
Bayes nets and autoregressive models

A: The Bayes net formalism



Alarm example

Pearl. Probabilistic reasoning in intelligent systems. 1988

Mr. Holmes receives a call from his neighbor Dr. Watson, who states that he hears the sound

of a burglar alarm from the direction of Mr. Holmes’ house. While preparing to rush home, Mr.

Holmes recalls that Dr. Watson is known to be a tasteless practical joker...

As Mr. Holmes is preparing to leave his office, he recalls that his daughter is scheduled to

arrive home at any minute. If greeted by an alarm sound, she probably (P = 0.70) would

phone him for instructions.



As he is debating whether or not to rush home, Mr. Holmes remembers reading in the

instruction manual of his alarm system that the device is sensitive to earthquakes and can

accidentally (P = 0.20) be triggered by one.

Bayes net formalism

Let X1, . . . ,Xn be a collection of random variables.

• Let G be a directed acyclic graph (DAG) with nodes named X1, . . . ,Xn.

• Let Πi denote the parents of Xi in G .

If P is a distribution over (X1, . . . ,Xn), we say P factors over G if

P(X1, . . . ,Xn) = P(X1|Π1)P(X2|Π2) · · ·P(Xn|Πn).



Bayes net formalism (cont’d)

A DAG G represents the family of probability distributions that factor over G .

1 Is there a DAG that captures all probability distributions over the n variables?

2 If the Xi take on finitely many values, what additional information is needed to
specify a probability distribution over G?

Example: QMT-DT network
Shwe et al (1991). Probabilistic Diagnosis Using a Reformulation of the
INTERNIST-1/QMR Knowledge Base.

