
Maximum entropy distribution modeling

A: The maximum entropy approach to distribution modeling



Distribution modeling

So far we’ve mentioned a few canonical distributions:
Normal, Poisson, binomial, beta, gamma, . . .

• Is there any commonality to these?

• What do we do in situations where these models are not appropriate?

Maximum entropy: a broad framework for distribution modeling.

Modeling the geographical distribution of a species

Example: the yellow-throated vireo.

Taken by: Mdf / CC BY-SA Figure 1. Left to right: Yellow-throated Vireo training localities from the first random partition, an example environmental variable
(annual average temperature, higher values in red), maxent prediction using linear, quadratic and product features, and GARP prediction.
Prediction strength is shown as white (weakest) to red (strongest); reds could be interpreted as suitable conditions for the species.

features sequentially (one by one) rather than in paral-
lel (all at once), along the lines of Collins, Schapire and
Singer (2002). This sequential approach is analogous to
AdaBoost which modifies the weight of a single “feature”
(usually called a base or weak classifier in that context) on
each round. As in boosting, this approach allows us to use
very large feature spaces.

One would intuitively expect an oversize feature space
to be a problem for generalization since it increases the pos-
sibility of overfitting, leading others to use feature selection
for maxent (Berger et al., 1996). We instead use a regular-
ization approach, introduced in a companion theoretical pa-
per (Dudı́k et al., 2004), which allows one to prove bounds
on the performance of maxent using finite data, even when
the number of features is very large or even uncountably
infinite. Here we investigate in detail the practical efficacy
of the technique for species distribution modeling. We also
describe a numerical acceleration method that speeds up
learning.

In Section 3, we describe an extensive set of experi-
ments we conducted comparing maxent to a widely used
existing distribution modeling algorithm; results of the ex-
periments are described in Section 4. Quite a number of ap-
proaches have been suggested for species distribution mod-
eling including neural nets, genetic algorithms, generalized
linear models, generalized additive models, bioclimatic en-
velopes and more; see Elith (2002) for a comparison. From
these, we selected the Genetic Algorithm for Ruleset Pre-
diction (GARP) (Stockwell & Noble, 1992; Stockwell &
Peters, 1999), because it has seen widespread recent use
to study diverse topics such as global warming (Thomas
et al., 2004), infectious diseases (Peterson & Shaw, 2003)
and invasive species (Peterson & Robins, 2003); many fur-
ther applications are cited in these references. GARP was
also selected because it is one of the few methods available
that does not require absence data (negative examples).

We compare GARP and maxent using data de-
rived from the North American Breeding Bird Survey
(BBS) (Sauer et al., 2001), an extensive dataset consisting
of thousands of occurrence localities for North American
birds and used previously for species distribution model-
ing, in particular for evaluating GARP (Peterson, 2001).
The comparison suggests that maxent methods hold great
promise for species distribution modeling, often achiev-
ing substantially superior performance in controlled ex-
periments relative to GARP. In addition to comparisons
with GARP, we performed experiments testing: (1) the per-

formance of maxent as a function of the number of sam-
ple points available, so as to determine the all important
question of how much data is enough; (2) the effective-
ness of regularization to avoid overfitting on small sample
sizes; and (3) the effectiveness of our numerical accelera-
tion methods.

Lastly, it is desirable for a species distribution model to
allow interpretation to deduce the most important limiting
factors for the species. A noted limitation of GARP is the
difficulty of interpreting its models (Elith, 2002). We show
how the models generated by maxent can be put into a form
that is easily understandable and interpretable by humans.

2. The Maximum Entropy Approach
In this section, we describe our approach to modeling

species distributions. As explained above, we are given a
space X representing some geographic region of interest.
Typically, X is a set of discrete grid cells; here we only
assume that X is finite. We also are given a set of points
x1, . . . , xm in X , each representing a locality where the
species has been observed and recorded. Finally, we are
provided with a set of environmental variables defined on
X , such as precipitation, elevation, etc.

Given these ingredients, our goal is to estimate the
range of the given species. In this paper, we formalize
this rather vague goal within a probabilistic framework.
Although this will inevitably involve simplifying assump-
tions, what we gain will be a language for defining the
problem with mathematical precision as well as a sensible
approach for applying machine learning.

