
Markov random fields and energy-based models

A: Markov random fields



Image restoration
Geman, Geman (1984). Stochastic relaxation, Gibbs distributions, and the Bayesian
restoration of images.

Restoring degraded images:

• Images from spaces

• Blurry photos of license plates or crime scenes

• Noise in x-rays

Simplest model of degradation:

• Original m × n image X (i , j)

• Degraded version Y (i , j) given by Y = H ? X + Z , i.e.,

Y (i , j) =
∑
k,l

X (k, l)H(i − k , j − l) + Z (i , j)

where H is (known) shift-invariant blurring process, Z is Gaussian noise

Examples of blurring processes

• Original m × n image X (i , j)

• Degraded version Y (i , j) given by Y = H ? X + Z , i.e.,

Y (i , j) =
∑
k,l

X (k, l)H(i − k , j − l) + Z (i , j)



Handling linear models of degradation

So far, simple degradation process: linear, Y = HX + Z .

Can reconstruct X using (regularized) least-squares.

What about more sophisticated models of blurring?

What if Y = φ(H ? X )� Z?

Bayesian approach:

• Prior distribution on X

• Probabilistic model of corruption process

• Given Y , determine posterior distribution over X

• Sample from this posterior or find the MAP (maximum a-posteriori) model



What prior distribution over images?
Think of each pixel as a random variable.
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<latexit sha1_base64="SFIRtZ0xTpXm2xibYLbDmpjDppg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIVI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTuoD8oVt+YuQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlf1jy35t1fVRrVPI4inME5VMGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDao41r</latexit><latexit sha1_base64="SFIRtZ0xTpXm2xibYLbDmpjDppg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIVI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTuoD8oVt+YuQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlf1jy35t1fVRrVPI4inME5VMGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDao41r</latexit><latexit sha1_base64="SFIRtZ0xTpXm2xibYLbDmpjDppg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIVI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTuoD8oVt+YuQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlf1jy35t1fVRrVPI4inME5VMGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDao41r</latexit><latexit sha1_base64="SFIRtZ0xTpXm2xibYLbDmpjDppg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIVI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTuoD8oVt+YuQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlf1jy35t1fVRrVPI4inME5VMGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDao41r</latexit>

X7
<latexit sha1_base64="OAQPiwi8RrwBe2Ps69lsKE4Eaiw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KI0B4LXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHnrD+rBccWvuEmSTeDmpQI7WsPw1GMUsjbhCJqkxfc9N0M+oRsEkn5cGqeEJZVM65n1LFY248bPlqXNyZZURCWNtSyFZqr8nMhoZM4sC2xlRnJh1byH+5/VTDBt+JlSSIldstShMJcGYLP4mI6E5QzmzhDIt7K2ETaimDG06JRuCt/7yJulc1zy35t3fVJrVPI4iXMAlVMGDOjThDlrQBgZjeIZXeHOk8+K8Ox+r1oKTz5zDHzifP9wnjWw=</latexit><latexit sha1_base64="OAQPiwi8RrwBe2Ps69lsKE4Eaiw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KI0B4LXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHnrD+rBccWvuEmSTeDmpQI7WsPw1GMUsjbhCJqkxfc9N0M+oRsEkn5cGqeEJZVM65n1LFY248bPlqXNyZZURCWNtSyFZqr8nMhoZM4sC2xlRnJh1byH+5/VTDBt+JlSSIldstShMJcGYLP4mI6E5QzmzhDIt7K2ETaimDG06JRuCt/7yJulc1zy35t3fVJrVPI4iXMAlVMGDOjThDlrQBgZjeIZXeHOk8+K8Ox+r1oKTz5zDHzifP9wnjWw=</latexit><latexit sha1_base64="OAQPiwi8RrwBe2Ps69lsKE4Eaiw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KI0B4LXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHnrD+rBccWvuEmSTeDmpQI7WsPw1GMUsjbhCJqkxfc9N0M+oRsEkn5cGqeEJZVM65n1LFY248bPlqXNyZZURCWNtSyFZqr8nMhoZM4sC2xlRnJh1byH+5/VTDBt+JlSSIldstShMJcGYLP4mI6E5QzmzhDIt7K2ETaimDG06JRuCt/7yJulc1zy35t3fVJrVPI4iXMAlVMGDOjThDlrQBgZjeIZXeHOk8+K8Ox+r1oKTz5zDHzifP9wnjWw=</latexit><latexit sha1_base64="OAQPiwi8RrwBe2Ps69lsKE4Eaiw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KI0B4LXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHnrD+rBccWvuEmSTeDmpQI7WsPw1GMUsjbhCJqkxfc9N0M+oRsEkn5cGqeEJZVM65n1LFY248bPlqXNyZZURCWNtSyFZqr8nMhoZM4sC2xlRnJh1byH+5/VTDBt+JlSSIldstShMJcGYLP4mI6E5QzmzhDIt7K2ETaimDG06JRuCt/7yJulc1zy35t3fVJrVPI4iXMAlVMGDOjThDlrQBgZjeIZXeHOk8+K8Ox+r1oKTz5zDHzifP9wnjWw=</latexit>

X8
<latexit sha1_base64="7f7kTvHkqCRr3WEE5WKrDcxvekY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KI0B4LXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHnrDxrBccWvuEmSTeDmpQI7WsPw1GMUsjbhCJqkxfc9N0M+oRsEkn5cGqeEJZVM65n1LFY248bPlqXNyZZURCWNtSyFZqr8nMhoZM4sC2xlRnJh1byH+5/VTDBt+JlSSIldstShMJcGYLP4mI6E5QzmzhDIt7K2ETaimDG06JRuCt/7yJulc1zy35t3fVJrVPI4iXMAlVMGDOjThDlrQBgZjeIZXeHOk8+K8Ox+r1oKTz5zDHzifP92rjW0=</latexit><latexit sha1_base64="7f7kTvHkqCRr3WEE5WKrDcxvekY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KI0B4LXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHnrDxrBccWvuEmSTeDmpQI7WsPw1GMUsjbhCJqkxfc9N0M+oRsEkn5cGqeEJZVM65n1LFY248bPlqXNyZZURCWNtSyFZqr8nMhoZM4sC2xlRnJh1byH+5/VTDBt+JlSSIldstShMJcGYLP4mI6E5QzmzhDIt7K2ETaimDG06JRuCt/7yJulc1zy35t3fVJrVPI4iXMAlVMGDOjThDlrQBgZjeIZXeHOk8+K8Ox+r1oKTz5zDHzifP92rjW0=</latexit><latexit sha1_base64="7f7kTvHkqCRr3WEE5WKrDcxvekY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KI0B4LXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHnrDxrBccWvuEmSTeDmpQI7WsPw1GMUsjbhCJqkxfc9N0M+oRsEkn5cGqeEJZVM65n1LFY248bPlqXNyZZURCWNtSyFZqr8nMhoZM4sC2xlRnJh1byH+5/VTDBt+JlSSIldstShMJcGYLP4mI6E5QzmzhDIt7K2ETaimDG06JRuCt/7yJulc1zy35t3fVJrVPI4iXMAlVMGDOjThDlrQBgZjeIZXeHOk8+K8Ox+r1oKTz5zDHzifP92rjW0=</latexit><latexit sha1_base64="7f7kTvHkqCRr3WEE5WKrDcxvekY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KI0B4LXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHnrDxrBccWvuEmSTeDmpQI7WsPw1GMUsjbhCJqkxfc9N0M+oRsEkn5cGqeEJZVM65n1LFY248bPlqXNyZZURCWNtSyFZqr8nMhoZM4sC2xlRnJh1byH+5/VTDBt+JlSSIldstShMJcGYLP4mI6E5QzmzhDIt7K2ETaimDG06JRuCt/7yJulc1zy35t3fVJrVPI4iXMAlVMGDOjThDlrQBgZjeIZXeHOk8+K8Ox+r1oKTz5zDHzifP92rjW0=</latexit>

X9
<latexit sha1_base64="6UJw8pNhDRhzEyW760nESDwgQe0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIUL0VvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlh+7gZlCuuDV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCa/9jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10n7sua5Ne/+qtKo5nEU4QzOoQoe1KEBd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AHfL41u</latexit><latexit sha1_base64="6UJw8pNhDRhzEyW760nESDwgQe0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIUL0VvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlh+7gZlCuuDV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCa/9jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10n7sua5Ne/+qtKo5nEU4QzOoQoe1KEBd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AHfL41u</latexit><latexit sha1_base64="6UJw8pNhDRhzEyW760nESDwgQe0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIUL0VvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlh+7gZlCuuDV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCa/9jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10n7sua5Ne/+qtKo5nEU4QzOoQoe1KEBd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AHfL41u</latexit><latexit sha1_base64="6UJw8pNhDRhzEyW760nESDwgQe0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIUL0VvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlh+7gZlCuuDV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCa/9jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10n7sua5Ne/+qtKo5nEU4QzOoQoe1KEBd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AHfL41u</latexit>

X10
<latexit sha1_base64="Mf2IB/43VdeIL/4euMXtnT+s3WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQY8BLx4jmAckS5iddJIxszPLzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlAhurO9/e4WNza3tneJuaW//4PCofHzSMirVDJtMCaU7ETUouMSm5VZgJ9FI40hgO5rczv32E2rDlXyw0wTDmI4kH3JGrZNanX4W+LN+ueLX/AXIOglyUoEcjX75qzdQLI1RWiaoMd3AT2yYUW05Ezgr9VKDCWUTOsKuo5LGaMJsce2MXDhlQIZKu5KWLNTfExmNjZnGkeuMqR2bVW8u/ud1Uzu8CTMuk9SiZMtFw1QQq8j8dTLgGpkVU0co09zdStiYasqsC6jkQghWX14nrcta4NeC+6tKvZrHUYQzOIcqBHANdbiDBjSBwSM8wyu8ecp78d69j2VrwctnTuEPvM8fBsKOrA==</latexit><latexit sha1_base64="Mf2IB/43VdeIL/4euMXtnT+s3WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQY8BLx4jmAckS5iddJIxszPLzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlAhurO9/e4WNza3tneJuaW//4PCofHzSMirVDJtMCaU7ETUouMSm5VZgJ9FI40hgO5rczv32E2rDlXyw0wTDmI4kH3JGrZNanX4W+LN+ueLX/AXIOglyUoEcjX75qzdQLI1RWiaoMd3AT2yYUW05Ezgr9VKDCWUTOsKuo5LGaMJsce2MXDhlQIZKu5KWLNTfExmNjZnGkeuMqR2bVW8u/ud1Uzu8CTMuk9SiZMtFw1QQq8j8dTLgGpkVU0co09zdStiYasqsC6jkQghWX14nrcta4NeC+6tKvZrHUYQzOIcqBHANdbiDBjSBwSM8wyu8ecp78d69j2VrwctnTuEPvM8fBsKOrA==</latexit><latexit sha1_base64="Mf2IB/43VdeIL/4euMXtnT+s3WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQY8BLx4jmAckS5iddJIxszPLzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlAhurO9/e4WNza3tneJuaW//4PCofHzSMirVDJtMCaU7ETUouMSm5VZgJ9FI40hgO5rczv32E2rDlXyw0wTDmI4kH3JGrZNanX4W+LN+ueLX/AXIOglyUoEcjX75qzdQLI1RWiaoMd3AT2yYUW05Ezgr9VKDCWUTOsKuo5LGaMJsce2MXDhlQIZKu5KWLNTfExmNjZnGkeuMqR2bVW8u/ud1Uzu8CTMuk9SiZMtFw1QQq8j8dTLgGpkVU0co09zdStiYasqsC6jkQghWX14nrcta4NeC+6tKvZrHUYQzOIcqBHANdbiDBjSBwSM8wyu8ecp78d69j2VrwctnTuEPvM8fBsKOrA==</latexit><latexit sha1_base64="Mf2IB/43VdeIL/4euMXtnT+s3WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQY8BLx4jmAckS5iddJIxszPLzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlAhurO9/e4WNza3tneJuaW//4PCofHzSMirVDJtMCaU7ETUouMSm5VZgJ9FI40hgO5rczv32E2rDlXyw0wTDmI4kH3JGrZNanX4W+LN+ueLX/AXIOglyUoEcjX75qzdQLI1RWiaoMd3AT2yYUW05Ezgr9VKDCWUTOsKuo5LGaMJsce2MXDhlQIZKu5KWLNTfExmNjZnGkeuMqR2bVW8u/ud1Uzu8CTMuk9SiZMtFw1QQq8j8dTLgGpkVU0co09zdStiYasqsC6jkQghWX14nrcta4NeC+6tKvZrHUYQzOIcqBHANdbiDBjSBwSM8wyu8ecp78d69j2VrwctnTuEPvM8fBsKOrA==</latexit>

X12
<latexit sha1_base64="nA/46nFM2ugp5s41BJCkaImdivc=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8SNgNgh4DXjxGMA9IljA7mSRjZmeWmV4hLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKJHCou9/e2vrG5tb24Wd4u7e/sFh6ei4aXVqGG8wLbVpR9RyKRRvoEDJ24nhNI4kb0Xj25nfeuLGCq0ecJLwMKZDJQaCUXRSs93Lguq0Vyr7FX8OskqCnJQhR71X+ur2NUtjrpBJam0n8BMMM2pQMMmnxW5qeULZmA55x1FFY27DbH7tlJw7pU8G2rhSSObq74mMxtZO4sh1xhRHdtmbif95nRQHN2EmVJIiV2yxaJBKgprMXid9YThDOXGEMiPcrYSNqKEMXUBFF0Kw/PIqaVYrgV8J7q/Ktcs8jgKcwhlcQADXUIM7qEMDGDzCM7zCm6e9F+/d+1i0rnn5zAn8gff5AwsAjrI=</latexit><latexit sha1_base64="nA/46nFM2ugp5s41BJCkaImdivc=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8SNgNgh4DXjxGMA9IljA7mSRjZmeWmV4hLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKJHCou9/e2vrG5tb24Wd4u7e/sFh6ei4aXVqGG8wLbVpR9RyKRRvoEDJ24nhNI4kb0Xj25nfeuLGCq0ecJLwMKZDJQaCUXRSs93Lguq0Vyr7FX8OskqCnJQhR71X+ur2NUtjrpBJam0n8BMMM2pQMMmnxW5qeULZmA55x1FFY27DbH7tlJw7pU8G2rhSSObq74mMxtZO4sh1xhRHdtmbif95nRQHN2EmVJIiV2yxaJBKgprMXid9YThDOXGEMiPcrYSNqKEMXUBFF0Kw/PIqaVYrgV8J7q/Ktcs8jgKcwhlcQADXUIM7qEMDGDzCM7zCm6e9F+/d+1i0rnn5zAn8gff5AwsAjrI=</latexit><latexit sha1_base64="nA/46nFM2ugp5s41BJCkaImdivc=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8SNgNgh4DXjxGMA9IljA7mSRjZmeWmV4hLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKJHCou9/e2vrG5tb24Wd4u7e/sFh6ei4aXVqGG8wLbVpR9RyKRRvoEDJ24nhNI4kb0Xj25nfeuLGCq0ecJLwMKZDJQaCUXRSs93Lguq0Vyr7FX8OskqCnJQhR71X+ur2NUtjrpBJam0n8BMMM2pQMMmnxW5qeULZmA55x1FFY27DbH7tlJw7pU8G2rhSSObq74mMxtZO4sh1xhRHdtmbif95nRQHN2EmVJIiV2yxaJBKgprMXid9YThDOXGEMiPcrYSNqKEMXUBFF0Kw/PIqaVYrgV8J7q/Ktcs8jgKcwhlcQADXUIM7qEMDGDzCM7zCm6e9F+/d+1i0rnn5zAn8gff5AwsAjrI=</latexit><latexit sha1_base64="nA/46nFM2ugp5s41BJCkaImdivc=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8SNgNgh4DXjxGMA9IljA7mSRjZmeWmV4hLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKJHCou9/e2vrG5tb24Wd4u7e/sFh6ei4aXVqGG8wLbVpR9RyKRRvoEDJ24nhNI4kb0Xj25nfeuLGCq0ecJLwMKZDJQaCUXRSs93Lguq0Vyr7FX8OskqCnJQhR71X+ur2NUtjrpBJam0n8BMMM2pQMMmnxW5qeULZmA55x1FFY27DbH7tlJw7pU8G2rhSSObq74mMxtZO4sh1xhRHdtmbif95nRQHN2EmVJIiV2yxaJBKgprMXid9YThDOXGEMiPcrYSNqKEMXUBFF0Kw/PIqaVYrgV8J7q/Ktcs8jgKcwhlcQADXUIM7qEMDGDzCM7zCm6e9F+/d+1i0rnn5zAn8gff5AwsAjrI=</latexit>

