
CSE 255 Quiz 9

Tuesday June 4, 2013

Instructions. Do this quiz in partnership with exactly one other student. Write
both your names at the top of this page. Discuss the answer to the question with
each other, and then write your joint answer below the question. Use the back of
the page if necessary. It is fine if you overhear what other students say, because
you still need to decide if they are right or wrong. You have seven minutes.

Question. Consider the standard least-squares linear regression problem Ax '
b where the unknown parameters to be learned are the column vector x. The so-
lution is x = (ATA)−1(AT b). Let the singular value decomposition of A be
A = USV T . Show that the solution can be simplified to x = V S−1UT b.

Answer. The SVD of A gives a decomposition for the inverse of ATA:

(ATA) = ([USV T ]TUSV T ) = ([V SUT ]USV T ) = V S2V T

(ATA)−1 = (V S2V T )−1 = (V T )−1S−2V −1 = V S−2V T .

From this we get x = (V S−2V T )([V SUT ]b) = V S−1UT b.

Additional notes. The derivation relies on the fact that U and V are orthonor-
mal in the SVD. If U is orthonormal, then its inverse U−1 = UT . For any two
matrices with compatible dimensions, [AB]T = BTAT . If all inverses exist, then
[AB]−1 = B−1A−1.

Evaluating x = V S−1UT b is simply two matrix multiplications, so the main
work of solving the linear regression problem is in the SVD. If the matrix A does
not have full rank, then some entries of S are zero. In this case, the same entries
of S−1 are defined to be zero also.

The matrix A is rectangular, so it does not have an inverse. However, V S−1UT

acts like an inverse, and is called the Moore-Penrose pseudoinverse. Specifically,

V S−1UTA = V S−1UTUSV T = V S−1SV T = V V T = I.


