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Abstract

We present a number of papers on topics in mathematics and theoretical computer sci-
ence. Topics include: a problem relating to the ABC Conjecture, the ranks of 2-Selmer
groups of twists of an elliptic curve, the Goldbach problem for primes in specified Cheb-
otarev classes, explicit models for Deligne-Lusztig curves, constructions for small designs,
noise sensitivity bounds for polynomials threshold functions, and pseudo-random generators
for polynomial threshold functions.
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Introduction

My work in the past few years has been largely centered around problem solving. As a result
I find myself with a number of results on separate topics, having little relation to one another.
As such, this thesis consists of a number of largely independent results. Each Chapter in
this thesis (with the exception of those in Part III, which share motivational background) is
meant to stand on its own.

Part I contains several results in the field of number theory, mostly of the analytic variety.
Chapter A is based on [28] and studies a problem related to the ABC Conjecture. In

particular I look at the number of solutions to the equation A + B + C = 0 for A,B,C
pairwise relatively prime, highly divisible integers. The ABC Conjecture states that if “highly
divisible” is defined strictly enough that there should be only finitely many such triples. In
this Chapter, I obtain asymptotic results for the number of such solutions for a broad range
of weaker meanings of “highly divisible”. My major techniques are the use of lattice methods
and bound do to Heath-Brown on the density of integer points on a conic.

Chapter B is based on [25], and deals with a variant of the Goldbach problem. In
particular, I prove an asymptotic for the number of solutions to a linear equation in at least
three prime numbers given that these primes are required to lie in specified Chebotarev
classes. I make use of a number of analytic techniques including Hecke L-functions, the
circle method and Vinogradov’s method.

Chapter C is based on [29], and deals with the ranks of 2-Selmer groups of twists of an
elliptic curve. In particular, I show that for a wide range of elliptic curves, Γ, that the ranks
of the 2-Selmer groups of their twists satisfy a particular distribution. This extends a result
of Swinnerton-Dyer ([58]), which gives the same asymptotics but with an unusual notion
of density. I extend Swinnerton-Dyer’s result to use the standard notion of density using a
number of analytic techniques including L-functions and the large sieve.

Chapter D is based on [26], and produces explicit models for the Deligne-Lusztig varieties
of dimension 1. The constructions attempt to be as canonical as possible, with a category-
theoretic construction used at the core of my construction of the twisted Chevalley groups.
In addition to finding models for the curves associated to 2A2,

2B2 and 2G2, I also produce
explicit isomorphisms C/Gσ → P1.

Part II consists of Chapter E, which is based upon [30]. In it I deal with the construction

1
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of designs of small size in a number of contexts. I find a construction for producing small
designs by making use of a fixed-point theorem from algebraic topology. The bound on size
turns out to be particularly nice in the case of designs on a homogeneous space. I also use a
variant of this technique to find designs of nearly optimal size for the Beta distribution and
on the sphere.

Part III deals with three results on polynomial threshold functions. It begins with an
introduction to the topic providing common motivational background for the topic and
discussing a couple of common themes in this work. It is suggested that the reader look at
this introductory material before reading any of the associated chapters.

Chapter F is based on [27], and proves that limited independence is enough to fool poly-
nomial threshold functions of Gaussians. The proof is based on a technique that I have
been developing along with Jelani Nelson and Ilias Diakonikolas called the FT-Mollification
method, which deals with problems involving k-independence by combining techniques from
approximation theory with anticoncentration results. The main new innovation in this work
is a structure theorem for polynomials that allows us to write them in terms of other poly-
nomials each with small higher moments.

Chapter G is based on [32], and contains proofs of asymptotically optimal bounds on
the Gaussian surface are and noise sensitivity of polynomial threshold functions. The bound
on noise sensitivity is very short and consists largely of taking advantage of a particular
symmetry. The bound on surface area is then derived from the noise sensitivity bound using
a few simple ideas which unfortunately need to be supported by some non-trivial technical
results.

Chapter H is based on [31], and introduces a new pseudorandom generator for polynomial
threshold functions. Many of the ideas behind this result had their origins in the proofs from
the previous two Chapters.



Part I

Number Theory
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Chapter A

On A Problem Relating to the ABC
Conjecture

1 Introduction

For an integer n, let r(n) =
∏

p|n p be the product of its prime divisors. The ABC-Conjecture
states that for any ϵ > 0 there are only finitely many solutions to the equation A+B+C = 0
in relatively prime integers A,B,C so that max(|A|, |B|, |C|) > r(ABC)1+ϵ. Although this
conjecture is not known for any value of ϵ, when the restrictions on A,B,C are loosened
there are conjectural predictions of the number of solutions that are more tractable. In
particular:

Conjecture 1. Given constants 0 < a, b, c ≤ 1, and ϵ > 0, with a+ b+ c > 1 then for suffi-
ciently large N the number of solutions to A+B+C = 0 in relatively prime integers A,B,C
with |A|, |B|, |C| ≤ N and r(A) ≤ |A|a, r(B) ≤ |B|b, r(C) ≤ |C|c is between Na+b+c−1−ϵ and
Na+b+c−1+ϵ.

We will henceforth refer to the number of such triples A,B,C as the number of solutions
to the ABC problem with parameters (a, b, c) or with parameters (a, b, c, N).

Conjecture 1 was stated (with slightly different terminology) in [43]. Furthermore, [43]
alludes to a proof of this Conjecture in the case when 5/6 ≤ a, b, c ≤ 1. We extend this
result to a wider range of values. In particular, we show:

(Note: from this point onward when using an N ϵ in asymptotic notation, it will be taken
to mean that the bound holds for any ϵ > 0, though the asymptotic constants may depend
on ϵ.)

Theorem 1. For 0 < a, b, c ≤ 1, with min(a, b, c)+max(a, b, c) > 1, the number of solutions
to the ABC problem with parameters (a, b, c,N) is Ω(Na+b+c−1).

4
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Theorem 2. For 0 < a, b, c ≤ 1, the number of solutions to the ABC problem with parameters
(a, b, c, N) is O(Na+b+c−1+ϵ +N1+ϵ).

Together these Theorems provide a proof of Conjecture 1 whenever a+ b+ c ≥ 2.
We use two main techniques to prove these Theorems. First we use lattice methods. The

idea is to fix the non-squarefree parts of A,B,C and to then count the number of solutions.
For example if A,B,C have non-squarefree parts α, β, γ, we need to count solutions to an
equation of the form αX + βY + γZ = 0.

Secondly we use a result of Heath-Brown on the number of integer points on a conic.
The idea here is to note that if A,B,C are highly divisible they are likely divisible by large
squares. Writing A = αX2, B = βY 2, C = γZ2, then for fixed values of α, β, γ the solutions
to the ABC problem correspond to integer points of small size on a particular conic.

In Section 2 we cover the lattice methods. In particular, in Section 2.1, we use these
methods to prove Theorem 1. The proof of our upper bound will involve breaking our
argument into cases based upon the approximate sizes of various parameters of A, B, and
C. In Section 2.2, we introduce some ideas and notation that we will use when making these
arguments. In Section 2.3, we use lattice methods to prove an upper bound on the number
of solutions. These techniques will work best when A, B, and C have relatively few repeated
factors. In Section 3, we prove another upper bound, this time using our methods involving
conics. These results will turn out to be most effective when A,B and C have many repeated
factors. Finally, we combine these results with our upper bound from the previous Section
to prove Theorem 2.

2 Lattice Methods

2.1 Lattice Lower Bounds

We begin with the following Lemma:

Lemma 3. Let L be a two dimensional lattice and P a convex polygon. Let m be the
minimum separation between points of L. Then

|L ∩ P | = Volume(P )

CoVolume(L)
+O

(
Perimeter(P )

m
+ 1

)
.

Proof. Begin with a reduced basis of L. We apply a linear transformation to the problem
so that L is a square lattice. We can do this since this operation has no effect on |L ∩ P |
or Volume(P )

CoVolume(L)
and increases Perimeter(P )

m
by at most a constant factor. We now note that if we

draw a fundamental domain around each point of |L∩P |, their union is sandwiched between
the set of points within distance

√
2m of P , and the set of points where the disc of radius
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√
2m around them is contained in P . Computing the areas of these two regions gives our

result.

We are now prepared to prove our lower bound.

proof of Theorem 1. Assume without loss of generality that a ≤ b ≤ c. We have by assump-
tion that a+ c > 1.

Pick x, y, z the smallest possible integers so that 2x−1 > N1−a, 3y−1 > N1−b, 5z−1 > N1−c.
We will attempt to find solutions of the form A = X2x, B = Y 3y, C = Z5z. Let L be the
lattice of triples of integers A,B,C so that A + B + C = 0, 2x|A, 3y|B, 5z|C. Let Ln be
the sublattice of L so that n|A,B,C. Using an appropriate normalization of the volume
of the plane A + B + C = 0, the covolume of L is U := 2x3y5z = Θ(N3−a−b−c). The
covolume of Ln is n2U/ gcd(n, 30). Let v be the shortest vector in L. Let m = |v|. Let
M be the length of the shortest vector which is not a multiple of v. Note that the vectors
(0, 3y5z,−3y5z), (2x5z, 0,−2x5z) are in L and are linearly independent. Therefore M is at
most the larger of the lengths of these vectors so M = O(N1−δ) for some δ > 0. Note also
that U = Θ(mM).

Let P be the polygon in the plane A + B + C = 0 defined by |A|, |B|, |C| ≤ N . The
number of solutions to the ABC problem with parameters (a, b, c,N) is at least the number
of points in L ∩ P with relatively prime coordinates. This is∑

n

µ(n)|Ln ∩ P |.

Removing the points that are multiples of v we get

O(N/M)∑
n=1

µ(n)|Ln ∩ P\⟨v⟩|.

(We can stop the sum at O(N/M) since if w ∈ Ln for n squarefree, then w/(n/ gcd(n, 30)) ∈
L and all points of L not a multiple of v are of norm at least M) Letting V be the volume
of P and noting that the shortest vector in Ln has length Θ(nm), the above equals

O(N/M)∑
n=1

(
µ(n) gcd(n, 30)

n2

)(
V

U

)
+O(N/(nm) + 1).

The main term is(
V

U

)( ∞∑
n=1

µ(n) gcd(n, 30)

n2
+O(M/N)

)
= Θ

(
V

U

)
= Θ

(
N2

N3−a−b−c

)
= Θ(Na+b+c−1).
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The error term is

O(log(N)N/m+N/M) = O(log(N)NM/U +N/
√
U)

= O(log(N)Na+b+c−1−δ +N (a+b+c−1)/2).

This completes our proof.

2.2 Diadic Intervals

Before beginning our work on upper bounds, we discuss some ideas involving diadic intervals
that we will make use of. First a definition:

Definition. A diadic interval is an interval of the form [2n, 2n+1] for some integer n.

In the process of proving upper bounds we will often wish to count the number of solutions
to an ABC problem in which some functions of A,B,C lie in fixed diadic intervals. We may
for example claim that the number of solutions to an ABC problem where f(A), f(B), f(C)
lie in fixed diadic intervals is O(X). Here f will be some specified function and we are
claiming that for any triple of diadic intervals IA, IB, IC the number of A,B,C that are
solutions to the appropriate ABC problem and so that additionally f(A) ∈ IA, f(B) ∈ IB
and f(C) ∈ IC is O(X). When we do this, it will often be the case that X depends on
f(A), f(B), f(C) and not just the parameters of the original ABC problem we were trying
to solve. By this we mean that our upper bound is valid if the f(A), f(B), f(C) appearing
in it are replaced by any numbers in the appropriate diadic intervals. Generally this freedom
will not matter since fixing diadic intervals for f(A), f(B), f(C) already fixes their values up
to a multiplicative constant. It should also be noted that [1, N ] can be covered by O(logN)
diadic intervals. Thus if we prove bounds on the number of solutions in which a finite number
of parameters (each at most N) lie in fixed diadic intervals, we obtain an upper bound for
the number of solutions with no such restrictions that is at most N ϵ larger than the bound
for the worst set of intervals.

2.3 Lattice Upper Bounds

In order to prove upper bounds, we will need a slightly different form of Lemma 3.

Lemma 4. Let L be a 2 dimensional lattice and P a convex polygon, centrally symmetric
about the origin. Then the number of vectors in L∩P which are not positive integer multiples
of other vectors in L is

O

(
Volume(P )

CoVolume(L)
+ 1

)
.
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Proof. If L ∩ P only contains the origin or multiples of a single vector, the result follows
trivially. Otherwise P contains two linearly independent vectors of L. This means that
P contains at least half of some fundamental domain. Therefore 2P contains some whole
fundamental domain. Therefore 4P contains all of the fundamental domains centered at any

of the points in L ∩ P . Therefore |L ∩ P | = O
(

Volume(P )
CoVolume(L)

)
.

We will also make extensive use of the following proposition:

Proposition 5. For any m, the number of k with |k| ≤ N and r(k) = m is O(N ϵ), where
the implied constant depends on ϵ but not N or m.

Proof. Let m = p1p2 · · · pn, where p1 < p2 < · · · < pn are primes (if m is not squarefree we
have no solutions). Then all such k must be of the form

∏n
i=1 p

ai
i for some integers ai ≥ 1

with
∑

i ai log(pi) ≤ log(N). Note that if for each such k you consider the unit cube defined
by
∏n

i=1[ai − 1, ai] ⊂ Rn, these cubes have disjoint interiors and are contained in a simplex

of volume 1
n!

∏
i
log(N)
log(pi)

. Hence the number of such k is at most

1

n!

∏
i

log(N)

log(pi)
= O

(
log(N)

n

)n

.

Now we must also have that n! ≤
∏

i pi ≤ N or there will be no solutions, so n =

O
(

log(N)
log log(N)

)
. Now n logN − n log n is increasing for n < N/e so the number of solutions is

at most

O

(
log(N)

log(N)/ log log(N)

)O( log(N)
log log(N))

= exp

(
O

(
log(N) log log log(N)

log log(N)

))
= O(N ϵ).

We now need some more definitions. For an integer n define

u(n) :=
∏
p||n

p

to be the product of primes that divide n exactly once. Let

e(n) :=
∏

pα||n,α>1

pα = n/u(n)

be the product of primes dividing n more than once counted with their appropriate multi-
plicity. Finally, let

v(n) =
∏
p2|n

p = r(n)/u(n) = r(e(n))
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be the product of primes dividing n more than once.
We can now prove the first part of our upper bound

Proposition 6. Fix 0 < a, b, c ≤ 1. The number of solutions to the ABC problem with
parameters (a, b, c,N) and with v(A), v(B), v(C) lying in fixed diadic intervals is

O(Na+b+c−1+ϵ + v(A)v(B)v(C)N ϵ).

Note that since v(A), v(B), v(C) ≤
√
N , this would already give a weaker but non-trivial

version of Theorem 2.

Proof. We will begin by additionally fixing diadic intervals for |A|, |B|, |C|, u(A), u(B), u(C),
e(A), e(B), e(C). Since there are only log(N) possible intervals for each, our total number
of solutions will be greater by a factor of at most a factor of O(N ϵ). Assume without loss of
generality that |A| ≤ |B| ≤ |C|.

There are O(v(A)v(B)v(C)) ways to fix the values of v(A), v(B), v(C) within their re-
spective diadic intervals. Given these, by Proposition 5 there are O(N ϵ) possible values of
e(A), e(B), e(C). Pick a triple of values for e(A), e(B), e(C). We assume these are relatively
prime, for otherwise they could not correspond to any valid solutions to our ABC problem.
Define the lattice L to consist of triples of integers which sum to 0, and are divisible by
e(A), e(B), e(C) respectively. We define the polygon P to be the set of (x1, x2, x3) so that
x1 + x2 + x3 = 0 and |x1| is bounded by the upper end of the diadic interval for |A|, and
|x2|, |x3| are likewise bounded by the intervals for |B| and |C|. The number of solutions to
our ABC problem with the specified values of e(A), e(B), e(C) and with |A|, |B|, |C| in the
appropriate diadic intervals is at most the number of vectors in L ∩ P that are not positive
integer multiples of other vectors in L. By Lemma 4 this is

O

(
Volume(P )

CoVolume(L)
+ 1

)
= O

(
|AB|

e(A)e(B)e(C)
+ 1

)
.

Multiplying this by the number of ways we had to choose values for v(A), v(B), v(C),
e(A), e(B), e(C), we get that the total number of solutions to our original ABC problem
with the specified diadic intervals for |A|, v(A), e(A), etc. is at most

O

(
N ϵ|ABC|v(A)v(B)v(C)

e(A)e(B)e(C)|C|
+N ϵv(A)v(B)v(C)

)
= O

(
N ϵr(A)r(B)r(C)

|C|
+N ϵv(A)v(B)v(C)

)
≤ O(N ϵ|A|a|B|b|C|c−1 +N ϵv(A)v(B)v(C)).

Where the last step comes from noting that for any solution to our ABC problem, r(A) ≤
|A|a, etc. Since a+ b+ c > 1, |AaBbCc−1| is maximized with respect to N ≥ |C| ≥ |B| ≥ |A|
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when |A| = |B| = |C| = N . So we obtain the bound

O(Na+b+c−1+ϵ +N ϵv(A)v(B)v(C)).

3 Points on Conics

The bound from Proposition 6 is useful so long as v(A), v(B), v(C) are not too big. When
they are large, we shall use different techniques. In particular, if v(A), v(B), v(C) are large,
then A,B,C are divisible by large squares. We will fix non-square parts of these numbers
and bound the number of solutions using a Theorem from [23]

Theorem 7 ([23] Theorem 2). Let q be an integral ternary quadratic form with matrix M .
Let ∆ = | detM |, and assume that ∆ ̸= 0. Write ∆0 for the highest common factor of the
2 × 2 minors of M . Then the number of primitive integer solutions of q(x) = 0 in the box
|xi| ≤ Ri is

≪ {1 + (
R1R2R3∆

2
0

∆
)1/2}d3(∆).

Where d3(∆) is the number of ways of writing ∆ as a product of three integers.

Putting this into a form that fits our needs slightly better:

Corollary 8. For a, b, c relatively prime integers, the number of solutions to aX2 + bY 2 +
cZ2 = 0 in relatively prime integers X, Y, Z with |X| ≤ R1, |Y | ≤ R2, |Z| ≤ R3 is

O

((
1 +

√
R1R2R3

|abc|

)
(|abc|)ϵ

)
.

Proof. This follows immediately from applying the above Theorem to the obvious quadratic
form, noting that ∆ = |abc|, ∆0 = 1 and that d3(N) = O(N ϵ).

We now have all of the machinery ready to prove the upper bound. We make one final
pair of definitions.

Let
S(n) :=

∏
pα||n

p[α/2] = sup{m : m2|n}.

be the largest number whose square divides n. Let

T (n) = |n/S(n)2|.

We use Corollary 8 to prove another upper bound.
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Proposition 9. Fix diadic intervals for S(A), T (A), S(B), T (B), S(C), and T (C). The
number of solutions of the ABC problem with S and T of A,B,C lying in these intervals is

O
((

T (A)T (B)T (C) +
√

S(A)S(B)S(C)T (A)T (B)T (C)
)
N ϵ
)
.

Proof. There are O(T (A)T (B)T (C)) choices for the values of T (A), T (B), T (C) lying in
their appropriate intervals. Fixing these values, we count the number of solutions to

±T (A)S(A)2 ± T (B)S(B)2 ± T (C)S(C)2 = 0

with S(A), S(B), S(C) relatively prime and in the appropriate intervals. By Corollary 8 this
is at most

O

((
1 +

√
S(A)S(B)S(C)

T (A)T (B)T (C)

)
N ϵ

)
.