Unlike others who have studied this problem, we adopt
the view that the localities x1, . . . , xm were selected inde-
pendently fromX according to some unknown probability
distribution π, and that our goal is to estimate π. At the
foundation of our approach is the premise that the distribu-
tion π (or a thresholded version of it) coincides with the
biologists’ concept of the species’ potential distribution.
Superficially, this is not unreasonable, although it does ig-
nore the fact that some localities are more likely to have
been visited than others. The distribution π may therefore
exhibit sampling bias, and will be weighted towards areas
and environmental conditions that have been better sam-
pled, for example because they are more accessible.

That being said, the problem becomes one of density
estimation: given x1, . . . , xm chosen independently from
some unknown distribution π, we must construct a distri-
bution π̂ that approximates π.

1611 sightings

• Estimate the distribution of this species of bird

• Desired resolution: 386× 286 grid (= 110,396 pixels)



Environmental features

• Want a distribution over S = {locations}
• Represent each pixel x ∈ S by environmental features T (x) = (T1(x), . . . ,Tk(x))

Features:

• Annual precipitation, number of wet days

• Average daily temperature, temperature
range

• Elevation, aspect, slope

Figure 1. Left to right: Yellow-throated Vireo training localities from the first random partition, an example environmental variable
(annual average temperature, higher values in red), maxent prediction using linear, quadratic and product features, and GARP prediction.
Prediction strength is shown as white (weakest) to red (strongest); reds could be interpreted as suitable conditions for the species.

features sequentially (one by one) rather than in paral-
lel (all at once), along the lines of Collins, Schapire and
Singer (2002). This sequential approach is analogous to
AdaBoost which modifies the weight of a single “feature”
(usually called a base or weak classifier in that context) on
each round. As in boosting, this approach allows us to use
very large feature spaces.

One would intuitively expect an oversize feature space
to be a problem for generalization since it increases the pos-
sibility of overfitting, leading others to use feature selection
for maxent (Berger et al., 1996). We instead use a regular-
ization approach, introduced in a companion theoretical pa-
per (Dudı́k et al., 2004), which allows one to prove bounds
on the performance of maxent using finite data, even when
the number of features is very large or even uncountably
infinite. Here we investigate in detail the practical efficacy
of the technique for species distribution modeling. We also
describe a numerical acceleration method that speeds up
learning.

In Section 3, we describe an extensive set of experi-
ments we conducted comparing maxent to a widely used
existing distribution modeling algorithm; results of the ex-
periments are described in Section 4. Quite a number of ap-
proaches have been suggested for species distribution mod-
eling including neural nets, genetic algorithms, generalized
linear models, generalized additive models, bioclimatic en-
velopes and more; see Elith (2002) for a comparison. From
these, we selected the Genetic Algorithm for Ruleset Pre-
diction (GARP) (Stockwell & Noble, 1992; Stockwell &
Peters, 1999), because it has seen widespread recent use
to study diverse topics such as global warming (Thomas
et al., 2004), infectious diseases (Peterson & Shaw, 2003)
and invasive species (Peterson & Robins, 2003); many fur-
ther applications are cited in these references. GARP was
also selected because it is one of the few methods available
that does not require absence data (negative examples).

We compare GARP and maxent using data de-
rived from the North American Breeding Bird Survey
(BBS) (Sauer et al., 2001), an extensive dataset consisting
of thousands of occurrence localities for North American
birds and used previously for species distribution model-
ing, in particular for evaluating GARP (Peterson, 2001).
The comparison suggests that maxent methods hold great
promise for species distribution modeling, often achiev-
ing substantially superior performance in controlled ex-
periments relative to GARP. In addition to comparisons
with GARP, we performed experiments testing: (1) the per-

formance of maxent as a function of the number of sam-
ple points available, so as to determine the all important
question of how much data is enough; (2) the effective-
ness of regularization to avoid overfitting on small sample
sizes; and (3) the effectiveness of our numerical accelera-
tion methods.

Lastly, it is desirable for a species distribution model to
allow interpretation to deduce the most important limiting
factors for the species. A noted limitation of GARP is the
difficulty of interpreting its models (Elith, 2002). We show
how the models generated by maxent can be put into a form
that is easily understandable and interpretable by humans.