A Bayes net over more than 600 diseases and 4000 symptoms (findings).
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<latexit sha1_base64="SCO9V62PQozcen/AQgkWDnSg5gI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fjw4rGi/YA2lM1m0i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+nfmdJ1SaJ/LRTFL0YzqUPOKMGis9hIPLQaXq1tw5yCrxClKFAs1B5asfJiyLURomqNY9z02Nn1NlOBM4LfczjSllYzrEnqWSxqj9fH7qlJxbJSRRomxJQ+bq74mcxlpP4sB2xtSM9LI3E//zepmJbvycyzQzKNliUZQJYhIy+5uEXCEzYmIJZYrbWwkbUUWZsemUbQje8surpF2veW7Nu7+qNupFHCU4hTO4AA+uoQF30IQWMBjCM7zCmyOcF+fd+Vi0rjnFzAn8gfP5A+thjX4=</latexit><latexit sha1_base64="SCO9V62PQozcen/AQgkWDnSg5gI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fjw4rGi/YA2lM1m0i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+nfmdJ1SaJ/LRTFL0YzqUPOKMGis9hIPLQaXq1tw5yCrxClKFAs1B5asfJiyLURomqNY9z02Nn1NlOBM4LfczjSllYzrEnqWSxqj9fH7qlJxbJSRRomxJQ+bq74mcxlpP4sB2xtSM9LI3E//zepmJbvycyzQzKNliUZQJYhIy+5uEXCEzYmIJZYrbWwkbUUWZsemUbQje8surpF2veW7Nu7+qNupFHCU4hTO4AA+uoQF30IQWMBjCM7zCmyOcF+fd+Vi0rjnFzAn8gfP5A+thjX4=</latexit><latexit sha1_base64="SCO9V62PQozcen/AQgkWDnSg5gI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fjw4rGi/YA2lM1m0i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+nfmdJ1SaJ/LRTFL0YzqUPOKMGis9hIPLQaXq1tw5yCrxClKFAs1B5asfJiyLURomqNY9z02Nn1NlOBM4LfczjSllYzrEnqWSxqj9fH7qlJxbJSRRomxJQ+bq74mcxlpP4sB2xtSM9LI3E//zepmJbvycyzQzKNliUZQJYhIy+5uEXCEzYmIJZYrbWwkbUUWZsemUbQje8surpF2veW7Nu7+qNupFHCU4hTO4AA+uoQF30IQWMBjCM7zCmyOcF+fd+Vi0rjnFzAn8gfP5A+thjX4=</latexit><latexit sha1_base64="SCO9V62PQozcen/AQgkWDnSg5gI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fjw4rGi/YA2lM1m0i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+nfmdJ1SaJ/LRTFL0YzqUPOKMGis9hIPLQaXq1tw5yCrxClKFAs1B5asfJiyLURomqNY9z02Nn1NlOBM4LfczjSllYzrEnqWSxqj9fH7qlJxbJSRRomxJQ+bq74mcxlpP4sB2xtSM9LI3E//zepmJbvycyzQzKNliUZQJYhIy+5uEXCEzYmIJZYrbWwkbUUWZsemUbQje8surpF2veW7Nu7+qNupFHCU4hTO4AA+uoQF30IQWMBjCM7zCmyOcF+fd+Vi0rjnFzAn8gfP5A+thjX4=</latexit>
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<latexit sha1_base64="eRIwV2dlWLgVokcIUB4YmyMVTHg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY8FLx4r2lZoQ9lsNu3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJXCoOt+O6WNza3tnfJuZW//4PCoenzSNUmmGe+wRCb6MaCGS6F4BwVK/phqTuNA8l4wuZn7vSeujUjUA05T7sd0pEQkGEUr3YfD5rBac+vuAmSdeAWpQYH2sPo1CBOWxVwhk9SYvuem6OdUo2CSzyqDzPCUsgkd8b6lisbc+Pni1Bm5sEpIokTbUkgW6u+JnMbGTOPAdsYUx2bVm4v/ef0Mo2s/FyrNkCu2XBRlkmBC5n+TUGjOUE4toUwLeythY6opQ5tOxYbgrb68TrqNuufWvbtmrdUo4ijDGZzDJXhwBS24hTZ0gMEInuEV3hzpvDjvzseyteQUM6fwB87nD+zljX8=</latexit><latexit sha1_base64="eRIwV2dlWLgVokcIUB4YmyMVTHg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY8FLx4r2lZoQ9lsNu3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJXCoOt+O6WNza3tnfJuZW//4PCoenzSNUmmGe+wRCb6MaCGS6F4BwVK/phqTuNA8l4wuZn7vSeujUjUA05T7sd0pEQkGEUr3YfD5rBac+vuAmSdeAWpQYH2sPo1CBOWxVwhk9SYvuem6OdUo2CSzyqDzPCUsgkd8b6lisbc+Pni1Bm5sEpIokTbUkgW6u+JnMbGTOPAdsYUx2bVm4v/ef0Mo2s/FyrNkCu2XBRlkmBC5n+TUGjOUE4toUwLeythY6opQ5tOxYbgrb68TrqNuufWvbtmrdUo4ijDGZzDJXhwBS24hTZ0gMEInuEV3hzpvDjvzseyteQUM6fwB87nD+zljX8=</latexit><latexit sha1_base64="eRIwV2dlWLgVokcIUB4YmyMVTHg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY8FLx4r2lZoQ9lsNu3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJXCoOt+O6WNza3tnfJuZW//4PCoenzSNUmmGe+wRCb6MaCGS6F4BwVK/phqTuNA8l4wuZn7vSeujUjUA05T7sd0pEQkGEUr3YfD5rBac+vuAmSdeAWpQYH2sPo1CBOWxVwhk9SYvuem6OdUo2CSzyqDzPCUsgkd8b6lisbc+Pni1Bm5sEpIokTbUkgW6u+JnMbGTOPAdsYUx2bVm4v/ef0Mo2s/FyrNkCu2XBRlkmBC5n+TUGjOUE4toUwLeythY6opQ5tOxYbgrb68TrqNuufWvbtmrdUo4ijDGZzDJXhwBS24hTZ0gMEInuEV3hzpvDjvzseyteQUM6fwB87nD+zljX8=</latexit><latexit sha1_base64="eRIwV2dlWLgVokcIUB4YmyMVTHg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY8FLx4r2lZoQ9lsNu3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJXCoOt+O6WNza3tnfJuZW//4PCoenzSNUmmGe+wRCb6MaCGS6F4BwVK/phqTuNA8l4wuZn7vSeujUjUA05T7sd0pEQkGEUr3YfD5rBac+vuAmSdeAWpQYH2sPo1CBOWxVwhk9SYvuem6OdUo2CSzyqDzPCUsgkd8b6lisbc+Pni1Bm5sEpIokTbUkgW6u+JnMbGTOPAdsYUx2bVm4v/ef0Mo2s/FyrNkCu2XBRlkmBC5n+TUGjOUE4toUwLeythY6opQ5tOxYbgrb68TrqNuufWvbtmrdUo4ijDGZzDJXhwBS24hTZ0gMEInuEV3hzpvDjvzseyteQUM6fwB87nD+zljX8=</latexit>
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<latexit sha1_base64="a7sshCPEWkszH50/stXPxDPKoVw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklR9Fjw4rGi/YA2lM1m0i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+nfmdJ1SaJ/LRTFL0YzqUPOKMGis9hIOrQaXq1tw5yCrxClKFAs1B5asfJiyLURomqNY9z02Nn1NlOBM4LfczjSllYzrEnqWSxqj9fH7qlJxbJSRRomxJQ+bq74mcxlpP4sB2xtSM9LI3E//zepmJbvycyzQzKNliUZQJYhIy+5uEXCEzYmIJZYrbWwkbUUWZsemUbQje8surpF2veW7Nu7+sNupFHCU4hTO4AA+uoQF30IQWMBjCM7zCmyOcF+fd+Vi0rjnFzAn8gfP5A+5pjYA=</latexit><latexit sha1_base64="a7sshCPEWkszH50/stXPxDPKoVw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklR9Fjw4rGi/YA2lM1m0i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+nfmdJ1SaJ/LRTFL0YzqUPOKMGis9hIOrQaXq1tw5yCrxClKFAs1B5asfJiyLURomqNY9z02Nn1NlOBM4LfczjSllYzrEnqWSxqj9fH7qlJxbJSRRomxJQ+bq74mcxlpP4sB2xtSM9LI3E//zepmJbvycyzQzKNliUZQJYhIy+5uEXCEzYmIJZYrbWwkbUUWZsemUbQje8surpF2veW7Nu7+sNupFHCU4hTO4AA+uoQF30IQWMBjCM7zCmyOcF+fd+Vi0rjnFzAn8gfP5A+5pjYA=</latexit><latexit sha1_base64="a7sshCPEWkszH50/stXPxDPKoVw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklR9Fjw4rGi/YA2lM1m0i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+nfmdJ1SaJ/LRTFL0YzqUPOKMGis9hIOrQaXq1tw5yCrxClKFAs1B5asfJiyLURomqNY9z02Nn1NlOBM4LfczjSllYzrEnqWSxqj9fH7qlJxbJSRRomxJQ+bq74mcxlpP4sB2xtSM9LI3E//zepmJbvycyzQzKNliUZQJYhIy+5uEXCEzYmIJZYrbWwkbUUWZsemUbQje8surpF2veW7Nu7+sNupFHCU4hTO4AA+uoQF30IQWMBjCM7zCmyOcF+fd+Vi0rjnFzAn8gfP5A+5pjYA=</latexit><latexit sha1_base64="a7sshCPEWkszH50/stXPxDPKoVw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklR9Fjw4rGi/YA2lM1m0i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+nfmdJ1SaJ/LRTFL0YzqUPOKMGis9hIOrQaXq1tw5yCrxClKFAs1B5asfJiyLURomqNY9z02Nn1NlOBM4LfczjSllYzrEnqWSxqj9fH7qlJxbJSRRomxJQ+bq74mcxlpP4sB2xtSM9LI3E//zepmJbvycyzQzKNliUZQJYhIy+5uEXCEzYmIJZYrbWwkbUUWZsemUbQje8surpF2veW7Nu7+sNupFHCU4hTO4AA+uoQF30IQWMBjCM7zCmyOcF+fd+Vi0rjnFzAn8gfP5A+5pjYA=</latexit>
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<latexit sha1_base64="RfWptoCset7pnvtAnStcLWGM2zo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByO/c7T6g0T+SjmaYYxHQkecQZNVZ6iAbeoFpz6+4CZJ14BalBgdag+tUfJiyLURomqNY9z01NkFNlOBM4q/QzjSllEzrCnqWSxqiDfHHqjFxYZUiiRNmShizU3xM5jbWexqHtjKkZ61VvLv7n9TIT3QQ5l2lmULLloigTxCRk/jcZcoXMiKkllClubyVsTBVlxqZTsSF4qy+vk3aj7rl17/6q1mwUcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c4L86787FsLTnFzCn8gfP5A+tljX4=</latexit><latexit sha1_base64="RfWptoCset7pnvtAnStcLWGM2zo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByO/c7T6g0T+SjmaYYxHQkecQZNVZ6iAbeoFpz6+4CZJ14BalBgdag+tUfJiyLURomqNY9z01NkFNlOBM4q/QzjSllEzrCnqWSxqiDfHHqjFxYZUiiRNmShizU3xM5jbWexqHtjKkZ61VvLv7n9TIT3QQ5l2lmULLloigTxCRk/jcZcoXMiKkllClubyVsTBVlxqZTsSF4qy+vk3aj7rl17/6q1mwUcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c4L86787FsLTnFzCn8gfP5A+tljX4=</latexit><latexit sha1_base64="RfWptoCset7pnvtAnStcLWGM2zo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByO/c7T6g0T+SjmaYYxHQkecQZNVZ6iAbeoFpz6+4CZJ14BalBgdag+tUfJiyLURomqNY9z01NkFNlOBM4q/QzjSllEzrCnqWSxqiDfHHqjFxYZUiiRNmShizU3xM5jbWexqHtjKkZ61VvLv7n9TIT3QQ5l2lmULLloigTxCRk/jcZcoXMiKkllClubyVsTBVlxqZTsSF4qy+vk3aj7rl17/6q1mwUcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c4L86787FsLTnFzCn8gfP5A+tljX4=</latexit><latexit sha1_base64="RfWptoCset7pnvtAnStcLWGM2zo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByO/c7T6g0T+SjmaYYxHQkecQZNVZ6iAbeoFpz6+4CZJ14BalBgdag+tUfJiyLURomqNY9z01NkFNlOBM4q/QzjSllEzrCnqWSxqiDfHHqjFxYZUiiRNmShizU3xM5jbWexqHtjKkZ61VvLv7n9TIT3QQ5l2lmULLloigTxCRk/jcZcoXMiKkllClubyVsTBVlxqZTsSF4qy+vk3aj7rl17/6q1mwUcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c4L86787FsLTnFzCn8gfP5A+tljX4=</latexit>

