of eye-height percentage. (b) Contour plot of eye–width percentage.

and the time axis remains consistent. Therefore, a good approxwith the causal property is written as
imation for
(19)
Notice that the function values on the negative time axis are
.
forced to be zero by the presence of a step function
Reconsidering the transmission-line system in Fig. 1, it is intuitive that the output transient waveform can be acquired by
convoluting the input signal with the “monotonic” impulse reand hence the worst-case eye diagram can be detersponse
mined by the proposed methodology.
IV. NUMERICAL RESULTS
A. Eye Diagram Characteristics Versus

to include the influence of different signal frequencies on the
signal quality. Let the eye-opening percentage be defined as
the ratio of the eye opening to the dc voltage level given by
(4). Assuming that the rising and falling edges of input signals
are fixed at one quarter of UI, two design graphs in terms of
eye-opening percentages for the worst-case eye- diagram charand
are numerically constructed and
acteristics versus
given in Fig. 8.
Several cases of 50- microstrip structures, whose cross section has been shown in the inset of Fig. 1, are picked out to validate the design graphs. The dimension settings and thus calcuand
for the UI of 200 ps are listed in Table I. From
lated
the comparisons in Table II, the differences between the simulation results while using HSPICE [22] and the predicted eye
diagram characteristics are less than 2.5%. It is worthy noting
that the true PRBS condition can hardly be achieved in HSPICE
due to the limit of simulation time and can only yield an upper
approximation. On the other hand, based on the analytic derivation, the design graphs are very efficient in the fast yet accurate
and
of
prediction of eye diagram performances once the
transmission line systems are ascertained.
B. Influences of Signal Rising and Falling Edges

and

Based on the above discussion, the levels of the conductive
and dielectric losses will be eventually transformed into two deterministic parameters, in (14) and in (17), respectively, no
matter what the physical structure of transmission lines is. Both
the parameters can be further normalized with the unit interval
(UI) of input data patterns, that is
(20)

Besides the UI, the rising/falling edge is another factor that
would affect the spectral content of digital signal. The energy
distribution at the lower frequencies relates to the UI, while the
amounts of high-frequency components depend upon the rising/
falling edge [23]. Since most signal energy would be confined
in the lower frequencies, the axes of design graphs as presented
in Fig. 8 chose the UI as the normalization factor and assumed
the fixed rising/falling edge with a uniform ratio. Nevertheless,
the influences of rising and falling edges on the eye diagrams
still have to be taken into account.
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Fig. 10. Illustration for maximally usable length of lossy lines while normalized eye height of 40% is set for an eye mask.

Intuitively, the line length can be distinguished from (20)
and the overall expression is rewritten as

and
(21)
Fig. 9. Worst-case eye diagram characteristics versus different rising edges for
. (b) Eye
the cases 1, 3, and 5 of Table I. (a) Eye height while V
ps.
width while UI

= 200

= 400mV

In the practical applications, the two transitioning edges are
often set to be equal for the design facilitation. For the cases 1,
3, and 5 of Table I, the worst-case eye diagram characteristics
versus the different rising edges that range from 0% to 50% of
UI are plotted in Fig. 9. The smaller the rising edge, the more the
high-frequency components and thereby the more seriously the
lossy effect deteriorates the digital signal. It is found that the eye
, while
heights deviate from the original ones by at most
the variations of eye widths quite approach to zero. In a modern
high-speed digital system design, such relative errors are nearly
negligible and could be calibrated accordingly to attain the more
accurately predicted results.
C. Maximally Usable Length
With the fast increase of system operating frequencies, the
standard eye masks in terms of both the eye height and eye width
are usually defined and then used to evaluate whether the interconnection among the chip modules are workable for a certain
transmitting signal. This indicates that there is an upper limit on
the usable length of lossy transmission line. With the aid of two
design graphs as in Fig. 8, the maximally usable length for lossy
line can be easily estimated.

and
are directly proIt is observed that the parameters of
portional to the line length with respective to the scaling factors,
and . In other words, when the line length starts to increase,
there will be a track that follows a straight line with the slope of
on the design graphs. For the case 1 of Table I (
and
), the generated track on the design graphs of Fig. 8(a)
is thus illustrated in Fig. 10. The track and a given eye mask
will cross somewhere and the projection of the crossing point
- or
-axis will bring out the information of a usonto the
able length. While a normalized eye-height of 40% is defined
as the eye mask, the length is computed to be about 26 in. The
present method is still applicable for finding the usable length
for the eye mask regarding the specified eye width. Both two
results may differ, but it can be deduced that the minimum one
is namely the maximally usable length.