X11
<latexit sha1_base64="rBrWxsSMbiV7LZ4FKC0a/3K3x0o=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5SNCHosePFYwX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+N2XYP2vpg4PHeDDPzwkRwY33/2yutrW9sbpW3Kzu7e/sH1cOjtlGppqxFlVC6GxLDBJesZbkVrJtoRuJQsE44uc39zhPThiv5YKcJC2IykjzilFgntbuDDOPZoFrz6/4caJXggtSgQHNQ/eoPFU1jJi0VxJge9hMbZERbTgWbVfqpYQmhEzJiPUcliZkJsvm1M3TmlCGKlHYlLZqrvycyEhszjUPXGRM7NsteLv7n9VIb3QQZl0lqmaSLRVEqkFUofx0NuWbUiqkjhGrubkV0TDSh1gVUcSHg5ZdXSfuyjv06vr+qNS6KOMpwAqdwDhiuoQF30IQWUHiEZ3iFN095L96797FoLXnFzDH8gff5Awl7jrE=</latexit><latexit sha1_base64="rBrWxsSMbiV7LZ4FKC0a/3K3x0o=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5SNCHosePFYwX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+N2XYP2vpg4PHeDDPzwkRwY33/2yutrW9sbpW3Kzu7e/sH1cOjtlGppqxFlVC6GxLDBJesZbkVrJtoRuJQsE44uc39zhPThiv5YKcJC2IykjzilFgntbuDDOPZoFrz6/4caJXggtSgQHNQ/eoPFU1jJi0VxJge9hMbZERbTgWbVfqpYQmhEzJiPUcliZkJsvm1M3TmlCGKlHYlLZqrvycyEhszjUPXGRM7NsteLv7n9VIb3QQZl0lqmaSLRVEqkFUofx0NuWbUiqkjhGrubkV0TDSh1gVUcSHg5ZdXSfuyjv06vr+qNS6KOMpwAqdwDhiuoQF30IQWUHiEZ3iFN095L96797FoLXnFzDH8gff5Awl7jrE=</latexit><latexit sha1_base64="rBrWxsSMbiV7LZ4FKC0a/3K3x0o=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5SNCHosePFYwX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+N2XYP2vpg4PHeDDPzwkRwY33/2yutrW9sbpW3Kzu7e/sH1cOjtlGppqxFlVC6GxLDBJesZbkVrJtoRuJQsE44uc39zhPThiv5YKcJC2IykjzilFgntbuDDOPZoFrz6/4caJXggtSgQHNQ/eoPFU1jJi0VxJge9hMbZERbTgWbVfqpYQmhEzJiPUcliZkJsvm1M3TmlCGKlHYlLZqrvycyEhszjUPXGRM7NsteLv7n9VIb3QQZl0lqmaSLRVEqkFUofx0NuWbUiqkjhGrubkV0TDSh1gVUcSHg5ZdXSfuyjv06vr+qNS6KOMpwAqdwDhiuoQF30IQWUHiEZ3iFN095L96797FoLXnFzDH8gff5Awl7jrE=</latexit><latexit sha1_base64="rBrWxsSMbiV7LZ4FKC0a/3K3x0o=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5SNCHosePFYwX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+N2XYP2vpg4PHeDDPzwkRwY33/2yutrW9sbpW3Kzu7e/sH1cOjtlGppqxFlVC6GxLDBJesZbkVrJtoRuJQsE44uc39zhPThiv5YKcJC2IykjzilFgntbuDDOPZoFrz6/4caJXggtSgQHNQ/eoPFU1jJi0VxJge9hMbZERbTgWbVfqpYQmhEzJiPUcliZkJsvm1M3TmlCGKlHYlLZqrvycyEhszjUPXGRM7NsteLv7n9VIb3QQZl0lqmaSLRVEqkFUofx0NuWbUiqkjhGrubkV0TDSh1gVUcSHg5ZdXSfuyjv06vr+qNS6KOMpwAqdwDhiuoQF30IQWUHiEZ3iFN095L96797FoLXnFzDH8gff5Awl7jrE=</latexit>

X1, . . . ,Xn are not independent, but the
dependencies aren’t arbitrary either.

Possible assumption:
Each pixel is conditionally independent of
the others given its neighbors, e.g.

X1 ⊥⊥ {X2, . . . ,X12} | X2,X5

Implication (Hammersley-Clifford Thm):

The distribution of X = (X1, . . . ,Xn) can
be represented by a grid-shaped Markov
random field.

X1
<latexit sha1_base64="ppwcnj2PSSym+3bQGJkHML3FNw4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahp5KIUI8FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6Wt7Z3dvfJ+5eDw6PikenrWtVFiGO+wSEamH1DLpdC8gwIl78eGUxVI3gtmd7nfe+LGikg/4jzmvqITLULBKOZSf+RVRtWa23CXIJvEK0gNCrRH1a/hOGKJ4hqZpNYOPDdGP6UGBZN8URkmlseUzeiEDzKqqeLWT5e3LshVpoxJGJmsNJKl+nsipcrauQqyTkVxate9XPzPGyQY3vqp0HGCXLPVojCRBCOSP07GwnCGcp4RyozIbiVsSg1lmMWTh+Ctv7xJutcNz214Dze1Vr2IowwXcAl18KAJLbiHNnSAwRSe4RXeHOW8OO/Ox6q15BQz5/AHzucPCBaNeg==</latexit><latexit sha1_base64="ppwcnj2PSSym+3bQGJkHML3FNw4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahp5KIUI8FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6Wt7Z3dvfJ+5eDw6PikenrWtVFiGO+wSEamH1DLpdC8gwIl78eGUxVI3gtmd7nfe+LGikg/4jzmvqITLULBKOZSf+RVRtWa23CXIJvEK0gNCrRH1a/hOGKJ4hqZpNYOPDdGP6UGBZN8URkmlseUzeiEDzKqqeLWT5e3LshVpoxJGJmsNJKl+nsipcrauQqyTkVxate9XPzPGyQY3vqp0HGCXLPVojCRBCOSP07GwnCGcp4RyozIbiVsSg1lmMWTh+Ctv7xJutcNz214Dze1Vr2IowwXcAl18KAJLbiHNnSAwRSe4RXeHOW8OO/Ox6q15BQz5/AHzucPCBaNeg==</latexit><latexit sha1_base64="ppwcnj2PSSym+3bQGJkHML3FNw4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahp5KIUI8FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6Wt7Z3dvfJ+5eDw6PikenrWtVFiGO+wSEamH1DLpdC8gwIl78eGUxVI3gtmd7nfe+LGikg/4jzmvqITLULBKOZSf+RVRtWa23CXIJvEK0gNCrRH1a/hOGKJ4hqZpNYOPDdGP6UGBZN8URkmlseUzeiEDzKqqeLWT5e3LshVpoxJGJmsNJKl+nsipcrauQqyTkVxate9XPzPGyQY3vqp0HGCXLPVojCRBCOSP07GwnCGcp4RyozIbiVsSg1lmMWTh+Ctv7xJutcNz214Dze1Vr2IowwXcAl18KAJLbiHNnSAwRSe4RXeHOW8OO/Ox6q15BQz5/AHzucPCBaNeg==</latexit><latexit sha1_base64="ppwcnj2PSSym+3bQGJkHML3FNw4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahp5KIUI8FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6Wt7Z3dvfJ+5eDw6PikenrWtVFiGO+wSEamH1DLpdC8gwIl78eGUxVI3gtmd7nfe+LGikg/4jzmvqITLULBKOZSf+RVRtWa23CXIJvEK0gNCrRH1a/hOGKJ4hqZpNYOPDdGP6UGBZN8URkmlseUzeiEDzKqqeLWT5e3LshVpoxJGJmsNJKl+nsipcrauQqyTkVxate9XPzPGyQY3vqp0HGCXLPVojCRBCOSP07GwnCGcp4RyozIbiVsSg1lmMWTh+Ctv7xJutcNz214Dze1Vr2IowwXcAl18KAJLbiHNnSAwRSe4RXeHOW8OO/Ox6q15BQz5/AHzucPCBaNeg==</latexit>

X2
<latexit sha1_base64="c/vjuAoZXeQ4pvFf4H0qBYOuzAw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahp5IUQY8FLx4r2A9oQ9lsJ+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dkpb2zu7e+X9ysHh0fFJ9fSsa6JEM+ywSES6H1CDgivsWG4F9mONVAYCe8HsLvd7T6gNj9SjncfoSzpRPOSM2lzqj5qVUbXmNtwlyCbxClKDAu1R9Ws4jlgiUVkmqDEDz42tn1JtORO4qAwTgzFlMzrBQUYVlWj8dHnrglxlypiEkc5KWbJUf0+kVBozl0HWKamdmnUvF//zBokNb/2UqzixqNhqUZgIYiOSP07GXCOzYp4RyjTPbiVsSjVlNosnD8Fbf3mTdJsNz214D9e1Vr2IowwXcAl18OAGWnAPbegAgyk8wyu8OdJ5cd6dj1VrySlmzuEPnM8fCZuNew==</latexit><latexit sha1_base64="c/vjuAoZXeQ4pvFf4H0qBYOuzAw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahp5IUQY8FLx4r2A9oQ9lsJ+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dkpb2zu7e+X9ysHh0fFJ9fSsa6JEM+ywSES6H1CDgivsWG4F9mONVAYCe8HsLvd7T6gNj9SjncfoSzpRPOSM2lzqj5qVUbXmNtwlyCbxClKDAu1R9Ws4jlgiUVkmqDEDz42tn1JtORO4qAwTgzFlMzrBQUYVlWj8dHnrglxlypiEkc5KWbJUf0+kVBozl0HWKamdmnUvF//zBokNb/2UqzixqNhqUZgIYiOSP07GXCOzYp4RyjTPbiVsSjVlNosnD8Fbf3mTdJsNz214D9e1Vr2IowwXcAl18OAGWnAPbegAgyk8wyu8OdJ5cd6dj1VrySlmzuEPnM8fCZuNew==</latexit><latexit sha1_base64="c/vjuAoZXeQ4pvFf4H0qBYOuzAw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahp5IUQY8FLx4r2A9oQ9lsJ+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dkpb2zu7e+X9ysHh0fFJ9fSsa6JEM+ywSES6H1CDgivsWG4F9mONVAYCe8HsLvd7T6gNj9SjncfoSzpRPOSM2lzqj5qVUbXmNtwlyCbxClKDAu1R9Ws4jlgiUVkmqDEDz42tn1JtORO4qAwTgzFlMzrBQUYVlWj8dHnrglxlypiEkc5KWbJUf0+kVBozl0HWKamdmnUvF//zBokNb/2UqzixqNhqUZgIYiOSP07GXCOzYp4RyjTPbiVsSjVlNosnD8Fbf3mTdJsNz214D9e1Vr2IowwXcAl18OAGWnAPbegAgyk8wyu8OdJ5cd6dj1VrySlmzuEPnM8fCZuNew==</latexit><latexit sha1_base64="c/vjuAoZXeQ4pvFf4H0qBYOuzAw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahp5IUQY8FLx4r2A9oQ9lsJ+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dkpb2zu7e+X9ysHh0fFJ9fSsa6JEM+ywSES6H1CDgivsWG4F9mONVAYCe8HsLvd7T6gNj9SjncfoSzpRPOSM2lzqj5qVUbXmNtwlyCbxClKDAu1R9Ws4jlgiUVkmqDEDz42tn1JtORO4qAwTgzFlMzrBQUYVlWj8dHnrglxlypiEkc5KWbJUf0+kVBozl0HWKamdmnUvF//zBokNb/2UqzixqNhqUZgIYiOSP07GXCOzYp4RyjTPbiVsSjVlNosnD8Fbf3mTdJsNz214D9e1Vr2IowwXcAl18OAGWnAPbegAgyk8wyu8OdJ5cd6dj1VrySlmzuEPnM8fCZuNew==</latexit>