f2
<latexit sha1_base64="Y4yR0kvsgWLNWKh/98I2vvaWj9o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByO/c7T6g0T+SjmaYYxHQkecQZNVZ6iAaNQbXm1t0FyDrxClKDAq1B9as/TFgWozRMUK17npuaIKfKcCZwVulnGlPKJnSEPUsljVEH+eLUGbmwypBEibIlDVmovydyGms9jUPbGVMz1qveXPzP62UmuglyLtPMoGTLRVEmiEnI/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwVl9eJ+1G3XPr3v1Vrdko4ijDGZzDJXhwDU24gxb4wGAEz/AKb45wXpx352PZWnKKmVP4A+fzB+zpjX8=</latexit><latexit sha1_base64="Y4yR0kvsgWLNWKh/98I2vvaWj9o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByO/c7T6g0T+SjmaYYxHQkecQZNVZ6iAaNQbXm1t0FyDrxClKDAq1B9as/TFgWozRMUK17npuaIKfKcCZwVulnGlPKJnSEPUsljVEH+eLUGbmwypBEibIlDVmovydyGms9jUPbGVMz1qveXPzP62UmuglyLtPMoGTLRVEmiEnI/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwVl9eJ+1G3XPr3v1Vrdko4ijDGZzDJXhwDU24gxb4wGAEz/AKb45wXpx352PZWnKKmVP4A+fzB+zpjX8=</latexit><latexit sha1_base64="Y4yR0kvsgWLNWKh/98I2vvaWj9o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByO/c7T6g0T+SjmaYYxHQkecQZNVZ6iAaNQbXm1t0FyDrxClKDAq1B9as/TFgWozRMUK17npuaIKfKcCZwVulnGlPKJnSEPUsljVEH+eLUGbmwypBEibIlDVmovydyGms9jUPbGVMz1qveXPzP62UmuglyLtPMoGTLRVEmiEnI/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwVl9eJ+1G3XPr3v1Vrdko4ijDGZzDJXhwDU24gxb4wGAEz/AKb45wXpx352PZWnKKmVP4A+fzB+zpjX8=</latexit><latexit sha1_base64="Y4yR0kvsgWLNWKh/98I2vvaWj9o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByO/c7T6g0T+SjmaYYxHQkecQZNVZ6iAaNQbXm1t0FyDrxClKDAq1B9as/TFgWozRMUK17npuaIKfKcCZwVulnGlPKJnSEPUsljVEH+eLUGbmwypBEibIlDVmovydyGms9jUPbGVMz1qveXPzP62UmuglyLtPMoGTLRVEmiEnI/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwVl9eJ+1G3XPr3v1Vrdko4ijDGZzDJXhwDU24gxb4wGAEz/AKb45wXpx352PZWnKKmVP4A+fzB+zpjX8=</latexit>

f3
<latexit sha1_base64="T7SfnP53k3c6kwL3iEbyZBXPrjo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+HgalCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophjd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e7rlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+5tjYA=</latexit><latexit sha1_base64="T7SfnP53k3c6kwL3iEbyZBXPrjo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+HgalCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophjd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e7rlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+5tjYA=</latexit><latexit sha1_base64="T7SfnP53k3c6kwL3iEbyZBXPrjo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+HgalCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophjd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e7rlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+5tjYA=</latexit><latexit sha1_base64="T7SfnP53k3c6kwL3iEbyZBXPrjo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+HgalCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophjd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e7rlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+5tjYA=</latexit>

f4
<latexit sha1_base64="cGQ3iE9CrmtdGS/FHyvgOvZFNPA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKoR4LXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHsJhfViuuFV3CbJJvJxUIEdrWP4ajGKWRlwhk9SYvucm6GdUo2CSz0uD1PCEsikd876likbc+Nny1Dm5ssqIhLG2pZAs1d8TGY2MmUWB7YwoTsy6txD/8/ophjd+JlSSIldstShMJcGYLP4mI6E5QzmzhDIt7K2ETaimDG06JRuCt/7yJunUqp5b9e7rlWYtj6MIF3AJ1+BBA5pwBy1oA4MxPMMrvDnSeXHenY9Va8HJZ87hD5zPH+/xjYE=</latexit><latexit sha1_base64="cGQ3iE9CrmtdGS/FHyvgOvZFNPA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKoR4LXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHsJhfViuuFV3CbJJvJxUIEdrWP4ajGKWRlwhk9SYvucm6GdUo2CSz0uD1PCEsikd876likbc+Nny1Dm5ssqIhLG2pZAs1d8TGY2MmUWB7YwoTsy6txD/8/ophjd+JlSSIldstShMJcGYLP4mI6E5QzmzhDIt7K2ETaimDG06JRuCt/7yJunUqp5b9e7rlWYtj6MIF3AJ1+BBA5pwBy1oA4MxPMMrvDnSeXHenY9Va8HJZ87hD5zPH+/xjYE=</latexit><latexit sha1_base64="cGQ3iE9CrmtdGS/FHyvgOvZFNPA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKoR4LXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHsJhfViuuFV3CbJJvJxUIEdrWP4ajGKWRlwhk9SYvucm6GdUo2CSz0uD1PCEsikd876likbc+Nny1Dm5ssqIhLG2pZAs1d8TGY2MmUWB7YwoTsy6txD/8/ophjd+JlSSIldstShMJcGYLP4mI6E5QzmzhDIt7K2ETaimDG06JRuCt/7yJunUqp5b9e7rlWYtj6MIF3AJ1+BBA5pwBy1oA4MxPMMrvDnSeXHenY9Va8HJZ87hD5zPH+/xjYE=</latexit><latexit sha1_base64="cGQ3iE9CrmtdGS/FHyvgOvZFNPA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKoR4LXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i787hPXRsTqEWcJ9yM6ViIUjKKVHsJhfViuuFV3CbJJvJxUIEdrWP4ajGKWRlwhk9SYvucm6GdUo2CSz0uD1PCEsikd876likbc+Nny1Dm5ssqIhLG2pZAs1d8TGY2MmUWB7YwoTsy6txD/8/ophjd+JlSSIldstShMJcGYLP4mI6E5QzmzhDIt7K2ETaimDG06JRuCt/7yJunUqp5b9e7rlWYtj6MIF3AJ1+BBA5pwBy1oA4MxPMMrvDnSeXHenY9Va8HJZ87hD5zPH+/xjYE=</latexit>

f5
<latexit sha1_base64="massosawgXoKotEQxRNTxuEU6ls=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKRY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+GgPihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVc+tevdXlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP/F1jYI=</latexit><latexit sha1_base64="massosawgXoKotEQxRNTxuEU6ls=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKRY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+GgPihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVc+tevdXlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP/F1jYI=</latexit><latexit sha1_base64="massosawgXoKotEQxRNTxuEU6ls=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKRY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+GgPihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVc+tevdXlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP/F1jYI=</latexit><latexit sha1_base64="massosawgXoKotEQxRNTxuEU6ls=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKRY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+GgPihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVc+tevdXlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP/F1jYI=</latexit>

