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Motivation

» Smooth manifold M = M9 embedded in R”

» Goal: given a finite sample of points lying on M9 C R", we'd
like to infer, extract, and " flatten” M9 C R” into an isometric
mapping in RY

» Key assumption/caveat: no noise (but see Davis-Kahan
perturbation theory)



Notation

» Let X = {x;}™, such that x; € M9 c R"
» Let G = (X, E) be a graph with vertices X = {x;} and (as yet
arbitrary) edges E
» Let ||x — y|| be the Euclidean distance between any points
x,y € R"
» We define three metrics on X in R”:
» du(x,y) = inf,{length(y)}*
> ds(X,y) = minp(zle dM(X,',X,'_l)) 2
> de(x,y) = minp (320 [Ixi — xi-1l]) 2

1~ is any geodesic from x to y
2P = xo,x1,...,Xp is a path along edges in G
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Isomap

» Isomap is a nonlinear extension to PCA and MDS that
preserves its major algorithmic features (as deemed by the
authors): computational efficiency, global optimality, and
asymptotic convergence guarantees

» Three steps:

» Construct local neighborhood based on pairwise euclidean
distances ||x; — xj||

» Estimate geodesic distances dg(x;, X;) ~ du(xi, x;) for all i,/

» Embed points, according to dg(x;, X;), into RY by minimizing
the cost function

E =||7(Dg) = 7(Dv )l



Algorithm

Step

1 Construct neighborhood graph Define the graph G over all data points by connecting
points i and j if [as measured by d,(i,j)] they are
closer than € (e-Isomap), or if i is one of the K
nearest neighbors of j (K-Isomap). Set edge lengths
equal to d,(i.j).

2 Compute shortest paths Initialize d(i,j) = d,(i,j) if i,j are linked by an edge;
dg(i.j) = o otherwise. Then for each value of k =
1,2, ..., Nin turn, replace all entries d.(i,j) by
min{d,(i.j), ds(ik) + d(k.j)}. The matrix of final
values D = {d(i,j)} will contain the shortest path
distances between all pairs of points in G (76, 19).

3 Construct d-dimensional embedding Let A, be the p-th eigenvalue (in decreasing order) of
the matrix 7(D) (77), and v}, be the i-th
component of the p-th eigenvector. Then set the
p-th component of the d-dimensional coordinate
vector y; equal to Vv,
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Recap

» Goal: we want to obtain an mapping f : R” — R? such that
distances of points in the manifold are (roughly) preserved
(isometry), i.e. for any x,y € M9 C R",

1F(x) = FW)Il = dm(x.y)

» Good news: Given dy;, MDS will find an f that does exactly
this

» Bad news: We don't have dy

» Good news (again): We can get arbitrarily close (in the
asymptotic sense) to dp; with our graph approximation dg

» Bad news (again): MDS does not scale well (dg itself is a
matrix with n? entries and its eigendecomposition is O(n®)
time)

recall: du(x,y) = inf,{length(v)} where ~ is any geodesic from x to y



Key result

» Given a sufficiently high density of data points and
knowledge of certain characteristics of M, we can always
specify an e- or K- neighborhood so that with probability
1 — 1 our estimate dg of the true manifold metric dy; is

(1= M)dm(x,y) < dg(x,y) < (14 A2)dum(x,y)

for arbitrarily small A1, A2, and p



Intuition

» sufficiently high density of data points: dg is an
approximation of the manifold metric dy, by using a Euclidean
metric between points

» knowledge of certain characteristics of MY:
» ro (minimum radius of curvature) is

ro = (rr/{’atx{;;)\(t)}> B

» so (minimum branch separation) is the largest positive number
for which ||x — y|| < so implies du(x,y) < mry for x,y € M9
in other words, if we imagine the manifold as a racetrack, ry is
how tight its turns are, and sg is how curvy the road is



Main Theorem Let M be a compact submanifold of R" and let
{x;} be a finite set of data points in M. We are given a graph G
on {x;}, and positive real numbers A1, Ay < 1. We also refer to
positive real numbers €pmin, €Emax and §. Suppose

1. The graph G contains all edges xy of length ||x — y|| < €min;
2. All edges of G have length ||x — y|| < €max;
3. The data set {x;} satisifies the 6-sampling condition in M;
4. The submanifold M is geodesically convex.

Then, provided that,
5. €max < So, where sy is the minimum branch separation of M,

6. €max < (2/m)ro\/24)\1, where ry is the minimum radius of
curvature of M,

7.0 < )\2€min/4
it follows that the inequalities

(1= A)dm(x,y) < da(x,y) < (1+ Aa)dum(x,y)

are valid for all x,y in M.
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