Hence the total number of solutions to our ABC problem with T (A), S(A), etc. lying in
appropriate intervals is

O
((

T (A)T (B)T (C) +
√

S(A)S(B)S(C)T (A)T (B)T (C)
)
N ϵ
)
.

We are now prepared to prove our upper bound on the number of solutions to an ABC
problem.

Proof of Theorem 2. It is enough to prove our Theorem after fixing S(A), T (A), v(A),
S(B), T (B), v(B), S(C), T (C), v(C) to all lie in fixed diadic intervals, since there are only
O(log(N)9) = O(N ϵ) choices of these intervals. It should be noted that S(n) ≥ v(n) for all
n. By Proposition 6 we have the number of solutions is at most

O
(
Na+b+c−1+ϵ + S(A)S(B)S(C)N ϵ

)
.

By Proposition 9, noting that N ≥ T (A)S(A)2, T (B)S(B)2, T (C)S(C)2, we know that the
number of solutions is at most

O
(
N3+ϵ(S(A)S(B)S(C))−2 +N3/2+ϵ(S(A)S(B)S(C))−1/2

)
.

If S(A)S(B)S(C) ≥ N this latter bound is O(N1+ϵ) and if S(A)S(B)S(C) ≤ N , the former
bound is O(Na+b+c−1+ϵ +N1+ϵ). So in either case we have our desired bound.
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4 Conclusion

We have proven several bounds on the number of solutions to ABC type problems. In
particular we have proven the Conjecture 1 so long as a+ b+ c ≥ 2.

Our lower bounds can not be extended by this technique because if a, b, c are much smaller
we will not be guaranteed that the lattices we look at will have anything more than multiples
of their shortest vector in the range we are concerned with.

Our upper bounds likely cannot be extended much either, because when S(A)S(B)S(C) ∼
N , then Corollary 8 only says that we have O(N ϵ) solutions for each choice of the T ’s. To
do better than this, we would need to show that for some reasonable fraction of T ’s that
there were no solutions.



Chapter B

The Goldbach Problem for Primes in
Chebotarev Classes

1 Introduction and Statement of Results

In 1937 Vinogradov proved that any sufficiently large odd number could be written as the
sum of three primes. In addition, he managed to provide an asymptotic for the number of
ways to do so, proving (as stated in [24] Theorem 19.2)

Theorem 1 (Vinogradov, statement taken from [24] Theorem 19.2). For N a positive integer
and A any real number then∑

n1+n2+n3=N

Λ(n1)Λ(n2)Λ(n3) = G3(N)N2 +O(N2 log−A(N)). (1)

Where

G3(N) =
1

2

∏
p|N

(1− (p− 1)−2)
∏
p-N

(1 + (p− 1)−3),

Λ(n) is the Von Mangoldt function, and the asymptotic constant in the O depends on A.

It is easy to see that the contribution to the left hand side of Equation 1 coming from one
of the ni a power of prime is negligible, and thus this side of the equation may be replaced by
a sum over triples p1, p2, p3 of primes that sum to N of log(p1) log(p2) log(p3). This implies
that any sufficiently large odd number can be written as a sum of three primes since G3(N)
is bounded below by a constant for N odd.

It should also be noted that the main term, N2G3(N) can be written as

C∞
∏
p

Cp.

13
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Where

C∞ =
N2

2
and

Cp =

{
(1− (p− 1)−2) if p|N
(1 + (p− 1)−3) else

.

When written this way, there is a reasonable heuristic explanation for Theorem 1. To be-
gin with, the Prime Number Theorem says that the Von Mangoldt function, is approximated
by the distribution assigning 1 to each positive integer. C∞ provides an approximation to
the number of solutions based on this heuristic. The Cp can be thought of as corrections
to this heuristic. They can be thought of as local contributions coming from congruential
information about the primes pi. Cp can easily be seen to be equal to

p#
{
(n1, n2, n3) ∈ ((Z/pZ)∗)3 : n1 + n2 + n3 ≡ N (mod p)

}
(p− 1)3

.

This can be thought of as a correction factor coming from the fact that no prime (except for
p) is a multiple of p. This term is the ratio of the probability that three randomly chosen
non-multiples of p add up to N modulo p divided by the probability that three randomly
chosen (arbitrary) numbers add up to N modulo p.

There have been a number of generalizations to Theorem 1 over the years. G(N) is viewed
in the light described above, it is straightforward to generalize Theorem 1 to find asymptotics
for the number of solutions to any linear equation in at least three prime numbers. In
particular for fixed non-zero integers a1, . . . , ak (k ≥ 3), and integers X and N , one can
prove a formula similar to Equation 1 to approximate the sum over primes p1, . . . , pk ≤ X so
that

∑k
i=1 aipi = N of

∏k
i=1 log(pi). Furthermore if k = 2, one can show that the analogous

formula will hold for all but O(X log−B(X)) of the possible values for N .
In [60], this result was generalized to counting the number of representations of N as a

sum of three primes all within approximately N5/6 of N/3. In [54], bounds on the number
of ways of writing N as sums of primes were made explicit enough to prove that any even
natural number could be written as the sum of at most 18 primes. Other generalizations
include [50] and [61], which generalize the Goldbach problem to number fields, and count the
number of ways of writing elements of the ring of integers as a sum of elements generating
prime ideals. Several papers, such as [19] and [46], deal with the problem of writing N as a
sum of primes each taken from a specified arithmetic progression.

In this Chapter, we prove a new generalization of Theorem 1, counting solutions to similar
equations where in addition the primes pi are required to lie in specified Chebotarev classes.
In particular, after fixing Galois extensions Ki/Q and conjugacy classes Ci of Gal(Ki/Q), we
find an asymptotic for the sum of

∏k
i=1 log(pi) over primes p1, . . . , pk ≤ X so that [Ki/Q, pi] =

Ci for each i and
∑k

i=1 aipi = N . Note that the results on writing N as a sum of primes
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from arithmetic progressions, will follow as a special case of this when Ki is abelian over Q
(although our bounds are probably worse). In particular we prove:

Theorem 2. Let k ≥ 3 be an integer. Let Ki/Q be finite Galois extensions (1 ≤ i ≤ k) and
Gi = Gal(Ki/Q). Let a1, . . . , ak be non-zero integers with no common divisor. Let Ci be a
conjugacy class of Gi for each i. Let Ka

i be the maximal abelian extension of Q contained in
Ki, and let Di be its discriminant. Let D be the least common multiple of the Di. Let H0

i

be the subgroup of (Z/DZ)∗ corresponding to Ka
i via global class field theory. Let Hi be the

coset of H0
i corresponding to the projection of an element of Ci to Gal(Ka

i /Q). Additionally
let N be an integer and let A and X be positive numbers, then

∑
pi≤X

[Ki/Q,pi]=Ci∑
i aipi=N

k∏
i=1

log(pi) =

(
k∏

i=1

|Ci|
|Gi|

)
C∞CD

∏
p-D

Cp

+O
(
Xk−1 log−A(X)

)
. (2)

Where the sum on the right hand side is over sets of prime numbers p1, . . . , pk, each at most
X, so that

∑k
i=1 aipi = N , and so that the Artin symbol [Ki/Q, pi] lands in the conjugacy

class Ci of Gi for all 1 ≤ i ≤ k. On the right hand side,

C∞ =

∫
xi∈[0,X]∑
i aixi=N

(
k∑

i=1

ai
∂

∂xi

)
dx1 ∧ dx2 ∧ . . . ∧ dxk,

CD = D

(
#{(xi) ∈ ((Z/DZ)∗)k : xi ∈ Hi,

∑k
i=1 aixi ≡ N (mod D)}∏k

i=1 |Hi|

)
,

and the second product is over primes p not dividing D of

Cp = p

(
#{(xi) ∈ ((Z/pZ)∗)k :

∑k
i=1 aixi ≡ N (mod D)}

(p− 1)k

)
.

The implied constant in the O term may depend on k,Ki, Ci, ai, and A, but not on X or
N . Additionally, if k = 2 and Ki, Ci, ai, A,X are fixed, then Equation (2) holds for all but
O(X log−A(X)) values of N .

The introduction of Chebotarev classes leads to two main differences between our asymp-
totic and the classical one. For one, the Chebotarev Density Theorem tells us that there
are fewer primes in these Chebotarev classes than out of them and causes us to introduce

a factor of
∏k

i=1

(
|Ci|
|Gi|

)
. Secondly, Global Class Field Theory tells us that the prime pi will

necessarily lie in the subset Hi of (Z/DZ)∗, giving us the correction factor CD rather than∏
p|D Cp to account for required congruence relations that these primes satisfy.
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It should be noted that the error term is o(Xk−1 log(X)−1), whereas if N is bounded
away from both the largest and smallest possible values that can be taken by

∑
i aixi for

xi ∈ [0, X], then C∞ will be on the order of Xk−1. For Ki, Ci fixed, the first term on the
right hand side is a constant. CD is either 0 or is bounded away from both 0 and ∞. Lastly,
for p - Dn

∏
i ai, inclusion-exclusion tells us that Cp = 1 +O(p−2), and for p|N , p - D

∏
i ai,

Cp = 1 + O(p−1). This means that unless Cp = 0 for some p,
∏

pCp is within a bounded

multiple of
∏

p|N(1 +O(p−1)) = exp(O(log log logN)). Therefore, unless CD = 0, Cp = 0 for
some p, or N is near the boundary of the available range, the main term on the right hand
side of Equation 2 dominates the error.

2 Overview

Our proof will closely mimic the proof in [24] of Theorem 1. We provide a brief overview of
the proof given in [24], discuss our generalization and provide an outline for the rest of the
Chapter.

2.1 The Proof of Theorem 1

On a very generally level, the proof given in [24] depends on writing

Λ = Λ♯ + Λ♭.

Here Λ♯ is a nice approximation to the Von Mangoldt function obtained essentially by Sieving
out multiples of small primes and Λ♭ is an error term. It is relatively easy to deal with the
sum ∑

n1+n2+n3=N

Λ♯(n1)Λ
♯(n2)Λ

♯(n3),

yielding the main term in Equation 1. This leaves additional terms, each involving at least
one Λ♭. These terms are dealt with by showing that Λ♭ is small in the sense that its generating
function has small L∞ norm.

To prove this bound on Λ♭, they make use of [24] Theorem 13.10, which states that for
any A ∑

m≤x

µ(m)e2πiαm ≪ x log−A(x)

(µ is the Möbius function) with the implied constant depending only on A. This in turn is
proved by splitting into cases based on whether or not α is near a rational number of small
denominator.

If α is close to a rational number, the sum can be bounded through the use of Dirichlet
L-functions. They prove bounds on

∑
n≤x χ(n)µ(n) for χ a Dirichlet character ([24] (5.80)).
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To prove this, their main ingredients are their Theorem 5.13, which gives bounds on the
sums of coefficients of the logarithmic derivative of an L-function, along with some bounds
on zero-free regions and Siegel zeroes.

If α is not well approximated by a rational number with small denominator, their bound
is proved by rewriting the sum using some combinatorial identities ([24] (13.39)) and using
the quadratic form trick. (Their actual bound is given in [24] Theorem 13.9.)

2.2 Outline of Our Proof

Our proof of Theorem 2 is similar in spirit to the proof of Theorem 1 given in [24]. We differ
in a few ways, some just in the way we choose to organize our information and some from
necessary complications due to the increased generality. We provide below and outline of
our proof and a comparison of our techniques to those used in [24].

Instead of dealing directly with Λ,Λ♯ and Λ♭ as is done in [24], we instead deal directly
with their generating functions. In Section 3.1, we define G, which is our equivalent of the
generating function for Λ. As it turns out, G is somewhat difficult to deal with directly, so we
define a related function F , that is better suited for techniques involving Hecke L-functions.
In Proposition 3 we prove that we can write G approximately as an appropriate sum of F ’s.

In Section 3.2 we define G♯ and G♭, which are analogues of the generating functions for
Λ♯ and Λ♭. We also define analogous F ♯ and F ♭. We do our sieving to write G♯ slightly
differently than the way [24] does to define Λ♯, essentially writing our version of Λ♯ as a
product of local factors. This will later on produce some sums over smooth numbers, so in
Lemma 6 we bound the number of smooth numbers, so that we may bound errors coming
from sums over them.

We next work on proving that F ♭ has small L∞ norm (this is somewhat equivalent to
[24] showing that generating functions of Λ♭ or µ are small). As in [24], we split into two
cases based on whether or not we are near a rational number.

In Section 4.1 we deal with the approximation near rationals. First, in Section 4.1.1, we
generalize some necessary results about L-functions and Siegel zeroes. In Section 4.1.2, we
use these to produce an approximation of F , and in Section 4.1.3, we show that this also
approximates F ♯.

In Section 4.2, we deal with showing that F ♭ is small away from rationals. This is where
we need to most diverge from the proof in [24]. The primary reason for this is that the
classical case reduces the problem to bounds on trigonometric sums, which are relatively
easy. Unfortunately, the analogue of these sums in our setting is a sum over ideals a of
e2πiαN(a), or something similar. In order to deal with these sums, we need some results
about when multiples of a number with poor rational approximation have a good rational
approximation (in Section 4.2.2). In Section 4.2.3, we use this result to prove bound on sums
of the type described above, and in Section 4.2.4 use these bounds to prove bounds on F .
In Section 4.2.1 we prove bounds for F ♯. Combining these bounds, we obtain bounds on F ♭.
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In Section, 5 we use our bounds on F ♭ to prove bounds on G♭. Finally, in Section 6, we
use this bound to prove Theorem 2. In Section 6.1, we introduce the appropriate product
generating functions, and deal with the terms coming from G♭’s. In Section 6.2, we produce
the main term of our Theorem.

Finally, in Section 7, we show an application of our Theorem to constructing elliptic
curves whose discriminants split completely over specified number fields.

3 Preliminaries

In this Section, we introduce some of the basic terminology and results that will be used
throughout the rest of the Chapter. In Section 3.1, we define the functions F and G along
with some of the basic facts relating them. In Section 3.2, we define F ♯ and G♯ along with
some related terminology and again prove some basic facts. Finally, in Section 3.3, we prove
a result on the distribution of smooth numbers that will prove useful to us later.

3.1 G and F

We begin with a standard definition:

Definition. Let e(x) denote the function e(x) = e2πix.

We now define G as the generating function for the set primes p ≤ X with [K/Q, p] = C
each weighted by log(p).

Definition. Suppose that K/Q is a finite Galois extension, G = Gal(K/Q), C a conjugacy
class of G, and X a positive real number. We then define the generating function

GK,C,X(α) =
∑
p≤X

[K/Q,p]=C

log(p)e(αp).

Where the sum is over primes, p, with p ≤ X and [K/Q, p] = C.

G is a little awkward to deal with and we would rather work with a related function
defined in terms of characters. We first need one auxiliary definition:

Definition. Let L/Q be a number field. Let ΛL be the Von Mangoldt function on ideals of
L, ΛL : {Ideals of L} → R defined by

ΛL(a) =

{
log(N(p)) if a = pn

0 otherwise

which assigns log(N(p)) to a power of a prime ideal p, and 0 to ideals that are not powers
of primes.
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We now define

Definition. If L/Q is a number field, ξ a Grossencharacter of L, and X a positive number,
define the function

FL,ξ,X(α) =
∑

N(a)≤X

ΛL(a)ξ(a)e(αN(a)).

Where the sum above is over ideals a of L with norm at most X.

Notice that the sum in the definition of F is determined up to O(
√
X) by the terms

coming from a a prime splitting completely over Q.
For both F and G, we will often suppress some of the subscripts when they are clear

from context. We now demonstrate the relationship between F and G.

Proposition 3. Let K and C be as above. Pick a c ∈ C. Let L ⊆ K be the fixed field of c.
Then we have that

GK,C,X(α) =
|C|
|G|

(∑
χ

χ(c)FL,χ,X(α)

)
+O(

√
X). (3)

Where the sum is over characters χ of the subgroup ⟨c⟩ ⊂ G, which, by global class field
theory, can be thought of as characters of L.

Proof. We begin by considering the sum on the right hand side of Equation (3). It is equal
to ∑

χ

χ(c)FL,χ,X(α) =
∑
χ

∑
N(a)≤X

ΛL(a)χ(c)χ(a)e(αN(a))

=
∑

N(a)≤X

ΛL(a)e(αN(a))
∑
χ

χ(c)χ([K/L, a])

= ord(c)
∑

N(a)≤X
[K/L,a]=c

ΛL(a)e(αN(a)).

Up to an error of O(
√
X), we can ignore the contributions from elements whose norms are

powers of primes, because there are O(
√
X/ log(X)) higher powers of primes with norm at

most X. Therefore the above equals

ord(c)
∑

N(p)≤X
[K/L,p]=c

N(p) is prime

log(N(p))e(αN(p)) +O(
√
X).
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We need to determine now which primes p ∈ Z are the norm of an ideal p of L with
[K/L, p] = c, and for such p, how many such p lie over it. Each such p must have only one
prime q of K over it and it must be the case that [K/Q, q] = c. Hence the p we wish to
find are exactly those that have a prime q lying over them with [K/Q, q] = c. These are
exactly the primes p so that [K/Q, p] = C. Hence the term e(αn) appears in the above sum
if and only if n is a prime p with [K/Q, p] = C. We next need to compute the coefficient
of this term. The coefficient will be ord(c) log(p) times the number of primes p of L over p
with [K/Q, p] = c. These primes are in 1-1 correspondence with primes q of K over p with

[K/Q, q] = c. Now for such p, there will be |G|
ord(c)

primes of K over it, and |G|
|C|ord(c) of them

will have the correct Artin symbol. Hence the coefficient of e(αp) for such p will be exactly
|G|
|C| log(p). Therefore the sum on the right hand side of Equation (3) is

|G|
|C|

∑
p≤X

[K/Q,p]=C

log(p)e(αp) +O(
√
X).

Multiplying by |C|
|G| completes the proof of the Proposition.

3.2 Local Approximations

Here we define some simpler functions meant to approximate F and G. In order to do so we
will need a number of auxiliary definitions:

Definition. For p a prime let

Λp(n) =

{
0 if p|n

1
1−p−1 else

.

Λp can be thought of as a local approximation to the Von Mangoldt function, based only
on the residue of n modulo p. Putting these functions together we get

Definition. Let z be a positive real. Define a function Λz by

Λz(n) =
∏
p≤z

Λp(n) =

{
0 if p|n for some prime p < z∏

p<z
1

1−p−1 otherwise
.

Note that by slight abuse of notation we have already defined several functions denoted
by Λ with some subscript. We will disambiguate these by context and by consistently using
subscripts either the same as or nearly identical to those used in the original definition (so
Λz will always use z as its subscript, even though this represents a variable).

There are also some related definitions which will prove useful later.
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Definition. Let

C(z) =
∏
p≤z

1

1− p−1
.

P (z) =
∏
p≤z

p.

P (z, q) =
∏

p≤z,p-q

p.

We note that
Λz(n) = C(z)

∑
d|(n,P (z))

µ(d),

that

Λz(n) = C(z)
∑

d|(n,P (z,q))

µ(d) ·

({
1 if (n, q) = 1

0 otherwise

)
,

and that
C(z) = Θ(log(z)).