f6
<latexit sha1_base64="gHoU0bdIyd06su2liYLKZjAEOfs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+GgPihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVc+tevdXlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP/L5jYM=</latexit><latexit sha1_base64="gHoU0bdIyd06su2liYLKZjAEOfs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+GgPihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVc+tevdXlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP/L5jYM=</latexit><latexit sha1_base64="gHoU0bdIyd06su2liYLKZjAEOfs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+GgPihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVc+tevdXlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP/L5jYM=</latexit><latexit sha1_base64="gHoU0bdIyd06su2liYLKZjAEOfs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+GgPihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVc+tevdXlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP/L5jYM=</latexit>

f7
<latexit sha1_base64="qC3apWkVziZLDljLs9Cg1s4hvl0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mK0B4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbT24XffUKleSwfzSxBP6JjyUPOqLHSQzisD8sVt+ouQTaJl5MK5GgNy1+DUczSCKVhgmrd99zE+BlVhjOB89Ig1ZhQNqVj7FsqaYTaz5anzsmVVUYkjJUtachS/T2R0UjrWRTYzoiaiV73FuJ/Xj81YcPPuExSg5KtFoWpICYmi7/JiCtkRswsoUxxeythE6ooMzadkg3BW395k3RqVc+tevc3lWYtj6MIF3AJ1+BBHZpwBy1oA4MxPMMrvDnCeXHenY9Va8HJZ87hD5zPH/R9jYQ=</latexit><latexit sha1_base64="qC3apWkVziZLDljLs9Cg1s4hvl0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mK0B4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbT24XffUKleSwfzSxBP6JjyUPOqLHSQzisD8sVt+ouQTaJl5MK5GgNy1+DUczSCKVhgmrd99zE+BlVhjOB89Ig1ZhQNqVj7FsqaYTaz5anzsmVVUYkjJUtachS/T2R0UjrWRTYzoiaiV73FuJ/Xj81YcPPuExSg5KtFoWpICYmi7/JiCtkRswsoUxxeythE6ooMzadkg3BW395k3RqVc+tevc3lWYtj6MIF3AJ1+BBHZpwBy1oA4MxPMMrvDnCeXHenY9Va8HJZ87hD5zPH/R9jYQ=</latexit><latexit sha1_base64="qC3apWkVziZLDljLs9Cg1s4hvl0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mK0B4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbT24XffUKleSwfzSxBP6JjyUPOqLHSQzisD8sVt+ouQTaJl5MK5GgNy1+DUczSCKVhgmrd99zE+BlVhjOB89Ig1ZhQNqVj7FsqaYTaz5anzsmVVUYkjJUtachS/T2R0UjrWRTYzoiaiV73FuJ/Xj81YcPPuExSg5KtFoWpICYmi7/JiCtkRswsoUxxeythE6ooMzadkg3BW395k3RqVc+tevc3lWYtj6MIF3AJ1+BBHZpwBy1oA4MxPMMrvDnCeXHenY9Va8HJZ87hD5zPH/R9jYQ=</latexit><latexit sha1_base64="qC3apWkVziZLDljLs9Cg1s4hvl0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mK0B4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbT24XffUKleSwfzSxBP6JjyUPOqLHSQzisD8sVt+ouQTaJl5MK5GgNy1+DUczSCKVhgmrd99zE+BlVhjOB89Ig1ZhQNqVj7FsqaYTaz5anzsmVVUYkjJUtachS/T2R0UjrWRTYzoiaiV73FuJ/Xj81YcPPuExSg5KtFoWpICYmi7/JiCtkRswsoUxxeythE6ooMzadkg3BW395k3RqVc+tevc3lWYtj6MIF3AJ1+BBHZpwBy1oA4MxPMMrvDnCeXHenY9Va8HJZ87hD5zPH/R9jYQ=</latexit>

Pr(d , f ) =
∏

i

Pr(di )
∏

j

Pr(fj |parents in d)



Example (cont’d): Noisy-OR conditional probabilities

Generalization of Y = X1 ∨ X2 ∨ X3 ∨ · · ·

y
<latexit sha1_base64="wXvlvk4drczwMsWc1t/0I9s9bK8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10G3XPrXvtq1qzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/i7Yzt</latexit><latexit sha1_base64="wXvlvk4drczwMsWc1t/0I9s9bK8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10G3XPrXvtq1qzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/i7Yzt</latexit><latexit sha1_base64="wXvlvk4drczwMsWc1t/0I9s9bK8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10G3XPrXvtq1qzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/i7Yzt</latexit><latexit sha1_base64="wXvlvk4drczwMsWc1t/0I9s9bK8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10G3XPrXvtq1qzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/i7Yzt</latexit>

x1
<latexit sha1_base64="LHTk4FRcQ4h5K0jvGjsNroBkfok=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbuZ+55FrI2L1gNOE+xEdKREKRtFK908Db1CuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6uKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwbgjZA=</latexit><latexit sha1_base64="LHTk4FRcQ4h5K0jvGjsNroBkfok=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbuZ+55FrI2L1gNOE+xEdKREKRtFK908Db1CuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6uKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwbgjZA=</latexit><latexit sha1_base64="LHTk4FRcQ4h5K0jvGjsNroBkfok=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbuZ+55FrI2L1gNOE+xEdKREKRtFK908Db1CuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6uKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwbgjZA=</latexit><latexit sha1_base64="LHTk4FRcQ4h5K0jvGjsNroBkfok=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbuZ+55FrI2L1gNOE+xEdKREKRtFK908Db1CuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6uKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwbgjZA=</latexit>

x2
<latexit sha1_base64="Q5m66tjDDgQFM5wTYetSpnS6JPE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJzdzvPKLSPJYPZpqgH9GR5CFn1Fjp/mlQG5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236t1dVRq1PI4inME5XIIHdWjALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAIZI2R</latexit><latexit sha1_base64="Q5m66tjDDgQFM5wTYetSpnS6JPE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJzdzvPKLSPJYPZpqgH9GR5CFn1Fjp/mlQG5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236t1dVRq1PI4inME5XIIHdWjALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAIZI2R</latexit><latexit sha1_base64="Q5m66tjDDgQFM5wTYetSpnS6JPE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJzdzvPKLSPJYPZpqgH9GR5CFn1Fjp/mlQG5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236t1dVRq1PI4inME5XIIHdWjALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAIZI2R</latexit><latexit sha1_base64="Q5m66tjDDgQFM5wTYetSpnS6JPE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJzdzvPKLSPJYPZpqgH9GR5CFn1Fjp/mlQG5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236t1dVRq1PI4inME5XIIHdWjALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAIZI2R</latexit>

x3
<latexit sha1_base64="vd/3+5BCCHLMHf7hQPZRkv+I3rw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9S/6JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236t1dVuq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAJ6I2S</latexit><latexit sha1_base64="vd/3+5BCCHLMHf7hQPZRkv+I3rw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9S/6JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236t1dVuq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAJ6I2S</latexit><latexit sha1_base64="vd/3+5BCCHLMHf7hQPZRkv+I3rw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9S/6JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236t1dVuq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAJ6I2S</latexit><latexit sha1_base64="vd/3+5BCCHLMHf7hQPZRkv+I3rw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9S/6JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236t1dVuq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAJ6I2S</latexit>