2. The Maximum Entropy Approach
In this section, we describe our approach to modeling

species distributions. As explained above, we are given a
space X representing some geographic region of interest.
Typically, X is a set of discrete grid cells; here we only
assume that X is finite. We also are given a set of points
x1, . . . , xm in X , each representing a locality where the
species has been observed and recorded. Finally, we are
provided with a set of environmental variables defined on
X , such as precipitation, elevation, etc.

Given these ingredients, our goal is to estimate the
range of the given species. In this paper, we formalize
this rather vague goal within a probabilistic framework.
Although this will inevitably involve simplifying assump-
tions, what we gain will be a language for defining the
problem with mathematical precision as well as a sensible
approach for applying machine learning.

Unlike others who have studied this problem, we adopt
the view that the localities x1, . . . , xm were selected inde-
pendently fromX according to some unknown probability
distribution π, and that our goal is to estimate π. At the
foundation of our approach is the premise that the distribu-
tion π (or a thresholded version of it) coincides with the
biologists’ concept of the species’ potential distribution.
Superficially, this is not unreasonable, although it does ig-
nore the fact that some localities are more likely to have
been visited than others. The distribution π may therefore
exhibit sampling bias, and will be weighted towards areas
and environmental conditions that have been better sam-
pled, for example because they are more accessible.

That being said, the problem becomes one of density
estimation: given x1, . . . , xm chosen independently from
some unknown distribution π, we must construct a distri-
bution π̂ that approximates π.

Annual average temperature
Use data to estimate ETi (x) for 1 ≤ i ≤ k .

The maximum entropy approach

1 Suppose we had no sightings at all.
The most reasonable model, in the absence of any information, might just be the
uniform distribution over S .

2 But we have some sightings, yielding estimates ETi (x) = bi , 1 ≤ i ≤ k.
Pick a distribution p over S that respects these constraints, i.e., for all i ,∑

x∈S
p(x)Ti (x) = bi ,

but is otherwise as random as possible.



B: Entropy

Entropy
The entropy of distribution p over finite set S is

H(p) =
∑
x∈S

p(x) log
1

p(x)
.

• Fair coin.

• Specify S and p.

• What is H(p)?

• Coin with bias 3/4.

• Coin with bias 0.99.



Entropy: more examples

• Two fair coins.

• Uniform distribution over k outcomes.

Justifying entropy: Appealing properties

(1) Expansibility. If X has distribution (p1, . . . , pn) and Y has distribution
(p1, . . . , pn, 0) then H(X ) = H(Y ).

(2) Symmetry. Distribution (p, 1− p) has the same entropy as (1− p, p).

(3) Additivity. If X ,Y are independent then H(X ,Y ) = H(X ) + H(Y ).

(4) Subadditivity. H(X ,Y ) ≤ H(X ) + H(Y ).

(5) Normalization. A fair coin has entropy 1.

(6) “Small for small probability”. The entropy of a coin of bias p goes to 0 as p ↓ 0.

Aczel-Forte-Ng (1975): Entropy is the only measure that satisfies these 6 properties.



Additivity

If X ,Y are independent then H(X ,Y ) = H(X ) + H(Y ).

Subadditivity

H(X ,Y ) ≤ H(X ) + H(Y ).



Relation to KL divergence

• Canonical distance function between probability distributions: KL divergence.

K (p, q) =
∑
x∈S

p(x) log
p(x)

q(x)
.

• Can show that K (p, q) ≥ 0, with equality iff p = q.

Lemma. If p is a distribution on S and u is uniform on S then
H(p) = log |S | − K (p, u).

C: Distribution modeling by convex programming



Back to maximum entropy distribution modeling

• Domain: finite set S , e.g. geographical locations

• Features T : S → Rk , e.g. environmental features

• Observed constraints: ETi (x) = bi , for i = 1, . . . , k

Find the distribution p on S that has maximum entropy subject to the constraints.

max
∑
x∈S

px ln
1

px∑
x∈S

pxTi (x) = bi , 1 ≤ i ≤ k

px ≥ 0, x ∈ S∑
x∈S

px = 1

This is a convex optimization problem!

