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Parallel machine

Parallel machine is a collection of processors with limited computational
power.

@ Each processor is a finite automaton.

@ Every computational step each processor interacts with at most 1
other processor.

@ Program for parallel machine gives every interacting pair an
instruction how to change the state based on their current states.
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Parallel machine on a hypercube

Parallel machine on a hypercube is a machine with additional properties:

@ Each processor is associated with a node of hypercube.
@ Processors can only interact with their neighbours.

@ Every step there is a fixed direction. All interacting pairs are pointing
in that direction.
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Parallel machine on a hypercube is a machine with additional properties:

@ Each processor is associated with a node of hypercube.
@ Processors can only interact with their neighbours.

@ Every step there is a fixed direction. All interacting pairs are pointing
in that direction.

v
Lemma

For every parallel machine on w processors there is an equivalent parallel
machine on hypercube with O(w) processors and poly-logarithmic
slowdown.
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Naive definition
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Fault-tolerant circuit

Fault-tolerant circuit is a circuit that computes desired function with high
probability even if a fraction of the wires is defective.
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Fault-tolerant circuit

Fault-tolerant circuit is a circuit that computes desired function with high
probability even if a fraction of the wires is defective.

@ We actually want to build circuits like that!
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Fault-tolerant circuit

Fault-tolerant circuit is a circuit that computes desired function with high
probability even if a fraction of the wires is defective.

@ We actually want to build circuits like that!

@ Brain seems to be a fault-tolerant circuit.
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What do we want?

Good fault-tolerant circuit should have all of the following properties:

@ Correct with high probability:

Pryire maIfunction[C(X) = f(X)] >1—e€
€ should be small.

@ Can handle many error: every wire malfunctions with probability 0.
6 should be ideally close to %

@ Be not much bigger than the most efficient circuit with no
fault-tolerance property.
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There are no good fault-tolerant circuits!

Problem with output

For a binary function we have § chance to output wrong answer.
We can have § > e.
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There are no good fault-tolerant circuits!

Problem with output

For a binary function we have § chance to output wrong answer.
We can have § > e.

v

Problem with input

If our inputs are outputs of some other circuits, then some fraction of
them would be actually incorrect.
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Solving problem with output

Majority vote

Instead of outputting 1 bit we can output 3 bits: yi, y2, y3.
We say that circuit computed function correctly if f(x) = Maj(C(x))
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Solving problem with input

Partial functions

We can ask for several copies of each input. Then we will assume that the
correct value of the input is Maj of all the copies.
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Encoding-Decoding pairs

Encoding-Decoding pairs
E, D is an encoding-decoding pair if Va: D(E(a)) = a
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Encoding-Decoding pairs

Encoding-Decoding pairs
E, D is an encoding-decoding pair if Va: D(E(a)) = a

Simulating circuit

A circuit C simulates function f if

Va: Pryire maIfunction[D(C(E(a))) = f(a) >1-— 6]
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Computing identity

Identity function: /(x) = x.

Daniel A. Spielman, presented by lvan Mikhai Fault-tolerant computation November 22, 2018 13 /26



Computing identity

Identity function: /(x) = x.

X—=0
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Computing identity

Identity function: /(x) = x.

O

T
X

If every wire malfunctions with probability 0.25, then circuit above is
correct with probability 0.75.
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Computing identity

Encoding-Decoding pair
E(b) = bbb
D(abc) = Maj(a, b, c)
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Computing identity

Encoding-Decoding pair
E(b) = bbb
D(abc) = Maj(a, b, c)

Vb e {0,1} : D(E(b)) = D(bbb) = b
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Computing identity

Encoding-Decoding pair
E(b) = bbb
D(abc) = Maj(a, b, c)

Vb e {0,1} : D(E(b)) = D(bbb) = b
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Computing identity

Encoding-Decoding pair
E(b) = bbb
D(abc) = Maj(a, b, c)

Vb e {0,1} : D(E(b)) = D(bbb) = b

01 0 O3
T T 7T
X1 Xo X3

If every wire malfunctions with probability 0.25, then circuit above is
correct with probability > 0.84.
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Communication over a noisy channel

Noisy channel
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Original application

Error correction in communication

Alice is sending E(m) to Bob over a noisy channel. Bob should be able to
recover m with high probability
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Repetition code

Repetition code

@ The simplest of all codes

@ Repeat the same message k times.
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E:A" 5 AKX E(m) = m mktimes m
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Repetition code

Repetition code

@ The simplest of all codes

@ Repeat the same message k times.