X3
<latexit sha1_base64="c90B3oG66Vdt1IO35xvsiFJepOk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahp5KooMeCF48V7Ae0oWy2m3bp7ibsToQS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7p2CgxjLdZJCPTC6jlUmjeRoGS92LDqQok7wbTu9zvPnFjRaQfcRZzX9GxFqFgFHOpN7yqDKs1t+EuQNaJV5AaFGgNq1+DUcQSxTUySa3te26MfkoNCib5vDJILI8pm9Ix72dUU8Wtny5unZOLTBmRMDJZaSQL9fdESpW1MxVknYrixK56ufif108wvPVToeMEuWbLRWEiCUYkf5yMhOEM5SwjlBmR3UrYhBrKMIsnD8FbfXmddC4bntvwHq5rzXoRRxnO4Bzq4MENNOEeWtAGBhN4hld4c5Tz4rw7H8vWklPMnMIfOJ8/CyCNfA==</latexit><latexit sha1_base64="c90B3oG66Vdt1IO35xvsiFJepOk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahp5KooMeCF48V7Ae0oWy2m3bp7ibsToQS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7p2CgxjLdZJCPTC6jlUmjeRoGS92LDqQok7wbTu9zvPnFjRaQfcRZzX9GxFqFgFHOpN7yqDKs1t+EuQNaJV5AaFGgNq1+DUcQSxTUySa3te26MfkoNCib5vDJILI8pm9Ix72dUU8Wtny5unZOLTBmRMDJZaSQL9fdESpW1MxVknYrixK56ufif108wvPVToeMEuWbLRWEiCUYkf5yMhOEM5SwjlBmR3UrYhBrKMIsnD8FbfXmddC4bntvwHq5rzXoRRxnO4Bzq4MENNOEeWtAGBhN4hld4c5Tz4rw7H8vWklPMnMIfOJ8/CyCNfA==</latexit><latexit sha1_base64="c90B3oG66Vdt1IO35xvsiFJepOk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahp5KooMeCF48V7Ae0oWy2m3bp7ibsToQS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7p2CgxjLdZJCPTC6jlUmjeRoGS92LDqQok7wbTu9zvPnFjRaQfcRZzX9GxFqFgFHOpN7yqDKs1t+EuQNaJV5AaFGgNq1+DUcQSxTUySa3te26MfkoNCib5vDJILI8pm9Ix72dUU8Wtny5unZOLTBmRMDJZaSQL9fdESpW1MxVknYrixK56ufif108wvPVToeMEuWbLRWEiCUYkf5yMhOEM5SwjlBmR3UrYhBrKMIsnD8FbfXmddC4bntvwHq5rzXoRRxnO4Bzq4MENNOEeWtAGBhN4hld4c5Tz4rw7H8vWklPMnMIfOJ8/CyCNfA==</latexit><latexit sha1_base64="c90B3oG66Vdt1IO35xvsiFJepOk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahp5KooMeCF48V7Ae0oWy2m3bp7ibsToQS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7p2CgxjLdZJCPTC6jlUmjeRoGS92LDqQok7wbTu9zvPnFjRaQfcRZzX9GxFqFgFHOpN7yqDKs1t+EuQNaJV5AaFGgNq1+DUcQSxTUySa3te26MfkoNCib5vDJILI8pm9Ix72dUU8Wtny5unZOLTBmRMDJZaSQL9fdESpW1MxVknYrixK56ufif108wvPVToeMEuWbLRWEiCUYkf5yMhOEM5SwjlBmR3UrYhBrKMIsnD8FbfXmddC4bntvwHq5rzXoRRxnO4Bzq4MENNOEeWtAGBhN4hld4c5Tz4rw7H8vWklPMnMIfOJ8/CyCNfA==</latexit>

X4
<latexit sha1_base64="tnT1cLNzWNiz7xutJ4jqMX4zz5w=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahp5JIQY8FLx4r2A9oQ9lsJ+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dkpb2zu7e+X9ysHh0fFJ9fSsa6JEM+ywSES6H1CDgivsWG4F9mONVAYCe8HsLvd7T6gNj9SjncfoSzpRPOSM2lzqj5qVUbXmNtwlyCbxClKDAu1R9Ws4jlgiUVkmqDEDz42tn1JtORO4qAwTgzFlMzrBQUYVlWj8dHnrglxlypiEkc5KWbJUf0+kVBozl0HWKamdmnUvF//zBokNb/2UqzixqNhqUZgIYiOSP07GXCOzYp4RyjTPbiVsSjVlNosnD8Fbf3mTdK8bntvwHpq1Vr2IowwXcAl18OAGWnAPbegAgyk8wyu8OdJ5cd6dj1VrySlmzuEPnM8fDKWNfQ==</latexit><latexit sha1_base64="tnT1cLNzWNiz7xutJ4jqMX4zz5w=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahp5JIQY8FLx4r2A9oQ9lsJ+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dkpb2zu7e+X9ysHh0fFJ9fSsa6JEM+ywSES6H1CDgivsWG4F9mONVAYCe8HsLvd7T6gNj9SjncfoSzpRPOSM2lzqj5qVUbXmNtwlyCbxClKDAu1R9Ws4jlgiUVkmqDEDz42tn1JtORO4qAwTgzFlMzrBQUYVlWj8dHnrglxlypiEkc5KWbJUf0+kVBozl0HWKamdmnUvF//zBokNb/2UqzixqNhqUZgIYiOSP07GXCOzYp4RyjTPbiVsSjVlNosnD8Fbf3mTdK8bntvwHpq1Vr2IowwXcAl18OAGWnAPbegAgyk8wyu8OdJ5cd6dj1VrySlmzuEPnM8fDKWNfQ==</latexit><latexit sha1_base64="tnT1cLNzWNiz7xutJ4jqMX4zz5w=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahp5JIQY8FLx4r2A9oQ9lsJ+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dkpb2zu7e+X9ysHh0fFJ9fSsa6JEM+ywSES6H1CDgivsWG4F9mONVAYCe8HsLvd7T6gNj9SjncfoSzpRPOSM2lzqj5qVUbXmNtwlyCbxClKDAu1R9Ws4jlgiUVkmqDEDz42tn1JtORO4qAwTgzFlMzrBQUYVlWj8dHnrglxlypiEkc5KWbJUf0+kVBozl0HWKamdmnUvF//zBokNb/2UqzixqNhqUZgIYiOSP07GXCOzYp4RyjTPbiVsSjVlNosnD8Fbf3mTdK8bntvwHpq1Vr2IowwXcAl18OAGWnAPbegAgyk8wyu8OdJ5cd6dj1VrySlmzuEPnM8fDKWNfQ==</latexit><latexit sha1_base64="tnT1cLNzWNiz7xutJ4jqMX4zz5w=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahp5JIQY8FLx4r2A9oQ9lsJ+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dkpb2zu7e+X9ysHh0fFJ9fSsa6JEM+ywSES6H1CDgivsWG4F9mONVAYCe8HsLvd7T6gNj9SjncfoSzpRPOSM2lzqj5qVUbXmNtwlyCbxClKDAu1R9Ws4jlgiUVkmqDEDz42tn1JtORO4qAwTgzFlMzrBQUYVlWj8dHnrglxlypiEkc5KWbJUf0+kVBozl0HWKamdmnUvF//zBokNb/2UqzixqNhqUZgIYiOSP07GXCOzYp4RyjTPbiVsSjVlNosnD8Fbf3mTdK8bntvwHpq1Vr2IowwXcAl18OAGWnAPbegAgyk8wyu8OdJ5cd6dj1VrySlmzuEPnM8fDKWNfQ==</latexit>

X5
<latexit sha1_base64="b0CkwpBU+27szqE1qJtKLQ2injs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTuoD8oVt+YuQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlf1jy35t1fVRrVPI4inME5VMGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDZH41q</latexit><latexit sha1_base64="b0CkwpBU+27szqE1qJtKLQ2injs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTuoD8oVt+YuQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlf1jy35t1fVRrVPI4inME5VMGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDZH41q</latexit><latexit sha1_base64="b0CkwpBU+27szqE1qJtKLQ2injs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTuoD8oVt+YuQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlf1jy35t1fVRrVPI4inME5VMGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDZH41q</latexit><latexit sha1_base64="b0CkwpBU+27szqE1qJtKLQ2injs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTuoD8oVt+YuQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlf1jy35t1fVRrVPI4inME5VMGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDZH41q</latexit>

X6
<latexit sha1_base64="SFIRtZ0xTpXm2xibYLbDmpjDppg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIVI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTuoD8oVt+YuQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlf1jy35t1fVRrVPI4inME5VMGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDao41r</latexit><latexit sha1_base64="SFIRtZ0xTpXm2xibYLbDmpjDppg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIVI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTuoD8oVt+YuQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlf1jy35t1fVRrVPI4inME5VMGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDao41r</latexit><latexit sha1_base64="SFIRtZ0xTpXm2xibYLbDmpjDppg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIVI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTuoD8oVt+YuQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlf1jy35t1fVRrVPI4inME5VMGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDao41r</latexit><latexit sha1_base64="SFIRtZ0xTpXm2xibYLbDmpjDppg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIVI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTuoD8oVt+YuQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlf1jy35t1fVRrVPI4inME5VMGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDao41r</latexit>

X7
<latexit sha1_base64="OAQPiwi8RrwBe2Ps69lsKE4Eaiw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KI0B4LXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHnrD+rBccWvuEmSTeDmpQI7WsPw1GMUsjbhCJqkxfc9N0M+oRsEkn5cGqeEJZVM65n1LFY248bPlqXNyZZURCWNtSyFZqr8nMhoZM4sC2xlRnJh1byH+5/VTDBt+JlSSIldstShMJcGYLP4mI6E5QzmzhDIt7K2ETaimDG06JRuCt/7yJulc1zy35t3fVJrVPI4iXMAlVMGDOjThDlrQBgZjeIZXeHOk8+K8Ox+r1oKTz5zDHzifP9wnjWw=</latexit><latexit sha1_base64="OAQPiwi8RrwBe2Ps69lsKE4Eaiw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KI0B4LXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHnrD+rBccWvuEmSTeDmpQI7WsPw1GMUsjbhCJqkxfc9N0M+oRsEkn5cGqeEJZVM65n1LFY248bPlqXNyZZURCWNtSyFZqr8nMhoZM4sC2xlRnJh1byH+5/VTDBt+JlSSIldstShMJcGYLP4mI6E5QzmzhDIt7K2ETaimDG06JRuCt/7yJulc1zy35t3fVJrVPI4iXMAlVMGDOjThDlrQBgZjeIZXeHOk8+K8Ox+r1oKTz5zDHzifP9wnjWw=</latexit><latexit sha1_base64="OAQPiwi8RrwBe2Ps69lsKE4Eaiw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KI0B4LXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHnrD+rBccWvuEmSTeDmpQI7WsPw1GMUsjbhCJqkxfc9N0M+oRsEkn5cGqeEJZVM65n1LFY248bPlqXNyZZURCWNtSyFZqr8nMhoZM4sC2xlRnJh1byH+5/VTDBt+JlSSIldstShMJcGYLP4mI6E5QzmzhDIt7K2ETaimDG06JRuCt/7yJulc1zy35t3fVJrVPI4iXMAlVMGDOjThDlrQBgZjeIZXeHOk8+K8Ox+r1oKTz5zDHzifP9wnjWw=</latexit><latexit sha1_base64="OAQPiwi8RrwBe2Ps69lsKE4Eaiw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KI0B4LXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHnrD+rBccWvuEmSTeDmpQI7WsPw1GMUsjbhCJqkxfc9N0M+oRsEkn5cGqeEJZVM65n1LFY248bPlqXNyZZURCWNtSyFZqr8nMhoZM4sC2xlRnJh1byH+5/VTDBt+JlSSIldstShMJcGYLP4mI6E5QzmzhDIt7K2ETaimDG06JRuCt/7yJulc1zy35t3fVJrVPI4iXMAlVMGDOjThDlrQBgZjeIZXeHOk8+K8Ox+r1oKTz5zDHzifP9wnjWw=</latexit>

X8
<latexit sha1_base64="7f7kTvHkqCRr3WEE5WKrDcxvekY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KI0B4LXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHnrDxrBccWvuEmSTeDmpQI7WsPw1GMUsjbhCJqkxfc9N0M+oRsEkn5cGqeEJZVM65n1LFY248bPlqXNyZZURCWNtSyFZqr8nMhoZM4sC2xlRnJh1byH+5/VTDBt+JlSSIldstShMJcGYLP4mI6E5QzmzhDIt7K2ETaimDG06JRuCt/7yJulc1zy35t3fVJrVPI4iXMAlVMGDOjThDlrQBgZjeIZXeHOk8+K8Ox+r1oKTz5zDHzifP92rjW0=</latexit><latexit sha1_base64="7f7kTvHkqCRr3WEE5WKrDcxvekY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KI0B4LXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHnrDxrBccWvuEmSTeDmpQI7WsPw1GMUsjbhCJqkxfc9N0M+oRsEkn5cGqeEJZVM65n1LFY248bPlqXNyZZURCWNtSyFZqr8nMhoZM4sC2xlRnJh1byH+5/VTDBt+JlSSIldstShMJcGYLP4mI6E5QzmzhDIt7K2ETaimDG06JRuCt/7yJulc1zy35t3fVJrVPI4iXMAlVMGDOjThDlrQBgZjeIZXeHOk8+K8Ox+r1oKTz5zDHzifP92rjW0=</latexit><latexit sha1_base64="7f7kTvHkqCRr3WEE5WKrDcxvekY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KI0B4LXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHnrDxrBccWvuEmSTeDmpQI7WsPw1GMUsjbhCJqkxfc9N0M+oRsEkn5cGqeEJZVM65n1LFY248bPlqXNyZZURCWNtSyFZqr8nMhoZM4sC2xlRnJh1byH+5/VTDBt+JlSSIldstShMJcGYLP4mI6E5QzmzhDIt7K2ETaimDG06JRuCt/7yJulc1zy35t3fVJrVPI4iXMAlVMGDOjThDlrQBgZjeIZXeHOk8+K8Ox+r1oKTz5zDHzifP92rjW0=</latexit><latexit sha1_base64="7f7kTvHkqCRr3WEE5WKrDcxvekY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KI0B4LXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHnrDxrBccWvuEmSTeDmpQI7WsPw1GMUsjbhCJqkxfc9N0M+oRsEkn5cGqeEJZVM65n1LFY248bPlqXNyZZURCWNtSyFZqr8nMhoZM4sC2xlRnJh1byH+5/VTDBt+JlSSIldstShMJcGYLP4mI6E5QzmzhDIt7K2ETaimDG06JRuCt/7yJulc1zy35t3fVJrVPI4iXMAlVMGDOjThDlrQBgZjeIZXeHOk8+K8Ox+r1oKTz5zDHzifP92rjW0=</latexit>

X9
<latexit sha1_base64="6UJw8pNhDRhzEyW760nESDwgQe0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIUL0VvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlh+7gZlCuuDV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCa/9jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10n7sua5Ne/+qtKo5nEU4QzOoQoe1KEBd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AHfL41u</latexit><latexit sha1_base64="6UJw8pNhDRhzEyW760nESDwgQe0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIUL0VvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlh+7gZlCuuDV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCa/9jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10n7sua5Ne/+qtKo5nEU4QzOoQoe1KEBd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AHfL41u</latexit><latexit sha1_base64="6UJw8pNhDRhzEyW760nESDwgQe0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIUL0VvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlh+7gZlCuuDV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCa/9jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10n7sua5Ne/+qtKo5nEU4QzOoQoe1KEBd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AHfL41u</latexit><latexit sha1_base64="6UJw8pNhDRhzEyW760nESDwgQe0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIUL0VvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlh+7gZlCuuDV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCa/9jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10n7sua5Ne/+qtKo5nEU4QzOoQoe1KEBd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AHfL41u</latexit>