x4
<latexit sha1_base64="NhN9u0qKu6RsT8lrhpOfmOFDo20=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJzdzvPKLSPJYPZpqgH9GR5CFn1Fjp/mlQH5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236t3VK41aHkcRzuAcLsGDK2jALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwALbI2T</latexit><latexit sha1_base64="NhN9u0qKu6RsT8lrhpOfmOFDo20=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJzdzvPKLSPJYPZpqgH9GR5CFn1Fjp/mlQH5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236t3VK41aHkcRzuAcLsGDK2jALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwALbI2T</latexit><latexit sha1_base64="NhN9u0qKu6RsT8lrhpOfmOFDo20=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJzdzvPKLSPJYPZpqgH9GR5CFn1Fjp/mlQH5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236t3VK41aHkcRzuAcLsGDK2jALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwALbI2T</latexit><latexit sha1_base64="NhN9u0qKu6RsT8lrhpOfmOFDo20=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJzdzvPKLSPJYPZpqgH9GR5CFn1Fjp/mlQH5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236t3VK41aHkcRzuAcLsGDK2jALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwALbI2T</latexit>

x5
<latexit sha1_base64="9xOKs6lmcAyyWgXd0SkYRgZhA78=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9S/7JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236t1dVOq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAM8I2U</latexit><latexit sha1_base64="9xOKs6lmcAyyWgXd0SkYRgZhA78=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9S/7JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236t1dVOq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAM8I2U</latexit><latexit sha1_base64="9xOKs6lmcAyyWgXd0SkYRgZhA78=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9S/7JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236t1dVOq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAM8I2U</latexit><latexit sha1_base64="9xOKs6lmcAyyWgXd0SkYRgZhA78=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9S/7JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236t1dVOq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAM8I2U</latexit>

Pr(Y = 0|X1,X2, . . .) = (1− λ)
∏

i

(1− pi )
Xi .

B: Inference in Bayes nets



Inference: three tasks

Suppose we have values for some of the nodes, XE = xE (“evidence”).

(1) Conditional probability query: for some S ⊂ [n], what is the conditional
distribution Pr(XS |XE = xE )?

• Often S consists of a single variable, e.g. Pr(Flu | Fever,Headache)

• Can be achieved by summing out the other variables:

Pr(XS = xS ,XE = xE ) =
∑

xR

Pr(XS = xS ,XR = xR ,XE = xE )

where R = [n] \ (E ∪ S). Why not do it this way?

Inference: three tasks

(2) Most probable explanation: Given evidence XE = xE , find

MPE(XR |XE = xE ) = arg max
xR

Pr(XR = xR ,XE = xE )

where R = [n] \ E .

• Speech recognition: If St is acoustic signal at time t and Pt is phoneme
being uttered, find MPE({Pt}|{St}).

• Another use: Fill in missing data.

• Naive time complexity like conditional probability query: sum becomes max.

• Note: Most likely value of XR cannot be reconstructed from marginals of
individual variables in XR .



Inference: three tasks

(3) Maximum a posteriori: Given evidence XE = xE and variables S ⊂ [n] \ E , find

MAP(XS |XE = xE ) = arg max
xS

Pr(XS = xS |XE = xE ).

• Given a few symptoms, what is the most likely assignment to the disease
variables? (What would MPE do in this case?)

• Strict generalization of MPE. Both a sum and a max.

The bad news

All these inference tasks are NP-hard.

In fact, even the following problem is NP-hard:

• Input: Bayes net over Boolean variables X1, . . . ,Xn; variable Xi ; value v ∈ {0, 1}
• Question: Is Pr(Xi = v) > 0?

Do you see why?



Exact inference

Suppose X1, . . . ,Xn take on finitely-many values and their joint distribution factors
over a graph G .

(1) Exact inference is easy if G is a tree.
E.g. Using dynamic programming, which can also be done via a distributed,
message-passing scheme.

x1
<latexit sha1_base64="LHTk4FRcQ4h5K0jvGjsNroBkfok=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbuZ+55FrI2L1gNOE+xEdKREKRtFK908Db1CuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6uKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwbgjZA=</latexit><latexit sha1_base64="LHTk4FRcQ4h5K0jvGjsNroBkfok=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbuZ+55FrI2L1gNOE+xEdKREKRtFK908Db1CuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6uKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwbgjZA=</latexit><latexit sha1_base64="LHTk4FRcQ4h5K0jvGjsNroBkfok=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbuZ+55FrI2L1gNOE+xEdKREKRtFK908Db1CuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6uKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwbgjZA=</latexit><latexit sha1_base64="LHTk4FRcQ4h5K0jvGjsNroBkfok=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbuZ+55FrI2L1gNOE+xEdKREKRtFK908Db1CuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6uKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwbgjZA=</latexit>

x2
<latexit sha1_base64="Q5m66tjDDgQFM5wTYetSpnS6JPE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJzdzvPKLSPJYPZpqgH9GR5CFn1Fjp/mlQG5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236t1dVRq1PI4inME5XIIHdWjALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAIZI2R</latexit><latexit sha1_base64="Q5m66tjDDgQFM5wTYetSpnS6JPE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJzdzvPKLSPJYPZpqgH9GR5CFn1Fjp/mlQG5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236t1dVRq1PI4inME5XIIHdWjALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAIZI2R</latexit><latexit sha1_base64="Q5m66tjDDgQFM5wTYetSpnS6JPE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJzdzvPKLSPJYPZpqgH9GR5CFn1Fjp/mlQG5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236t1dVRq1PI4inME5XIIHdWjALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAIZI2R</latexit><latexit sha1_base64="Q5m66tjDDgQFM5wTYetSpnS6JPE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJzdzvPKLSPJYPZpqgH9GR5CFn1Fjp/mlQG5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236t1dVRq1PI4inME5XIIHdWjALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAIZI2R</latexit>

x3
<latexit sha1_base64="vd/3+5BCCHLMHf7hQPZRkv+I3rw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9S/6JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236t1dVuq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAJ6I2S</latexit><latexit sha1_base64="vd/3+5BCCHLMHf7hQPZRkv+I3rw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9S/6JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236t1dVuq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAJ6I2S</latexit><latexit sha1_base64="vd/3+5BCCHLMHf7hQPZRkv+I3rw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9S/6JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236t1dVuq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAJ6I2S</latexit><latexit sha1_base64="vd/3+5BCCHLMHf7hQPZRkv+I3rw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9S/6JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236t1dVuq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAJ6I2S</latexit>

x4
<latexit sha1_base64="NhN9u0qKu6RsT8lrhpOfmOFDo20=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJzdzvPKLSPJYPZpqgH9GR5CFn1Fjp/mlQH5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236t3VK41aHkcRzuAcLsGDK2jALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwALbI2T</latexit><latexit sha1_base64="NhN9u0qKu6RsT8lrhpOfmOFDo20=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJzdzvPKLSPJYPZpqgH9GR5CFn1Fjp/mlQH5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236t3VK41aHkcRzuAcLsGDK2jALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwALbI2T</latexit><latexit sha1_base64="NhN9u0qKu6RsT8lrhpOfmOFDo20=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJzdzvPKLSPJYPZpqgH9GR5CFn1Fjp/mlQH5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236t3VK41aHkcRzuAcLsGDK2jALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwALbI2T</latexit><latexit sha1_base64="NhN9u0qKu6RsT8lrhpOfmOFDo20=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJzdzvPKLSPJYPZpqgH9GR5CFn1Fjp/mlQH5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236t3VK41aHkcRzuAcLsGDK2jALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwALbI2T</latexit>