We will need some other local contributions to the Von Mangoldt function to take into
account splitting information. In particular we define:

Definition. Let K/Q be a Galois extension and C ⊂ G = Gal(K/Q) a conjugacy class of
the Galois group. Let the image of C in Gab correspond via Global Class Field Theory to a
coset H of some subgroup of (Z/DKZ)∗ for DK the discriminant of K. We define ΛK,C to
be the arithmetic function:

ΛK,C(n) =

{
ϕ(DK)
|H| if n ∈ H

0 otherwise
.

This accounts for the congruence conditions implied by n being a prime with Artin symbol
C.

Definition. Let L be a number field. Consider the image of Gal(Q̄/L) in Gal(Q̄/Q)ab.
By global class field theory, this corresponds to a subgroup HL of (Z/DLZ)∗ for DL the
discriminant of L. Let

ΛL/Q(n) =

{
ϕ(DL)
|HL|

if n ∈ HL

0 otherwise
.

ΛL/Q accounts for the congruence conditions that are implied by being a norm from L
down to Q.

We are now prepared to define our approximations F ♯ and G♯ to F and G.
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Definition. For K/Q Galois, C a conjugacy class in Gal(K/Q), and z and X positive
numbers, we define the generating function

G♯
K,C,X,z(α) =

|C|
|G|

∑
n≤X

ΛK,C(n)Λz(n)e(αn).

We also let
G♭

K,C,X,z(α) = GK,C,X(α)−G♯
K,C,X,z(α).

Definition. For L/Q a number field, ξ a Grossencharacter of L, X and z positive numbers,
we define the function

F ♯
L,ξ,X,z(α) =

{∑
n≤X ΛL/Q(n)Λz(n)χ(n)e(αn) if ξ = χ ◦NL/Q

0 otherwise

where the first case is if ξ can be written as χ ◦ NL/Q for some Dirichlet character χ. We
note that although there may be several Dirichlet characters χ so that ξ = NL/Q ◦χ, that the
product of χ(n) with ΛL/Q(n) is independent of the choice of such a χ. We also let

F ♭
L,ξ,X,z(α) = FL,ξ,X(α)− F ♯

L,ξ,X,z(α).

Again for these functions we will often suppress some of the subscripts.
We claim that F ♯ and G♯ are good approximations of F and G, and in particular we will

prove that:

Theorem 4. Let K/Q be a finite Galois extension, and let C be a conjugacy class of
Gal(K/Q). Let A be a positive number and B a sufficiently large multiple of A. Then
if X is a positive number, z = logB(X), and α any real number, then∣∣G♭

K,C,X,z(α)
∣∣ = O

(
X log−A(X)

)
, (4)

where the implied constant depends on K,C,A, and B, but not on X or α.

Theorem 5. Given L/Q a number field, and ξ a Grossencharacter of L, let A be a positive
number and B a sufficiently large multiple of A. Then if X is a positive number, z =
logB(X), and α any real number, then∣∣F ♭

L,ξ,X,z(α)
∣∣ = O

(
X log−A(X)

)
, (5)

where the implied constant depends on L, ξ, A, and B, but not on X or α.

The proofs of these Theorems will be the bulk of Sections 4 and 5.
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3.3 Smooth Numbers

We also need some results on the distribution of smooth numbers. We begin with a definition:

Definition. Let S(z, Y ) be the number of n ≤ Y so that n|P (z). In other words the number
of n ≤ Y so that n is squarefree and has no prime factors bigger than z.

We will need the following bound on S(z, Y ):

Lemma 6. If z = logB(X) and Y ≤ X, then

S(z, Y ) ≪ Y 1−1/(2B) exp
(
O(
√
log(X))

)
Proof. Notice that∫ Y

y=0

S(z, y)dy =
1

2π

∫ 1+i∞

1−i∞
(s(s+ 1))−1

∏
p≤z

(1 + p−s)Y s+1ds.

Note that for ℜ(s) > 1
2
,∣∣∣∣∣∏

p≤z

(1 + p−s)

∣∣∣∣∣ =
∣∣∣∣∣exp

(∑
p≤z

p−s +O(1)

)∣∣∣∣∣≪ exp

(
z1−ℜ(s)

1−ℜ(s)

)
.

Changing the line of integration to 1 − ℜ(s) = 1
2B

, we get that the integrand is at most

s−2Y 2−1/(2B) exp
(
O(
√
log(X))

)
. Integrating and evaluating at 2Y , we get that

Y 2−1/(2B) exp
(
O(
√
log(X))

)
≫
∫ 2Y

y=0

S(z, y)dy ≫ Y S(z, Y ),

proving our result.

4 Approximation of F

In this Section, we will prove Theorem 5, restated here:

Theorem 5. Given L/Q a number field, and ξ a Grossencharacter of L, let A be a positive
number and B a sufficiently large multiple of A. Then if X is a positive number, z =
logB(X), and α any real number, then∣∣F ♭

L,ξ,X,z(α)
∣∣ = O

(
X log−A(X)

)
,

where the implied constant depends on L, ξ, A, and B, but not on X or α.
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In order to prove Theorem 5, we will split into cases based upon whether α is well
approximated by a rational number of small denominator. If it is (the smooth case), we
proceed to use the theory of L-functions to approximate F . If α is not well approximated
(the rough case), we generalize results on exponential sums over primes to show that |F | is
small. In either case, F ♯ is not difficult to approximate.

We note that by Dirichlet’s approximation Theorem, we can always find a pair (a, q) with

a and q relatively prime and q < M = Θ(X log−B(X)) with
∣∣∣α− a

q

∣∣∣ ≤ 1
qM

. We consider the

smooth case to be the one where q ≤ z.

4.1 α Smooth

In this Section, we will prove the following Proposition:

Proposition 7. Let L be a number field, and ξ a Grossencharacter. If z = logB(X), Y ≤ X
and α = a

q
with a and q relatively prime and q ≤ z, then for some constant c > 0 (depending

only on L, ξ and B),

|F ♭
L,ξ,Y,z(α)| = O

(
X exp

(
−c
√
log(X)

))
.

We note that this result can easily be extended to all smooth α. In particular we have:

Corollary 8. Let L and ξ be as above. Let A be a constant, and B a sufficiently large
multiple of A. Let z = logB(X). Suppose that α = a

q
+ θ with a and q relatively prime, q ≤ z

and |θ| ≤ 1
qM

. Then

|F ♭
L,ξ,X,z(α)| = O(X log−A(X)).

Proof (Given Proposition 7). Letting F ♭
L,ξ,X(α) =

∑
n≤X ane(αn), we have by Abel summa-

tion and Proposition 7 that

F ♭
L,ξ,X(α) =

∑
n≤X

ane

(
na

q

)
e (nθ)

= (1− e(θ))

(∑
Y≤X

F ♭
L,ξ,Y

(
a

q

)
e(Y θ)

)
+ F ♭

L,ξ,X

(
a

q

)
e((X + 1)θ)

= X−1 logB(X)
∑
Y≤X

O
(
X log−A−B(X)

)
+O

(
X log−A(X)

)
= O

(
X log−A(X)

)
.

In order to prove Proposition 7, we will need to separately approximate F and F ♯. For
the former, we will also need to review some basic facts about Hecke L-functions.
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4.1.1 Results on L-functions

Fix a number field L and a Grossencharacter ξ. We consider Hecke L-functions of the form
L(ξχ, s) where χ is a Dirichlet character of modulus q ≤ z = logB(X) thought of as a
Grossencharacter via χ(a) = χ(NL/Q(a)). We let d be the degree of L over Q, and let DL

be the discriminant. We let m be the modulus of the character ξ, and q the modulus of
χ. We note that ξχ has modulus at most qm. Therefore by [24], in the paragraph above
Theorem 5.35, L(ξχ) has conductor q ≤ 4d|dK |N(m)qd, and by Theorem 5.35 of [24], for
some constant c depending only on L, L(ξχ, s) has no zero in the region

σ > 1− c

d log(|dK |N(m)qd(|t|+ 3))

except for possibly one Siegel zero. Note also that L(ξχ, s) has a simple pole at s = 1 if
ξ = χ̄, and otherwise is holomorphic. Noting that

−L′(ξχ, s)

L(ξχ, s)
=
∑
a

ΛL(a)ξχ(a)N(a)−s,

and that the n−s coefficient of the above is at most d log(n), we may apply Theorem 5.13 of
[24] and obtain for a suitable constant c > 0,∑

N(a)≤Y

ΛL(a)ξ(a)χ(a) = (6)

rY − Y β

β
+O

(
Y exp

(
−c log Y√

log Y + 3 log(qd) +O(1)

)
(log(Y qd) +O(1))4

)
,

where the term Y β

β
should be taken with β the Siegel zero if it exists; r = 0 unless ξχ = 1,

in which case, r = 1; and the implied constants may depend on L, ξ but not on χ or Y .
In order to make use of Equation 6, we will need to prove bounds on the size of Siegel

zeroes. In particular we show that:

Lemma 9. For all L and ξ, and all ϵ > 0, there exists a c(ϵ) > 0 so that for every Dirichlet
character χ of modulus q and every Siegel zero β of L(ξχ, s),

β > 1− c(ϵ)

qϵ
.

Proof. We follow the proof of Theorem 5.28 part 2 from [24], and note the places where we dif-
fer. We note that Theorem 5.35 states that we only need by concerned when ξχ is totally real.
We then consider two such χ having Siegel zeros. We use, L(s) = ζL(s)L(ξχ1, s)L(ξχ2, s)L(ξ

2χ1χ2),
which has conductor O(q1q2)

2d instead of the analogous one from [24]. This gives us a convex-
ity bound on the integral term of O((q1q2)

dx1−β), instead of the one listed. Again assuming
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that β > 3/4, we take x > c(q1q2)
4d. We notice that we still have (5.64) for σ > 1− 1/d suf-

ficiently large by noting that |
∑

N(a)≤x ξχ(a)| = O(x1−1/d+max(x, q)). Therefore, Equation

(5.75) of [24] becomes

L(ξχ2, 1) ≫ (1− β1)(q1q2)
−4d(1−β1)(log(q1q2))

−2.

The rest of the argument from [24] carries over more or less directly.

4.1.2 Approximation of F

We prove

Proposition 10. With L, ξ, χ, Y, r as above, X ≥ Y and z = logB(X),

FL,ξχ,Y (0) = rY +O
(
X exp(−c

√
X)
)
. (7)

Where again c depends on L, ξ but not χ,X, Y .

Proof. Applying Lemma 9 with ϵ = 1− 1/(2B) to Equation 6, we get that

∑
N(a)≤Y

ΛL(a)ξ(a)χ(a) = rY − Y β

β
+O

(
X exp(−c

√
log(X))

)
= rY +O

(
Y exp(−c(ϵ)

√
log(Y )

)
+O

(
X exp(−c

√
log(X))

)
= rY +O

(
X exp(−c

√
log(X))

)
.

4.1.3 Approximation of F ♯

Proposition 11. With L, ξ, χ,X, Y, r as above, z = logB(X),

F ♯
L,ξχ,Y (0) = rY +O

(
X exp(−c

√
X)
)
.

Proof. If ξχ is not of the form χ′ ◦NL/Q, then F ♯ = 0 and we are done. Otherwise let ξχ be
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as above with χ′ a character of modulus q′. We have that

F ♯
L,χ′,Y (0) =

∑
n≤Y

ΛL/Q(n)Λz(n)χ
′(n)

= C(z)
∑
n≤Y

∑
d|(P (z,q′DL),n)

µ(d)ΛL/Q(n)χ
′(n)

= C(z)
∑

d|P (z,q′DL)

∑
n=dm≤Y

µ(d)ΛL/Q(n)χ
′(n)

= C(z)
∑

d|P (z,q′DL)

µ(d)χ′(d)
∑

m≤Y/d

ΛL/Q(dm)χ′(m).

Consider for a moment the inner sum over m. It is periodic with period dividing q′DL. Note
that the sum over a period is 0 unless χ′ is trivial on HL, in which case the average value is
χ′(d)ϕ(q

′DL)
q′DL

. Since r = 1 if χ′ vanishes on HL and r = 0 otherwise, we have that:

F ♯
L,χ′,Y (0) = C(z)

(
ϕ(q′DL)

q′DL

) ∑
d|P (z,qDL)

d≤Y

(
rµ(d)Y

d
+O(q′DL)

)
.

The sum of error term here is at mostO (C(z)qS(z, Y )) which by Lemma 6 isO
(
Y 1−1/(2B) log2(z)q exp(O(

√
log(X)))

)
.

The remaining term is

rY C(z)
ϕ(q′DL)

q′DL

∑
d|P (z,q′DL)

d≤Y

µ(d)

d
.

The error introduced by extending the sum to all d|P (z, q′DL) is at most

O

(
Y C(z)

∫ ∞

Y

S(z, y)y−2dy

)
.

By Lemma 6 this is

O
(
Y 1−1/(2B) log(z) exp(O(

√
log(X)))

)
.

Once we have extended the sum we are left with

rY C(z)
ϕ(q′DL)

q′DL

∑
d|P (z,q′DL)

µ(d)

d
= rY C(z)

(
ϕ(q′DL)

q′DL

)(
ϕ(P (z, q′DL))

P (z, q′DL)

)

= rY C(z)

(
ϕ(P (z))

P (z)

)
= rY.
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Hence

F ♯
L,ξχ,Y,z(0) = rY +O

(
Y 1−1/(2B) log2(z)q2 exp(O(

√
log(X)))

)
= rY +O

(
X exp(−c

√
X)
)
.

4.1.4 Proof of Proposition 7

Proof. Combining Propositions 10 and 11 we obtain that

F ♭
L,ξχ,Y,z(0) = O

(
X exp(−c

√
X)
)
.

Our Proposition follows immediately after noting that

F ♭
L,ξ,X,z

(
a

q

)
=

∑
χ mod q

eχF
♭
L,ξχ,X,z(0).

Where eχ is the appropriate Gauss sum.

4.2 α Rough

In this Section, we will show that |F ♭(α)| is small for α not well approximated by a rational
of small denominator. We will do this by showing that both |F (α)| and |F ♯(α)| are small.
The proof of the latter will resemble the proof of Proposition 11. The proof of the former
will require some machinery including some Lemmas about rational approximations and
exponential sums of polynomials.

4.2.1 Bounds on F ♯

Proposition 12. Fix L a number field, and ξ a Grossencharacter. Fix B and let z =
logB(X). Let α be a real number. If there exist relatively prime integers a and q so that∣∣∣∣α− a

q

∣∣∣∣ < 1

q2
,

then, |F ♯
L,ξ,z(α)| is

O
(
X log(X) log(z)q−1 + q log(q) log(z) +X1−1/(4B) exp(O(

√
log(X))

)
.
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Proof. We note that the result is trivial unless ξ = NL/Q(χ) for some Dirichlet character χ
of modulus Q. Hence we may assume that

F ♯
L,ξ,z(α) =

∑
n≤X

ΛL/Q(n)Λz(n)χ(n)e(αn).

Let DL be the discriminant of L. We note that

F ♯
L,ξ,z(α) =

∑
n≤X

ΛL/Q(n)Λz(n)χ(n)e(αn)

= C(z)
∑
n≤X

∑
d|(n,P (z,QDL))

µ(d)ΛL/Q(n)χ(n)e(αn)

= C(z)
∑

d|P (z,QDL)

µ(d)χ(d)
∑

md=n≤X

ΛL/Q(dm)χ(m)e(αdm)

= O

C(z)
∑

d|P (z,QDL)

∣∣∣∣∣∣
∑

m≤X/d

ΛL/Q(dm)χ(m)e(αdm)

∣∣∣∣∣∣
 .

In order to analyze the last sum, we split it up based on the conjugacy class of m modulo
QDL. Each new sum is geometric series with ratio of terms e(αQDLd). Hence we can bound

this sum as min
(

X
d
, QDL

2||dQDLα||

)
, where ||x|| is the distance from x to the nearest integer.

Therefore we have that |F ♯
χ,z(α)| is

O

C(z)
∑

d≤X1−1/(4B)

min

(
X

d
,

QDL

2||dQDLα||

)
+ C(z)X1/4BS(z,X)

 .

We bound the sum in the first term by looking at what happens as d ranges over an interval
of length q

3QDL
. We get that dQDLα = x0 + kQα for x0 the value at the beginning of

the interval and k an integer at most q
3QDL

. Notice that kQDLα is within 1
3q

of kQDLa
q

,
which must be distinct for different values of k. Hence none of the fractional parts of
dQDLα can be within 1

3q
of each other. Hence the sum over this range of d is at most

X
d
+2QDL

2/(3q)
+ 2QDL

2(2/2q)
+. . . = O

(
X
d
+ 3qQDL log(q)

)
. Furthermore the X

d
term does not show up in

the first such interval, since when d = 0, dQDLα is an integer. We have 3QDLX
1−1/(4B)/q+1

of these intervals. Therefore, the first term is at most

O

3QDLX
1−1/(4B)∑

ℓ=1

X

(ℓq/(3QDL))
+ 9Q2D2

L log(q)X
1−1/(4B) + 3qQDL log(q)


= O

(
X log(X)q−1 + log(q)X1−1/(4B) + q log(q)

)
.
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The other term is bounded by Lemma 6 as

O
(
log(z)X1−1/(4B) exp

(
O(
√

log(X))
))

.

Putting these bounds together, we get that |F ♯
L,ξ,z(α)| is at most

O
(
X log(X) log(z)q−1 + q log(q) log(z) +X1−1/(4B) exp(O(

√
log(X))

)
.

4.2.2 Lemmas on Rational Approximation

In the coming Sections, we will need some results on rational approximation of numbers.
In particular, we will need to know how often multiples of a given α have a good rational
approximation. In order to discuss these issues, we first make the following definition:

Definition. We say that a real number α has a rational approximation with denominator
q if there exist relatively prime integers a and q so that∣∣∣∣α− a

q

∣∣∣∣ < 1

q2
.

We now prove a couple of Lemmas about this definition.

Lemma 13. Let X,Y,A be positive integers. Let α be a real number with rational approx-
imation of denominator q. Suppose that for some B, that XY B−1 > q > B. Then for all
but

O
(
Y
(
A3/2B−1/2 + A2B−1 + log(AY )A3X−1

))
of the integers n with 1 ≤ n ≤ Y , nα has a rational approximation with denominator q′ for
some XA−1 > q′ > A.

Proof. By Dirichlet’s approximation theorem, nα always has a rational approximation a
q′

with q′ < XA−1 and ∣∣∣∣nα− a

q′

∣∣∣∣ < 1

q′XA−1
.

Therefore, nα lacks an appropriate rational approximation only when the above has a so-
lution for some q′ ≤ A. If such is the case, then, dividing by n, we find that α is within
(q′)−1n−1X−1A of some rational number of denominator d so that d|nq′. Note that this error
is at most d−1X−1A.

Given such a rational approximation to α with denominator d, we claim that it contributes
to at most Y A2d−1 bad n’s. This is because there are at most A values of q′, and for each
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value of q′, we still need that n is a multiple of d
(d,q′)

≥ dA−1. Hence for each q′, there are at

most Y A2d−1 bad n.
Next, we pick an integer n0. We will now consider only Y ≥ n ≥ n0 so that αn has no

suitable rational approximation. We do this by analyzing the denominators d for which some
rational number of denominator d approximates α to within X−1A(max(d, n0))

−1. Suppose
that we have some d ̸= q which does this. α is within q−2 of a number with denominator q,
and within X−1n−1

0 A of one with denominator d. These two rational numbers differ by at
least (dq)−1 and therefore

(dq)−1 ≤ q−2 +X−1An−1
0 .