X10
<latexit sha1_base64="Mf2IB/43VdeIL/4euMXtnT+s3WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQY8BLx4jmAckS5iddJIxszPLzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlAhurO9/e4WNza3tneJuaW//4PCofHzSMirVDJtMCaU7ETUouMSm5VZgJ9FI40hgO5rczv32E2rDlXyw0wTDmI4kH3JGrZNanX4W+LN+ueLX/AXIOglyUoEcjX75qzdQLI1RWiaoMd3AT2yYUW05Ezgr9VKDCWUTOsKuo5LGaMJsce2MXDhlQIZKu5KWLNTfExmNjZnGkeuMqR2bVW8u/ud1Uzu8CTMuk9SiZMtFw1QQq8j8dTLgGpkVU0co09zdStiYasqsC6jkQghWX14nrcta4NeC+6tKvZrHUYQzOIcqBHANdbiDBjSBwSM8wyu8ecp78d69j2VrwctnTuEPvM8fBsKOrA==</latexit><latexit sha1_base64="Mf2IB/43VdeIL/4euMXtnT+s3WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQY8BLx4jmAckS5iddJIxszPLzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlAhurO9/e4WNza3tneJuaW//4PCofHzSMirVDJtMCaU7ETUouMSm5VZgJ9FI40hgO5rczv32E2rDlXyw0wTDmI4kH3JGrZNanX4W+LN+ueLX/AXIOglyUoEcjX75qzdQLI1RWiaoMd3AT2yYUW05Ezgr9VKDCWUTOsKuo5LGaMJsce2MXDhlQIZKu5KWLNTfExmNjZnGkeuMqR2bVW8u/ud1Uzu8CTMuk9SiZMtFw1QQq8j8dTLgGpkVU0co09zdStiYasqsC6jkQghWX14nrcta4NeC+6tKvZrHUYQzOIcqBHANdbiDBjSBwSM8wyu8ecp78d69j2VrwctnTuEPvM8fBsKOrA==</latexit><latexit sha1_base64="Mf2IB/43VdeIL/4euMXtnT+s3WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQY8BLx4jmAckS5iddJIxszPLzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlAhurO9/e4WNza3tneJuaW//4PCofHzSMirVDJtMCaU7ETUouMSm5VZgJ9FI40hgO5rczv32E2rDlXyw0wTDmI4kH3JGrZNanX4W+LN+ueLX/AXIOglyUoEcjX75qzdQLI1RWiaoMd3AT2yYUW05Ezgr9VKDCWUTOsKuo5LGaMJsce2MXDhlQIZKu5KWLNTfExmNjZnGkeuMqR2bVW8u/ud1Uzu8CTMuk9SiZMtFw1QQq8j8dTLgGpkVU0co09zdStiYasqsC6jkQghWX14nrcta4NeC+6tKvZrHUYQzOIcqBHANdbiDBjSBwSM8wyu8ecp78d69j2VrwctnTuEPvM8fBsKOrA==</latexit><latexit sha1_base64="Mf2IB/43VdeIL/4euMXtnT+s3WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQY8BLx4jmAckS5iddJIxszPLzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlAhurO9/e4WNza3tneJuaW//4PCofHzSMirVDJtMCaU7ETUouMSm5VZgJ9FI40hgO5rczv32E2rDlXyw0wTDmI4kH3JGrZNanX4W+LN+ueLX/AXIOglyUoEcjX75qzdQLI1RWiaoMd3AT2yYUW05Ezgr9VKDCWUTOsKuo5LGaMJsce2MXDhlQIZKu5KWLNTfExmNjZnGkeuMqR2bVW8u/ud1Uzu8CTMuk9SiZMtFw1QQq8j8dTLgGpkVU0co09zdStiYasqsC6jkQghWX14nrcta4NeC+6tKvZrHUYQzOIcqBHANdbiDBjSBwSM8wyu8ecp78d69j2VrwctnTuEPvM8fBsKOrA==</latexit>

X11
<latexit sha1_base64="z2OX39qCff0oSa3ciE+ImdJw560=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCT2Ujgh4LXjxWsB/QLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZelApubBB8e6WNza3tnfJuZW//4PDIPz5pG5VpylpUCaW7ETFMcMlallvBuqlmJIkE60ST27nfeWLacCUf7DRlYUJGksecEuukdneQYzwb+NWgHiyA1gkuSBUKNAf+V3+oaJYwaakgxvRwkNowJ9pyKtis0s8MSwmdkBHrOSpJwkyYL66doQunDFGstCtp0UL9PZGTxJhpErnOhNixWfXm4n9eL7PxTZhzmWaWSbpcFGcCWYXmr6Mh14xaMXWEUM3drYiOiSbUuoAqLgS8+vI6aV/WcVDH91fVRq2IowxncA41wHANDbiDJrSAwiM8wyu8ecp78d69j2VryStmTuEPvM8fCEeOrQ==</latexit><latexit sha1_base64="z2OX39qCff0oSa3ciE+ImdJw560=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCT2Ujgh4LXjxWsB/QLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZelApubBB8e6WNza3tnfJuZW//4PDIPz5pG5VpylpUCaW7ETFMcMlallvBuqlmJIkE60ST27nfeWLacCUf7DRlYUJGksecEuukdneQYzwb+NWgHiyA1gkuSBUKNAf+V3+oaJYwaakgxvRwkNowJ9pyKtis0s8MSwmdkBHrOSpJwkyYL66doQunDFGstCtp0UL9PZGTxJhpErnOhNixWfXm4n9eL7PxTZhzmWaWSbpcFGcCWYXmr6Mh14xaMXWEUM3drYiOiSbUuoAqLgS8+vI6aV/WcVDH91fVRq2IowxncA41wHANDbiDJrSAwiM8wyu8ecp78d69j2VryStmTuEPvM8fCEeOrQ==</latexit><latexit sha1_base64="z2OX39qCff0oSa3ciE+ImdJw560=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCT2Ujgh4LXjxWsB/QLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZelApubBB8e6WNza3tnfJuZW//4PDIPz5pG5VpylpUCaW7ETFMcMlallvBuqlmJIkE60ST27nfeWLacCUf7DRlYUJGksecEuukdneQYzwb+NWgHiyA1gkuSBUKNAf+V3+oaJYwaakgxvRwkNowJ9pyKtis0s8MSwmdkBHrOSpJwkyYL66doQunDFGstCtp0UL9PZGTxJhpErnOhNixWfXm4n9eL7PxTZhzmWaWSbpcFGcCWYXmr6Mh14xaMXWEUM3drYiOiSbUuoAqLgS8+vI6aV/WcVDH91fVRq2IowxncA41wHANDbiDJrSAwiM8wyu8ecp78d69j2VryStmTuEPvM8fCEeOrQ==</latexit><latexit sha1_base64="z2OX39qCff0oSa3ciE+ImdJw560=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCT2Ujgh4LXjxWsB/QLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZelApubBB8e6WNza3tnfJuZW//4PDIPz5pG5VpylpUCaW7ETFMcMlallvBuqlmJIkE60ST27nfeWLacCUf7DRlYUJGksecEuukdneQYzwb+NWgHiyA1gkuSBUKNAf+V3+oaJYwaakgxvRwkNowJ9pyKtis0s8MSwmdkBHrOSpJwkyYL66doQunDFGstCtp0UL9PZGTxJhpErnOhNixWfXm4n9eL7PxTZhzmWaWSbpcFGcCWYXmr6Mh14xaMXWEUM3drYiOiSbUuoAqLgS8+vI6aV/WcVDH91fVRq2IowxncA41wHANDbiDJrSAwiM8wyu8ecp78d69j2VryStmTuEPvM8fCEeOrQ==</latexit>

X12
<latexit sha1_base64="sDBN2W8rW46TXhkshQwTsD6+Pto=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOQU9gNgh4DXjxGMA9IljA76SRjZmeWmVkhLPkHLx4U8er/ePNvnCR70GhBQ1HVTXdXlAhurO9/eYWNza3tneJuaW//4PCofHzSNirVDFtMCaW7ETUouMSW5VZgN9FI40hgJ5reLPzOI2rDlby3swTDmI4lH3FGrZPa3UEW1OeDcsWv+UuQvyTISQVyNAflz/5QsTRGaZmgxvQCP7FhRrXlTOC81E8NJpRN6Rh7jkoaowmz5bVzcuGUIRkp7UpaslR/TmQ0NmYWR64zpnZi1r2F+J/XS+3oOsy4TFKLkq0WjVJBrCKL18mQa2RWzByhTHN3K2ETqimzLqCSCyFYf/kvaddrgV8L7i4rjWoeRxHO4ByqEMAVNOAWmtACBg/wBC/w6inv2Xvz3letBS+fOYVf8D6+AQnMjq4=</latexit><latexit sha1_base64="sDBN2W8rW46TXhkshQwTsD6+Pto=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOQU9gNgh4DXjxGMA9IljA76SRjZmeWmVkhLPkHLx4U8er/ePNvnCR70GhBQ1HVTXdXlAhurO9/eYWNza3tneJuaW//4PCofHzSNirVDFtMCaW7ETUouMSW5VZgN9FI40hgJ5reLPzOI2rDlby3swTDmI4lH3FGrZPa3UEW1OeDcsWv+UuQvyTISQVyNAflz/5QsTRGaZmgxvQCP7FhRrXlTOC81E8NJpRN6Rh7jkoaowmz5bVzcuGUIRkp7UpaslR/TmQ0NmYWR64zpnZi1r2F+J/XS+3oOsy4TFKLkq0WjVJBrCKL18mQa2RWzByhTHN3K2ETqimzLqCSCyFYf/kvaddrgV8L7i4rjWoeRxHO4ByqEMAVNOAWmtACBg/wBC/w6inv2Xvz3letBS+fOYVf8D6+AQnMjq4=</latexit><latexit sha1_base64="sDBN2W8rW46TXhkshQwTsD6+Pto=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOQU9gNgh4DXjxGMA9IljA76SRjZmeWmVkhLPkHLx4U8er/ePNvnCR70GhBQ1HVTXdXlAhurO9/eYWNza3tneJuaW//4PCofHzSNirVDFtMCaW7ETUouMSW5VZgN9FI40hgJ5reLPzOI2rDlby3swTDmI4lH3FGrZPa3UEW1OeDcsWv+UuQvyTISQVyNAflz/5QsTRGaZmgxvQCP7FhRrXlTOC81E8NJpRN6Rh7jkoaowmz5bVzcuGUIRkp7UpaslR/TmQ0NmYWR64zpnZi1r2F+J/XS+3oOsy4TFKLkq0WjVJBrCKL18mQa2RWzByhTHN3K2ETqimzLqCSCyFYf/kvaddrgV8L7i4rjWoeRxHO4ByqEMAVNOAWmtACBg/wBC/w6inv2Xvz3letBS+fOYVf8D6+AQnMjq4=</latexit><latexit sha1_base64="sDBN2W8rW46TXhkshQwTsD6+Pto=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOQU9gNgh4DXjxGMA9IljA76SRjZmeWmVkhLPkHLx4U8er/ePNvnCR70GhBQ1HVTXdXlAhurO9/eYWNza3tneJuaW//4PCofHzSNirVDFtMCaW7ETUouMSW5VZgN9FI40hgJ5reLPzOI2rDlby3swTDmI4lH3FGrZPa3UEW1OeDcsWv+UuQvyTISQVyNAflz/5QsTRGaZmgxvQCP7FhRrXlTOC81E8NJpRN6Rh7jkoaowmz5bVzcuGUIRkp7UpaslR/TmQ0NmYWR64zpnZi1r2F+J/XS+3oOsy4TFKLkq0WjVJBrCKL18mQa2RWzByhTHN3K2ETqimzLqCSCyFYf/kvaddrgV8L7i4rjWoeRxHO4ByqEMAVNOAWmtACBg/wBC/w6inv2Xvz3letBS+fOYVf8D6+AQnMjq4=</latexit>

Markov random fields

Joint distribution over random variables X1, . . . ,Xn given by:

1 An undirected graph with nodes X1, . . . ,Xn and edges representing dependencies.

2 A distribution that factors over this graph:

P(X1, . . . ,Xn) =
1

Z

∏
C

ΨC ({Xi : i ∈ C})

where the product is over maximal cliques in the graph, and the clique potentials
ΨC are positive-valued functions.

X1
<latexit sha1_base64="oDctkxX0rx0PvjQbp68J6ArICCc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePFYwX5AG8pmO2mX7m7C7kYooX/BiwdFvPqHvPlvTNoctPXBwOO9GWbmBbHgxrrut1Pa2Nza3invVvb2Dw6PqscnHRMlmmGbRSLSvYAaFFxh23IrsBdrpDIQ2A2md7nffUJteKQe7SxGX9Kx4iFn1OZSb+hVhtWaW3cXIOvEK0gNCrSG1a/BKGKJRGWZoMb0PTe2fkq15UzgvDJIDMaUTekY+xlVVKLx08Wtc3KRKSMSRjorZclC/T2RUmnMTAZZp6R2Yla9XPzP6yc2vPVTruLEomLLRWEiiI1I/jgZcY3MillGKNM8u5WwCdWU2SyePARv9eV10rmue27de2jUmldFHGU4g3O4BA9uoAn30II2MJjAM7zCmyOdF+fd+Vi2lpxi5hT+wPn8AQlKjX4=</latexit><latexit sha1_base64="oDctkxX0rx0PvjQbp68J6ArICCc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePFYwX5AG8pmO2mX7m7C7kYooX/BiwdFvPqHvPlvTNoctPXBwOO9GWbmBbHgxrrut1Pa2Nza3invVvb2Dw6PqscnHRMlmmGbRSLSvYAaFFxh23IrsBdrpDIQ2A2md7nffUJteKQe7SxGX9Kx4iFn1OZSb+hVhtWaW3cXIOvEK0gNCrSG1a/BKGKJRGWZoMb0PTe2fkq15UzgvDJIDMaUTekY+xlVVKLx08Wtc3KRKSMSRjorZclC/T2RUmnMTAZZp6R2Yla9XPzP6yc2vPVTruLEomLLRWEiiI1I/jgZcY3MillGKNM8u5WwCdWU2SyePARv9eV10rmue27de2jUmldFHGU4g3O4BA9uoAn30II2MJjAM7zCmyOdF+fd+Vi2lpxi5hT+wPn8AQlKjX4=</latexit><latexit sha1_base64="oDctkxX0rx0PvjQbp68J6ArICCc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePFYwX5AG8pmO2mX7m7C7kYooX/BiwdFvPqHvPlvTNoctPXBwOO9GWbmBbHgxrrut1Pa2Nza3invVvb2Dw6PqscnHRMlmmGbRSLSvYAaFFxh23IrsBdrpDIQ2A2md7nffUJteKQe7SxGX9Kx4iFn1OZSb+hVhtWaW3cXIOvEK0gNCrSG1a/BKGKJRGWZoMb0PTe2fkq15UzgvDJIDMaUTekY+xlVVKLx08Wtc3KRKSMSRjorZclC/T2RUmnMTAZZp6R2Yla9XPzP6yc2vPVTruLEomLLRWEiiI1I/jgZcY3MillGKNM8u5WwCdWU2SyePARv9eV10rmue27de2jUmldFHGU4g3O4BA9uoAn30II2MJjAM7zCmyOdF+fd+Vi2lpxi5hT+wPn8AQlKjX4=</latexit><latexit sha1_base64="oDctkxX0rx0PvjQbp68J6ArICCc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePFYwX5AG8pmO2mX7m7C7kYooX/BiwdFvPqHvPlvTNoctPXBwOO9GWbmBbHgxrrut1Pa2Nza3invVvb2Dw6PqscnHRMlmmGbRSLSvYAaFFxh23IrsBdrpDIQ2A2md7nffUJteKQe7SxGX9Kx4iFn1OZSb+hVhtWaW3cXIOvEK0gNCrSG1a/BKGKJRGWZoMb0PTe2fkq15UzgvDJIDMaUTekY+xlVVKLx08Wtc3KRKSMSRjorZclC/T2RUmnMTAZZp6R2Yla9XPzP6yc2vPVTruLEomLLRWEiiI1I/jgZcY3MillGKNM8u5WwCdWU2SyePARv9eV10rmue27de2jUmldFHGU4g3O4BA9uoAn30II2MJjAM7zCmyOdF+fd+Vi2lpxi5hT+wPn8AQlKjX4=</latexit>

