Signal Recovery

Based on Candes, Romberg, Tao. Stable Signal Recovery
from Incomplete and Inaccurate Measurements




Problem Statement

Given, n linear measurements about xo € R™ of the form

Ve = (Xo, k) R=1,...,n0ry=dxg (1)

where ¢, € R™ are known, "recover” xo. Underdetermined n << m



Problem Statement: Underdetermined, Approximately Sparse,

Noise

Consider 3 scenarios:

1. the measurements are exact ®x =y

2. the measurements are noisy ||®x — y||, <€

3. signal is noisy and not sparse

Hope is our recovery procedure must be stable: small errors in
measurements should result in small errors in recovery. We consider
the program:

min ||x||;, subject to || ®x —y||;, < e (2)



1. No Noise: We can exactly recover xq ',
X =Xo (3)
2. Noise: We can approximately recover xg ',
[IXF = Xolli, < O(e) (4)

3. Noise and not Sparse: We can approximately recover xq ',

I =l < 0(e) + o2 sl s

where xg s are the S largest values in x. S is "special” here. This
roughly means that you can recover S largest values of xg

T provided that the matrix € R"*™ is "nice”



Nice = S-restricted isometry constant

1. For measurement matrix ® € R"*" consider &, T C {1,...,m}
be the n x |T| submatrix obtained by extracting the columns of ¢
corresponding to the indices in T.

2. Choose S

3. Then S-restricted isometry constant ds of ® is the smallest
quantity such that

(1= 0s)llcllf, < llercllf, < (1 +0s)l[cllf (6)
for all subsets T with |T| < S and coefficient sequences (¢j)jer-

This property essentially requires that every set of columns of ® with
cardinality less than S approximately behave like an orthonormal

system.



Theorem: Underdetermined, Sparse, Noise

Let ®,S be such that 435 + 30,5 < 2. Then for any signal xo supported
on T with S > |Ty|, the solution x* obeys

IX* = Xolli, < Cse (7)

where Cs is only dependant on dys.



Theorem: Underdetermined, Approximate Sparse, Noise

Suppose that xq is an arbitrary vector in R™ and let xq s be the
truncated vector corresponding to the S largest values of xq (in
absolute value). Then, the solution x# obeys

[[Xo — Xo,sls, 8)

VS

[x* —xoll, < Cise + Caos



Proof: Underdetermined, Sparse, Noise

Consider h = x* — xo, To is the support of xo, T§ is the complement of
To. It follows that the following two constraints are satisfied:
1. Tube constraint: ||®h]|, < O(e) as ||Px¥||, < e and ||®xoll;, < e

2. Cone constraint: [|hr||;, < |lhr, ]|, follows from xo being feasible
and x* being the global minima.



Geometrically

Ax = Axgy

4y ball

We need to show that the intersection of these two constraints is
small O(e). The reason why this holds is because every vector h in
the ["-cone is approximately orthogonal to the nullspace of . That
is we will prove that in the intersection ||®h||,, ~ ||h]|;,, which
together with tube constraint establishes the result.



Proof: Notation

Consider h = x* — xo and restriction hr,(t) = h(t) for t € To and zero
otherwise.

1. We divide T§ into subsets of special size M and enumerate T§ as
M, N2, ..., Ny_|7,| in decreasing order of magnitude of hr:.

2. SetTy=np: (j— M +1< [ < jM.

That is, Ty contains the indices of the M largest coefficients of hr, T,
contains the indices of next M largest coefficients of th, and so on.



We want to upper bound |[/h||;, and show that it is O(e). And we know
that [,-norm of ®'s action on h is bounded, i.e.||®h]|;, < 2e. Also,

[®hl, = |Pr,hrll, = D I@hr |l (9)
j>2
> \/1= O llhm ll, = V14 0m Y 17, (10)
j>2

Informally, they show that ||hr||;, is O(||hr,ll;,) and [|hl];, is O([|hrli,)
(mass concentration).

Mass concentration entails showing that the [,-norm of h is
concentrated on To; =To U Ty, i.e. ||hl, < (1+ ‘I,,—"')Hhmnfz.



Examples of & € R™*™

1. Random matrices with i.i.d. entries: Suppose the entries of ®
are i.i.d. Gaussian with mean zero and variance % then
conditions for noisy recovery are satisfied with high probability

n

provided certain upper boundson S, S < O(m).

2. General orthogonal measurement ensembles: Suppose ® is
obtained by selecting n rows from an m by m orthonormal
matrix U and renormalizing the columns so that they are
unit-normed. If the rows are selected at random, then
conditions for noisy recovery are satisfied with high probability

provided certain upper boundson S, S < O(W)

1



Questions?

1



Appendix: [|fr [, is O(llhr, .,

By construction, we have the magnitude of each coefficient in Tj;, is
less than the average of the magnitudes in T;. That is

iy I
|hr,,,(8)] < == Then ||y, |I?, <

2 =

sz Iz, < fnhn,nb where = W‘

—" and hence that