A slight generalization

Suppose we have a prior distribution π on S (e.g. distribution of a broader class of
birds).

minK (p, π)∑
x∈S

pxTi (x) = bi , 1 ≤ i ≤ k

px ≥ 0, x ∈ S∑
x∈S

px = 1

• Why is this a generalization?

• Why not K (π, p)?



Information projection

Think of this page as the probability simplex ∆ = {p ∈ R|S| : px ≥ 0,
∑

x px = 1}

• Find the point p ∈ L that is closest to π in KL divergence.

• We say p is the I -projection of π onto affine subspace L.

Solution by Lagrange multipliers

min
p≥0

∑
x

px ln
px
πx∑

x∈S
pxTi (x) = bi , 1 ≤ i ≤ k∑

x∈S
px = 1



Form of solution

The solution has a specific functional form:

p(x) =
1

Z
exp

(
k∑

i=1

θiTi (x)

)
π(x) =

1

Z
eθ·T (x)π(x)

where T (x) = (T1(x), . . . ,Tk(x)) and θ = (θ1, . . . , θk).

Return to example:

p(x) ∝ π(x) exp (θ1 · avgtemp(x) + θ2 · elevation(x) + · · · )

E.g. θ2 = 0.81 =⇒ each additional unit of elevation multiplies the probability by
e0.81 ≈ 2.25

Yellow-throated vireo

Data: 1611 sightings

Figure 1. Left to right: Yellow-throated Vireo training localities from the first random partition, an example environmental variable
(annual average temperature, higher values in red), maxent prediction using linear, quadratic and product features, and GARP prediction.
Prediction strength is shown as white (weakest) to red (strongest); reds could be interpreted as suitable conditions for the species.

features sequentially (one by one) rather than in paral-
lel (all at once), along the lines of Collins, Schapire and
Singer (2002). This sequential approach is analogous to
AdaBoost which modifies the weight of a single “feature”
(usually called a base or weak classifier in that context) on
each round. As in boosting, this approach allows us to use
very large feature spaces.

One would intuitively expect an oversize feature space
to be a problem for generalization since it increases the pos-
sibility of overfitting, leading others to use feature selection
for maxent (Berger et al., 1996). We instead use a regular-
ization approach, introduced in a companion theoretical pa-
per (Dudı́k et al., 2004), which allows one to prove bounds
on the performance of maxent using finite data, even when
the number of features is very large or even uncountably
infinite. Here we investigate in detail the practical efficacy
of the technique for species distribution modeling. We also
describe a numerical acceleration method that speeds up
learning.

In Section 3, we describe an extensive set of experi-
ments we conducted comparing maxent to a widely used
existing distribution modeling algorithm; results of the ex-
periments are described in Section 4. Quite a number of ap-
proaches have been suggested for species distribution mod-
eling including neural nets, genetic algorithms, generalized
linear models, generalized additive models, bioclimatic en-
velopes and more; see Elith (2002) for a comparison. From
these, we selected the Genetic Algorithm for Ruleset Pre-
diction (GARP) (Stockwell & Noble, 1992; Stockwell &
Peters, 1999), because it has seen widespread recent use
to study diverse topics such as global warming (Thomas
et al., 2004), infectious diseases (Peterson & Shaw, 2003)
and invasive species (Peterson & Robins, 2003); many fur-
ther applications are cited in these references. GARP was
also selected because it is one of the few methods available
that does not require absence data (negative examples).

We compare GARP and maxent using data de-
rived from the North American Breeding Bird Survey
(BBS) (Sauer et al., 2001), an extensive dataset consisting
of thousands of occurrence localities for North American
birds and used previously for species distribution model-
ing, in particular for evaluating GARP (Peterson, 2001).
The comparison suggests that maxent methods hold great
promise for species distribution modeling, often achiev-
ing substantially superior performance in controlled ex-
periments relative to GARP. In addition to comparisons
with GARP, we performed experiments testing: (1) the per-

formance of maxent as a function of the number of sam-
ple points available, so as to determine the all important
question of how much data is enough; (2) the effective-
ness of regularization to avoid overfitting on small sample
sizes; and (3) the effectiveness of our numerical accelera-
tion methods.

Lastly, it is desirable for a species distribution model to
allow interpretation to deduce the most important limiting
factors for the species. A noted limitation of GARP is the
difficulty of interpreting its models (Elith, 2002). We show
how the models generated by maxent can be put into a form
that is easily understandable and interpretable by humans.