X2
<latexit sha1_base64="9q8MIS/7jKlfxZfHUOi0k97NWxE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosePFYwX5AG8pmu2mX7m7C7kQooX/BiwdFvPqHvPlvTNoctPXBwOO9GWbmBbEUFl332yltbG5t75R3K3v7B4dH1eOTjo0Sw3ibRTIyvYBaLoXmbRQoeS82nKpA8m4wvcv97hM3VkT6EWcx9xUdaxEKRjGXesNGZVituXV3AbJOvILUoEBrWP0ajCKWKK6RSWpt33Nj9FNqUDDJ55VBYnlM2ZSOeT+jmipu/XRx65xcZMqIhJHJSiNZqL8nUqqsnakg61QUJ3bVy8X/vH6C4a2fCh0nyDVbLgoTSTAi+eNkJAxnKGcZocyI7FbCJtRQhlk8eQje6svrpNOoe27de7iuNa+KOMpwBudwCR7cQBPuoQVtYDCBZ3iFN0c5L86787FsLTnFzCn8gfP5AwrPjX8=</latexit><latexit sha1_base64="9q8MIS/7jKlfxZfHUOi0k97NWxE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosePFYwX5AG8pmu2mX7m7C7kQooX/BiwdFvPqHvPlvTNoctPXBwOO9GWbmBbEUFl332yltbG5t75R3K3v7B4dH1eOTjo0Sw3ibRTIyvYBaLoXmbRQoeS82nKpA8m4wvcv97hM3VkT6EWcx9xUdaxEKRjGXesNGZVituXV3AbJOvILUoEBrWP0ajCKWKK6RSWpt33Nj9FNqUDDJ55VBYnlM2ZSOeT+jmipu/XRx65xcZMqIhJHJSiNZqL8nUqqsnakg61QUJ3bVy8X/vH6C4a2fCh0nyDVbLgoTSTAi+eNkJAxnKGcZocyI7FbCJtRQhlk8eQje6svrpNOoe27de7iuNa+KOMpwBudwCR7cQBPuoQVtYDCBZ3iFN0c5L86787FsLTnFzCn8gfP5AwrPjX8=</latexit><latexit sha1_base64="9q8MIS/7jKlfxZfHUOi0k97NWxE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosePFYwX5AG8pmu2mX7m7C7kQooX/BiwdFvPqHvPlvTNoctPXBwOO9GWbmBbEUFl332yltbG5t75R3K3v7B4dH1eOTjo0Sw3ibRTIyvYBaLoXmbRQoeS82nKpA8m4wvcv97hM3VkT6EWcx9xUdaxEKRjGXesNGZVituXV3AbJOvILUoEBrWP0ajCKWKK6RSWpt33Nj9FNqUDDJ55VBYnlM2ZSOeT+jmipu/XRx65xcZMqIhJHJSiNZqL8nUqqsnakg61QUJ3bVy8X/vH6C4a2fCh0nyDVbLgoTSTAi+eNkJAxnKGcZocyI7FbCJtRQhlk8eQje6svrpNOoe27de7iuNa+KOMpwBudwCR7cQBPuoQVtYDCBZ3iFN0c5L86787FsLTnFzCn8gfP5AwrPjX8=</latexit><latexit sha1_base64="9q8MIS/7jKlfxZfHUOi0k97NWxE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosePFYwX5AG8pmu2mX7m7C7kQooX/BiwdFvPqHvPlvTNoctPXBwOO9GWbmBbEUFl332yltbG5t75R3K3v7B4dH1eOTjo0Sw3ibRTIyvYBaLoXmbRQoeS82nKpA8m4wvcv97hM3VkT6EWcx9xUdaxEKRjGXesNGZVituXV3AbJOvILUoEBrWP0ajCKWKK6RSWpt33Nj9FNqUDDJ55VBYnlM2ZSOeT+jmipu/XRx65xcZMqIhJHJSiNZqL8nUqqsnakg61QUJ3bVy8X/vH6C4a2fCh0nyDVbLgoTSTAi+eNkJAxnKGcZocyI7FbCJtRQhlk8eQje6svrpNOoe27de7iuNa+KOMpwBudwCR7cQBPuoQVtYDCBZ3iFN0c5L86787FsLTnFzCn8gfP5AwrPjX8=</latexit>

X3
<latexit sha1_base64="kjhZkva9FmmtfmnKDsboeXB2WKs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REBT0WvHisYD+gDWWz3bRLdzdhdyKU0L/gxYMiXv1D3vw3Jm0O2vpg4PHeDDPzglgKi6777ZTW1jc2t8rblZ3dvf2D6uFR20aJYbzFIhmZbkAtl0LzFgqUvBsbTlUgeSeY3OV+54kbKyL9iNOY+4qOtAgFo5hL3cFVZVCtuXV3DrJKvILUoEBzUP3qDyOWKK6RSWptz3Nj9FNqUDDJZ5V+YnlM2YSOeC+jmipu/XR+64ycZcqQhJHJSiOZq78nUqqsnaog61QUx3bZy8X/vF6C4a2fCh0nyDVbLAoTSTAi+eNkKAxnKKcZocyI7FbCxtRQhlk8eQje8surpH1Z99y693Bda1wUcZThBE7hHDy4gQbcQxNawGAMz/AKb45yXpx352PRWnKKmWP4A+fzBwxUjYA=</latexit><latexit sha1_base64="kjhZkva9FmmtfmnKDsboeXB2WKs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REBT0WvHisYD+gDWWz3bRLdzdhdyKU0L/gxYMiXv1D3vw3Jm0O2vpg4PHeDDPzglgKi6777ZTW1jc2t8rblZ3dvf2D6uFR20aJYbzFIhmZbkAtl0LzFgqUvBsbTlUgeSeY3OV+54kbKyL9iNOY+4qOtAgFo5hL3cFVZVCtuXV3DrJKvILUoEBzUP3qDyOWKK6RSWptz3Nj9FNqUDDJZ5V+YnlM2YSOeC+jmipu/XR+64ycZcqQhJHJSiOZq78nUqqsnaog61QUx3bZy8X/vF6C4a2fCh0nyDVbLAoTSTAi+eNkKAxnKKcZocyI7FbCxtRQhlk8eQje8surpH1Z99y693Bda1wUcZThBE7hHDy4gQbcQxNawGAMz/AKb45yXpx352PRWnKKmWP4A+fzBwxUjYA=</latexit><latexit sha1_base64="kjhZkva9FmmtfmnKDsboeXB2WKs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REBT0WvHisYD+gDWWz3bRLdzdhdyKU0L/gxYMiXv1D3vw3Jm0O2vpg4PHeDDPzglgKi6777ZTW1jc2t8rblZ3dvf2D6uFR20aJYbzFIhmZbkAtl0LzFgqUvBsbTlUgeSeY3OV+54kbKyL9iNOY+4qOtAgFo5hL3cFVZVCtuXV3DrJKvILUoEBzUP3qDyOWKK6RSWptz3Nj9FNqUDDJZ5V+YnlM2YSOeC+jmipu/XR+64ycZcqQhJHJSiOZq78nUqqsnaog61QUx3bZy8X/vF6C4a2fCh0nyDVbLAoTSTAi+eNkKAxnKKcZocyI7FbCxtRQhlk8eQje8surpH1Z99y693Bda1wUcZThBE7hHDy4gQbcQxNawGAMz/AKb45yXpx352PRWnKKmWP4A+fzBwxUjYA=</latexit><latexit sha1_base64="kjhZkva9FmmtfmnKDsboeXB2WKs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REBT0WvHisYD+gDWWz3bRLdzdhdyKU0L/gxYMiXv1D3vw3Jm0O2vpg4PHeDDPzglgKi6777ZTW1jc2t8rblZ3dvf2D6uFR20aJYbzFIhmZbkAtl0LzFgqUvBsbTlUgeSeY3OV+54kbKyL9iNOY+4qOtAgFo5hL3cFVZVCtuXV3DrJKvILUoEBzUP3qDyOWKK6RSWptz3Nj9FNqUDDJZ5V+YnlM2YSOeC+jmipu/XR+64ycZcqQhJHJSiOZq78nUqqsnaog61QUx3bZy8X/vF6C4a2fCh0nyDVbLAoTSTAi+eNkKAxnKKcZocyI7FbCxtRQhlk8eQje8surpH1Z99y693Bda1wUcZThBE7hHDy4gQbcQxNawGAMz/AKb45yXpx352PRWnKKmWP4A+fzBwxUjYA=</latexit>

X4
<latexit sha1_base64="lcxcHT+YKPDWJ3hpCcC+TMi8Ui4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePFYwX5AG8pmu2mX7m7C7kQooX/BiwdFvPqHvPlvTNoctPXBwOO9GWbmBbEUFl332yltbG5t75R3K3v7B4dH1eOTjo0Sw3ibRTIyvYBaLoXmbRQoeS82nKpA8m4wvcv97hM3VkT6EWcx9xUdaxEKRjGXesNGZVituXV3AbJOvILUoEBrWP0ajCKWKK6RSWpt33Nj9FNqUDDJ55VBYnlM2ZSOeT+jmipu/XRx65xcZMqIhJHJSiNZqL8nUqqsnakg61QUJ3bVy8X/vH6C4a2fCh0nyDVbLgoTSTAi+eNkJAxnKGcZocyI7FbCJtRQhlk8eQje6svrpHNd99y699CoNa+KOMpwBudwCR7cQBPuoQVtYDCBZ3iFN0c5L86787FsLTnFzCn8gfP5Aw3ZjYE=</latexit><latexit sha1_base64="lcxcHT+YKPDWJ3hpCcC+TMi8Ui4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePFYwX5AG8pmu2mX7m7C7kQooX/BiwdFvPqHvPlvTNoctPXBwOO9GWbmBbEUFl332yltbG5t75R3K3v7B4dH1eOTjo0Sw3ibRTIyvYBaLoXmbRQoeS82nKpA8m4wvcv97hM3VkT6EWcx9xUdaxEKRjGXesNGZVituXV3AbJOvILUoEBrWP0ajCKWKK6RSWpt33Nj9FNqUDDJ55VBYnlM2ZSOeT+jmipu/XRx65xcZMqIhJHJSiNZqL8nUqqsnakg61QUJ3bVy8X/vH6C4a2fCh0nyDVbLgoTSTAi+eNkJAxnKGcZocyI7FbCJtRQhlk8eQje6svrpHNd99y699CoNa+KOMpwBudwCR7cQBPuoQVtYDCBZ3iFN0c5L86787FsLTnFzCn8gfP5Aw3ZjYE=</latexit><latexit sha1_base64="lcxcHT+YKPDWJ3hpCcC+TMi8Ui4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePFYwX5AG8pmu2mX7m7C7kQooX/BiwdFvPqHvPlvTNoctPXBwOO9GWbmBbEUFl332yltbG5t75R3K3v7B4dH1eOTjo0Sw3ibRTIyvYBaLoXmbRQoeS82nKpA8m4wvcv97hM3VkT6EWcx9xUdaxEKRjGXesNGZVituXV3AbJOvILUoEBrWP0ajCKWKK6RSWpt33Nj9FNqUDDJ55VBYnlM2ZSOeT+jmipu/XRx65xcZMqIhJHJSiNZqL8nUqqsnakg61QUJ3bVy8X/vH6C4a2fCh0nyDVbLgoTSTAi+eNkJAxnKGcZocyI7FbCJtRQhlk8eQje6svrpHNd99y699CoNa+KOMpwBudwCR7cQBPuoQVtYDCBZ3iFN0c5L86787FsLTnFzCn8gfP5Aw3ZjYE=</latexit><latexit sha1_base64="lcxcHT+YKPDWJ3hpCcC+TMi8Ui4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePFYwX5AG8pmu2mX7m7C7kQooX/BiwdFvPqHvPlvTNoctPXBwOO9GWbmBbEUFl332yltbG5t75R3K3v7B4dH1eOTjo0Sw3ibRTIyvYBaLoXmbRQoeS82nKpA8m4wvcv97hM3VkT6EWcx9xUdaxEKRjGXesNGZVituXV3AbJOvILUoEBrWP0ajCKWKK6RSWpt33Nj9FNqUDDJ55VBYnlM2ZSOeT+jmipu/XRx65xcZMqIhJHJSiNZqL8nUqqsnakg61QUJ3bVy8X/vH6C4a2fCh0nyDVbLgoTSTAi+eNkJAxnKGcZocyI7FbCJtRQhlk8eQje6svrpHNd99y699CoNa+KOMpwBudwCR7cQBPuoQVtYDCBZ3iFN0c5L86787FsLTnFzCn8gfP5Aw3ZjYE=</latexit>