E:A" 5 AKX E(m) = m mktimes m

D: Ak><n — An, D(X),’ = Maj(x;,x,-+,,, N 7Xi+n><(k—1))
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Reed Solomon code

Reed Solomon code

o F is a field

e HCF
o there is a bijection ¢ between FF and the set of all polynomials on F

o there is a bijection 1) between FH and the set of all polynomials on F
of degree < |H|
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Reed Solomon code

Reed Solomon code

o F is a field

e HCF
o there is a bijection ¢ between FF and the set of all polynomials on F

o there is a bijection 1) between FH and the set of all polynomials on F
of degree < |H|

Encoding-decoding pair:

E:F" = FFE(x) = ¢ 1 (¥(x))
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Reed Solomon code

Reed Solomon code

o F is a field

e HCF
o there is a bijection ¢ between FF and the set of all polynomials on F

o there is a bijection 1) between FH and the set of all polynomials on F
of degree < |H|

Encoding-decoding pair:

E:F" = FFE(x) = ¢ 1 (¥(x))

D:FF— FH.

D(y) = ¥ (closest polynomial to ¢(y) of degree < |H|)
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Arithmetic view of computation
@ Treat each state of computation as a polynomial.

@ Treat each step of computation as an arithmetic manipulation with
polynomials.
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Representation
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Representation

o F=1{0,1}"is a field

Daniel A. Spielman, presented by lvan Mikhai Fault-tolerant computation November 22,



Representation

o F=1{0,1}"is a field
e H={0,1}", HC F.
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Representation

o F=1{0,1}"is a field
e H={0,1}", HC F.
@ Each processor is associated with the unique element of H.
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Representation

F =1{0,1}"is a field

H=1{0,1}", HC F.

Each processor is associated with the unique element of H.
S={0,1}°>, SCF

Each processor’s state is an elemement of S.
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Representation

F =1{0,1}"is a field

H=1{0,1}", HC F.

Each processor is associated with the unique element of H.
S={0,1}°>, SCF

Each processor’s state is an elemement of S.

Each computational step is a mapping: SH — SH.
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Putting everything together

Main technical ideas

@ Use Reed-Solomon codes to store states of the processors. Instead of
storing states as S we will store them as FF.
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Putting everything together

Main technical ideas
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storing states as S we will store them as FF.

@ Every computational step has a direction:

dve H: Va€ H: a interacts with a+ v
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Putting everything together

Main technical ideas

@ Use Reed-Solomon codes to store states of the processors. Instead of

storing states as S we will store them as FF .

@ Every computational step has a direction:

dve H: Yae H: a interacts with a+ v

@ Every computational step can be represented:

new value of s, = p(Sa, Satv)
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Putting everything together

Main technical ideas

@ Use Reed-Solomon codes to store states of the processors. Instead of

storing states as S we will store them as FF .

@ Every computational step has a direction:

dve H: Yae H: a interacts with a+ v

@ Every computational step can be represented:

new value of s, = p(Sa, Satv)

@ To get encoding of the new state we multiply encoding of the current
state with it's permutation.
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Almost there

@ We now can make one step of the computation tolerating a fraction
of errors.
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@ We now can make one step of the computation tolerating a fraction
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@ We want to make sure that at every step number of error were below
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@ We can do this by duplicating the construction.
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Almost there

@ We now can make one step of the computation tolerating a fraction
of errors.

@ We want to make sure that at every step number of error were below
the threshold.

@ We can do this by duplicating the construction.

@ This is the same as use k-fold repetition of a Reed-Solomon code
instead of plain Reed-Solomon code.
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Statement of the result

Theorem

For every parallel machine M, there exists a parallel machine M’ such that:

Vx Prwire malfunction[D(M,(E(X))) 7& M(X)] < 0(2_W1/4)

Where E is O(log(w))?-fold repetition of a Reed-Solomon code of length

=3 . ,
wpolylog(w), D can correct w fraction of error and wires are
malfunction with constant probability.
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Room for improvement

@ Can we tolerate error close to %?
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@ Can we give a direct construction without going through programs on
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Room for improve

@ Can we tolerate error close to %?

@ Can we give a direct construction without going through programs on
hypercube?

o Can we get false-tolerant programs with constant blow up?
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