2. The Maximum Entropy Approach
In this section, we describe our approach to modeling

species distributions. As explained above, we are given a
space X representing some geographic region of interest.
Typically, X is a set of discrete grid cells; here we only
assume that X is finite. We also are given a set of points
x1, . . . , xm in X , each representing a locality where the
species has been observed and recorded. Finally, we are
provided with a set of environmental variables defined on
X , such as precipitation, elevation, etc.

Given these ingredients, our goal is to estimate the
range of the given species. In this paper, we formalize
this rather vague goal within a probabilistic framework.
Although this will inevitably involve simplifying assump-
tions, what we gain will be a language for defining the
problem with mathematical precision as well as a sensible
approach for applying machine learning.

Unlike others who have studied this problem, we adopt
the view that the localities x1, . . . , xm were selected inde-
pendently fromX according to some unknown probability
distribution π, and that our goal is to estimate π. At the
foundation of our approach is the premise that the distribu-
tion π (or a thresholded version of it) coincides with the
biologists’ concept of the species’ potential distribution.
Superficially, this is not unreasonable, although it does ig-
nore the fact that some localities are more likely to have
been visited than others. The distribution π may therefore
exhibit sampling bias, and will be weighted towards areas
and environmental conditions that have been better sam-
pled, for example because they are more accessible.

That being said, the problem becomes one of density
estimation: given x1, . . . , xm chosen independently from
some unknown distribution π, we must construct a distri-
bution π̂ that approximates π.

Maximum entropy distribution

Figure 1. Left to right: Yellow-throated Vireo training localities from the first random partition, an example environmental variable
(annual average temperature, higher values in red), maxent prediction using linear, quadratic and product features, and GARP prediction.
Prediction strength is shown as white (weakest) to red (strongest); reds could be interpreted as suitable conditions for the species.

features sequentially (one by one) rather than in paral-
lel (all at once), along the lines of Collins, Schapire and
Singer (2002). This sequential approach is analogous to
AdaBoost which modifies the weight of a single “feature”
(usually called a base or weak classifier in that context) on
each round. As in boosting, this approach allows us to use
very large feature spaces.

One would intuitively expect an oversize feature space
to be a problem for generalization since it increases the pos-
sibility of overfitting, leading others to use feature selection
for maxent (Berger et al., 1996). We instead use a regular-
ization approach, introduced in a companion theoretical pa-
per (Dudı́k et al., 2004), which allows one to prove bounds
on the performance of maxent using finite data, even when
the number of features is very large or even uncountably
infinite. Here we investigate in detail the practical efficacy
of the technique for species distribution modeling. We also
describe a numerical acceleration method that speeds up
learning.

In Section 3, we describe an extensive set of experi-
ments we conducted comparing maxent to a widely used
existing distribution modeling algorithm; results of the ex-
periments are described in Section 4. Quite a number of ap-
proaches have been suggested for species distribution mod-
eling including neural nets, genetic algorithms, generalized
linear models, generalized additive models, bioclimatic en-
velopes and more; see Elith (2002) for a comparison. From
these, we selected the Genetic Algorithm for Ruleset Pre-
diction (GARP) (Stockwell & Noble, 1992; Stockwell &
Peters, 1999), because it has seen widespread recent use
to study diverse topics such as global warming (Thomas
et al., 2004), infectious diseases (Peterson & Shaw, 2003)
and invasive species (Peterson & Robins, 2003); many fur-
ther applications are cited in these references. GARP was
also selected because it is one of the few methods available
that does not require absence data (negative examples).

We compare GARP and maxent using data de-
rived from the North American Breeding Bird Survey
(BBS) (Sauer et al., 2001), an extensive dataset consisting
of thousands of occurrence localities for North American
birds and used previously for species distribution model-
ing, in particular for evaluating GARP (Peterson, 2001).
The comparison suggests that maxent methods hold great
promise for species distribution modeling, often achiev-
ing substantially superior performance in controlled ex-
periments relative to GARP. In addition to comparisons
with GARP, we performed experiments testing: (1) the per-

formance of maxent as a function of the number of sam-
ple points available, so as to determine the all important
question of how much data is enough; (2) the effective-
ness of regularization to avoid overfitting on small sample
sizes; and (3) the effectiveness of our numerical accelera-
tion methods.