Hence either dq−1 or X−1An−1
0 dq is at least 1

2
. Hence either d ≥ q

2
, or

d ≥ Xn0

2Aq
≥ n0B

2AY
.

Therefore the smallest such d is at least the minimum of q
2
and n0B

2AY
.

Next suppose that we have two different such denominators, say d and d′. The fractions
they represent are separated by at least (dd′)−1 and yet are both close to α. Therefore

(dd′)−1 ≤ X−1A(d−1 + d′−1).

Therefore we have that max(d, d′) ≥ X
2A
. Hence there is at most one such denominator less

than X
2A
.

Next we wish to bound the number of such denominators d in a dyadic interval [K, 2K].
We note that the corresponding fractions are all within X−1AK−1 of α, and that any two
are separated from each other by at least (2K)−2. Therefore the number of such d is at most
1 + 8KX−1A.

To summarize we potentially have the following d each giving at most Y A2d−1 bad n’s.

� One d at least min
(
q
2
, n0B
2AY

)
.

� For each diadic interval [K, 2K] with K ≥ X
2A

at most 10KX−1A such d’s

Notice that there are log(2AY ) such diadic intervals, and that each contributes at most
10Y A3X−1 bad n’s. We also potentially have n0 bad n’s from the numbers less than n0.
Hence the number of n for which there is no suitable rational approximation of nα is at most

O
(
n0 + Y A2B−1 + Y 2A3B−1n−1

0 + log(AY )Y A3X−1
)
.

Substituting n0 = Y A3/2B−1/2 yields our result.

We will also need the following related Lemma:
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Lemma 14. Let X,A,C be positive integers. Let α be a real number with rational approxi-
mation of denominator q. Suppose that for some B > 2A, that XB−1 > q > B. Then there
exists a set S of natural numbers so that

� elements of S are of size at least Ω(BA−1).

� The sum of the reciprocals of the elements of S is O(A2B−1 +X−1A4C).

� for all positive integers n ≤ C, either n is a multiple of some element of S or nα has
a rational approximation with some denominator q′ with XA−1n−1 > q′ > A.

Proof. We use the same basic techniques as the proof of Lemma 13. We note that nα always
has a rational approximation a

q′
accurate to within 1

q′XA−1n−1 with q′ < XA−1n−1. This
means that we have an appropriate rational approximation of nα unless this q′ is less than
A. If this happens, it is the case that∣∣∣∣α− a

nq′

∣∣∣∣ ≤ 1

q′XA−1
.

Hence to each such n we can assign a rational approximation a
nq′

of α. The n that are
assigned to a rational approximation a

d
are those so that∣∣∣α− a

d

∣∣∣ ≤ 1

XA−1D

where D = d
(n,d)

≤ A. Hence it suffices to let S be the set of all d
D

where A ≥ D, D|d and∣∣∣α− a

d

∣∣∣ ≤ 1

XA−1D
≤ 1

XA−1
.

We have to show that the elements of S are big enough and that the sum of their reciprocals

satisfies the appropriate bound. Note that for each such d, it contributes at most O
(

A2

d

)
to

the sum of reciprocals.
We note that if we have any such denominator d other than q, α is within q−2 of a rational

number of denominator q and within X−1A of one of denominator d. Hence we have that

(dq)−1 ≤ q−2 +X−1A.

Hence

d ≥ min

(
q

2
,
X

2A

)
≥ q

2
.

Note that in any case d
A
= Ω(BA−1), and hence all of the terms in S are sufficiently large.

Additionally, this s contributes at most O(A2B−1) to the sum of reciprocals.
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Next note that if we have two of these approximations with denominators d and d′ that

(dd′)−1 ≤ 2XA−1.

Therefore the second largest such d is at least
√
2XA−1.

Next we consider the contribution from all such approximations with d lying in a diadic
interval [K, 2K] all of these approximations are within X−1A of α and are separated from
each other by at least 1

4K2 . Therefore, there are at most 1+8X−1AK2. If we ensure that K is

at least
√
2XA−1, this is O(X−1AK2). Hence all of these d’s contribute at most O(X−1A3K)

to the sum of reciprocals. Furthermore we can ignore terms with K > AC. Taking the sum
of this over K a power of 2, we get at most O(X−1A4C).

We will be using Lemma 14 to bound the number of ideals of L so that N(a)α has a
good rational approximation. In order to do this we will also need the following:

Lemma 15. Fix L be a number field. Let n be a positive integer, and let X and ϵ be positive
real numbers. Then we have that:∑

n|N(a)
N(a)<X

1

N(a)
= O

(
X log(X)nϵ

n

)
,

∑
n|N(ab)
N(ab)<X

1

N(ab)
= O

(
X log2(X)nϵ

n

)
.

(The first sum is over ideals a so that n|N(a) and N(a) ≤ X, the second over pairs of ideals
a and b, so that N(a · b) satisfies the same conditions).

Proof. We will prove the first of the two equations and note that the second follows from
a similar argument. Let d = [L : Q]. Let p1, . . . , pk be the distinct primes dividing n. We
claim that for such an ideal a must be a multiple of some ideal a0 with N(a0) = nm with
m =

∏k
i=1 p

ai
i for some 0 ≤ ai < d. We obtain this by starting with the ideal a0 = (1) and

repeatedly multiplying by primes of a/a0 whose norm is a power of one of the pi that do not
yet divide N(a0) sufficiently many times. Since this prime has norm no bigger than pdi we
cannot overshoot by more than d− 1 factors of any pi. We note that the number of possible
values of m is kd. Since k = O(log(n)) this is O(nϵ). For each value of m there are O(nϵ)
ideals of norm exactly nm, and hence there are O(nϵ) possible ideals a0.

We now need to bound the sum over ideals b so that the norm of a0b is at most X of
1

N(a0b)
. This is at most 1

n
times the sum over ideals b of norm at most X of 1

N(b)
. This latter

sum is O(log(X)). This completes the proof.
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4.2.3 Lemmas on Exponential Sums

We will need a Lemma on the size of exponential sums of polynomials along the lines of
Lemma 20.3 of [24]. Unfortunately, the Xϵ term that shows up there will be unacceptable
for our application. So instead we prove:

Lemma 16. Pick a positive integer X. Let [X] = {1, 2, . . . , X}. Let P be a polynomial with
leading term cxk for some integer c ̸= 0. Let α be a real number with a rational approximation
of denominator q. Then∣∣∣∣∣∣

∑
x∈[X]

e(αP (x))

∣∣∣∣∣∣≪ |c|X
(
1

q
+

1

X
+

q

Xk

)10−k

,

where the implied constant depends on k, but not on the coefficients of P .

Note that the 10−k in the exponent is not optimal and was picked for convenience.

Proof. We proceed by induction on k. We take as a base case k = 1. Then we have that P
is a linear function with linear term c. α is within q−2 of a rational number of denominator
q. Therefore cα is within cq−2 of a number of denominator between qc−1 and q. If c ≥ q/2,
there is nothing to prove. Otherwise, cα cannot be within q−1− cq−2 = O(q−1) of an integer.
Therefore the sum is at most O(min(X, q)), which clearly satisfies the desired inequality.

We now perform the induction step. We assume our inequality holds for polynomials of
smaller degree. Squaring the left hand side of our inequality, we find that∣∣∣∣∣∣

∑
x∈[X]

e(αP (x))

∣∣∣∣∣∣ =
 ∑

a,b∈[X]

e(α(P (a)− P (b)))

1/2

.

Breaking the inner sum up based on the value of n = a − b, we note that P (n + b) − P (b)
is a polynomial of degree k − 1 with leading term nckxk−1. Letting [Xn] be the interval of
length X − |n| that b could be in given that b ∈ [X] and b + n ∈ [X], we are left with at
most  ∑

n∈[−X,X]

∣∣∣∣∣∣
∑

b∈[Xn]

e(α(P (b+ n)− P (b)))

∣∣∣∣∣∣
1/2

=

 ∑
n∈[−X,X]

∣∣∣∣∣∣
∑

b∈[Xn]

e

(
(nα)

(
P (b+ n)− P (b)

n

))∣∣∣∣∣∣
1/2

.
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Let B = min(q,Xk/q). We consider separately the terms in the above sum where nα has
no rational approximation with denominator between B1/5 and Xk−1B−1/5. By Lemma 13
with parameters A = B1/5, B = B, Y = X,X = Xk−1, the number of such n is at most

O(X(B−1/5 + log(X)B3/5X1−k)).

Each of those terms contributes O(X) to the sum and hence together they contribute at
most

O(X(B−1/10 + log(X)B3/10X(1−k)/2)).

Which is within the required bounds.
For the other terms, the inductive hypothesis tells us that the sum for fixed n is at most

O

(
|c|X

(
B−1/5 +

1

X − |n|
+

Xk−1B−1/5

(X − |n|)k−1

)−10k−1)
.

Summing over n and taking a square root gives an appropriate bound.

We apply this Lemma to get a bound on exponential sums of norms of ideals of a number
field. In particular we show that:

Lemma 17. Fix L a number field of degree d, and ξ a Grossencharacter of modulus m.
Then given a positive number X and a real number α which has a rational approximation of
denominator q, we have that∣∣∣∣∣∣

∑
N(a)≤X

ξ(a)e(αN(a))

∣∣∣∣∣∣ = O

(
X

(
1

q
+

1

X1/d
+

q

X

)10−d/2
)
.

Where the implied constant depends only on L and ξ.

Proof. First we split the sum up into ideal classes modulo m. In order to represent an element
of such a class we note that for a0 a fixed element of such a class then other elements a in
the same class correspond to points a

a0
in some lattice in L ⊗ R. Note that points in this

lattice overcount these ideals since if two differ by an element of O∗
L, they correspond to the

same ideal. On the other hand, if we take some fundamental domain of the elements of unit
norm in L ⊗ R modulo the elements of O∗

L that are 1 modulo m, and consider its positive
multiples, we get a smoothly bounded region, R so that ideals in this class correspond to
lattice points in R. Notice that the norm is a polynomial form of degree d on R. By taking the
intersection of R with the set of points of norm at most X we get a region RX whose lattice
points correspond exactly to the ideals in this class of norm at most X. Let Y = (qX)1/2d.
We attempt to partition these lattice points into segments of length Y with a particular
orientation. The number that we fail to include is proportional to Y times the surface area
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of RX which is O(Y X1−1/d). On each segment, we attempt to approximate ξ by a constant.
We note that on this region ξ is a smoothly varying function of x/(N(x))1/d. Therefore the
error introduced at each point, x, is O(Y N(x)−1/d). The sum over points in RX of N(x)−1/d

is, by Abel Summation, O(
∫ X

x=0
x−1/ddx) = O(X1−1/d), thus producing another error of size

at most O(Y X1−1/d). We are left with a sum over O(XY −1) segments of length Y of the
exponential sum of e(αN(x)). Recalling that N(x) is a polynomial of degree d with rational
leading coefficient with bounded numerator and denominator, we may (perhaps after looking
at only every kth point to make the leading coefficient integral) apply Lemma 16 and get
that the sum over each segment is

O

(
Y

(
1

q
+

1

Y
+

q

Y d

)10−d
)
.

Noting that each of the error terms we introduced is less than the bound given, we are
done.

Abel summation yields the following Corollary.

Corollary 18. Fix L a number field of degree d, and ξ a Grossencharacter of modulus m.
Then given a positive number X and a real number α which has a rational approximation of
denominator q, we have that∣∣∣∣∣∣

∑
N(a)≤X

log(N(a))ξ(a)e(αN(a))

∣∣∣∣∣∣ = O

(
X log(X)

(
1

q
+

1

X1/d
+

q

X

)10−d/2
)
.

4.2.4 Bounds on F

We are finally ready to prove our bound on F .

Proposition 19. Fix a number field L of degree d and a Grossencharacter ξ. Let X ≥ 0
be a real number. Let α be a real number with a rational approximation of denominator q
where XB−1 > q > B for some B > 0. Then FL,ξ,X(α) is

O
(
X log2(X)

(
B−10−d/12 +X−10−d/60 +X−10−d/10d + logd

2/2(X)B−1/12
))

.

Where the asymptotic constant may depend on L and ξ, but not on X, q,B or α.

Note that a bound for FL,ξ,X(α) is already known for the case when L/Q is abelian. In
[2], they prove bounds on exponential sums over primes in an arithmetic progression. By
Class Field Theory, this is clearly equivalent to proving bounds on F (or more precisely, G)
when L is abelian over Q. Proposition 19 can be thought of as a generalization of this result.
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Proof. Our proof is along the same lines as Theorem 13.6 of [24]. We first note that the
suitable generalization of Equation (13.39) of [24] still applies. Letting y = z = X2/5 (y and
z are variables used in (13.39) of [24]), we find that FL,ξ,X(α) equals∑

N(ab)≤X

N(a)<X2/5

µ(a)ξ(a) log(N(b))ξ(b)e(αN(a)N(b))

−
∑

N(abc)≤X

N(b),N(c)≤X2/5

µ(b)ΛL(c)ξ(bc)ξ(a)e(αN(bc)N(a))

+
∑

N(abc)≤X

N(b),N(c)≥X2/5

µ(b)ξ(b)ΛL(c)ξ(ac)e(αN(b)N(ac)) +O(X2/5).

The first term, we bound using Corollary 18 on the sum over b. Let A = B1/4 ≤ X1/8.
By Lemmas 14 and 15, we can bound the sum over terms where αN(a) has no rational
approximation with denominator between A and X

AN(a)
by

O

(
X

(
log2(X)

(
A3B−1 +X−3/5A4

)(B

A

)ϵ))
= O

(
X log2(X)B−1/4+ϵ

)
.

For other values of b, Corollary 18 bounds the sum as

O
(
X log2(X)

(
B−1/4 +X−3/5d

)10−d/2
)
.

The second term is bounded using similar considerations. We let A = min(B1/4, X1/41),
and use Lemmas 14 and 15 to bound the sum over terms with b and c such that N(bc)α has
no rational approximation with norm between A and X

AN(bc)
by

O

(
X log3(X)

(
B

A

)ϵ (
B−1/4 +X−1A4X4/5

))
= O

(
X log3(X)

(
B−1/4+ϵ +X−1/10

))
.

Using Lemma 17, we bound the sum over other values of b and c as

O
(
X log2(X)

(
A−1 +X−1/5d

)10−d/2
)
.

To bound the last sum, we first change to a sum over b and d = a · c. We have coefficients

x(b) = µ(b)ξ(b),
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and
y(d) =

∑
a·c=d

N(c)≥X2/5

ΛL(c)ξ(ac).

We note that |y(d)| ≤ log(N(d)) ≤ log(X). Our third term then becomes∑
N(bd)≤X

N(b),N(d)≥X2/5

x(b)y(d)e(αN(b)N(d)).

To this we apply the bilinear form trick. First, we split the sum over b into parts based on
which diadic interval (of the form [K, 2K]), the norm of b lies in. Next, for each of these
summands, we apply Cauchy-Schwartz to bound it by

 ∑
N(b)∈[K,2K]

|x(b)|2

 ∑

N(b)∈[K,2K]

 ∑
N(d)≤X/N(b)

N(mfd)≥X2/5

y(d)e(αN(bd))


2


1/2

= O(
√
K)


∑

N(b)∈[K,2K]
N(d),N(d′)≤X/N(b)

N(d),N(d′)≥X2/5

x(d)x(d′)e(αN(b)(N(d)−N(d′)))


1/2

≤ O(
√
K log(X))


∑

X2/5≤N(d)

X2/5≤N(d′)

∣∣∣∣∣∣∣∣∣∣∣
∑

N(b)∈[K,2K]
N(b)≤X/N(d)
N(b)≤X/N(d′)

e(α(N(d)−N(d′))N(b))

∣∣∣∣∣∣∣∣∣∣∣


1/2

.

We let A = min(B1/6, X1/16). We bound terms separately based on whether or not α(N(d)−
N(d′)) has a rational approximation with denominator between A and KA−1. Applying
Lemma 13 with X = K, Y = XK−1, A = A and B = B, we get that the number of values
of N(d)−N(d′) that cause this to happen is

O
(
XK−1

(
B−1/6 +X3/32B−1/2 + log(X)A4K−1

))
= O(XK−1B−1/6).

For each such difference, by the rearrangement inequality the number of d, d′ with norms at
most X/2K with N(d)−N(d′) equal to this difference is at most

X/2K∑
n=1

(Number of ideals with norm n)2 .
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Letting W (n) be the number of ideals of L with norm n, we have that W 2(n) is at most
τ 2d (n), where τd(n) is the number of ways of writing n as a product of d integers. This is
because W is multiplicative and if we write a power of a prime p as the norm of an ideal, a,
factoring a into its primary parts gives a representation of n as a product of d integers. We
therefore have that W 2(n) ≤ τd2(n) and hence the above sum is O(XK−1 logd

2

(X)). Hence
the total contribution from terms with such d and d′ is at most

O

((
K1/2 log(X)

) (
K
(
XK−1B−1/6

) (
XK−1 logd

2

(X)
))1/2)

= O
(
X log1+d2/2(X)B−1/12

)
.

The sum over the O(log(X)) possible values for K of the above is

O
(
X log2+d2/2(X)B−1/12

)
.

On the other hand, the sum over d and d′ so that α(N(d) − N(d′)) has a rational approxi-
mation with appropriate denominator is bounded by Lemma 17 by

O

((
K1/2 log(X)

) ((
XK−1

)2
K
(
A−1 +K−1/d

)10−d/2
)1/2)

= O
(
X log(X)

(
A−1 +K−1/d

)10−d/4
)
.

Summing over all of the intervals we get

O
(
X log2(X)

(
A−1 +X−2/5d

)10−d/4
)
.

Putting this all together, we get the desired bound for F .

4.3 Putting it Together

We are finally prepared to prove Theorem 5.

Proof. We note that α can always be approximated by a
q
for some relatively prime integers

a, q with q ≤ X log−B(X) so that∣∣∣∣α− a

q

∣∣∣∣ ≤ 1

qX log−B(X)
.

We split into cases based upon weather q ≤ z.
If q ≤ z our result follows from Corollary 8.
If q ≥ z, our result follows from Propositions 12 and 19.
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5 Approximation of G

In this Section, we prove Theorem 4. We restate it here:

Theorem 4. Let K/Q be a finite Galois extension, and let C be a conjugacy class of
Gal(K/Q). Let A be a positive integer and B a sufficiently large multiple of A. Then if
X is a positive number, z = logB(X), and α any real number, then∣∣G♭

K,C,X,z(α)
∣∣ = O

(
X log−A(X)

)
,

where the implied constant depends on K,C,A,B, but not on X or α.

Proof. Recall Proposition 3 which states that

GK,C,X(α) =
|C|
|G|

(∑
χ

χ(c)FL,χ,X(α)

)
+O(

√
X).

Where c is some element of C, and L is the fixed field of ⟨c⟩ ⊂ Gal(K/Q). Therefore we
know that GK,C,X(α) is within O(

√
X) of

|C|
|G|

(∑
χ

χ(c)FL,χ,X(α)

)
.

Applying Theorem 5, this is within O
(
X log−A(X)

)
of

|C|
|G|

(∑
χ

χ(c)F ♯
L,χ,X,z(α)

)

=
|C|
|G|

(∑
χ

∑
n≤X

χ(c)ΛL/Q(n)Λz(n)χ(n)e(αn)

)

=
|C|
|G|

(∑
n≤X

Λz(n)e(αn)

(
ΛL/Q(n)

∑
χ

χ(c)χ(n)

))
.