X5
<latexit sha1_base64="Mg7E4fCA39v0XUprTc+pWjjalW8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvHisYD+gDWWz3bRLdzdhdyKU0L/gxYMiXv1D3vw3Jm0O2vpg4PHeDDPzglgKi6777ZTW1jc2t8rblZ3dvf2D6uFR20aJYbzFIhmZbkAtl0LzFgqUvBsbTlUgeSeY3OV+54kbKyL9iNOY+4qOtAgFo5hL3cF1ZVCtuXV3DrJKvILUoEBzUP3qDyOWKK6RSWptz3Nj9FNqUDDJZ5V+YnlM2YSOeC+jmipu/XR+64ycZcqQhJHJSiOZq78nUqqsnaog61QUx3bZy8X/vF6C4a2fCh0nyDVbLAoTSTAi+eNkKAxnKKcZocyI7FbCxtRQhlk8eQje8surpH1Z99y693BVa1wUcZThBE7hHDy4gQbcQxNawGAMz/AKb45yXpx352PRWnKKmWP4A+fzBw9ejYI=</latexit><latexit sha1_base64="Mg7E4fCA39v0XUprTc+pWjjalW8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvHisYD+gDWWz3bRLdzdhdyKU0L/gxYMiXv1D3vw3Jm0O2vpg4PHeDDPzglgKi6777ZTW1jc2t8rblZ3dvf2D6uFR20aJYbzFIhmZbkAtl0LzFgqUvBsbTlUgeSeY3OV+54kbKyL9iNOY+4qOtAgFo5hL3cF1ZVCtuXV3DrJKvILUoEBzUP3qDyOWKK6RSWptz3Nj9FNqUDDJZ5V+YnlM2YSOeC+jmipu/XR+64ycZcqQhJHJSiOZq78nUqqsnaog61QUx3bZy8X/vF6C4a2fCh0nyDVbLAoTSTAi+eNkKAxnKKcZocyI7FbCxtRQhlk8eQje8surpH1Z99y693BVa1wUcZThBE7hHDy4gQbcQxNawGAMz/AKb45yXpx352PRWnKKmWP4A+fzBw9ejYI=</latexit><latexit sha1_base64="Mg7E4fCA39v0XUprTc+pWjjalW8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvHisYD+gDWWz3bRLdzdhdyKU0L/gxYMiXv1D3vw3Jm0O2vpg4PHeDDPzglgKi6777ZTW1jc2t8rblZ3dvf2D6uFR20aJYbzFIhmZbkAtl0LzFgqUvBsbTlUgeSeY3OV+54kbKyL9iNOY+4qOtAgFo5hL3cF1ZVCtuXV3DrJKvILUoEBzUP3qDyOWKK6RSWptz3Nj9FNqUDDJZ5V+YnlM2YSOeC+jmipu/XR+64ycZcqQhJHJSiOZq78nUqqsnaog61QUx3bZy8X/vF6C4a2fCh0nyDVbLAoTSTAi+eNkKAxnKKcZocyI7FbCxtRQhlk8eQje8surpH1Z99y693BVa1wUcZThBE7hHDy4gQbcQxNawGAMz/AKb45yXpx352PRWnKKmWP4A+fzBw9ejYI=</latexit><latexit sha1_base64="Mg7E4fCA39v0XUprTc+pWjjalW8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvHisYD+gDWWz3bRLdzdhdyKU0L/gxYMiXv1D3vw3Jm0O2vpg4PHeDDPzglgKi6777ZTW1jc2t8rblZ3dvf2D6uFR20aJYbzFIhmZbkAtl0LzFgqUvBsbTlUgeSeY3OV+54kbKyL9iNOY+4qOtAgFo5hL3cF1ZVCtuXV3DrJKvILUoEBzUP3qDyOWKK6RSWptz3Nj9FNqUDDJZ5V+YnlM2YSOeC+jmipu/XR+64ycZcqQhJHJSiOZq78nUqqsnaog61QUx3bZy8X/vF6C4a2fCh0nyDVbLAoTSTAi+eNkKAxnKKcZocyI7FbCxtRQhlk8eQje8surpH1Z99y693BVa1wUcZThBE7hHDy4gQbcQxNawGAMz/AKb45yXpx352PRWnKKmWP4A+fzBw9ejYI=</latexit>

Functional form of P(X1,X2,X3,X4,X5):

1

Z
Ψ123(X1,X2,X3)Ψ25(X2,X5)Ψ34(X3,X4)Ψ45(X4,X5)



B: Independence properties of MRFs

Example (from Pearl)
Four people engage in occasional pairwise activities. There is a disease going around.

Boolean variables
(0/1): have disease?

M1
<latexit sha1_base64="PjnCBYb0fgNmjvUXk2XmcTx+a3w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePEiVLQf0Iay2W7apZtN2J0IJfQnePGgiFd/kTf/jds2B219MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqGXiVDPeZLGMdSeghkuheBMFSt5JNKdRIHk7GN/M/PYT10bE6hEnCfcjOlQiFIyilR7u+l6/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+alTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZn9TQZCc4ZyYgllWthbCRtRTRnadEo2BG/55VXSuqx6btW7r1XqF3kcRTiBUzgHD66gDrfQgCYwGMIzvMKbI50X5935WLQWnHzmGP7A+fwBw4GNXw==</latexit><latexit sha1_base64="PjnCBYb0fgNmjvUXk2XmcTx+a3w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePEiVLQf0Iay2W7apZtN2J0IJfQnePGgiFd/kTf/jds2B219MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqGXiVDPeZLGMdSeghkuheBMFSt5JNKdRIHk7GN/M/PYT10bE6hEnCfcjOlQiFIyilR7u+l6/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+alTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZn9TQZCc4ZyYgllWthbCRtRTRnadEo2BG/55VXSuqx6btW7r1XqF3kcRTiBUzgHD66gDrfQgCYwGMIzvMKbI50X5935WLQWnHzmGP7A+fwBw4GNXw==</latexit><latexit sha1_base64="PjnCBYb0fgNmjvUXk2XmcTx+a3w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePEiVLQf0Iay2W7apZtN2J0IJfQnePGgiFd/kTf/jds2B219MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqGXiVDPeZLGMdSeghkuheBMFSt5JNKdRIHk7GN/M/PYT10bE6hEnCfcjOlQiFIyilR7u+l6/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+alTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZn9TQZCc4ZyYgllWthbCRtRTRnadEo2BG/55VXSuqx6btW7r1XqF3kcRTiBUzgHD66gDrfQgCYwGMIzvMKbI50X5935WLQWnHzmGP7A+fwBw4GNXw==</latexit><latexit sha1_base64="PjnCBYb0fgNmjvUXk2XmcTx+a3w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePEiVLQf0Iay2W7apZtN2J0IJfQnePGgiFd/kTf/jds2B219MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqGXiVDPeZLGMdSeghkuheBMFSt5JNKdRIHk7GN/M/PYT10bE6hEnCfcjOlQiFIyilR7u+l6/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+alTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZn9TQZCc4ZyYgllWthbCRtRTRnadEo2BG/55VXSuqx6btW7r1XqF3kcRTiBUzgHD66gDrfQgCYwGMIzvMKbI50X5935WLQWnHzmGP7A+fwBw4GNXw==</latexit>

M2
<latexit sha1_base64="9kzuTMTpsbgajK3NZ9tNQLE4TOg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosePEiVLQf0Iay2U7apZtN2N0IJfQnePGgiFd/kTf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH45uZ335CpXksH80kQT+iQ8lDzqix0sNdv9YvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bnzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZn9TQZcITNiYgllittbCRtRRZmx6ZRsCN7yy6ukVat6btW7v6zUL/I4inACp3AOHlxBHW6hAU1gMIRneIU3RzgvzrvzsWgtOPnMMfyB8/kDxQWNYA==</latexit><latexit sha1_base64="9kzuTMTpsbgajK3NZ9tNQLE4TOg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosePEiVLQf0Iay2U7apZtN2N0IJfQnePGgiFd/kTf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH45uZ335CpXksH80kQT+iQ8lDzqix0sNdv9YvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bnzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZn9TQZcITNiYgllittbCRtRRZmx6ZRsCN7yy6ukVat6btW7v6zUL/I4inACp3AOHlxBHW6hAU1gMIRneIU3RzgvzrvzsWgtOPnMMfyB8/kDxQWNYA==</latexit><latexit sha1_base64="9kzuTMTpsbgajK3NZ9tNQLE4TOg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosePEiVLQf0Iay2U7apZtN2N0IJfQnePGgiFd/kTf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH45uZ335CpXksH80kQT+iQ8lDzqix0sNdv9YvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bnzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZn9TQZcITNiYgllittbCRtRRZmx6ZRsCN7yy6ukVat6btW7v6zUL/I4inACp3AOHlxBHW6hAU1gMIRneIU3RzgvzrvzsWgtOPnMMfyB8/kDxQWNYA==</latexit><latexit sha1_base64="9kzuTMTpsbgajK3NZ9tNQLE4TOg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosePEiVLQf0Iay2U7apZtN2N0IJfQnePGgiFd/kTf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH45uZ335CpXksH80kQT+iQ8lDzqix0sNdv9YvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bnzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZn9TQZcITNiYgllittbCRtRRZmx6ZRsCN7yy6ukVat6btW7v6zUL/I4inACp3AOHlxBHW6hAU1gMIRneIU3RzgvzrvzsWgtOPnMMfyB8/kDxQWNYA==</latexit>

F2
<latexit sha1_base64="mZvsxgKBvy8qgwvWl/T1F3JvbBk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosCOKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38z89hMqzWP5aCYJ+hEdSh5yRo2VHm77tX654lbdOcgq8XJSgRyNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n81Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz2My6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZfXiWtWtVzq979ZaV+kcdRhBM4hXPw4ArqcAcNaAKDITzDK7w5wnlx3p2PRWvByWeO4Q+czx+6W41Z</latexit><latexit sha1_base64="mZvsxgKBvy8qgwvWl/T1F3JvbBk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosCOKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38z89hMqzWP5aCYJ+hEdSh5yRo2VHm77tX654lbdOcgq8XJSgRyNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n81Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz2My6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZfXiWtWtVzq979ZaV+kcdRhBM4hXPw4ArqcAcNaAKDITzDK7w5wnlx3p2PRWvByWeO4Q+czx+6W41Z</latexit><latexit sha1_base64="mZvsxgKBvy8qgwvWl/T1F3JvbBk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosCOKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38z89hMqzWP5aCYJ+hEdSh5yRo2VHm77tX654lbdOcgq8XJSgRyNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n81Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz2My6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZfXiWtWtVzq979ZaV+kcdRhBM4hXPw4ArqcAcNaAKDITzDK7w5wnlx3p2PRWvByWeO4Q+czx+6W41Z</latexit><latexit sha1_base64="mZvsxgKBvy8qgwvWl/T1F3JvbBk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosCOKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38z89hMqzWP5aCYJ+hEdSh5yRo2VHm77tX654lbdOcgq8XJSgRyNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n81Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz2My6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZfXiWtWtVzq979ZaV+kcdRhBM4hXPw4ArqcAcNaAKDITzDK7w5wnlx3p2PRWvByWeO4Q+czx+6W41Z</latexit>

F1
<latexit sha1_base64="Sxz7kmoJ8Vj/46K57aioRplKx8U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosCOKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Gbmt5+4NiJWjzhJuB/RoRKhYBSt9HDb9/rlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWZdVzq959rVK/yOMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w+4141Y</latexit><latexit sha1_base64="Sxz7kmoJ8Vj/46K57aioRplKx8U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosCOKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Gbmt5+4NiJWjzhJuB/RoRKhYBSt9HDb9/rlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWZdVzq959rVK/yOMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w+4141Y</latexit><latexit sha1_base64="Sxz7kmoJ8Vj/46K57aioRplKx8U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosCOKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Gbmt5+4NiJWjzhJuB/RoRKhYBSt9HDb9/rlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWZdVzq959rVK/yOMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w+4141Y</latexit><latexit sha1_base64="Sxz7kmoJ8Vj/46K57aioRplKx8U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosCOKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Gbmt5+4NiJWjzhJuB/RoRKhYBSt9HDb9/rlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWZdVzq959rVK/yOMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w+4141Y</latexit>

F1 M1 Ψ11(F1,M1)

0 0 100
0 1 20
1 0 20
1 1 50

F1 M2 Ψ12(F1,M2)

0 0 100
0 1 20
1 0 20
1 1 50

F2 M1 Ψ21(F2,M1)

0 0 200
0 1 10
1 0 100
1 1 50

F2 M2 Ψ22(F2,M2)

0 0 100
0 1 20
1 0 20
1 1 1

• What is the most likely configuration?

• What are the conditional independence relationships here?



Conditional independence in MRFs
Let G be an undirected graph with nodes X1, . . . ,Xn.
Let NG (Xi ) denote the neighbors of Xi in G .

1 Any MRF over G satisfies, for all i , the local independence property

Xi ⊥⊥ {Xj : j 6= i} | NG (Xi ).

Easy proof: Algebraic manipulation of functional form of MRF.

2 Global independence property: for any subsets of nodes S ,T ,U such that
removing U separates S from T ,

XS ⊥⊥ XT | XU .

3 Hammersley-Clifford Thm. Let P be a distribution on (X1, . . . ,Xn) such that

• P(x) > 0 for all x , and
• P satisfies the local independence properties.

Then P can be expressed as an MRF over G .



C: Inference by sampling

Back to image restoration

Recall: Y = φ(H ? X )� Z . For prior on X , use a grid-shaped MRF.

X1
<latexit sha1_base64="ppwcnj2PSSym+3bQGJkHML3FNw4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahp5KIUI8FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6Wt7Z3dvfJ+5eDw6PikenrWtVFiGO+wSEamH1DLpdC8gwIl78eGUxVI3gtmd7nfe+LGikg/4jzmvqITLULBKOZSf+RVRtWa23CXIJvEK0gNCrRH1a/hOGKJ4hqZpNYOPDdGP6UGBZN8URkmlseUzeiEDzKqqeLWT5e3LshVpoxJGJmsNJKl+nsipcrauQqyTkVxate9XPzPGyQY3vqp0HGCXLPVojCRBCOSP07GwnCGcp4RyozIbiVsSg1lmMWTh+Ctv7xJutcNz214Dze1Vr2IowwXcAl18KAJLbiHNnSAwRSe4RXeHOW8OO/Ox6q15BQz5/AHzucPCBaNeg==</latexit><latexit sha1_base64="ppwcnj2PSSym+3bQGJkHML3FNw4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahp5KIUI8FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6Wt7Z3dvfJ+5eDw6PikenrWtVFiGO+wSEamH1DLpdC8gwIl78eGUxVI3gtmd7nfe+LGikg/4jzmvqITLULBKOZSf+RVRtWa23CXIJvEK0gNCrRH1a/hOGKJ4hqZpNYOPDdGP6UGBZN8URkmlseUzeiEDzKqqeLWT5e3LshVpoxJGJmsNJKl+nsipcrauQqyTkVxate9XPzPGyQY3vqp0HGCXLPVojCRBCOSP07GwnCGcp4RyozIbiVsSg1lmMWTh+Ctv7xJutcNz214Dze1Vr2IowwXcAl18KAJLbiHNnSAwRSe4RXeHOW8OO/Ox6q15BQz5/AHzucPCBaNeg==</latexit><latexit sha1_base64="ppwcnj2PSSym+3bQGJkHML3FNw4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahp5KIUI8FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6Wt7Z3dvfJ+5eDw6PikenrWtVFiGO+wSEamH1DLpdC8gwIl78eGUxVI3gtmd7nfe+LGikg/4jzmvqITLULBKOZSf+RVRtWa23CXIJvEK0gNCrRH1a/hOGKJ4hqZpNYOPDdGP6UGBZN8URkmlseUzeiEDzKqqeLWT5e3LshVpoxJGJmsNJKl+nsipcrauQqyTkVxate9XPzPGyQY3vqp0HGCXLPVojCRBCOSP07GwnCGcp4RyozIbiVsSg1lmMWTh+Ctv7xJutcNz214Dze1Vr2IowwXcAl18KAJLbiHNnSAwRSe4RXeHOW8OO/Ox6q15BQz5/AHzucPCBaNeg==</latexit><latexit sha1_base64="ppwcnj2PSSym+3bQGJkHML3FNw4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahp5KIUI8FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6Wt7Z3dvfJ+5eDw6PikenrWtVFiGO+wSEamH1DLpdC8gwIl78eGUxVI3gtmd7nfe+LGikg/4jzmvqITLULBKOZSf+RVRtWa23CXIJvEK0gNCrRH1a/hOGKJ4hqZpNYOPDdGP6UGBZN8URkmlseUzeiEDzKqqeLWT5e3LshVpoxJGJmsNJKl+nsipcrauQqyTkVxate9XPzPGyQY3vqp0HGCXLPVojCRBCOSP07GwnCGcp4RyozIbiVsSg1lmMWTh+Ctv7xJutcNz214Dze1Vr2IowwXcAl18KAJLbiHNnSAwRSe4RXeHOW8OO/Ox6q15BQz5/AHzucPCBaNeg==</latexit>