Lastly, it is desirable for a species distribution model to
allow interpretation to deduce the most important limiting
factors for the species. A noted limitation of GARP is the
difficulty of interpreting its models (Elith, 2002). We show
how the models generated by maxent can be put into a form
that is easily understandable and interpretable by humans.

2. The Maximum Entropy Approach
In this section, we describe our approach to modeling

species distributions. As explained above, we are given a
space X representing some geographic region of interest.
Typically, X is a set of discrete grid cells; here we only
assume that X is finite. We also are given a set of points
x1, . . . , xm in X , each representing a locality where the
species has been observed and recorded. Finally, we are
provided with a set of environmental variables defined on
X , such as precipitation, elevation, etc.

Given these ingredients, our goal is to estimate the
range of the given species. In this paper, we formalize
this rather vague goal within a probabilistic framework.
Although this will inevitably involve simplifying assump-
tions, what we gain will be a language for defining the
problem with mathematical precision as well as a sensible
approach for applying machine learning.

Unlike others who have studied this problem, we adopt
the view that the localities x1, . . . , xm were selected inde-
pendently fromX according to some unknown probability
distribution π, and that our goal is to estimate π. At the
foundation of our approach is the premise that the distribu-
tion π (or a thresholded version of it) coincides with the
biologists’ concept of the species’ potential distribution.
Superficially, this is not unreasonable, although it does ig-
nore the fact that some localities are more likely to have
been visited than others. The distribution π may therefore
exhibit sampling bias, and will be weighted towards areas
and environmental conditions that have been better sam-
pled, for example because they are more accessible.

That being said, the problem becomes one of density
estimation: given x1, . . . , xm chosen independently from
some unknown distribution π, we must construct a distri-
bution π̂ that approximates π.



In generality

Given any:

• Set of outcomes S

• Features T (x) = (T1(x), . . . ,Tk(x))

• Base measure π on S

• Constraints ETi (x) = bi , 1 ≤ k

the I -projection of π onto the constraints is of the form

p(x) =
1

Z
eθ·T (x)π(x)

where θ = (θ1, . . . , θk).

By varying (S ,T , π), we get Gaussians, Poissons, binomials, Markov random fields...
These are all exponential families.

D: Exponential families of distributions



Exponential families: basics
Start with:

• Outcome space S ⊂ Rr .

• Base measure π : Rr → R.

• Features T1, . . . ,Tk : S → R. Write T (x) = (T1(x), . . . ,Tk(x)) ∈ Rk .

The exponential family generated by (S , π,T ) consists of distributions

pθ(x) =
1

Zθ
eθ·T (x)π(x), θ ∈ Rk ,

where partition function Zθ =
∑

x∈S e
θ·T (x)π(x) or

∫
S e

θ·T (x)π(x)dx .

Conventional form: Write G (θ) = lnZθ, the log partition function. Then

pθ(x) = exp(θ · T (x)− G (θ))π(x), θ ∈ Θ

where Θ = {θ ∈ Rk : G (θ) <∞} is the natural parameter space.

The Bernoulli (coin flip) distribution

• How to express a coin of bias q in exponential family form?

• What are S , π,T in this case?



Poisson distribution
Recall: Poisson(λ) is a distribution over non-negative integers with Pr(k) = e−λλk/k!.

• How to express in exponential family form?

• What are S , π,T in this case?

Normal distribution
• How to express N(µ, σ2) in exponential family form?

• What are S , π,T in this case?



Fitting exponential family distributions

Pick an exponential family {pθ : θ ∈ Θ} with

• Outcome space S ⊂ Rr .

• Base measure π : Rr → R.

• Features T1, . . . ,Tk : S → R. Write T (x) = (T1(x), . . . ,Tk(x)) ∈ Rk .

Given data x1, . . . , xn ∈ S , want to choose a model pθ.

1 Maximum-likelihood coincides with the method of moments.
The maximum-likelihood solution is the θ for which

EX∼pθ [T (X )] =
1

n

n∑
i=1

T (xi ).

Hence T (x) is a sufficient statistic for estimating θ.

2 We can find this θ by solving a convex program.