Note that in the above, χ is summed over characters of Gal(K/L) and that χ(n) is taken
to be 0 unless χ can be extended to a character of Gal(K/Q)ab. We wish the evaluate the
inner sum over χ for some n ∈ HL.

Let the kernel of the map ⟨c⟩ → Gal(K/Q)ab be generated by ck for some k|ord(c). Then
χ(n) is 0 unless χ(ck) = 1. Therefore we can consider the sum as being over characters
χ of ⟨c⟩/ck. Taking Ka to be the maximal abelian subextension of K over Q, this sum is
then k if [Ka/Q, n] = c and 0 otherwise. Hence the sum over χ is non-zero if and only if
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n ∈ HC . The index of HC in HL is [HL : HK ], which is in turn the size of the image of ⟨c⟩ in
Gal(K/Q)ab, or |⟨c⟩/⟨ck⟩| = k. Hence ΛL(n)

∑
χ χ(c)χ(n) = ΛK,C(n). Therefore GK,C,X(α)

is within O
(
X log−A(X)

)
of

|C|
|G|

∑
n≤X

ΛK,C(n)Λz(n)e(αn) = G♯
K,C,X,z(α).

6 Proof of Theorem 2

We now have all the tools necessary to prove Theorem 2. Our basic strategy will be as
follows. We first define a generating function H for the number of ways to write n as

∑
i aipi

for pi primes satisfying the appropriate conditions. It is easy to write H in terms of the
function G. First, we will show that if H is replaced by H♯ by replacing these G’s by G♯’s,
this will introduce only a small change (in an appropriate norm). Dealing with H♯ will prove
noticeably simpler than dealing with H directly. We will essentially be able to approximate
the coefficients of H♯ using sieving techniques. Finally we combine these results to prove the
Theorem.

6.1 Generating Functions

We begin with some basic definitions.

Definition. Let Ki, Ci, ai, X be as in the statement of Theorem 2. Then we define

SKi,Ci,ai,X(N) :=
∑
pi≤X

[Ki/Q,pi]=Ci∑
i aipi=N

k∏
i=1

log(pi).

(i.e. the left hand side of Equation 2). We define the generating function

HKi,Ci,ai,X(α) :=
∑
N

SKi,Ci,ai,X(N)e(Nα).

Notice that this is everywhere convergent since there are only finitely many non-zero terms.

We know from basic facts about generating functions that

HKi,Ci,ai,X(α) =
k∏

i=1

GKi,Ci,X(aiα). (8)

We would like to approximate the G’s by corresponding G♯’s. Hence we define
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Definition.

H♯
Ki,Ci,ai,z,X

(α) :=
k∏

i=1

G♯
Ki,Ci,z,X

(aiα).

H♭
Ki,Ci,ai,z,X

(α) := HKi,Ci,ai,X(α)−H♯
Ki,Ci,ai,z,X

(α).

We now prove that this is a reasonable approximation.

Lemma 20. Let A be a constant, and z = logB(X) for B a sufficiently large multiple of A.
If k ≥ 3, ∣∣H♭

Ki,Ci,ai,z,X

∣∣
1
= O(Xk−1 log−A(X)).

If k = 2, ∣∣H♭
Ki,Ci,ai,z,X

∣∣
2
= O(X3/2 log−A(X)).

Where in the above we are taking the L1 or L2 norm respectively of H♭
K1,Ci,ai,X

as a function
on [0, 1].

Proof. Our basic technique is to write each of the G’s in Equation 8 as G♯ + G♭ and to
expand out the resulting product. We are left with a copy of H♯ and a number of terms
which are each a product of k G♯ or G♭’s, where each such term has at least one G♭. We need
several facts about various norms of the G♯ and G♭’s. We recall that the squared L2 norm
of a generating function is the sum of the squares of it’s coefficients.

� By Theorem 4, the L∞-norm of G♭ is O
(
X log−2A−k(X)

)
.

� The L∞ norm of G♯ is clearly O (X log log(X)).

� |G♯|22 = O(X log log2(X)).

� |G|22 = O(X log(X)).

� Combining the last two statements, we find that |G♭|22 = O(X log(X)).

For k ≥ 3, we note that by Cauchy-Schwartz, the L1 norm of a product of k functions is
at most the products of the L2 norms of two of them times the products of the L∞ norms
of the rest. Using this and ensuring that at least one of the terms we take the L∞ norm of
is a G♭, we obtain our bound on |H♭|1.

For k = 2, we note that the L2 norm of a product of two functions is at most the L2

norm of one times the L∞ norm of the other. Applying this to our product, ensuring that
we take the L∞ norm of a G♭ we get the desired bound on |H♭|2.
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6.2 Dealing with H♯

Now that we have shown that H♯ approximates H, it will be enough to compute the coeffi-
cients of H♯.

Proposition 21. Let A be a constant, and z = logB(X) for B a sufficiently large multiple
of A. The e(Nα) coefficient of H♯

Ki,Ci,ai,z,X
(α) is given by the right hand side of Equation 2,

or (
k∏

i=1

|Ci|
|Gi|

)
C∞CD

∏
p-D

Cp

+O
(
Xk−1 log−A(X)

)
.

Proof. We note that the quantity of interest is equal to(
k∏

i=1

|Ci|
|Gi|

) ∑
n1,...,nk≤X∑k
i=1 aini=N

(
k∏

i=1

ΛKi,Ci
(ni)

)(
k∏

i=1

Λz(ni)

)
. (9)

First we consider the number of tuples of ni that we are summing over. Making a linear
change of variables with determinant 1 so that one of the coordinates is x =

∑
i aini, we

notice that we are summing over the lattice points of some covolume 1 lattice in a convex
region with volume C∞ and surface area O

(
Xk−2

)
. Therefore if some affine sublattice L

of the set of tuples of integers (ni) so that
∑

i aini = n of index I is picked, the number
of tuples (ni) in our sum in this class is C∞/I + O(Xk−2). We can write ΛKi,Ci

(n) as
a sum of indicator functions for congruences classes of n modulo D. We can also write
Λz(n) = C(z)

∑
d|(n,P (z)) µ(d) another sum of indicator functions of congruence conditions.

Hence we can write the expression in Equation 9 as a constant (which is O(C(z))k) times the
sum over certain affine sublattices of L of ±1 times the number of points of the intersection
of this sublattice with our region. These sublattices are of the following form:

{ni :
∑
i

aini = n, ni ≡ xi (mod D), di|ni},

where xi are chosen elements of Hi ⊆ (Z/DZ)∗, and di|P (z) are integers.
We first claim that the contribution from terms with any di bigger than X1/(2k) is negli-

gible. In fact, these terms cannot account for more than

O(C(z)k)k
∑
d|P (z)

d≥X1/(2k)

Xk−1

d
= O(log log(X)k)

∫ ∞

X1/(2k)

Xk−1S(z, y)y−2dy

= O
(
Xk−1−1/((2B)(2k)) exp

(
O
(√

log(X)
)))

.
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(Using Lemma 6 to bound the integral above). Throwing out these terms, we would like
to approximate the number of tuples in each sublattice by C∞ divided by the appropriate
index. The error introduced by this approximation is O

(
log logk(X)Xk−2

)
per term times

O
(√

X
)

terms. Hence we can throw this error away. So we have a sum over sets of

di|P (z), di ≤ X1/(2k) and xi of an appropriate constant times C∞/I. We would like to
remove the limitation that di ≤ X1/(2k) in this sum. We note that once we get rid of the
parts of the di that share common factors with D

∏
i ai (for which there are finitely many

possible values), the value of I is at least
∏

i di
gcd(di)

. This is because we can compute the index
separately for each prime p. If p divides some set of di other than all of them, we are forcing
the corresponding xi to have specified values modulo p, when otherwise these values could
have been completely arbitrary. If we let d = gcd(di), then we can bound the sum of the
reciprocals of the values of I that we are missing as

k
∑
d

d−k+1

(∫ ∞

0

S(z, y)y−2dy

)k−1(∫ ∞

X1/(2k)/d

S(z, y)y−2dy

)
.

This is small by Lemma 6 and a basic computation.
We now wish to evaluate the sum over all xi and di the sum of the appropriate constant

times 1
I
. We note that if we were instead trying to evaluate

1

Mk−1

∑
ni (mod M)∑

i aini≡N (mod M)

(
k∏

i=1

ΛKi,Ci
(ni)

)(
k∏

i=1

Λz(ni)

)
,

for M = DP (z)
∏

ai, we would get exactly the above sum of 1
I
. This is because the same

inclusion exclusion applies to each computation and the number of points in each sublattice
here would be exactly 1

I
of the total points. Hence our final answer up to acceptable errors

is

C∞

(
k∏

i=1

|Ci|
|Ki|

)


∑
ni (mod M)∑

i aini≡N (mod M)

(
k∏

i=1

ΛKi,Ci
(ni)

)(
k∏

i=1

Λz(ni)

)

Mk−1


.

Note that Λz(n) =
∏

p≤z Λp(n) is a product of terms over the congruence class of n
modulo p. Similarly ΛKi,Ci

(n) only depends on n modulo D. Therefore we may use the
Chinese Remainder Theorem to write the fraction above as a produce of p-primary parts
and a D-primary part.
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For p - D, p|P (z), the p-primary factor is

∑
ni (mod pn)∑

i aini≡N (mod pn)

(
k∏

i=1

Λp(ni)

)

(pn)k−1

for some n. In fact we can use n = 1 since Λp(ni) only depends on ni modulo p, and since
p does not divide all the ai, any solution to

∑
i aini ≡ N (mod p) lifts to a solution modulo

pn in exactly p(n−1)(k−1) different ways. Hence the local factor is

∑
ni (mod p)∑

i aini≡N (mod p)

(
k∏

i=1

Λp(ni)

)

pk−1

=

(
p

p−1

)k
#{(ni) (mod p) : ni ̸≡ 0 (mod p),

∑
i aini ≡ N (mod p)}

pk−1

=Cp.

Next we will compute the D-primary factor. Note that by reasoning similar to the
above we can compute the factor modulo D rather than some power of D. Next we will
consider the function ΛKi,Ci

(n)
∏

p|D Λp(n). This is 0 unless n is in Hi. Otherwise it is(
ϕ(D)
|Hi|

)(∏
p|D

p
p−1

)
= D

|Hi| . Hence this factor is(
k∏

i=1

D

|Hi|

)(
#{(ni) (mod D) : ni ∈ Hi,

∑
i aini ≡ N (mod D)}

Dk−1

)
= CD.

Putting these factors together we obtain our result.

6.3 Putting it Together

We are finally able to prove Theorem 2

Proof. Let B be a sufficiently large multiple of A, and z = logB(X).
For k ≥ 3 we have that

SKi,Ci,ai,X(N) =

∫ 1

0

HKi,Ci,ai,X(α)e(−Nα).
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By Lemma 20 this is ∫ 1

0

H♯
Ki,Ci,ai,z,X

(α)e(−Nα)

up to acceptable errors. This is the e(Nα) coefficient ofH♯
Ki,Ci,ai,z,X

(α), which by Proposition
21 is as desired.

For k = 2, we let TKi,Ci,ai,X(N) be the corresponding right hand side of Equation 2. It
will suffice to show that∑

|n|≤
∑

i |ai|X

(SKi,Ci,ai,X(N)− TKi,Ci,ai,X(N))2 = O(X3 log−2A(X)).

If we define the generating function

JKi,Ci,ai,X(α) =
∑

|N |≤
∑

i |ai|X

TKi,Ci,ai,X(N)e(Nα)

we note that the above is equivalent to showing that

|HKi,Ci,ai,X − JKi,Ci,ai,X |2 = O(X3/2 log−A(X)).

But by Lemma 20, we have that

|HKi,Ci,ai,X −H♯
Ki,Ci,ai,z,X

|2 = O(X3/2 log−A(X)),

and by Proposition 21, we have

|H♯
Ki,Ci,ai,z,X

− JKi,Ci,ai,X |2 = O(X3/2 log−A(X)).

This completes the proof.

7 Application

We present an application of Theorem 2 to the construction of elliptic curves whose discrim-
inants are divisible only by primes with certain splitting properties.

Theorem 22. Let K be a number field. Then there exists an elliptic curve defined over Q
so that all primes dividing its discriminant split completely over K.

Proof. We begin by assuming that K is a normal extension of Q. We will choose an elliptic
curve of the form:

y2 = X3 + AX +B.
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Here we will let A = pq/4, B = npq2 where n is a small integer and p, q are primes that split
over K. The discriminant is then

−16(4A3 + 27B3) = −64p3q3/64− 432n2p2q4

= −p2q3(p+ 432n2q).

Hence it suffices to find primes p, q, r that split completely over K with p+ 432n2q − r = 0.
We do this by applying Theorem 2 with k = 3, Ki = K, Ci = {e}, and X large. As long as
CD > 0 and Cp > 0 for all p, the main term will dominate the error and we will be guaranteed
solutions for sufficiently large X. If n = D, this will hold. This is because for CD to be
non-zero we need to have solutions n1+0n2−n3 ≡ 0 (mod D) with ni all in some particular
subgroup of (Z/DZ)∗. This can clearly be satisfied by n1 = n3. For p = 2, Cp is non-zero
since there is a solution to n1+0n2−n3 ≡ 0 (mod 2) with none of the ni divisible by 2 (take
(1, 1, 1)). For p > 2, we need to show that there are solutions to n1 + 432D2n2 − n3 ≡ 0
(mod p) with none of the ni 0 modulo p. This can be done because after picking n2, any
number can be written as a difference of non-multiples of p.



Chapter C

Ranks of 2-Selmer Groups of Twists
Elliptic Curves

1 Introduction

Let c1, c2, c3 be distinct rational numbers. Let E be the elliptic curve defined by the equation

y2 = (x− c1)(x− c2)(x− c3).

We make the additional technical assumption that none of the (ci − cj)(ci − ck) are squares.
This is equivalent to saying that E is an elliptic curve over Q with complete 2-torsion and
no cyclic subgroup of order 4 defined over Q. For b a square-free number, let Eb be the twist
defined by the equation

y2 = (x− bc1)(x− bc2)(x− bc3).

Let S be a finite set of places of Q including 2,∞ and all of the places at which E has bad
reduction. Let D be a positive integer divisible by 8 and by the primes in S. Let S2(Eb)
denote the 2-Selmer group of the curve Eb. We will be interested in how the rank varies with
b and in particular in the asymptotic density of b’s so that S2(Eb) has a given rank.

The parity of dim(S2(Eb)) depends only on the class of b as an element of
∏

ν∈S Q∗
ν/(Q∗

ν)
2.

We claim that for exactly half of these values this dimension is odd and exactly half of the
time it is even.

Lemma 1. For exactly half of the classes c in (Z/D)∗/((Z/D)∗)2, if we pick b a positive
representative of the class c then dim(S2(Eb)) is even.

We put off the proof of this statement until Section 4.
Let b = p1p2 . . . pn where pi are distinct primes relatively prime to D. In [58] the rank

of S2(Eb) is shown to depend only on the images of the pi in (Z/D)∗/((Z/D)∗)2 and upon

48
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which pi are quadratic residues modulo which pj. There are 2n|S|+(
n
2) possible sets of values

for these. Let πd(n) be the fraction of this set of possibilities that cause S2(Eb) to have rank
exactly d. Then the main Theorem of [58] together with Lemma 1 implies that:

Theorem 2.
lim
n→∞

πd(n) = αd.

where α0 = α1 = 0 and αn+2 =
2n∏n

j=1(2
j−1)

∏∞
j=0(1+2−j)

.

The actual Theorem proved in [58] says that if, in addition, the class of b in
∏

ν∈S Q∗
ν/(Q∗

ν)
2

is fixed, then the analogous πd(n) either converge to 2αd for d even and 0 for d odd, or to
2αd for d odd and 0 for d even.

This tells us information about the asymptotic density of twists of E whose 2-Selmer
group has a particular rank. Unfortunately, this asymptotic density is taken in a somewhat
awkward way by letting the number of primes dividing b go to infinity. In this Chapter, we
prove the following more natural version of Theorem 2:

Theorem 3. Let E be an elliptic curve over Q with full 2-torsion defined over Q so that in
addition for E we have that

lim
n→∞

πd(n) = αd.

With αd as given in Theorem 2. Then

lim
N→∞

#{b ≤ N : b square-free, (b,D) = 1 and dim(S2(Eb)) = d}
#{b ≤ N : b square-free and (b,D) = 1}

= αd.

Applying this to twists of E by divisors of D and noting that twists by squares do not
affect the Selmer rank we have that

Corollary 4.

lim
N→∞

#{b ≤ N : dim(S2(Eb)) = d}
N

= αd.

and

Corollary 5.

lim
N→∞

#{−N ≤ b ≤ N : dim(S2(Eb)) = d}
2N

= αd.

Our technique is fairly straightforward. Our goal will be to prove that the average
moments of the size of the Selmer groups will be as expected. As it turns out, this will
be enough to determine the probability of seeing a given rank. In order to analyze the
Selmer groups we follow the method described in [58]. Here the 2-Selmer group of Eb can
be expressed as the intersection of two Lagrangian subspaces, U and W , of a particular
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symplectic space, V , over F2. Although U, V and W all depend on b, once the number of
primes dividing b has been fixed along with its congruence class modulo D, these spaces can
all be written conveniently in terms of the primes, pi, dividing b, which we think of as formal
variables. Using the formula |U ∩W | = 1√

|V |

∑
u∈U,w∈W (−1)u·w, we reduce our problem to

bounding the size of the “characters” (−1)u·w when averaged over b. These “characters”
turn out to be products of Dirichlet characters of the pi and Legendre symbols of pairs of
the pi. The bulk of our analytic work is in proving these bounds. These bounds will allow
us to discount the contribution from most of the terms in our sum (in particular the ones
in which Legendre symbols show up in a non-trivial way), and allow us to show that the
average of the remaining terms is roughly what should be expected from Swinnerton-Dyer’s
result.

We should point out the connections between our work and that of Heath-Brown in [22]
where he proves our main result for the particular curve

y2 = x3 − x.

We employ techniques similar to those of [22], but the algebra behind them is organized
significantly differently. Heath-Brown’s overall strategy is again to compute the average
sizes of moments of |S2(Eb)| and use these to get at the ranks. He computes |S2(Eb)| using a
different formula than ours. Essentially what he does is use some tricks specific to his curve
to deal with the conditions relating to primes dividing D, and instead of considering each
prime individually, he groups them based on how they occur in u and w. He lets Di be the
product of all primes dividing b that relate in a particular way (indexed by i). He then gets
a formula for |S2(Eb)| that’s a sum over ways of writing b as a product, b =

∏
Di, of some

term again involving characters of the Di and Legendre symbols. Using techniques similar
to ours he shows that terms in this sum where the Legendre symbols have a non-negligible
contribution (are not all trivial due to one of the Di being 1) can be ignored. He then uses
some algebra to show that the average of the remaining terms is the desired value. This step
differs from our technique where we merely make use of Swinnerton-Dyer’s result to compute
our average. Essentially we show that the algebra and the analysis for this problem can be
done separately and use [58] to take care of the algebra. Finally, Heath-Brown uses some
techniques from linear algebra to show that the moment bounds imply the correct densities
of ranks, while we use techniques from complex analysis.