x5
<latexit sha1_base64="9xOKs6lmcAyyWgXd0SkYRgZhA78=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9S/7JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236t1dVOq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAM8I2U</latexit><latexit sha1_base64="9xOKs6lmcAyyWgXd0SkYRgZhA78=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9S/7JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236t1dVOq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAM8I2U</latexit><latexit sha1_base64="9xOKs6lmcAyyWgXd0SkYRgZhA78=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9S/7JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236t1dVOq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAM8I2U</latexit><latexit sha1_base64="9xOKs6lmcAyyWgXd0SkYRgZhA78=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9S/7JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236t1dVOq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAM8I2U</latexit>

x6
<latexit sha1_base64="3mJ56c0McJp8Sj2EekOsRFMnB5Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9S/7JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236t1dVOq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAOdI2V</latexit><latexit sha1_base64="3mJ56c0McJp8Sj2EekOsRFMnB5Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9S/7JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236t1dVOq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAOdI2V</latexit><latexit sha1_base64="3mJ56c0McJp8Sj2EekOsRFMnB5Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9S/7JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236t1dVOq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAOdI2V</latexit><latexit sha1_base64="3mJ56c0McJp8Sj2EekOsRFMnB5Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9S/7JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236t1dVOq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAOdI2V</latexit>

Exact inference (cont’d)

(2) General G : exact inference can be done using the junction tree algorithm in
time exponential in the tree-width of G .

x1
<latexit sha1_base64="LHTk4FRcQ4h5K0jvGjsNroBkfok=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbuZ+55FrI2L1gNOE+xEdKREKRtFK908Db1CuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6uKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwbgjZA=</latexit><latexit sha1_base64="LHTk4FRcQ4h5K0jvGjsNroBkfok=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbuZ+55FrI2L1gNOE+xEdKREKRtFK908Db1CuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6uKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwbgjZA=</latexit><latexit sha1_base64="LHTk4FRcQ4h5K0jvGjsNroBkfok=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbuZ+55FrI2L1gNOE+xEdKREKRtFK908Db1CuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6uKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwbgjZA=</latexit><latexit sha1_base64="LHTk4FRcQ4h5K0jvGjsNroBkfok=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbuZ+55FrI2L1gNOE+xEdKREKRtFK908Db1CuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6uKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwbgjZA=</latexit>

x2
<latexit sha1_base64="Q5m66tjDDgQFM5wTYetSpnS6JPE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJzdzvPKLSPJYPZpqgH9GR5CFn1Fjp/mlQG5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236t1dVRq1PI4inME5XIIHdWjALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAIZI2R</latexit><latexit sha1_base64="Q5m66tjDDgQFM5wTYetSpnS6JPE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJzdzvPKLSPJYPZpqgH9GR5CFn1Fjp/mlQG5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236t1dVRq1PI4inME5XIIHdWjALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAIZI2R</latexit><latexit sha1_base64="Q5m66tjDDgQFM5wTYetSpnS6JPE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJzdzvPKLSPJYPZpqgH9GR5CFn1Fjp/mlQG5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236t1dVRq1PI4inME5XIIHdWjALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAIZI2R</latexit><latexit sha1_base64="Q5m66tjDDgQFM5wTYetSpnS6JPE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJzdzvPKLSPJYPZpqgH9GR5CFn1Fjp/mlQG5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236t1dVRq1PI4inME5XIIHdWjALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAIZI2R</latexit>

x3
<latexit sha1_base64="vd/3+5BCCHLMHf7hQPZRkv+I3rw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9S/6JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236t1dVuq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAJ6I2S</latexit><latexit sha1_base64="vd/3+5BCCHLMHf7hQPZRkv+I3rw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9S/6JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236t1dVuq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAJ6I2S</latexit><latexit sha1_base64="vd/3+5BCCHLMHf7hQPZRkv+I3rw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9S/6JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236t1dVuq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAJ6I2S</latexit><latexit sha1_base64="vd/3+5BCCHLMHf7hQPZRkv+I3rw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9S/6JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236t1dVuq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAJ6I2S</latexit>

x4
<latexit sha1_base64="NhN9u0qKu6RsT8lrhpOfmOFDo20=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJzdzvPKLSPJYPZpqgH9GR5CFn1Fjp/mlQH5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236t3VK41aHkcRzuAcLsGDK2jALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwALbI2T</latexit><latexit sha1_base64="NhN9u0qKu6RsT8lrhpOfmOFDo20=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJzdzvPKLSPJYPZpqgH9GR5CFn1Fjp/mlQH5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236t3VK41aHkcRzuAcLsGDK2jALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwALbI2T</latexit><latexit sha1_base64="NhN9u0qKu6RsT8lrhpOfmOFDo20=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJzdzvPKLSPJYPZpqgH9GR5CFn1Fjp/mlQH5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236t3VK41aHkcRzuAcLsGDK2jALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwALbI2T</latexit><latexit sha1_base64="NhN9u0qKu6RsT8lrhpOfmOFDo20=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJzdzvPKLSPJYPZpqgH9GR5CFn1Fjp/mlQH5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236t3VK41aHkcRzuAcLsGDK2jALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwALbI2T</latexit>

x5
<latexit sha1_base64="9xOKs6lmcAyyWgXd0SkYRgZhA78=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9S/7JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236t1dVOq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAM8I2U</latexit><latexit sha1_base64="9xOKs6lmcAyyWgXd0SkYRgZhA78=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9S/7JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236t1dVOq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAM8I2U</latexit><latexit sha1_base64="9xOKs6lmcAyyWgXd0SkYRgZhA78=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9S/7JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236t1dVOq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAM8I2U</latexit><latexit sha1_base64="9xOKs6lmcAyyWgXd0SkYRgZhA78=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9S/7JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236t1dVOq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAM8I2U</latexit>

x6
<latexit sha1_base64="3mJ56c0McJp8Sj2EekOsRFMnB5Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9S/7JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236t1dVOq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAOdI2V</latexit><latexit sha1_base64="3mJ56c0McJp8Sj2EekOsRFMnB5Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9S/7JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236t1dVOq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAOdI2V</latexit><latexit sha1_base64="3mJ56c0McJp8Sj2EekOsRFMnB5Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9S/7JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236t1dVOq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAOdI2V</latexit><latexit sha1_base64="3mJ56c0McJp8Sj2EekOsRFMnB5Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9S/7JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVT236t1dVOq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAOdI2V</latexit>



Approximate inference

• Sampling

• Belief propagation

• Variational methods

C: Learning directed graphical models



Fixed structure, fully observable

Maximum-likelihood parameters can be found efficiently.