X2
<latexit sha1_base64="c/vjuAoZXeQ4pvFf4H0qBYOuzAw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahp5IUQY8FLx4r2A9oQ9lsJ+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dkpb2zu7e+X9ysHh0fFJ9fSsa6JEM+ywSES6H1CDgivsWG4F9mONVAYCe8HsLvd7T6gNj9SjncfoSzpRPOSM2lzqj5qVUbXmNtwlyCbxClKDAu1R9Ws4jlgiUVkmqDEDz42tn1JtORO4qAwTgzFlMzrBQUYVlWj8dHnrglxlypiEkc5KWbJUf0+kVBozl0HWKamdmnUvF//zBokNb/2UqzixqNhqUZgIYiOSP07GXCOzYp4RyjTPbiVsSjVlNosnD8Fbf3mTdJsNz214D9e1Vr2IowwXcAl18OAGWnAPbegAgyk8wyu8OdJ5cd6dj1VrySlmzuEPnM8fCZuNew==</latexit><latexit sha1_base64="c/vjuAoZXeQ4pvFf4H0qBYOuzAw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahp5IUQY8FLx4r2A9oQ9lsJ+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dkpb2zu7e+X9ysHh0fFJ9fSsa6JEM+ywSES6H1CDgivsWG4F9mONVAYCe8HsLvd7T6gNj9SjncfoSzpRPOSM2lzqj5qVUbXmNtwlyCbxClKDAu1R9Ws4jlgiUVkmqDEDz42tn1JtORO4qAwTgzFlMzrBQUYVlWj8dHnrglxlypiEkc5KWbJUf0+kVBozl0HWKamdmnUvF//zBokNb/2UqzixqNhqUZgIYiOSP07GXCOzYp4RyjTPbiVsSjVlNosnD8Fbf3mTdJsNz214D9e1Vr2IowwXcAl18OAGWnAPbegAgyk8wyu8OdJ5cd6dj1VrySlmzuEPnM8fCZuNew==</latexit><latexit sha1_base64="c/vjuAoZXeQ4pvFf4H0qBYOuzAw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahp5IUQY8FLx4r2A9oQ9lsJ+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dkpb2zu7e+X9ysHh0fFJ9fSsa6JEM+ywSES6H1CDgivsWG4F9mONVAYCe8HsLvd7T6gNj9SjncfoSzpRPOSM2lzqj5qVUbXmNtwlyCbxClKDAu1R9Ws4jlgiUVkmqDEDz42tn1JtORO4qAwTgzFlMzrBQUYVlWj8dHnrglxlypiEkc5KWbJUf0+kVBozl0HWKamdmnUvF//zBokNb/2UqzixqNhqUZgIYiOSP07GXCOzYp4RyjTPbiVsSjVlNosnD8Fbf3mTdJsNz214D9e1Vr2IowwXcAl18OAGWnAPbegAgyk8wyu8OdJ5cd6dj1VrySlmzuEPnM8fCZuNew==</latexit><latexit sha1_base64="c/vjuAoZXeQ4pvFf4H0qBYOuzAw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahp5IUQY8FLx4r2A9oQ9lsJ+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dkpb2zu7e+X9ysHh0fFJ9fSsa6JEM+ywSES6H1CDgivsWG4F9mONVAYCe8HsLvd7T6gNj9SjncfoSzpRPOSM2lzqj5qVUbXmNtwlyCbxClKDAu1R9Ws4jlgiUVkmqDEDz42tn1JtORO4qAwTgzFlMzrBQUYVlWj8dHnrglxlypiEkc5KWbJUf0+kVBozl0HWKamdmnUvF//zBokNb/2UqzixqNhqUZgIYiOSP07GXCOzYp4RyjTPbiVsSjVlNosnD8Fbf3mTdJsNz214D9e1Vr2IowwXcAl18OAGWnAPbegAgyk8wyu8OdJ5cd6dj1VrySlmzuEPnM8fCZuNew==</latexit>

X3
<latexit sha1_base64="c90B3oG66Vdt1IO35xvsiFJepOk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahp5KooMeCF48V7Ae0oWy2m3bp7ibsToQS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7p2CgxjLdZJCPTC6jlUmjeRoGS92LDqQok7wbTu9zvPnFjRaQfcRZzX9GxFqFgFHOpN7yqDKs1t+EuQNaJV5AaFGgNq1+DUcQSxTUySa3te26MfkoNCib5vDJILI8pm9Ix72dUU8Wtny5unZOLTBmRMDJZaSQL9fdESpW1MxVknYrixK56ufif108wvPVToeMEuWbLRWEiCUYkf5yMhOEM5SwjlBmR3UrYhBrKMIsnD8FbfXmddC4bntvwHq5rzXoRRxnO4Bzq4MENNOEeWtAGBhN4hld4c5Tz4rw7H8vWklPMnMIfOJ8/CyCNfA==</latexit><latexit sha1_base64="c90B3oG66Vdt1IO35xvsiFJepOk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahp5KooMeCF48V7Ae0oWy2m3bp7ibsToQS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7p2CgxjLdZJCPTC6jlUmjeRoGS92LDqQok7wbTu9zvPnFjRaQfcRZzX9GxFqFgFHOpN7yqDKs1t+EuQNaJV5AaFGgNq1+DUcQSxTUySa3te26MfkoNCib5vDJILI8pm9Ix72dUU8Wtny5unZOLTBmRMDJZaSQL9fdESpW1MxVknYrixK56ufif108wvPVToeMEuWbLRWEiCUYkf5yMhOEM5SwjlBmR3UrYhBrKMIsnD8FbfXmddC4bntvwHq5rzXoRRxnO4Bzq4MENNOEeWtAGBhN4hld4c5Tz4rw7H8vWklPMnMIfOJ8/CyCNfA==</latexit><latexit sha1_base64="c90B3oG66Vdt1IO35xvsiFJepOk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahp5KooMeCF48V7Ae0oWy2m3bp7ibsToQS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7p2CgxjLdZJCPTC6jlUmjeRoGS92LDqQok7wbTu9zvPnFjRaQfcRZzX9GxFqFgFHOpN7yqDKs1t+EuQNaJV5AaFGgNq1+DUcQSxTUySa3te26MfkoNCib5vDJILI8pm9Ix72dUU8Wtny5unZOLTBmRMDJZaSQL9fdESpW1MxVknYrixK56ufif108wvPVToeMEuWbLRWEiCUYkf5yMhOEM5SwjlBmR3UrYhBrKMIsnD8FbfXmddC4bntvwHq5rzXoRRxnO4Bzq4MENNOEeWtAGBhN4hld4c5Tz4rw7H8vWklPMnMIfOJ8/CyCNfA==</latexit><latexit sha1_base64="c90B3oG66Vdt1IO35xvsiFJepOk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahp5KooMeCF48V7Ae0oWy2m3bp7ibsToQS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7p2CgxjLdZJCPTC6jlUmjeRoGS92LDqQok7wbTu9zvPnFjRaQfcRZzX9GxFqFgFHOpN7yqDKs1t+EuQNaJV5AaFGgNq1+DUcQSxTUySa3te26MfkoNCib5vDJILI8pm9Ix72dUU8Wtny5unZOLTBmRMDJZaSQL9fdESpW1MxVknYrixK56ufif108wvPVToeMEuWbLRWEiCUYkf5yMhOEM5SwjlBmR3UrYhBrKMIsnD8FbfXmddC4bntvwHq5rzXoRRxnO4Bzq4MENNOEeWtAGBhN4hld4c5Tz4rw7H8vWklPMnMIfOJ8/CyCNfA==</latexit>

X4
<latexit sha1_base64="tnT1cLNzWNiz7xutJ4jqMX4zz5w=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahp5JIQY8FLx4r2A9oQ9lsJ+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dkpb2zu7e+X9ysHh0fFJ9fSsa6JEM+ywSES6H1CDgivsWG4F9mONVAYCe8HsLvd7T6gNj9SjncfoSzpRPOSM2lzqj5qVUbXmNtwlyCbxClKDAu1R9Ws4jlgiUVkmqDEDz42tn1JtORO4qAwTgzFlMzrBQUYVlWj8dHnrglxlypiEkc5KWbJUf0+kVBozl0HWKamdmnUvF//zBokNb/2UqzixqNhqUZgIYiOSP07GXCOzYp4RyjTPbiVsSjVlNosnD8Fbf3mTdK8bntvwHpq1Vr2IowwXcAl18OAGWnAPbegAgyk8wyu8OdJ5cd6dj1VrySlmzuEPnM8fDKWNfQ==</latexit><latexit sha1_base64="tnT1cLNzWNiz7xutJ4jqMX4zz5w=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahp5JIQY8FLx4r2A9oQ9lsJ+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dkpb2zu7e+X9ysHh0fFJ9fSsa6JEM+ywSES6H1CDgivsWG4F9mONVAYCe8HsLvd7T6gNj9SjncfoSzpRPOSM2lzqj5qVUbXmNtwlyCbxClKDAu1R9Ws4jlgiUVkmqDEDz42tn1JtORO4qAwTgzFlMzrBQUYVlWj8dHnrglxlypiEkc5KWbJUf0+kVBozl0HWKamdmnUvF//zBokNb/2UqzixqNhqUZgIYiOSP07GXCOzYp4RyjTPbiVsSjVlNosnD8Fbf3mTdK8bntvwHpq1Vr2IowwXcAl18OAGWnAPbegAgyk8wyu8OdJ5cd6dj1VrySlmzuEPnM8fDKWNfQ==</latexit><latexit sha1_base64="tnT1cLNzWNiz7xutJ4jqMX4zz5w=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahp5JIQY8FLx4r2A9oQ9lsJ+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dkpb2zu7e+X9ysHh0fFJ9fSsa6JEM+ywSES6H1CDgivsWG4F9mONVAYCe8HsLvd7T6gNj9SjncfoSzpRPOSM2lzqj5qVUbXmNtwlyCbxClKDAu1R9Ws4jlgiUVkmqDEDz42tn1JtORO4qAwTgzFlMzrBQUYVlWj8dHnrglxlypiEkc5KWbJUf0+kVBozl0HWKamdmnUvF//zBokNb/2UqzixqNhqUZgIYiOSP07GXCOzYp4RyjTPbiVsSjVlNosnD8Fbf3mTdK8bntvwHpq1Vr2IowwXcAl18OAGWnAPbegAgyk8wyu8OdJ5cd6dj1VrySlmzuEPnM8fDKWNfQ==</latexit><latexit sha1_base64="tnT1cLNzWNiz7xutJ4jqMX4zz5w=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahp5JIQY8FLx4r2A9oQ9lsJ+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dkpb2zu7e+X9ysHh0fFJ9fSsa6JEM+ywSES6H1CDgivsWG4F9mONVAYCe8HsLvd7T6gNj9SjncfoSzpRPOSM2lzqj5qVUbXmNtwlyCbxClKDAu1R9Ws4jlgiUVkmqDEDz42tn1JtORO4qAwTgzFlMzrBQUYVlWj8dHnrglxlypiEkc5KWbJUf0+kVBozl0HWKamdmnUvF//zBokNb/2UqzixqNhqUZgIYiOSP07GXCOzYp4RyjTPbiVsSjVlNosnD8Fbf3mTdK8bntvwHpq1Vr2IowwXcAl18OAGWnAPbegAgyk8wyu8OdJ5cd6dj1VrySlmzuEPnM8fDKWNfQ==</latexit>

X5
<latexit sha1_base64="b0CkwpBU+27szqE1qJtKLQ2injs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTuoD8oVt+YuQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlf1jy35t1fVRrVPI4inME5VMGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDZH41q</latexit><latexit sha1_base64="b0CkwpBU+27szqE1qJtKLQ2injs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTuoD8oVt+YuQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlf1jy35t1fVRrVPI4inME5VMGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDZH41q</latexit><latexit sha1_base64="b0CkwpBU+27szqE1qJtKLQ2injs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTuoD8oVt+YuQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlf1jy35t1fVRrVPI4inME5VMGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDZH41q</latexit><latexit sha1_base64="b0CkwpBU+27szqE1qJtKLQ2injs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTuoD8oVt+YuQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlf1jy35t1fVRrVPI4inME5VMGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDZH41q</latexit>

X6
<latexit sha1_base64="SFIRtZ0xTpXm2xibYLbDmpjDppg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIVI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTuoD8oVt+YuQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlf1jy35t1fVRrVPI4inME5VMGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDao41r</latexit><latexit sha1_base64="SFIRtZ0xTpXm2xibYLbDmpjDppg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIVI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTuoD8oVt+YuQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlf1jy35t1fVRrVPI4inME5VMGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDao41r</latexit><latexit sha1_base64="SFIRtZ0xTpXm2xibYLbDmpjDppg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIVI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTuoD8oVt+YuQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlf1jy35t1fVRrVPI4inME5VMGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDao41r</latexit><latexit sha1_base64="SFIRtZ0xTpXm2xibYLbDmpjDppg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIVI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTuoD8oVt+YuQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlf1jy35t1fVRrVPI4inME5VMGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDao41r</latexit>

X7
<latexit sha1_base64="OAQPiwi8RrwBe2Ps69lsKE4Eaiw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KI0B4LXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHnrD+rBccWvuEmSTeDmpQI7WsPw1GMUsjbhCJqkxfc9N0M+oRsEkn5cGqeEJZVM65n1LFY248bPlqXNyZZURCWNtSyFZqr8nMhoZM4sC2xlRnJh1byH+5/VTDBt+JlSSIldstShMJcGYLP4mI6E5QzmzhDIt7K2ETaimDG06JRuCt/7yJulc1zy35t3fVJrVPI4iXMAlVMGDOjThDlrQBgZjeIZXeHOk8+K8Ox+r1oKTz5zDHzifP9wnjWw=</latexit><latexit sha1_base64="OAQPiwi8RrwBe2Ps69lsKE4Eaiw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KI0B4LXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHnrD+rBccWvuEmSTeDmpQI7WsPw1GMUsjbhCJqkxfc9N0M+oRsEkn5cGqeEJZVM65n1LFY248bPlqXNyZZURCWNtSyFZqr8nMhoZM4sC2xlRnJh1byH+5/VTDBt+JlSSIldstShMJcGYLP4mI6E5QzmzhDIt7K2ETaimDG06JRuCt/7yJulc1zy35t3fVJrVPI4iXMAlVMGDOjThDlrQBgZjeIZXeHOk8+K8Ox+r1oKTz5zDHzifP9wnjWw=</latexit><latexit sha1_base64="OAQPiwi8RrwBe2Ps69lsKE4Eaiw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KI0B4LXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHnrD+rBccWvuEmSTeDmpQI7WsPw1GMUsjbhCJqkxfc9N0M+oRsEkn5cGqeEJZVM65n1LFY248bPlqXNyZZURCWNtSyFZqr8nMhoZM4sC2xlRnJh1byH+5/VTDBt+JlSSIldstShMJcGYLP4mI6E5QzmzhDIt7K2ETaimDG06JRuCt/7yJulc1zy35t3fVJrVPI4iXMAlVMGDOjThDlrQBgZjeIZXeHOk8+K8Ox+r1oKTz5zDHzifP9wnjWw=</latexit><latexit sha1_base64="OAQPiwi8RrwBe2Ps69lsKE4Eaiw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KI0B4LXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHnrD+rBccWvuEmSTeDmpQI7WsPw1GMUsjbhCJqkxfc9N0M+oRsEkn5cGqeEJZVM65n1LFY248bPlqXNyZZURCWNtSyFZqr8nMhoZM4sC2xlRnJh1byH+5/VTDBt+JlSSIldstShMJcGYLP4mI6E5QzmzhDIt7K2ETaimDG06JRuCt/7yJulc1zy35t3fVJrVPI4iXMAlVMGDOjThDlrQBgZjeIZXeHOk8+K8Ox+r1oKTz5zDHzifP9wnjWw=</latexit>