In Section 2, we introduce some basic concepts that will be used throughout. In Section 3,
we will prove the necessary character bounds. We use these bounds in Section 4 to establish
the average moments of the size of the Selmer groups. Finally, in Section 5, we explain how
these results can be used to prove our main Theorem.
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2 Preliminaries

2.1 Asymptotic Notation

Throughout the rest of this paper we will make extensive use of O, and similar asymptotic
notation. In our notation, O(X) will denote a quantity that is at most H · X for some
absolute constant H. If we need asymptotic notation that depends on some parameters,
we will use Oa,b,c(X) to denote a quantity that is at most H(a, b, c) · X, where H is some
function depending only on a, b and c.

2.2 Number of Prime Divisors

In order to make use of Swinnerton-Dyer’s result, we will need to consider twists of E by
integers b ≤ N with a specific number of prime divisors. For an integer m, we let ω(m) be
the number of prime divisors of m. In our analysis, we will need to have estimates on the
number of of such b with a particular number of prime divisors. We define

Πn(N) = #{primes p ≤ N so that ω(p) = n}.

In order to deal with this we use Lemma A of [53] which states:

Lemma 6. There exist absolute constants C and K so that for any ν and x

Πν+1(x) ≤
Kx

log(x)

(log log x+ C)ν

ν!
.

By maximizing the above in terms of ν it is easy to see that

Corollary 7.

Πn(N) = O

(
N√

log log(N)

)
.

It is also easy to see from the above that most integers of size roughly N have about
log log(N) prime factors. In particular:

Corollary 8. There is a constant c > 0 so that for all N , the number of b ≤ N with
|ω(b)− log log(N)| > log log(N)3/4 is at most

2N exp
(
−c
√

log log(N)
)
.

In particular, the fraction of b ≤ N with |ω(b)− log log(N)| < log log(N)3/4 goes to 1 as N
goes to infinity.

We will use Corollary 8 to restrict our attention only to twists by b with an appropriate
number of prime divisors.
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3 Character Bounds

Our main purpose in this section will be to prove the following Propositions:

Proposition 9. Fix positive integers D,n,N with 4|D, log logN > 1, and (log logN)/2 <
n < 2 log logN , and let c > 0 be a real number. Let di,j, ei,j ∈ Z/2 for i, j = 1, . . . , n with
ei,j = ej,i, di,j = dj,i, ei,i = di,i = 0 for all i, j. Let χi be a quadratic character with modulus
dividing D for i = 1, . . . , n. Let m be the number of indices i so that at least one of the
following hold:

� ei,j = 1 for some j or

� χi has modulus not dividing 4 or

� χi has modulus exactly 4 and di,j = 0 for all j.

Let ϵ(p) = (p− 1)/2. Then if m > 0∣∣∣∣∣∣∣∣∣∣∣∣
1

n!

∑
p1,...,pn
distinct primes
(D,pi)=1∏

i pi≤N

∏
i

χi(pi)
∏
i<j

(−1)ϵ(pi)ϵ(pj)di,j
∏
i<j

(
pi
pj

)ei,j

∣∣∣∣∣∣∣∣∣∣∣∣
= Oc,D (Ncm) . (1)

Note that m is the number of indices i so that no matter how we fix the values of pj for
the j ̸= i that the summand on the left hand side of Equation 1 still depends on pi.

The sum can be thought of as a sum over all b =
∏

i pi with ω(b) = n and b ≤ N , where
the summand is a “character” defined by the χi, di,j and ei,j. The

1
n!
accounts for the different

possible reorderings of the pi. This Proposition will allow us to show that the “characters”
in which the Legendre symbols make a non-trivial appearance add a negligible contribution
to our moments.

Proposition 10. Let n,N,D be positive integers with log logN > 1, and (log logN)/2 <
n < 2 log logN . Let G = ((Z/D)∗/((Z/D)∗)2)n. Let f : G → C be a function with |f |∞ ≤ 1.
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Then

1

n!

∑
p1,...,pn
distinct primes
(D,pi)=1∏

i pi≤N

f(p1, . . . , pn) (2)

=

(
1

|G|
∑
g∈G

f(g)

)


1

n!

∑
p1,...,pn
distinct primes
(D,pi)=1∏

i pi≤N

1

+OD

(
N(log log logN)

log logN

)
.

(Above f(p1, . . . , pn) is really f applied to the vector of their reductions modulo D).

Note that again, the sum can be thought of as a sum over all b =
∏

i pi with b ≤ N and
ω(b) = n. This Proposition says that the average of f over such b =

∏
i pi is roughly equal to

the average of f over G. This will allow us to show that the average value of the remaining
terms in our moment calculation equal what we would expect given Swinnerton-Dyer’s result.

We begin with a Proposition that gives a more precise form of Proposition 9 in the case
when the ei,j are all 0.

Proposition 11. Let D,n,N be integers with 4|D with log logN > 1. Let C > 0 be a real
number. Let di,j ∈ Z/2 for i, j = 1, . . . , n with di,j = dj,i, di,i = 0. Let χi be a quadratic
character of modulus dividing D for i = 1, . . . , n. Suppose that no Dirichlet character of
modulus dividing D has an associated Siegel zero larger than 1− β−1. Let

B = max(e(C+2)β log logN , eK(C+2)2(logD)2(log log(DN))2 , n logC+2(N))

for K a sufficiently large absolute constant. Suppose that Bn <
√
N . Let m be the number

of indices i so that either:

� χi does not have modulus dividing 4 or

� χi has modulus exactly 4 and di,j = 0 for all j.
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Then ∣∣∣∣∣∣∣∣∣∣∣∣
1

n!

∑
p1,...,pn
distinct primes
(D,pi)=1∏

i pi≤N

∏
i

χi(pi)
∏
i<j

(−1)ϵ(pi)ϵ(pj)di,j

∣∣∣∣∣∣∣∣∣∣∣∣
(3)

= O

(
N√

log log(N)

)(
O

(
log logB

n

)m

+O(logN)−C

)
.

Note once again that m is the number of i so that if the values of pj for j ̸= i are all
fixed, the resulting summand will still depend on pi.

The basic idea of the proof will be by induction on m. If m = 0, we can bound by the
number of terms in our sum, giving a bound of Πn(N), which we bound using Corollary 7.
If m > 0, there is some pi so that no matter how we set the other pj, our character still
depends on pi. We split into cases based on whether pi > B. If pi > B, we fix the values
of the other pj, and use bounds on character sums. For pi ≤ B, we note that this happens
for only about a log logB

n
fraction of the terms in our sum, and for each possible value of pi

inductively bound the remaining sum. To deal with the first case we prove the following
Lemma:

Lemma 12. Let K be a sufficiently large constant. Take χ any non-trivial Dirichlet char-
acter of modulus at most D and with no Siegel zero more than 1 − β−1, N,C > 0 integers,
and X any integer with

X > max(e(C+2)β log logN , eK(C+2)2(logD)2(log log(DN))2).

Then ∣∣∣∣∣∑
p≤X

χ(p)

∣∣∣∣∣ ≤ O(X log−C−2(N)).

Where the sum above is over primes p less than or equal to X.

Proof. [24] Theorem 5.27 implies that for any X that for some constant c > 0,∑
n≤Y

χ(n)Λ(n) = Y O

(
Y −β−1

+ exp

(
−c
√

log(Y )

logD

)
(logD)4

)
.

Note that the contribution to the above coming from n a power of a prime is O(
√
Y ). Using

Abel summation to reduce this to a sum over p of χ(p) rather than χ(p) log(p), we find that∑
p≤X

χ(p) ≤ XO

(
X−β−1

+ exp

(
−c
√
log(X)

logD

)
(logD)4

)
+O(

√
X).
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The former term is sufficiently small since by assumption X > e(C+2)β log logN . The latter
term is small enough since X > eK(C+2)2(logD)2(log log(DN))2 . The last term is small enough
since clearly X > log2C+4(N).

For positive integers n,N,D, and S a set of prime numbers, denote by Q(n,N,D, k, S)
the maximum possible absolute value of a sum of the form given in Equation 3 with m ≥ k,
with the added restriction that none of the pi lie in S. In particular a sum of the form

1

n!

∑
p1,...,pn
distinct primes
pi ̸∈S
(D,pi)=1∏

i pi≤N

∏
i

χi(pi)
∏
i<j

(−1)ϵ(pi)ϵ(pj)di,j

where χi are characters of modulus dividing D, and di,j ∈ {0, 1}.
We write the inductive step for our main bound as follows:

Lemma 13. For integers, n,D,N,M,C and B with

B > max(e(C+2)β log logM , eK(C+2)2(logD)2(log log(DM))2 , n logC+2(M)),

where 1 − β−1 is the largest Siegel zero of a Dirichlet character of modulus dividing D and
K a sufficiently large constant, 1 ≤ k ≤ n and S a set of primes ≤ B, then Q(n,N,D, k, S)
as described above is at most

O(N log(N) log−C−2(M)) +
1

n

∑
p<B
p̸∈S

Q(n− 1, N/p,D, k − 1, S ∪ {p}).

Proof. Since k ≥ 1, there must be an i so that either χi has modulus bigger than 4 or has
modulus exactly 4 and all of the di,j are 0. Without loss of generality, n is such an index.
We split our sum into cases depending on whether pn ≥ B. For pn ≥ B, we proceed by
fixing all of the pj for j ̸= n and summing over pn. Letting P =

∏n−1
i=1 pi, we have

N/B∑
P=1

1

n!

∑
P=p1...pn−1
pi distinct
pi ̸∈S
(D,P )=1

a
∑

B≤pn≤N/P
pn ̸=pj

χ(pn)

where a is some constant of norm 1 depending on p1 . . . pn−1, and χ is a non-trivial character
of modulus dividing D, perhaps also depending on p1, . . . , pn−1. The condition that pn ̸= pj
alters the value of the inner sum by at most n. With this condition removed, we may bound
the inner sum by applying Lemma 12 (taking the difference of the terms with X = N/P
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and X = B). Hence the value of the inner sum is at most O(N/P log−C−2(M) + n). Since
N/P ≥ B ≥ n logC+2(M), this is just O(N/P log−C−2(M)). Note that for each P , there are
at most (n − 1)! ways of writing it as a product of n − 1 primes (since the primes will be
unique up to ordering). Hence, ignoring the extra 1/n factor, the sum above is at most

N/B∑
P=1

O(N/P log−C−2(M)) = O(N log(N) log−C−2(M)).

For pn < B, we fix pn and consider the sum over the remaining pi. We note that for p a
prime not in S and relatively prime to D, this sum is plus or minus one over n times a sum
of the type bounded by Q(n− 1, N/p,D, k − 1, S ∪ {p}). This completes our proof.

We are now prepared to Prove Proposition 11

Proof. We prove by induction on k that for n,N,D,C,M, β,B as above with

B > max(e(C+2)β log logM , eK(C+2)2(logD)2(log log(DM))2 , n logC+2(M)),

and S a set of primes ≤ B that

Q(n,N,D, k, S) ≤O

(
N√

log logN/Bn

)
O

(
log logB

n

)k

(4)

+O(N log(N) log−C−2(M))
k−1∑
a=0

O

(
log logB

n

)a

.

Plugging in M = N , k = m, S = ∅, and

B = max(e(C+2)β log logN , eK(C+2)2(logD)2(log log(DN))2 , n logC+2(N)),

yields the necessary result.
We prove Equation 4 by induction on k. For k = 0, the sum is at most the sum over

b = p1 . . . pn with appropriate conditions of 1
n!
. Since each such b can be written as such

a product on at most n! ways, this is at most Πn(N), which by Corollary 7 is at most

O
(

N√
log logN

)
as desired.

For larger values of k, we use the inductive hypothesis and Lemma 13 to boundQ(n,N,D, k, S)
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by

O(N log(N) log−C−2(M)) +
1

n

∑
p<B

Q(n− 1, N/p,D, k − 1, S ′)

≤O(N log(N) log−C−2(M))

+
1

n

∑
p<B

1

p
O

(
N√

log logN/pBn−1

)
O

(
log logB

n− 1

)k−1

+
1

n

∑
p<B

1

p
O(N log(N) log−C−2(M))

k−2∑
a=0

O

(
log logB

n− 1

)a

≤O(N log(N) log−C−2(M))

+O

(
N√

log logN/Bn

)
O

(
log logB

n

)k

+O(N log(N) log−C−2(M))
k−2∑
a=0

O

(
log logB

n

)a+1

≤O

(
N√

log logN/Bn

)
O

(
log logB

n

)k

+O(N log(N) log−C−2(M))
k−1∑
a=0

O

(
log logB

n

)a

.

Above we use that
∑

p<B
1
p
= O(log logB) and that 1

n

(
1

n−1

)a
= O

((
1
n

)a+1
)
for a ≤ n. This

completes the inductive hypothesis, proving Equation 4, and completing the proof.

We are now prepared to prove Proposition 10

Proof. First note that we can assume that 4|D. This is because if that is not the case, we
can split our sum up into two cases, one where none of the pi are 2, and one where one of
the pi is 2. In either case we get a sum of the same form but now can assume that D is
divisible by 4. We assume this so that we can use Proposition 11.

It is clear that the difference between the left hand side of Equation 2 and the main term
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on the right hand side is

1

|G|


∑

χ∈Ĝ\{1}


1

n!

∑
p1,...,pn
distinct primes
(D,pi)=1∏

i pi≤N

χ(p1, . . . , pn)


(∑

g∈G

f(g)χ(g)

)
 .

Using Cauchy-Schwarz we find that this is at most

1

|G|
√

|G||f |2


∑

χ∈Ĝ\{1}

∣∣∣∣∣∣∣∣∣∣∣∣
1

n!

∑
p1,...,pn
distinct primes
(D,pi)=1∏

i pi≤N

χ(p1, . . . , pn)

∣∣∣∣∣∣∣∣∣∣∣∣

2

1/2

.

We note that |f |2 ≤
√

|G| and hence that 1
|G|

√
|G||f |2 ≤ 1. Bounding the character sum

using Proposition 11 (using the minimal possible value of B), we get O
(

N2

log logN

)
times

∑
χ∈Ĝ\{1}

OD

(
log log logN

log logN

)2s

.

Where above s is the number of components on which χ (thought of as a product of characters
of (Z/DZ)∗) is non-trivial. Since each component of χ can either be trivial or have one of
finitely many non-trivial values (each of which contributes OD((log log logN)2/(log logN)2))
and this can be chosen independently for each component, the inner sum is(

1 +OD

(
log log logN

log logN

)2
)n

− 1 = exp

(
OD

(
(log log logN)2

log logN

))
− 1

= OD

(
(log log logN)2

log logN

)
.

Hence the total error is at most

1

|G|
√

|G|
√

|G|OD

((
N2 log log log2(N)

log log2(N)

)1/2
)

= OD

(
N log log log(N)

log log(N)

)
.
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The proof of Proposition 9 is along the same lines as the proof of Proposition 11. Again
we induct on m. This time, we use Lemma 13 as our base case (when all of the ei,j are 0). If
some ei,j is non-zero, we break into cases based on whether or not pi and pj are larger than
some integer A (which will be some power of log(N)). If both, pi and pj are large, then fixing
the remaining primes and summing over pi and pj gives a relatively small result. Otherwise,
fixing one of these primes at a small value, we are left with a sum of a similar form over
the other primes. Unfortunately, doing this will increase our D by a factor of pi, and may
introduce characters with bad Siegel zeroes. To counteract this, we will begin by throwing
away all terms in our sum where D

∏
i pi is divisible by the modulus of the worst Siegel zero

in some range, and use standard results to bound the badness of other Siegel zeroes.
We begin with some Lemmas that will allow us to bound sums of Legendre symbols of

pi and pj as they vary over primes.

Lemma 14. Let Q and N be positive integers with Q2 ≥ N . Let a be a function {1, 2, . . . , N} →
C, supported on square-free numbers. Then we have that

∑
χ quadratic character
of modulus p or 4p, ≤Q

∣∣∣∣∣
N∑

n=1

anχ(n)

∣∣∣∣∣
2

= O
(
Q
√
N |a|2

)
where the sum is over quadratic characters whose modulus is either a prime or four times a
prime and is less than Q, and where |a|2 =

∑N
n=1 |an|2 is the squared L2 norm.

Note the similarity between this and Lemma 3 of [22].

Proof. Let M be a positive integer so that Q2 ≤ NM2 ≤ 4Q2. Let b : {1, 2, . . . ,M2} → C
be the function bn2 = 1

M
and b = 0 on non-squares. Let c = a ∗ b be the multiplicative

convolution of a and b. Note that since a is supported on square-free numbers and b supported
on squares that |c|2 = |a|2|b|2 = |a|2/M . Applying the multiplicative large sieve inequality
(see [24] Theorem 7.13) to c we have that

∑
q≤Q

q

ϕ(q)

∗∑
χ mod q

∣∣∣∣∣∑
n

cnχ(n)

∣∣∣∣∣
2

≤ (Q2 +NM2 − 1)|c|2. (5)

The right hand side is easily seen to be

O(Q2)|a|2/M = O(Q2|a|2/(
√
Q2/N)) = O(Q

√
N |a|2).

For the left hand side we may note that it only becomes smaller if we remove the q
ϕ(q)

or
ignore the characters that are not quadratic or do not have moduli either a prime or four
times a prime. For such characters χ note that∑

n

cnχ(n) =

(∑
n

anχ(n)

)(∑
n

bnχ(n)

)
= Ω(

∑
n

anχ(n)).
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Where the last equality above follows from the fact that χ is 1 on squares not dividing its
modulus, and noting that since its modulus divides four times a prime, the latter case only
happens at even numbers of multiples of p. Hence the left hand side of Equation 5 is at least
a constant multiple of ∑

χ quadratic character
of modulus p or 4p, ≤Q

∣∣∣∣∣
N∑

n=1

anχ(n)

∣∣∣∣∣
2

.

This completes our proof.

Lemma 15. Let A ≤ X be positive numbers, and let a, b : Z → C be functions so that
|a(n)|, |b(n)| ≤ 1 for all n. We have that∣∣∣∣∣∣∣∣

∑
A≤p1,p2
p1p2≤X

a(p1)b(p2)

(
p1
p2

)∣∣∣∣∣∣∣∣ = O(X log(X)A−1/8).

Where the above sum is over pairs of primes pi bigger than A with p1p2 ≤ X, and where(
p1
p2

)
is the Legendre symbol.

Proof. We first bound the sum of the terms for which p1 ≤
√
X.

We begin by partitioning [A,
√
X] into O(A1/4 log(X)) intervals of the form [Y, Y (1 +

A−1/4)). We break up our sum based on which of these intervals p1 lies in. Once such an
interval is fixed, we throw away the terms for which p2 ≥ X/(Y (1 + A−1/4)). We note that
for such terms p1p2 ≥ X(1 + A−1/4)−1. Therefore the number of such terms in our original
sum is at most O(XA−1/4), and thus throwing these away introduces an error of at most
O(XA−1/4).

The sum of the remaining terms is at most

∑
A≤p2≤X/(Y (1+A−1/4))

∣∣∣∣∣∣
∑

Y≤p1≤Y (1+A−1/4)

a(p1)

(
p1
p2

)∣∣∣∣∣∣ .
By Cauchy-Schwarz, this is at most

√
X/Y

 ∑
A≤p2≤X/(Y (1+A−1/4))

∣∣∣∣∣∣
∑

Y≤p1≤Y (1+A−1/4)

a(p1)

(
p1
p2

)∣∣∣∣∣∣
21/2

.