V. EXPERIMENTAL VERIFICATION
A test board was fabricated to measure the performance in
comparison with those prediction results from the proposed approach. There are two kinds of 50- microstrip geometries and
each one further has the varied lengths of 20, 30, and 40 in.
and
that were asIn the real structures, the parameters
sumed to be uniquely determined by (20), will also be affected
by the roughness of conductor surface and the nonuniformity
of dielectric material, respectively. It is not easy to accurately
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Fig. 12. Measured eye diagram without board under test.

H (!) to the measured ones for the miW = 1:9 mm, and T = 0:05 mm.

Fig. 11. Curve fitting the simulated
crostrip geometries of
= 1 mm,

H

TABLE III
AND
OF THE
COMPARISON BETWEEN CALCULATED AND MEASURED
FABRICATED MICROSTRIP LINES WITH T = 0 05 mm IN FIG. 1

:

A

B

identify their influences since the both phenomena usually vary
with different manufacturing technologies.
To get a proper approximation, the most direct method is
to
to numerically fit the curves of the transfer function
the measured responses as much as possible, as exemplified in
and
as in (9) are both frequency
Fig. 11, even if the
dependent or the real systems may contain various PCB cards.
and
After that, transforming the data into the required
can nearly achieve the closest prediction of the worst-case eye
and
now must include
diagram as well. Note that the
the effects of the surface roughness and the dielectric nonuniformity. The calibrated outcomes are all tabulated in Table III
and the average deviation of around 21% compared with the caland
by (20) had demonstrated that the manufacculated
turing variation plays a very important role in the lossy effects
of transmission lines.
The eye diagrams at the receiving ends were measured on Agilent 54855A Digital Signal Oscilloscope, while the PRBS with
the above mentioned specification was launched from Anritsu
MP1763C Pulse Pattern Generator. Between the test board and
instruments, the coaxial cables are needed for the interconnection. Before the signal transmits through the de-signate structures, it should be noticed that the measured eye diagram as
shown in Fig. 12 has suffered from degradation due to the existing losses of cables and the inherent nonideal effects in the
pulse pattern generator. The simulation settings on both the loss
parameters and the input-signal specification require some modifications accordingly to proceed with accurate eye diagram prediction.

Fig. 13. Comparisons between simulated (left side) and measured (right side)
eye diagrams for the configuration settings in Fig. 1 and Table III. (a)
=
= 0 72 mm, and Lenght = 30 in. (b)
= 1 mm,
=
0 4 mm,
1 9 mm, and Length = 20 in. (c)
= 1 mm,
= 1 9 mm, and Lenght =
30 in

:
:

W

:

H

W

:

H

H
W

The simulated and measured eye diagrams for the three samples in Table III are presented in Fig. 13. By subtracting the internal jitter of 30 ps as shown in Fig. 12, it is found that the comparison results are in a good agreement if the two parameters
and
deduced from the measured results in Table III are employed. Consequently, the exactitude of the proposed methodology can be verified.
VI. CONCLUSION
This paper proposes a fast methodology to determine the
eye diagram characteristics of the typical transmission-line
systems with a monotonic impulse response. It employs only
two anti-polarity one-bit data patterns rather than the PRBS
as input excitations to predict the worst-case eye-opening
profile at the receiving ends. With the low-loss assumption,
the impulse responses of lossy lines can be divided into three
different mechanisms, which relate to the propagation delay,
the conductive loss, and the dielectric loss, respectively. To
resolve the causality problem in the transient analyses, the K–K
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relations are used to refine the deficiency regarding the derived
impulse response for the dielectric loss.
Following that, two design graphs for the worst-case eye diand
, the quantification facagram characteristics versus
tors of conductive and dielectric losses, are constructed. The
parametric analyses for the signal rising edges indicate that the
effects of signal contents at the higher frequencies is negligible
in the prediction of eye-opening profiles, while the unit interval
in the pulse train is critical. As for the specified eye mask, both
design graphs can be exploited to evaluate the maximally usable length of lossy transmission lines and if a designed system
is workable.
In real systems, the surface roughness and dielectric nonuniformity must also be great concerns in deciding the levels of the
conductive and dielectric losses, respectively. Fitting the curves
of the derived transfer function to the measured responses as
much as possible and then transforming the data into the paand
can help identify how seriously the original
rameters
lossy effects of transmission lines are deteriorated. The average
deviation of larger than 20% from the calculated results implies
that more inclusive modeling approach needs to be developed
for the both phenomena in the future. Finally, good agreement
has been found in the comparisons between the simulated and
measured eye diagrams, which validated the correctness and
practicability of the present methodology.
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