x1
<latexit sha1_base64="LHTk4FRcQ4h5K0jvGjsNroBkfok=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbuZ+55FrI2L1gNOE+xEdKREKRtFK908Db1CuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6uKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwbgjZA=</latexit><latexit sha1_base64="LHTk4FRcQ4h5K0jvGjsNroBkfok=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbuZ+55FrI2L1gNOE+xEdKREKRtFK908Db1CuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6uKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwbgjZA=</latexit><latexit sha1_base64="LHTk4FRcQ4h5K0jvGjsNroBkfok=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbuZ+55FrI2L1gNOE+xEdKREKRtFK908Db1CuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6uKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwbgjZA=</latexit><latexit sha1_base64="LHTk4FRcQ4h5K0jvGjsNroBkfok=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbuZ+55FrI2L1gNOE+xEdKREKRtFK908Db1CuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6uKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwbgjZA=</latexit>

x2
<latexit sha1_base64="Q5m66tjDDgQFM5wTYetSpnS6JPE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJzdzvPKLSPJYPZpqgH9GR5CFn1Fjp/mlQG5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236t1dVRq1PI4inME5XIIHdWjALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAIZI2R</latexit><latexit sha1_base64="Q5m66tjDDgQFM5wTYetSpnS6JPE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJzdzvPKLSPJYPZpqgH9GR5CFn1Fjp/mlQG5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236t1dVRq1PI4inME5XIIHdWjALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAIZI2R</latexit><latexit sha1_base64="Q5m66tjDDgQFM5wTYetSpnS6JPE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJzdzvPKLSPJYPZpqgH9GR5CFn1Fjp/mlQG5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236t1dVRq1PI4inME5XIIHdWjALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAIZI2R</latexit><latexit sha1_base64="Q5m66tjDDgQFM5wTYetSpnS6JPE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJzdzvPKLSPJYPZpqgH9GR5CFn1Fjp/mlQG5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236t1dVRq1PI4inME5XIIHdWjALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAIZI2R</latexit>
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Fixed structure, with hidden variables

Maximum-likelihood parameter estimation is typically NP-hard.

Example: mixtures of Gaussians.

Usual approach: EM algorithm.



Unknown structure

Finding the maximum-likelihood structure is NP-hard.

Well, there is one special case: branchings (trees in which each node has ≤ 1 parent),
often called Chow-Liu trees.

Summary of basic properties

Directed graphical models (aka Bayes nets, belief nets):

• Can capture any probability distribution

• Intuitive factored form

• Popular for representing causal dependencies

• A pictorial language in which to specify families of probability models

Algorithmic status:

• Sampling: easy

• Computing likelihood/density: easy if fully-observable

• Inference: hard, but approximate methods are available

• Learning: many cases

Suitability for (1) density estimation (2) generation (3) representation learning?



D: Examples of neural autoregressive models

The autoregressive framework

To model d-dimensional data X = (X1,X2, . . . ,Xd):

• Pick an ordering of the variables, σ(1), . . . , σ(d)

• Explicitly learn the conditional probability functions

Pr(xσ(i)|xσ(1), . . . , xσ(i−1))

For instance, we can fit neural nets to these functions.



NADE (neural autoregressive density estimation)

Larochelle, Murray (2011)

Binary variables:

• Each Pr(xσ(i)|xσ(1), . . . , xσ(i−1)) is a net with one hidden layer and sigmoid output.

• Tie weights to reduce the number of parameters.

Neural Autoregressive Distribution Estimation

500 units

784 units

...

784 units

...

... ...

...

...

...

...

Figure 1: Illustration of a NADE model. In this example, in the input layer, units with
value 0 are shown in black while units with value 1 are shown in white. The
dashed border represents a layer pre-activation.The outputs x̂O give predictive
probabilities for each dimension of a vector xO, given elements earlier in some
ordering. There is no path of connections between an output and the value being
predicted, or elements of xO later in the ordering. Arrows connected together
correspond to connections with shared (tied) parameters.

In NADE, we also model each conditional using a feed-forward neural network. Specifi-
cally, each conditional p(xod

| x<d) is parameterized as follows:

p(xod
=1 | xo<d

) = sigm (V od,·hd + bod
) (2)

hd = sigm
�
W ·,o<d

xo<d
+ c
�
, (3)

where sigm (a) = 1/(1 + e�a) is the logistic sigmoid, and with H as the number of hidden
units, V 2 RD⇥H , b 2 RD, W 2 RH⇥D, c 2 RH are the parameters of the NADE model.

The hidden layer matrix W and bias c are shared by each hidden layer hd (which are all
of the same size). This parameter sharing scheme (illustrated in Figure 1) means that NADE
has O(HD) parameters, rather than O(HD2) required if the neural networks were separate.
Limiting the number of parameters can reduce the risk of over-fitting. Another advantage is
that all D hidden layers hd can be computed in O(HD) time instead of O(HD2). Denoting
the pre-activation of the dth hidden layer as ad = W ·,o<d

xo<d
+c, this complexity is achieved

by using the recurrence

h1 = sigm (a1) , where a1 = c (4)

hd = sigm (ad) , where ad = W ·,o<d
xo<d

+ c = W ·,od�1
xod�1

+ ad�1 (5)

for d 2 {2, . . . , D},

where Equation 5 given vector ad�1 can be computed in O(H). Moreover, the computation
of Equation 2 given h is also O(H). Thus, computing p(x) from D conditional distributions
(Equation 1) costs O(HD) for NADE. This complexity is comparable to that of regular
feed-forward neural network models.

3

Question: How to handle non-binary variables?

NADE on binarized MNIST
Neural Autoregressive Distribution Estimation
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Figure 2: (Left): samples from NADE trained on a binary version of mnist. (Middle): probabilities from
which each pixel was sampled. (Right): visualization of some of the rows of W. This figure is better seen on a
computer screen.
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We then recover the mean-field updates of Equa-
tions 7 and 8.
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Figure 2: (Left): samples from NADE trained on a binary version of mnist. (Middle): probabilities from
which each pixel was sampled. (Right): visualization of some of the rows of W. This figure is better seen on a
computer screen.
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Figure 4: (Left): samples from NADE trained on binarized MNIST. (Right): probabilities
from which each pixel was sampled. Ancestral sampling was used with the same
fixed ordering used during training.

Algorithm 2 Pretraining of a NADE with n hidden layers on dataset X.

procedure PRETRAIN(n, X)
if n = 1 then

return RANDOM-ONE-HIDDEN-LAYER-NADE
else

nade PRETRAIN(n� 1, X)
nade REMOVE-OUTPUT-LAYER(nade)
nade ADD-A-NEW-HIDDEN-LAYER(nade)
nade ADD-A-NEW-OUTPUT-LAYER(nade)
nade TRAIN-ALL(nade, X, iters = 20) . Train for 20 iterations.
return nade

end if
end procedure

composed of 16 units. Oord et al. (2016) proposed a novel two-dimensional LSTM,
named Diagonal BiLSTM, which is used in this model. Unlike our ConvNADE, the
ordering is fixed before training and at test time, and corresponds to a scan of the
image in a diagonal fashion starting from a corner at the top and reaching the opposite
corner at the bottom.

We compare these baselines with some NADE variants. The performance of a basic
(fixed-order, single hidden layer) NADE model is provided in Table 3 and samples are
illustrated in Figure 4. More importantly, we will focus on whether the following variants
achieve better test set performance:
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Question: How can one evaluate a generative model like this?