In the evaluation of the above, we may restrict the support of a to primes between Y and
Y (1 + A−1/4). Therefore, by Lemma 14, the above is at most√

X/Y O

(√
(X/Y )Y 1/2(Y A−1/4)

)
= O

(
XY −1/4A−1/8

)
= O(XA−3/8).
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Hence summing over the O(A1/4 log(X)) such intervals, we get a total contribution of
O(X log(X)A−1/8).

We get a similar bound on the sum of terms for which p2 ≤
√
X. Finally we need to

subtract off the sum of terms where both p1 and p2 are at most
√
X. This is∑

A≤p1≤
√
X

∑
A≤p2≤

√
X

a(p1)b(p2)

(
p1
p2

)
.

This is at most ∑
A≤p2≤

√
X

∣∣∣∣∣∣
∑

A≤p1≤
√
X

a(p1)

(
p1
p2

)∣∣∣∣∣∣ .
By Cauchy-Schwarz and Lemma 14, this is at most

√
X1/2O

(√
X1/2X1/4X1/2

)
= O(X7/8) = O(XA−1/8).

Hence all of our relevant factors are O(X log(X)A−1/8), thus proving our bound.

As mentioned above, in proving Proposition 9, we are going to want to deal separately
with the terms in which D

∏
i pi is divisible by a particular bad Siegel zero. In particular, for

X ≤ Y , let q(X,Y ) be the modulus of the Dirichlet character with the worst (closest to 1)
Siegel zero of any Dirichlet character with modulus between X and Y . In analogy with the
Q defined in the proof of Proposition 11, for integers n,N,D, k,X, Y and a set S of primes,
we define Q(n,N,D, k,X, Y, S) to be the largest possible value of∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1

n!

∑
p1,...,pn
distinct primes
pi ̸∈S
q(X,Y ) ̸|D

∏
i pi

(D,pi)=1∏
i pi≤N

∏
i

χi(pi)
∏
i<j

(−1)ϵ(pi)ϵ(pj)di,j
∏
i<j

(
pi
pj

)ei,j

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(6)

where χi are Dirichlet characters of modulus dividing D, ei,j, di,j ∈ {0, 1}, and k is at most
the number of indices i so that one of:

� ei,j = 1 for some j or

� χi has modulus not dividing 4 or
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� χi has modulus exactly 4 and di,j = 0 for all j.

We wish to prove an inductive bound on Q. In particular we show:

Lemma 16. Let n,N,D, k,X, Y be as above. Let β be a real number so that the worst Siegel
zero of a Dirichlet series of modulus at most D other than q(X, Y ) is at most 1− β−1. Let
M,A,B,C be integers so that

B > max(e(C+2)β log logM , eK(C+2)2(logD)2(log log(DM))2 , n logC+2(M), A)

for a sufficiently large constantK. Then for S a set of primes ≤ A, we have that Q(n,N,D, k,X, Y, S)
is at most the maximum of

N

(
O

(
log logB

n

)k

+O(log(N) log−C−2(M))
k−1∑
a=0

O

(
log logB

n

)a
)

and

O(N log2(N)A−1/8) +
2

n

∑
p<A

Q(n− 1, N/p,Dp, k − 1, X, Y, S ∪ {p})

+
1

n(n− 1)

∑
p1,p2<A

Q(n− 2, N/p1p2, Dp1p2, k − 2, X, Y, S ∪ {p1, p2}).

Proof. We consider a sum of the form given in Equation 6. If all of the ei,j are 0, we have
a form of the type handled in the proof of Proposition 11, and our sum is bounded by the
first of our two expressions by Equation 4.

Otherwise, some ei,j is 1. Without loss of generality, this is en−1,n. We can also assume
that dn−1,n = 0 since adding or removing the appropriate term is equivalent the reversing
the Legendre symbol. We split our sum into parts based on which of pn−1, pn are at least A.
In particular we take the sum of terms with both at least A, plus the sum of terms where
pn−1 < A plus the sum of terms with pn < A minus the sum of terms with both less than A.

First consider the case where pn−1, pn ≥ A. First fixing the values of p1, . . . , pn−2, and
letting P =

∏n−2
i=1 pi, we consider the remaining sum over pn−1 and pn. We have

±1

n!

∑
A≤pn−1,pn
pn−1 ̸=pn
(pi,DP )=1
Q̸|DPpn−1pn
pn−1pn≤N/P

a(pn−1)b(pn)

(
pn−1

pn

)
.

Where a, b are some functions Z → C so that |a(x)|, |b(x)| ≤ 1 for all x. We note that
the condition that (pi, DP ) = 1 can be expressed by setting a and b equal to 0 for some
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appropriate set of primes. We note that the condition that q(X,Y ) not divide DPpn−1pn
is only relevant if DP is missing only one or two primes of q(X,Y ). In the former case, it
is equivalent to making one more value illegal for the pi. In the latter case it eliminates at
most two terms. The condition that the pi are distinct removes at most

√
N/P terms from

our sum. Therefore, perhaps after setting a and b to 0 on some set of primes, the above is

±1

n!

O(
√
N/P ) +

∑
A≤pn−1,pn
pn−1pn≤N/P

a(pn−1)b(pn)

(
pn−1

pn

) .

By Lemma 15, this is at most

1

n!
O(N/P log(N)A−1/8).

Now for each P ≤ N , it can be written in at most (n − 2)! ways, hence the sum over all
pn−1, pn ≥ A is at most

N∑
P=1

O(N/P log(N)A−1/8) = O(N log2(N)A−1/8).

Next for the case where pn < A. We deal with this case by setting pn to each possible
value of size at most A individually. It is easy to check that after setting pn to such a value p,
the sum over the remaining pi is 1/n times a sum of the form bounded by Q(n−1, N,Dp, k−
1, X, Y, S ∪ {p}). Hence the sum over all terms with pn < A is at most

1

n

∑
p<A

Q(n− 1, N/p,Dp, k − 1, X, Y, S ∪ {p}).

The sum of the terms with pn−1 < A has the same bound, and the sum of terms with
both less than A is similarly seen to be at most

1

n(n− 1)

∑
p1,p2<A

Q(n− 2, N/p1p2, Dp1p2, k − 2, X, Y, S ∪ {p1, p2}).

We use this to prove an inductive bound on Q

Lemma 17. Let n,N,D, k,X, Y, S,M,A,B,C, β be as above. Assume furthermore that
Y ≥ DAn,

B > max(e(C+2)β log logM , eK(C+2)2(log Y )2(log log(YM))2 , n logC+2(M), A),
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and that S contains only elements of size at most A. Let L = n−k, then Q(n,N,D, k,X, Y, S)
is at most

N

(
O

(
log logB

L

)k

+O
(
log2(N)A−1/8 + log(N) log−C−2(M)

) k−1∑
a=0

O

(
log logB

L

)a
)
.

Note that we will wish to apply this Lemma with n about log logN , D a constant, A
polylog N , X polylog N , M = N , Y = DAn, and B its minimum possible value.

Proof. We proceed by induction on k, using Lemma 16 to bound Q. Our base case is when
Q(n,N,D, k,X, Y, S) is bounded by

N

(
O

(
log logB

n

)k

+O(log(N) log−C−2(M))
k−1∑
a=0

O

(
log logB

n

)a
)

(which must happen if k = 0). In this case, our bound clearly holds.
Otherwise, Q(n,N,D, k,X, Y, S) is bounded by

O(N log2(N)A−1/8) +
2

n

∑
p<A

Q(n− 1, N/p,Dp, k − 1, X, Y, S ∪ {p})

+
1

n(n− 1)

∑
p1,p2<A

Q(n− 2, N/p1p2, Dp1p2, k − 2, X, Y, S ∪ {p1, p2}).

Notice that the parameters of Q in the above also satisfy our hypothesis, so we may bound
them inductively. Note also that for the above values of Q that the value of L is the same.
Letting U andE be sufficiently large multiples of log logB

L
and

(
log2(N)A−1/8 + log(N) log−C−2(M)

)
,

the above is easily seen to be at most

N

(
E + U

(
O(U)k−1 + E

k−2∑
a=0

O(U)a

)
+ U2

(
O(U)k−2 + E

k−3∑
a=0

O(U)a

))
.

Suppose that we wish to prove our final statement where the O(U) terms hide a constant of
Z. By the above, we could complete the inductive step if we could show that

E + U

(
(ZU)k−1 + E

k−2∑
a=0

(ZU)a

)
+ U2

(
(ZU)k−2 + E

k−3∑
a=0

(ZU)a

)
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was at most

(ZU)k + E
k−1∑
a=0

(ZU)a.

On the other hand, by comparing terms, this follows trivially as long as Z > 2. This
completes our inductive step and proves our Lemma.

We are finally prepared to prove Proposition 9.

Proof. The basic idea will be to compare the sum in question to the quantityQ(n,N,D, k,X, Y, ∅)
for appropriate settings of the parameters. We begin by fixing the constant c in the
Proposition statement. We let C be a constant large enough that cn > log−C(N) (re-
call that n was O(log logN)). We set A to log8C+16(N), X to logC(N) and Y to DAn =
exp(OD(C(log logN)2)). We let M = N .

We note that β comes from either the worst Siegel zero of modulus less that X, or the
second worst Siegel zero of modulus less than Y . By Theorem 5.28 of [24], β is at most
Oϵ(X

ϵ) in the former case, and at most O(log(Y )) in the latter case. Hence (changing ϵ by
a factor of C), we have unconditionally, that β = Oϵ(log

ϵ(N)) for any ϵ > 0. We next let

B = max(e(C+2)β log logM , eK(C+2)2(log Y )2(log log(YM))2 , n logC+2(M), A).

Hence for sufficiently large N (in terms of epsilon and D),

log logB < ϵ log logN.

Finally we pick k so that n/2 ≥ k ≥ m/2. Thus L = n−k > n/2 = Ω(log logN). Noting
that we satisfy the hypothesis of Lemma 16, we have that for N sufficiently large relative to
ϵ and D that Q(n,N,D, k,X, Y, ∅) is at most

N

(
O(ϵ)m/2 +O

(
log2(N) log−C−2(N) + log(N) log−C−1(N)

) k∑
a=0

O(ϵ)a

)
.

If ϵ is small enough that the term O(ϵ) is at most 1/2, this is at most

N
(
O(ϵ)m/2 + log−C(N)

)
.

If additionally the O(ϵ) term is less than c2, this is

O(Ncm).

Hence for N sufficiently large relative to c and D,

Q(n,N,D, k,X, Y, ∅) = O(Ncm).
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Therefore unequivocally,

Q(n,N,D, k,X, Y, ∅) = Oc,D(Ncm).

Finally, we note that the difference between Q(n,N,D, k,X, Y, ∅) and the term that
we are trying to bound is exactly the sum over such terms where p1 · · · pn is divisible by

q(X,Y )
gcd(q(X,Y ),D)

. Since q(X,Y ) ≥ X, there are only OD(N log−C(N)) such products. Since each

product can be obtained in at most n! ways, each contributing at most 1
n!
, this difference is at

most OD(N log−C(N)) = O(Ncm). Therefore the thing we wish to bound is Oc,D(Ncm).

4 Average Sizes of Selmer Groups

Here we use the results from the previous section to prove the following Proposition:

Proposition 18. Let E be an elliptic curve as described above (full two torsion defined over
Q, no cyclic 4-isogeny defined over Q). Let S be a finite set of places containing 2,∞ and
all of the places where E has bad reduction. Let x be either −1 or a power of 2. Let ω(m)
denote the number of prime factors of m. Say that (m,S) = 1 if m is an integer not divisible
by any of the finite places in S. For positive integers N , let SN denote the set of integers
b ≤ N squarefree with |ω(b)− log logN | ≤ (log logN)3/4, and (b, S) = 1. Then

lim
N→∞

∑
SN

xdim(S2(Eb))

|SN |
=
∑
n

xnαn.

This says that the kth moment of |S2(Eb)| averaged over b ≤ N with |ω(b)− log logN | ≤
(log logN)3/4 is what you would expect it to be by Theorem 2, and that averaged over the
same b’s that the rank of the Selmer group is odd half of the time. The latter part of the
Proposition follows from Lemma 1, which we prove now:

Proof of Lemma 1. First we replace E by a twist so that ci − cj are pairwise relatively
prime integers. It is now the case that E has everywhere good or multiplicative reduction,
and we are now concerned with dim(S2(Edb)) for some constant d|D. By [44] Theorem
2.3, and [38] Corollary 1 we have that dim(S2(Ebd)) ≡ dim(S2(E)) (mod 2) if and only if
(−1)xχbd(−N) = 1 where x = ω(d), N is the product of the primes not dividing d at which
E has bad reduction, and χbd is the quadratic character corresponding to the extension
Q(

√
bd). From this, the Lemma follows immediately.

In order to prove the rest of Proposition 18, we will need a concrete description of the
Selmer groups of twists of E. We follow the treatment given in [58]. Let b = p1 · · · pn where
pi are distinct primes relatively prime to S (we leave which primes unspecified for now). Let
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B = S ∪ {p1, . . . , pn}. For ν ∈ B let Vν be the subspace of (u1, u2, u3) ∈ (Q∗
ν/(Q∗

ν)
2)3 so

that u1u2u3 = 1. Note that Vν has a symplectic form given by (u1, u2, u3) · (v1, v2, v3) =∏3
i=1(ui, vi)ν , where (ui, vi)ν is the Hilbert Symbol. Let V =

∏
ν∈B Vν be a symplectic

F2-vector space of dimension 2M .
There are two important Lagrangian subspaces of V . The first, which we call U , is the

image in V of (Z∗
B/(Z∗

B)
2)31. The other, which we call W , is given as the product of Wν over

ν ∈ B, where Wν consists of points of the form (x−bc1, x− bc2, x− bc3) for (x, y) ∈ Eb. Note
that we can write W = WS × Wb where WS =

∏
ν∈S Wν and Wb =

∏
ν|b Wν . The Selmer

group is given by
S2(Eb) = U ∩W.

Let U ′ be the F2-vector space generated by the symbols ν, ν ′ for ν ∈ S and pi, p
′
i for

1 ≤ i ≤ n. There is an isomorphism f : U ′ → U given by f(∞) = (−1,−1, 1), f(∞′) =
(1,−1,−1), f(p) = (p, p, 1), f(p′) = (1, p, p).

Note also that Wpi is generated by ((c1 − c2)(c1 − c3), b(c1 − c2), b(c1 − c3)) and (b(c3 −
c1), b(c3 − c2), (c3 − c1)(c3 − c2)). If we define W ′ to be the F2-vector space generated by
the symbols pi, p

′
i for 1 ≤ i ≤ n, then there is an isomorphism g : W ′ → Wb given by

g(pi) = ((c1− c2)(c1− c3), b(c1− c2), b(c1− c3)) ∈ Wpi and g(p′i) = (b(c3− c1), b(c3− c2), (c3−
c1)(c3 − c2)) ∈ Wpi .

Let G =
∏

ν∈S\∞ o∗ν/(o
∗
ν)

2 (here o∗ν are the units in the ring of integers of kν). Note that
if b is positive, WS is determined by the restriction of b to G. So for c ∈ G let WS,c be WS

for such b. Let W ′
c = WS,c × W ′. Then we have a natural map gc : W ′

c → V that is an
isomorphism between W ′

c and W if b restricts to c.
We are now ready to prove Proposition 18.

Proof. For x = −1 this Proposition just says that the parity is odd half of the time, which
follows from Lemma 1. For x = 2k this says something about the expected value of |S2(Eb)|k.
For x = 2k we will show that for each n ∈ (log logN−(log logN)3/4, log logN+(log logN)3/4)
that ∑

b≤N
b square-free
ω(b)=n
(b,S)=1

|S2(Eb)|k

=


∑

b≤N
b square-free
ω(b)=n
(b,S)=1

1


(∑

m

αm(2
k)m + δ(n,N)

)
+OE,k

(
N(log log logN)2

log logN

)
.
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Where δ(n,N) is some function so that limN→∞ δ(n,N) = 0. Summing over n and noting
that there are Ω(N) values of b ≤ N square-free with |ω(b)− log logN | < (log logN)3/4, and
(b, S) = 1 gives us our desired result.

In order to do this we need to better understand |S2(Eb)| = |U ∩W |. For v ∈ V we have
since U is Lagrangian of size 2M ,

1

2M

∑
u∈U

(−1)u·v =

{
1 if v ∈ U⊥

0 else

=

{
1 if v ∈ U

0 else
.

Hence

|S2(Eb)| = |U ∩W |
= #{w ∈ W : w ∈ U}

=
∑
w∈W

1

2M

∑
u∈U

(−1)u·w

=
1

2M

∑
u∈U,w∈W

(−1)u·w

=
1

2M

∑
u∈U ′,w∈W ′

b

(−1)f(u)·gb(w)

=
1

2M

∑
c∈G

1

|G|
∑
χ∈Ĝ

χ(bc)
∑

u∈U ′,w∈W ′
c

(−1)f(u)·gc(w)

=
1

2M |G|
∑

c∈G,χ∈Ĝ
u∈U ′,w∈W ′

c

χ(bc)(−1)f(u)·gc(w).

If we extend f and gc to fk : (U ′)k → Uk, gkc : (W ′
c)

k → V k, and extend the inner product
on V to an inner product on V k, we have that

|S2(Eb)|k =
1

2kM |G|k
∑

c∈G,χ∈Ĝ
u∈(U ′)k,w∈(W ′

c)
k

χ(bc)(−1)f
k(u)·gkc (w). (7)

Notice that once we fix values of c, χ, u, w in Equation 7 the summand (when treated as a
function of p1, . . . , pn) is of the same form as the “characters” studied in Section 3.

We want to take the sum over all b ≤ N square-free, ω(b) = n, (b, S) = 1, of |S2(Eb)|k. If
we let D be 8 times the product of the finite odd primes in S, we note that each such b can
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be expressed exactly n! ways as a product p1, . . . , pn with pi distinct, (pi, D) = 1. Therefore
this sum equals

1

n!

∑
p1,...,pn
distinct primes
(D,pi)=1∏

i pi≤N

1

2kM |G|k
∑

c∈G,χ∈Ĝ
u∈(U ′)k,w∈(W ′

c)
k

∏
i

χ(pi)χ(c)(−1)f
k(u)·gkc (w).

Interchanging the order of summation gives us

1

2kM |G|k
∑

c∈G,χ∈Ĝ
u∈(U ′)k,w∈(W ′

c)
k

χ(c)

n!

∑
p1,...,pn
distinct primes
(D,pi)=1∏

i pi≤N

(∏
i

χ(pi)

)
(−1)f

k(u)·gkc (w).

Now the inner sum is exactly of the form studied in Proposition 9.
We first wish to bound the contribution from terms where this inner sum has terms of the

form
(

pi
pj

)
, or in the terminology of Proposition 9 for which not all of the ei,j are 0. In order

to do this, we will need to determine how many of these terms there are and how large their

values of m are. Notice that terms of the form
(

pi
pj

)
show up here when we are evaluating

the Hilbert symbols of the form (p, b(ca − cb))p, (p, b(ca − cb))q, (q, b(ca − cb))p, (q, b(ca − cb))q
and in no other places.

