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Dimensionality reduction
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Figure: Principal component analysis ShareLTex
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Dimensionality reduction

Figure: Locally Linear Embedding
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The dimensionality reduction problem

Problem

Given n data points {x;}"_;, each point lies in high dimensional space
x; € RP. We want to find a mapping ¢ that maps data x; to some y; in
low dimensional space, ¢(x;) = y; € R, D > d.

@ PCA would require ¢ to be linear and keep high variance
@ Linearity prevents reducing dimension of a lot of manifolds

@ Nonlinear dimensionality reduction preverving local geometry
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Step 1: Constructing the adjacency graph

e Use n points {x;}"_; to construct a graph G = (V, E)
e Each point x; corresponds to one vertex in v; € V., |V| =n
@ Put an edge between v; and v; if x; and x; are “close”

o e—neighborhood: ||x; — xj||? < €

o k nearest neighbors: x; € Nj or x; € N
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Step 2: Choosing edge weights

2
[1xi =

o Heat kernel (parameter t ¢ R) W =e™ ¢

@ Unweighted version, t = co (simple-minded)

W — {1, if v; and v; are connected
i =

0, otherwise
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Step 3: eigenmaps

@ Assume G constructed by step 1 and 2 is connected

@ Let W be the adjacency matrix, D be the degree matrix and L be the
Laplacian matrix of G
D = W]., i.e D,',' = Zjev VVU
L=D-W

@ Solve the generalized eigenvalue problem Lv = ADv

@ Equivalent to find eigenvalues of the normalized Laplacian
D—1/2LD—1/2 i
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Optimal embedding

o Let {\;,v;}7_; be sorted eigenvalue-eigenvector pairs
O=M< <3< <A,

@ The embedding defined by Laplacian eigenmap is
o(x1) = yi = (va(1), v3(1); oo Va1 (i) T € RY

The embedding provided by Laplacian eigenmaps is optimal, in the sense
that it is the best locality-preserving mapping.
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One-dimensional case

o Consider mapping {x; € RP}7_, to 1D points {y; € R}"_,
e “Close* points in RP should also be “close" in R
e Criterion: find {y;}"_; that minimizes
I i — )W =yTLy
@ Add constraint y " Dy = 1 to remove scale ambiguity

@ Solution given by generalized eigenvalue problem
Ly = ADy
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General case

o Map {x; € RP}"_. to points {y; € RY}7_,
@ Locality preserving: “closeness” not changed by mapping
@ Criterion: minimize
> i = vl Wy = Tr(YLY'T)
@ Add constraint y' Dy = I, where Y = (y1,y2, ..., ¥n)

@ Solution given by generalized eigenvalue problem
Lv = ADv

ShareLaTeX

Learn

Mikhail, Partha CSE 254 November 2018 14 / 26



Table of Contents

e Examples

ShareLaTeX

Learn

Mikhail, Partha CSE 254 November 2018 15 / 26



Swiss roll
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Figure: 2000 Random data points on the swiss roll ShareLaTex
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Swiss roll

Figure: Two-dimensional representations of the swiss roll data, for different Values
of the number of nearest neighbors N and the heat kernel parameter t. t =
corresponds to the discrete weights. Learn
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Figure: (Left) A horizontal and a vertical bar. (Middle) A two-dimensional
representation of the set of all images using the Laplacian eigenmaps. (Right)
The result of PCA using the first two principal directions to represent the datae .rex
Blue dots correspond to images of vertical bars, and plus signs correspond to
images of horizontal bars.
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A linguistic example
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(a) The 300 most frequent words of the Brown corpus represented in the
spectral domain.

(b) Fragments labeled by arrows: (left) infinitives of verbs, (middle)
prepositions, and (right) mostly modal and auxiliary verbs.
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(a) The 685 speech data points plotted in the two-dimensional Laplacian
spectral representation.

(b) A blowup of the three selected regions corresponding to the arrowsin
Figure 6.
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Spectral clustering recap

e Given graph G = (V, E), two subsets A, B,

CUt(Av B) = ZueA,veB W(“? V)

VO/(A) = ZUGA,VEV W(u? V)
@ Note that ZV{GA D; = VO/(A), ZV{EB D;; = VO/(B)
@ Minimize normalized cut (Shi and Malik (2000))

Ncut(A B) = CUt(A B)(Vo/( A) vol(B))
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Variable definitions

o Let a=vol(A), b= vol(B), and define

o voll(A)7 ifvie A
X; =
S if v e B

@ Recognizing that
XTLX = Zu(xl - X_I)2 VVU = ZV,EA \/JEB(l + %)2CUt(A7 B)

T _ 20D, _ 1 1
x"Dx =Y. x7Dj —Zv,eA = +Zv,eB bé’ =:+3
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Transform spectral clustering to eigenmaps

° Seectral clustering problem minimizes
XX — cut(A, B)(L + 1) = Neut(A, B)

xT Dx
e Put y = DY/2x
XTLX . yTD—l/QLD—1/2y
x"Dx — yTy
o [ = D121 D~1/2 s called normalized graph Laplacian

e Equivalent to find the smallest nontrivial eigenvalue of L
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Unified framework

@ Similar algorithms: Kernel PCA, Laplacian eigenmaps, spectral
clustering, LLE, etc.

@ Bengio et al. (2003) came up with a unified framework
o Given a data set {x; 7 4, construct a n x n similarity matrix M,
M,j = k(X,',Xj); define D as D,',' = Zj M’J

o (Optional) Transform M, yielding a “normalized“ matrix (M). This
corresponds a transformed kernel M; = k(x;, ;)

o Compute m largest eigenvalue-eigenvector pairs (Mg, vi)

o Embedding x; € RP — yi € RY, yi = v
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Fit algorithms into framework

@ Spectral clustering (Ng et al. (2001))
o M=W,M=D"12p1/2
e Laplacian eigenmaps (Belkin and Niyogi (2003))
o M=D7Y2LD7YV2 N =pul — M )
e Smallest eigenvalues of M <= largest eigenvalues of M
o LLE (Roweis and Saul (2000))
o M=(U-W)T(I =W),M=pul—M )
e Smallest eigenvalues of M <= largest eigenvalues of M
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