MADE (masked autoencoder for density estimation)
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Figure 1. Left: Conventional three hidden layer autoencoder.
Input in the bottom is passed through fully connected layers and
point-wise nonlinearities. In the final top layer, a reconstruction
specified as a probability distribution over inputs is produced.
As this distribution depends on the input itself, a standard au-
toencoder cannot predict or sample new data. Right: MADE.
The network has the same structure as the autoencoder, but a set
of connections is removed such that each input unit is only pre-
dicted from the previous ones, using multiplicative binary masks
(MW1

, MW2

, MV). In this example, the ordering of the input
is changed from 1,2,3 to 3,1,2. This change is explained in sec-
tion 4.2, but is not necessary for understanding the basic principle.
The numbers in the hidden units indicate the maximum number
of inputs on which the kth unit of layer l depends. The masks are
constructed based on these numbers (see Equations 12 and 13).
These masks ensure that MADE satisfies the autoregressive prop-
erty, allowing it to form a probabilistic model, in this example
p(x) = p(x2) p(x3|x2) p(x1|x2, x3). Connections in light gray
correspond to paths that depend only on 1 input, while the dark
gray connections depend on 2 inputs.

connected to at most m2(k0) inputs, i.e. the first layer units
such that m1(k)  m2(k0).

One can generalize this rule to any layer l, as follows:

MWl

k0,k = 1ml(k0)�ml�1(k) =

⇢
1 if ml(k0) � ml�1(k)
0 otherwise.

(12)
Also, taking l = 0 to mean the input layer and defining
m0(d) = d (which is intuitive, since the dth input unit in-
deed takes its values from the d first inputs), this definition
also applies for the first hidden layer weights. As for the
output mask, we simply need to adapt its definition by using
the connectivity constraints of the last hidden layer mL(k)
instead of the first:

MV
d,k = 1d>mL(k) =

⇢
1 if d > mL(k)
0 otherwise. (13)

Like for the single hidden layer case, the values for ml(k)
for each hidden layer l 2 {1, . . . , L} are sampled uniformly.
To avoid unconnected units, the value for ml(k) is sampled

to be greater than or equal to the minimum connectivity at
the previous layer, i.e. mink0 ml�1(k0).

4.2. Order-agnostic training

So far, we’ve assumed that the conditionals modelled by
MADE were consistent with the natural ordering of the
dimensions of x. However, we might be interested in mod-
elling the conditionals associated with an arbitrary ordering
of the input’s dimensions.

Specifically, Uria et al. (2014) have shown that training
an autoregressive model on all orderings can be beneficial.
We refer to this approach as order-agnostic training. It can
be achieved by sampling an ordering before each stochas-
tic/minibatch gradient update of the model. There are two
advantages of this approach. Firstly, missing values in par-
tially observed input vectors can be imputed efficiently: we
invoke an ordering where observed dimensions are all be-
fore unobserved ones, making inference straightforward.
Secondly, an ensemble of autoregressive models can be con-
structed on the fly, by exploiting the fact that the conditionals
for two different orderings are not guaranteed to be exactly
consistent (and thus technically correspond to slightly dif-
ferent models). An ensemble is then easily obtained by
sampling a set of orderings, computing the probability of x
under each ordering and averaging.

Conveniently, in MADE, the ordering is simply represented
by the vector m0 = [m0(1), . . . , m0(D)]. Specifically,
m0(d) corresponds to the position of the original dth dimen-
sion of x in the product of conditionals. Thus, a random
ordering can be obtained by randomly permuting the or-
dered vector [1, . . . , D]. From these values of each m0, the
first hidden layer mask matrix can then be created. During
order-agnostic training, randomly permuting the last value
of m0 again is sufficient to obtain a new random ordering.

4.3. Connectivity-agnostic training

One advantage of order-agnostic training is that it effectively
allows us to train as many models as there are orderings,
using a common set of parameters. This can be exploited
by creating ensembles of models at test time.

In MADE, in addition to choosing an ordering, we also have
to choose each hidden unit’s connectivity constraint ml(k).
Thus, we could imaging training MADE to also be agnostic
of the connectivity pattern generated by these constraints. To
achieve this, instead of sampling the values of ml(k) for all
units and layers once and for all before training, we actually
resample them for each training example or minibatch. This
is still practical, since the operation of creating the masks is
easy to parallelize. Denoting ml = [ml(1), . . . , ml(Kl)],
and assuming an element-wise and parallel implementation
of the operation 1a�b for vectors, such that 1a�b is a matrix

WaveNet

Van den Oord, Dieleman, Zen, Simoyan, Vinyals, Graves, Kalchbrenner, Senior,
Kavukcuoglu (2016).

Because models with causal convolutions do not have recurrent connections, they are typically faster
to train than RNNs, especially when applied to very long sequences. One of the problems of causal
convolutions is that they require many layers, or large filters to increase the receptive field. For
example, in Fig. 2 the receptive field is only 5 (= #layers + filter length - 1). In this paper we use
dilated convolutions to increase the receptive field by orders of magnitude, without greatly increasing
computational cost.

A dilated convolution (also called à trous, or convolution with holes) is a convolution where the
filter is applied over an area larger than its length by skipping input values with a certain step. It is
equivalent to a convolution with a larger filter derived from the original filter by dilating it with zeros,
but is significantly more efficient. A dilated convolution effectively allows the network to operate on
a coarser scale than with a normal convolution. This is similar to pooling or strided convolutions, but
here the output has the same size as the input. As a special case, dilated convolution with dilation
1 yields the standard convolution. Fig. 3 depicts dilated causal convolutions for dilations 1, 2, 4,
and 8. Dilated convolutions have previously been used in various contexts, e.g. signal processing
(Holschneider et al., 1989; Dutilleux, 1989), and image segmentation (Chen et al., 2015; Yu &
Koltun, 2016).

Input

Hidden Layer
Dilation = 1

Hidden Layer
Dilation = 2

Hidden Layer
Dilation = 4

Output
Dilation = 8

Figure 3: Visualization of a stack of dilated causal convolutional layers.

Stacked dilated convolutions enable networks to have very large receptive fields with just a few lay-
ers, while preserving the input resolution throughout the network as well as computational efficiency.
In this paper, the dilation is doubled for every layer up to a limit and then repeated: e.g.

1, 2, 4, . . . , 512, 1, 2, 4, . . . , 512, 1, 2, 4, . . . , 512.

The intuition behind this configuration is two-fold. First, exponentially increasing the dilation factor
results in exponential receptive field growth with depth (Yu & Koltun, 2016). For example each
1, 2, 4, . . . , 512 block has receptive field of size 1024, and can be seen as a more efficient and dis-
criminative (non-linear) counterpart of a 1⇥1024 convolution. Second, stacking these blocks further
increases the model capacity and the receptive field size.

2.2 SOFTMAX DISTRIBUTIONS

One approach to modeling the conditional distributions p (xt | x1, . . . , xt�1) over the individual
audio samples would be to use a mixture model such as a mixture density network (Bishop, 1994)
or mixture of conditional Gaussian scale mixtures (MCGSM) (Theis & Bethge, 2015). However,
van den Oord et al. (2016a) showed that a softmax distribution tends to work better, even when the
data is implicitly continuous (as is the case for image pixel intensities or audio sample values). One
of the reasons is that a categorical distribution is more flexible and can more easily model arbitrary
distributions because it makes no assumptions about their shape.

Because raw audio is typically stored as a sequence of 16-bit integer values (one per timestep), a
softmax layer would need to output 65,536 probabilities per timestep to model all possible values.
To make this more tractable, we first apply a µ-law companding transformation (ITU-T, 1988) to
the data, and then quantize it to 256 possible values:

f (xt) = sign(xt)
ln (1 + µ |xt|)

ln (1 + µ)
,

3

• Output: Softmax over 256 values on a log-scale.

• Text-to-speech: conditional generation.