X8
<latexit sha1_base64="7f7kTvHkqCRr3WEE5WKrDcxvekY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KI0B4LXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHnrDxrBccWvuEmSTeDmpQI7WsPw1GMUsjbhCJqkxfc9N0M+oRsEkn5cGqeEJZVM65n1LFY248bPlqXNyZZURCWNtSyFZqr8nMhoZM4sC2xlRnJh1byH+5/VTDBt+JlSSIldstShMJcGYLP4mI6E5QzmzhDIt7K2ETaimDG06JRuCt/7yJulc1zy35t3fVJrVPI4iXMAlVMGDOjThDlrQBgZjeIZXeHOk8+K8Ox+r1oKTz5zDHzifP92rjW0=</latexit><latexit sha1_base64="7f7kTvHkqCRr3WEE5WKrDcxvekY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KI0B4LXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHnrDxrBccWvuEmSTeDmpQI7WsPw1GMUsjbhCJqkxfc9N0M+oRsEkn5cGqeEJZVM65n1LFY248bPlqXNyZZURCWNtSyFZqr8nMhoZM4sC2xlRnJh1byH+5/VTDBt+JlSSIldstShMJcGYLP4mI6E5QzmzhDIt7K2ETaimDG06JRuCt/7yJulc1zy35t3fVJrVPI4iXMAlVMGDOjThDlrQBgZjeIZXeHOk8+K8Ox+r1oKTz5zDHzifP92rjW0=</latexit><latexit sha1_base64="7f7kTvHkqCRr3WEE5WKrDcxvekY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KI0B4LXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHnrDxrBccWvuEmSTeDmpQI7WsPw1GMUsjbhCJqkxfc9N0M+oRsEkn5cGqeEJZVM65n1LFY248bPlqXNyZZURCWNtSyFZqr8nMhoZM4sC2xlRnJh1byH+5/VTDBt+JlSSIldstShMJcGYLP4mI6E5QzmzhDIt7K2ETaimDG06JRuCt/7yJulc1zy35t3fVJrVPI4iXMAlVMGDOjThDlrQBgZjeIZXeHOk8+K8Ox+r1oKTz5zDHzifP92rjW0=</latexit><latexit sha1_base64="7f7kTvHkqCRr3WEE5WKrDcxvekY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KI0B4LXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHnrDxrBccWvuEmSTeDmpQI7WsPw1GMUsjbhCJqkxfc9N0M+oRsEkn5cGqeEJZVM65n1LFY248bPlqXNyZZURCWNtSyFZqr8nMhoZM4sC2xlRnJh1byH+5/VTDBt+JlSSIldstShMJcGYLP4mI6E5QzmzhDIt7K2ETaimDG06JRuCt/7yJulc1zy35t3fVJrVPI4iXMAlVMGDOjThDlrQBgZjeIZXeHOk8+K8Ox+r1oKTz5zDHzifP92rjW0=</latexit>

X9
<latexit sha1_base64="6UJw8pNhDRhzEyW760nESDwgQe0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIUL0VvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlh+7gZlCuuDV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCa/9jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10n7sua5Ne/+qtKo5nEU4QzOoQoe1KEBd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AHfL41u</latexit><latexit sha1_base64="6UJw8pNhDRhzEyW760nESDwgQe0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIUL0VvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlh+7gZlCuuDV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCa/9jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10n7sua5Ne/+qtKo5nEU4QzOoQoe1KEBd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AHfL41u</latexit><latexit sha1_base64="6UJw8pNhDRhzEyW760nESDwgQe0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIUL0VvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlh+7gZlCuuDV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCa/9jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10n7sua5Ne/+qtKo5nEU4QzOoQoe1KEBd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AHfL41u</latexit><latexit sha1_base64="6UJw8pNhDRhzEyW760nESDwgQe0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIUL0VvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlh+7gZlCuuDV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCa/9jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10n7sua5Ne/+qtKo5nEU4QzOoQoe1KEBd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AHfL41u</latexit>

X10
<latexit sha1_base64="Mf2IB/43VdeIL/4euMXtnT+s3WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQY8BLx4jmAckS5iddJIxszPLzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlAhurO9/e4WNza3tneJuaW//4PCofHzSMirVDJtMCaU7ETUouMSm5VZgJ9FI40hgO5rczv32E2rDlXyw0wTDmI4kH3JGrZNanX4W+LN+ueLX/AXIOglyUoEcjX75qzdQLI1RWiaoMd3AT2yYUW05Ezgr9VKDCWUTOsKuo5LGaMJsce2MXDhlQIZKu5KWLNTfExmNjZnGkeuMqR2bVW8u/ud1Uzu8CTMuk9SiZMtFw1QQq8j8dTLgGpkVU0co09zdStiYasqsC6jkQghWX14nrcta4NeC+6tKvZrHUYQzOIcqBHANdbiDBjSBwSM8wyu8ecp78d69j2VrwctnTuEPvM8fBsKOrA==</latexit><latexit sha1_base64="Mf2IB/43VdeIL/4euMXtnT+s3WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQY8BLx4jmAckS5iddJIxszPLzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlAhurO9/e4WNza3tneJuaW//4PCofHzSMirVDJtMCaU7ETUouMSm5VZgJ9FI40hgO5rczv32E2rDlXyw0wTDmI4kH3JGrZNanX4W+LN+ueLX/AXIOglyUoEcjX75qzdQLI1RWiaoMd3AT2yYUW05Ezgr9VKDCWUTOsKuo5LGaMJsce2MXDhlQIZKu5KWLNTfExmNjZnGkeuMqR2bVW8u/ud1Uzu8CTMuk9SiZMtFw1QQq8j8dTLgGpkVU0co09zdStiYasqsC6jkQghWX14nrcta4NeC+6tKvZrHUYQzOIcqBHANdbiDBjSBwSM8wyu8ecp78d69j2VrwctnTuEPvM8fBsKOrA==</latexit><latexit sha1_base64="Mf2IB/43VdeIL/4euMXtnT+s3WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQY8BLx4jmAckS5iddJIxszPLzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlAhurO9/e4WNza3tneJuaW//4PCofHzSMirVDJtMCaU7ETUouMSm5VZgJ9FI40hgO5rczv32E2rDlXyw0wTDmI4kH3JGrZNanX4W+LN+ueLX/AXIOglyUoEcjX75qzdQLI1RWiaoMd3AT2yYUW05Ezgr9VKDCWUTOsKuo5LGaMJsce2MXDhlQIZKu5KWLNTfExmNjZnGkeuMqR2bVW8u/ud1Uzu8CTMuk9SiZMtFw1QQq8j8dTLgGpkVU0co09zdStiYasqsC6jkQghWX14nrcta4NeC+6tKvZrHUYQzOIcqBHANdbiDBjSBwSM8wyu8ecp78d69j2VrwctnTuEPvM8fBsKOrA==</latexit><latexit sha1_base64="Mf2IB/43VdeIL/4euMXtnT+s3WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQY8BLx4jmAckS5iddJIxszPLzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlAhurO9/e4WNza3tneJuaW//4PCofHzSMirVDJtMCaU7ETUouMSm5VZgJ9FI40hgO5rczv32E2rDlXyw0wTDmI4kH3JGrZNanX4W+LN+ueLX/AXIOglyUoEcjX75qzdQLI1RWiaoMd3AT2yYUW05Ezgr9VKDCWUTOsKuo5LGaMJsce2MXDhlQIZKu5KWLNTfExmNjZnGkeuMqR2bVW8u/ud1Uzu8CTMuk9SiZMtFw1QQq8j8dTLgGpkVU0co09zdStiYasqsC6jkQghWX14nrcta4NeC+6tKvZrHUYQzOIcqBHANdbiDBjSBwSM8wyu8ecp78d69j2VrwctnTuEPvM8fBsKOrA==</latexit>
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Distribution

P(X ) =
1

Z

∏
edges (i , j)

Ψij(Xi ,Xj).

E.g. Ψij(Xi ,Xj) = α|Xi−Xj |.

“Energy-based” form:

P(X ) =
1

Z
e−U(X ), where U(x) =

∑
(i ,j)∈E

Uij(xi , xj).

What is Uij in the example above, and what is the lowest energy configuration?



Posterior distribution

Say Y = φ(H ? X ) + Z , where Z ∼ N(0, σ2In).
What is the posterior on X , and does it correspond to some MRF?

Inference: three algorithmic tasks

Suppose the posterior distribution is P(x) ∝ exp(−U(x)).

(1) Sample from the posterior.
We’ll see how to do this using Gibbs sampling.

(2) Compute posterior expectations, e.g. EXi .
Easy to estimate using (1).

(3) Find the maximum a-posteriori (MAP) image.
Problem: The landscape of U(x) is typically riddled with local optima.

Simulated annealing:

• Introduce a temperature T > 0 and define PT (x) ∝ exp(−U(x)/T ).

• High temp T →∞: PT → uniform.
• Low temp T → 0: PT concentrates near low-energy configurations.

• Simulated annealing: Run sampler for PT , gradually letting T go to zero.
• If this is done slowly, it ultimately yields the MAP solution.



Gibbs sampler
Note: rejection sampling would be horrendously slow in this setting.

To sample from a distribution P over (x1, . . . , xn):

• Start with any x in the support

• Repeat:

• Pick a feature i ∈ {1, 2, . . . , n}
• Resample xi from P(Xi = xi |x\i )

E.g. if the Xi are 0− 1 valued then in each step:

• pick a feature i

• set xi = 1 with probability

P(xi = 1, x\i )

P(xi = 0, x\i ) + P(xi = 1, x\i )

Guaranteed to converge to the right distribution!



Other approaches to inference

Recall three types of query: (1) conditional probability query, (2) most probable
explanation, (3) maximum a posteriori.

Similar landscape to Bayes nets:

• All three types of query are NP-hard.

• Efficient exact inference for trees, or more generally, for bounded tree-width.

• Approximate inference using sampling, variational methods, belief propagation.

D: Energy-based models



Energy-based formalism

Density of the form p(x) ∝ exp(−U(x))

• U(x) is the energy function

• E.g., U(x) could be a neural network

• Give up on computing the normalization factor!

What can we do without normalization?

• Compute likelihoods?

• Sample?

• Generate most likely explanation/completion?

• Learn?

Example

Du, Mordatch (2019). Implicit generation and modeling with energy-based models.

Conditional generation after training on Imagenet128:

Figure 2: MCMC samples from conditional ImageNet128x128 models
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Figure 3: Illustration of more cross class conversion applying MCMC on a conditional EBM. We condition
on a particular class but is initialized with an image from a another class(left). We are able to preserve certain
aspects of the image while altering others

We analyze nearest neighbors of images we generate in L2 distance Figure 4 and in Resnet-50
embedding space in Figure 5.

A.2 Test Time Sampling Process

We provide illustration of image generation from conditional and unconditional EBM models starting
from random noise in Figure 6 with small amounts of random noise added. Dependent on the image
generated there is slight drift from some start image to a final generated image. We typically observe
that as sampling continues, much of the background is lost and a single central object remains.

We find that if small amounts of random noise are added, all sampling procedures generate a large
initial set of diverse, reduced sample quality images before converging into a small set of high
probability/quality image modes that are modes of images in CIFAR10. However, we find that if

2

Other experiments with compositionality.



Sampling from an energy-based model

For p(x) ∝ exp(−U(x)), can use Gibbs sampling.

Alternative: Langevin sampler.

• Initialize x ∈ Rd

• Repeat:

• Sample Z ∼ N(0, Id)
• Set x ← x − γ∇xU(x) +

√
2γZ

If ∇xU(x) is well-behaved (e.g., Lipschitz), this gets close to p(·).

Learning 1: Maximum likelihood

Let Uθ(x) be the energy function with (e.g., neural net) parameters θ.

pθ(x) = e−Uθ(x)/Zθ

Zθ =

∫
e−Uθ(x)dx

Objective: given data x1, . . . , xn, maximize likelihood

LL(θ) =
n∑

i=1

ln pθ(xi ).

Key fact: ∇θ ln pθ(x) = −∇θUθ(x) + EX∼pθ [∇θUθ(X )].

• Thus, can use gradient descent

• Estimate EX∼pθ [·] by sampling from pθ



We have pθ(x) = e−Uθ(x)/Zθ where Zθ =
∫
e−Uθ(x)dx .

Check: ∇θ ln pθ(x) = −∇θUθ(x) + EX∼pθ [∇θUθ(X )].

Learning 2: Noise-contrastive estimation

Gutmann, Hyvarinen (2010). Noise-contrastive estimation of unnormalized statistical
models, with applications to natural image statistics.

• True data distribution pdata that we want to fit

• We have a family of unnormalized densities {exp(−Uθ(x)) : θ ∈ Θ}. These
produce densities pθ(x) = exp(−Uθ(x))/Zθ, but normalizers Zθ not known.

High-level scheme:

• Define an augmented family that has all multiples of the unnormalized densities:

qθ̃(x) = exp(−Uθ(x))/c for θ̃ = (θ, c) ∈ Θ× R+

• We will learn θ̃, the model as well as its normalizer!

• We’ll do this by maximizing a likelihood-type objective function J(θ̃)



Noise-contrastive estimation

• Data distribution: pdata
• Choose a noise distribution pn, e.g. N(0, I )

Define objective function

J(θ̃) = Ex∼pdata

[
ln

qθ̃(x)

qθ̃(x) + pn(x)

]
+ Ex∼pn

[
ln

pn(x)

qθ̃(x) + pn(x)

]
.

This is binary cross-entropy for separating pdata from pn.

Claim: If pdata = pθ∗ for some θ∗ ∈ Θ, then J(θ̃) is maximized by θ̃ = (θ∗,Zθ∗).