Let Ui ⊂ U ′ be the subspace generated by pi = (pi, pi, 1) and p′i = (1, pi, p1). For u ∈ U ′

let ui be its component in Ui in the obvious way. Let Wi ⊂ W ′ be Wpi . For w ∈ W ′
c let wi

be its component in Wi. Let U0 be the F2-vector space with formal generators p and p′. We
have a natural isomorphism between U0 and Ui sending p to pi and p′ to p′i. We will hence
often think of ui as an element of U0. Similarly let W0 be the F2-vector space with formal
generators ((c1−c2)(c1−c3), b(c1−c2), b(c1−c3)) and (b(c3−c1), b(c3−c2), (c3−c1)(c3−c2)).
We similarly have natural isomorphisms between Wi and W0 and will often consider wi as
an element of W0 instead of Wi.

Additionally, we have a bilinear form U0 ×W0 → F2 defined by:

p·((c1 − c2)(c1 − c3), b(c1 − c2), b(c1 − c3))

= p′ · (b(c3 − c1), b(c3 − c2), (c3 − c1)(c3 − c2))

= 1

p′·((c1 − c2)(c1 − c3), b(c1 − c2), b(c1 − c3))

= p · (b(c3 − c1), b(c3 − c2), (c3 − c1)(c3 − c2))

= 0.
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We notice that if u ∈ U ′ and w ∈ W ′
c, then the exponent of

(
pi
pj

)
that appears in (−1)f(u)·gc(w)

is (ui + uj) · (wi +wj). Similarly if u ∈ (U ′)k, w ∈ (W ′
c)

k, the exponent of
(

pi
pj

)
that appears

in (−1)f
k(u)·gkc (w) is (ui + uj) · (wi + wj), where u∗, w∗ are thought of as elements of Uk

0 and
W k

0 .
We define a symplectic form on T = Uk

0 × W k
0 by (u,w) · (u′, w′) = u · w′ + u′ · w.

Also define a quadratic form q on T by q(u,w) = u · w. We claim that given some set of
ti = (ui, wi)i∈I ∈ T that (ui+uj) · (wi+wj) = 0 for all pairs i, j ∈ I only if all of the (ui, wi)
lie in a translate of a Lagrangian subspace of T . First note that for t = (u,w), t′ = (u′, w′)
that (u + u′) · (w + w′) = t · t′ + q(t) + q(t′). We need to show that for all i, j, k ∈ I that
(ti + tj) · (ti + tk) = 0. This is true because

(ti + tj) · (ti + tk)

= ti · ti + ti · tk + tj · ti + tj · tk
= ti · tk + tj · ti + tj · tk
= ti · tk + tj · ti + tj · tk + 2q(ti) + 2q(tj) + 2q(tk)

= (ti · tj + q(ti) + q(tj)) + (ti · tk + q(ti) + q(tk)) + (tk · tj + q(tk) + q(tj))

= 0.

So suppose that we have some u ∈
∏n

i=1 U
k
i and w ∈

∏n
i=1 W

k
i , and suppose that we

have a set of ℓ indices in {1, 2, . . . , n}, which we call active indices, so that (−1)f
k(u)·gk(w)

has terms of the form
(

pi
pj

)
only if i, j are both active, and suppose furthermore that each

active index shows up as either i or j in at least one such term. Let ti = (ui, wi) ∈ T . We
claim that ti takes fewer than 2k different values on non-active indices, i. We note that our
notion of active indices is similar to the notion in [22] of linked indices.

Since ti · tj + q(ti) + q(tj) = 0 for any two non-active indices ti and tj, all of these must
lie in a translate of some Lagrangian subspace of T . Therefore ti can take at most 2k values
on non-active indices. Suppose for sake of contradiction that all of these values are actually
assumed by some non-active index. Then consider tj for j an active index. The ti for i either
non-active or equal to j must similarly lie in a translate of a Lagrangian subspace. Since
such a space is already determined by the non-active indices and since all elements of this
affine subspace are already occupied, tj must equal ti for some non-active i. But this means
that every tj is assumed by some non-active index which implies that no terms of the form(

pi
pj

)
survive, yielding a contradiction.

Now consider the number of such u,w so that there are at most ℓ active indices and so
that at least one of these terms survive. Once we fix the values ti that are allowed to be
taken by the non-active indices (which can only be done in finitely many ways), there are(
n
ℓ

)
ways to choose the active indices, at most 2k − 1 ways to pick ti for each non-active



CHAPTER C. 2-SELMER GROUPS 71

index, and at most 22k ways for each active index. Hence the total number of such u,w with
exactly ℓ active indices is

O

((
n

ℓ

)(
2k − 1

)n−ℓ (
22k
)ℓ)

.

By Proposition 9, the value of the inner sum for such a (u,w) is at most OE,k

(
N(2−2k−1)ℓ

)
.

Hence summing over all ℓ > 0 and recalling the 2−Mk out front we get a contribution of at
most

N2−nkOE,k

(∑
ℓ

(
n

ℓ

)(
2k − 1

)n−ℓ
(
1

2

)ℓ
)

= N2−nkOE,k

(
(2k − 1/2)n

)
= NOE,k

(
(1− 2−k−1)n

)
= NOE,k

(
(logN)−2−k−2

)
.

Therefore we may safely ignore all of the terms in which a
(

pi
pj

)
shows up. This is our

analogue of Lemma 6 in [22].
Notice that by the above analysis, that the number of remaining terms must be O(2Mk).

Additionally, for these terms we may apply Proposition 10. Therefore because of the 2−Mk

factor out front we have that up to an error of OE

(
(log log logN)2

log logN

)
that the sum over b =

p1 · · · pn, square free, at most N , relatively prime to D, of |S2(Eb)|k is the number of such

b times the average over all possible values of pi ∈ G,
(

pi
pj

)
, of |S2(Eb)|k. Furthermore, our

work shows that this average is bounded in terms of k and E independently of n.
On the other hand, recalling the notation from Theorem 2, this average is just∑

d

πd(n)2
kd.

Using the fact that this is bounded for k + 1 independently of n, we find that πd(n) =
Ok,E(2

−(k+1)d). In order to complete the proof of our Proposition, we need to show that

lim
n→∞

∑
d

(πd(n)− αd)2
kd = 0.

But this follows from the fact that∑
d>X

(πd(n)− αd)2
kd = OE,k

(∑
d>X

2−d

)
= OE,k(2

−X)

and that πd(n) → αd for all d by Theorem 2.



CHAPTER C. 2-SELMER GROUPS 72

5 From Sizes to Ranks

In this Section, we turn Proposition 18 into a proof of Theorem 3. This Section is analogous
to Section 8 of [22], although our techniques are significantly different. We begin by doing
some computations with the αi.

Note that

αn+2 =

(
1∏∞

j=0(1 + 2−j)

)
2−(

n
2)

n∏
j=1

(1− 2−j)−1.

Now
∏n

j=1(1 − 2−j)−1 is the sum over partitions, P , into parts of size at most n of 2−|P |.
Equivalently, taking the transpose, it is the sum over partitions P with at most n parts of

2−|P |. Multiplying by 2−(
n
2), we get the sum over partitions P with n distinct parts (possibly

a part of size 0) of 2−|P |. Therefore, we have that

F (x) =
∞∑
n=0

αnx
n =

x2
∏∞

j=0(1 + 2−jx)∏∞
j=0(1 + 2−j)

.

Since the xd+2 coefficient of F (x) is also the sum over partitions, P into exactly d distinct
parts (perhaps one of which is 0) of 2−|P | divided by

∏∞
j=0(1+2−j). This implies in particular

that
∑∞

n=0 αn equals 1 as it should.
Let TN be the set of square-free b ≤ N with (b,D) = 1, and |ω(b) − log logN | <

(log logN)3/4. Let Cd(N) be

#{b ∈ TN : dim(S2(Eb)) = d}
|TN |

.

Let C(N) = (C0(N), C1(N), . . .) ∈ [0, 1]ω. Theorem 3 is equivalent to showing that

lim
N→∞

C(N) = (α0, α1, . . .).

Lemma 19. Suppose that some subsequence of the C(N) converges to some sequence (β0, β1, . . .) ∈
[0, 1]ω in the product topology. Let G(x) =

∑
n βnx

n. Then G(x) has infinite radius of con-
vergence and F (x) = G(x) for x = −1 or x equals a power of 2. Also β0 = β1 = 0.

This Lemma says that if the C(N) have some limit that the naive attempt to compute
moments of the Selmer groups from this limit would succeed.

Proof. The last claim follows from the fact that since Eb has full 2-torsion, its 2-Selmer group
always has rank at least 2. Notice that

∑
dCd(N)xd is equal to the average size of xdim(S2(Eb))

over b ≤ N square-free, relatively prime to D with |ω(b) − log logN | < (log logN)3/4. This
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has limit F (x) as N → ∞ by Proposition 18 if x is −1 or a power of 2. In particular it is
bounded. Therefore there exists an Rk so that∑

d

Cd(N)2kd ≤ Rk

for all N . Therefore Cd(N) ≤ Rk2
−kd for all d,N . Therefore βd ≤ Rk2

−kd. Therefore G has
infinite radius of convergence.

Furthermore if we pick a subsequence, Ni → ∞ so that Cd(Ni) → βd for all d, we have
that

F (2k) = lim
i→∞

∑
d

Cd(Ni)2
dk

= lim
i→∞

∑
d≤X

Cd(Ni)2
dk +O

(∑
d>X

Rk+12
−d

)
= lim

i→∞

∑
d≤X

Cd(Ni)2
dk +O(Rk+12

−X)

=
∑
d≤X

βd2
dk +O(Rk+12

−X).

So
lim

X→∞

∑
d≤X

βd2
dk = F (2k).

ThusG(2k) = F (2k). For x = −1 the argument is similar but comes from the equidistribution
of parity rather than expectation of size.

Lemma 20. Suppose that G(x) =
∑

n βnx
n is a Taylor series with infinite radius of conver-

gence. Suppose also that βn ∈ [0, 1] for all n and that G(x) = F (x) for x equal to −1 or a
power of 2. Suppose also that β0 = β1 = 0. Then βn = αn for all n.

Proof. First we wish to prove a bound on the size of the coefficients of G. Note that

F (2k) =
22k(1 + 2k)(1 + 2k−1) · · ·
(1 + 20)(1 + 2−1) · · ·

= 22k
k∏

j=1

(1 + 2k) = O
(
22k+k(k+1)/2

)
.

Now
2nkβn ≤ G(2k) = F (2k) = O

(
22k+k(k+1)/2

)
.

Therefore
βn = O

(
22k+k(k+1)/2−kn

)
.



CHAPTER C. 2-SELMER GROUPS 74

Setting k = n we find that

βn = O
(
2−n2/2+5n/2

)
= O

(
2−(

n−2
2 )
)
.

The same can be said for F . Now consider F − G. This is an entire function whose xn

coefficient is bounded by O
(
2−(

n−2
2 )
)
. Furthermore F −G vanishes to order at least 2 at 0,

and order at least 1 at -1 and at powers of 2. The bounds on coefficients imply that

|F (x)−G(x)| ≤ O

(∑
n

2−(
n−2
2 )|x|n

)
.

The terms in the above sum clearly decay rapidly for n on either side of log2(|x|). Hence

|F (x)−G(x)| = O
(
2(− log2(|x|)2+5 log2(|x|))/2+log2(|x|)2

)
= O

(
2(log2(|x|)

2+5 log2(|x|))/2
)
.

In particular F −G is a function of order less than 1. Hence it must equal

Cx2+t
∏
ρ

(1− x/ρ),

where the product is over non-zero roots ρ of F −G, and t is some non-negative integer. On
the other hand, Jensen’s Theorem tells us that if C ̸= 0 the average value of log2(|F − G|)
on a circle of radius R is

log2 |C|+ (2 + t) log2 R +
∑
|ρ|<R

log2(R/|ρ|).

Setting R = 2k and noting the contributions from ρ = −1 and ρ = 2j for j < k we have

O(1) + 3k +
∑
j<k

(k − j) = O(1) + 3k +

(
k + 1

2

)
= O(1) +

k2 + 7k

2
>

k2 + 5k

2

which is larger than log2(|F −G|) can be at this radius. This provides a contradiction.

We now prove Theorem 3.

Proof. Suppose that C(N) does not have limit (α0, α1, . . .). Then there is some subsequence
Ni so that C(Ni) avoid some neighborhood of (α0, α1, . . .). By compactness, C(Ni) must have
some subsequence with a limit (β0, β1, . . .). By Lemmas 19 and 20, (α0, α1, . . .) = (β0, β1, . . .).
This is a contradiction.

Therefore limN→∞C(N) = (α0, α1, . . .). Hence limN→∞Cd(N) = αd for all d. The
Theorem follows immediately from this and the fact the fraction of b ≤ N square-free with
(b,D) = 1 that have |ω(b)− log logN | < (log logN)3/4 approaches 1 as N → ∞.
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It should be noted that our bounds on the rate of convergence in Theorem 3 are non-
effective in two places. One is our treatment in this last Section. We assume that we do not
have an appropriate limit and proceed to find a contradiction. This is not a serious obstacle
and if techniques similar to those of [22] were used instead, it could be overcome. The more
serious problem comes in our proof of Proposition 9, where we make use of non-effective
bounds on the size of Siegel zeroes. This latter problem may well be fundamental to our
approach.



Chapter D

Projective Embeddings of the
Deligne-Lusztig Curves

1 Introduction

There are four (twisted) Chevalley groups of rank 1. The associated Deligne-Lusztig varieties
for the Coxeter classes of these groups all give affine algebraic curves. The completions of
these curves have several applications including the representation theory of the associated
group ([9, 42]), coding theory ([20]) and the construction of potentially interesting covers of
P1 ([17]).

In this Chapter, we consider these curves associated to the groups G = 2A2,
2B2 and

2G2.
The remaining curve is associated to G = A1 and is P1, but we do not cover this case as
it is easy and doesn’t follow many of the patterns found in the analysis of the other three
cases. For each of these curves, we explicitly construct an embedding C ↪→ P(W ) where W
is a representation of G of dimension 3,5, or 14 respectively, and provide an explicit system
of equations cutting out C. The curve associated to 2A2 is the Fermat curve. The curve
associated to 2B2 is also well-known though not immediately isomorphic to our embedding.
As far as I know there is no standard embedding of the curve associated to 2G2, although
in [52] they construct an explicit curve with the correct genus, symmetry group and number
points, which is likely the correct curve.

For each case, let d be the Coxeter number of the associated group, namely d = 3, 4, 6 for
2A2,

2B2,
2G2, respectively. In [17], Gross proved that for each of these curves C, that C/Gσ ∼=

P1, with the corresponding map C → P1 ramified over only three points corresponding to the
images of the Fq-points, the Fqd-points and the Fqd+1-points. In all cases, we write this map
explicitly by finding the homogenous polynomials on C that correspond to the pullbacks of
the degree-1 functions on P1 vanishing at each of these points, and demonstrating a linear
relation between these functions.

76
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In all cases we attempt to make our constructions canonical. We define the algebraic
group G as the group of automorphisms of some vector space V preserving some additional
structure. We define the Frobenius map on G by picking an isomorphism between V and
some other space V ′ constructed functorially from V (for example, for 2A2, we get the
Frobenius map defining SU(3) by picking a Frobenius-linear map between V and its dual).
From V we construct W , another representation of G, given as a quotient of Λ2V . In each
case we define our map C → P(W ) by sending a Borel, B, of G to the 2-form corresponding
to the line in V that B fixes. The construction of the functions giving our map from C to
P1 are all given by linear algebraic constructions.

There are a number of similarities in our techniques for the three different cases, sug-
gesting that there may be a more general way to deal with all three at once, although we
were unable to find such a technique. In addition to the similarity of overall approach, much
of the feel of these constructions should be the same although they differ in the details.
Additionally in all three cases we compute the degree of the embedding and find that it is
given by |Gσ |

|Bσ ||Tσ| (here T is a Coxeter torus of G).
In Section 2, we describe some of the basic theory along with an outline of our general

approach. In Section 3, we deal with the case of 2A2; in Section 4, the case of 2B2; and
in Section 5, we deal with 2G2. Much of the exposition in Section 2 is somewhat abstract
and corresponds to relatively simple computations in Section 3, so if you are having trouble
following in Section 2, it is suggested that you look at Section 3 in parallel to get a concrete
example of what is going on.

2 Preliminaries

Here we provide an overview of the techniques and notation that will be common to our
treatment of all three cases. In Section 2.1, we review the definition and basic theory of
Deligne-Lusztig curves. In Section 2.2, we discuss some representations of G which will
prove useful in our later constructions. In Section 2.3, we give a more complete overview
of the common techniques to our different cases and describe a general category-theoretic
construction that will provide us with the necessary Frobenius maps in each case. Finally
in Section 2.4, we fix a couple of points of notation for the rest of the Chapter.

2.1 Basic Theory of the Deligne-Lusztig Curve

Let G be an algebraic group of type A2, B2 or G2, defined over a finite field Fq with q equal
to q20, 2q

2
0 or 3q20 respectively. Let FR be the Fq-Frobenius of G, and let σ be a Frobenius

map so that FR = σ2. We pick a an element w of the Weyl group of G of height 1. The
Deligne-Lusztig variety is then defined to be the subvariety of the flag variety of G consisting
of the Borel subgroups B so that B and σ(B) are in relative position either w or 1 (actually
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it is usually defined to be just the B where B and σ(B) are in position w, but we use this
definition, which constructs the completed curve). The resulting variety has an obvious Gσ

action and in all of these cases is a smooth, complete algebraic curve.
In each of these cases, let B a Borel subgroup of G. Let T be a twisted Coxeter torus

of G, that is a σ-invariant maximal torus such that the action of σ on T is conjugate to the
action of wσ on a split torus. Let d be 3, 4, 6 for A2, B2, G2 respectively. We will later make
use of several facts about the points on the Deligne-Lusztig curve, C, defined over various
fields and their behavior under the action of Gσ.

Here and throughout the rest of the Chapter we will use the phrase Fqn-point to mean a
point defined over Fqn but not defined over any smaller extension of Fq. We make use of the
following theorem of Lusztig:

Theorem 1. 1. Gσ acts transitively on the Fq-points of C with stabilizer Bσ.

2. C has no Fqn-points for 1 < n < d.

3. Gσ acts transitively on the Fqd-points of C with stabilizer T σ.

4. Gσ acts simply transitively on the Fqd+1-points of C.

5. Gσ acts freely on the Fqn-points of C for n > d+ 1.

Recall that C/Gσ ∼= P1 with the points of ramification given by the three points corre-
sponding to the orbit of Fq-points, the orbit of Fqd-points, and the orbit of Fqd+1-points.

We also make use of some basic counts (given in [17]). In particular, for A2:

d = 3

|Gσ| = q30(q
3
0 + 1)(q − 1)

|Bσ| = q30(q − 1)

|T σ| = q − q0 + 1

#{Fq − points of C} = q30 + 1

#{Fq3 − points of C} = q30(q0 + 1)(q − 1)

#{Fq4 − points of C} = q30(q
3
0 + 1)(q − 1).
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For B2:

d = 4

|Gσ| = q2(q2 + 1)(q − 1)

|Bσ| = q2(q − 1)

|T σ| = q − 2q0 + 1

#{Fq − points of C} = q2 + 1

#{Fq4 − points of C} = q2(q + 2q0 + 1)(q − 1)

#{Fq5 − points of C} = q2(q2 + 1)(q − 1).

For G2:

d = 6

|Gσ| = q3(q3 + 1)(q − 1)

|Bσ| = q3(q − 1)

|T σ| = q − 3q0 + 1

#{Fq − points of C} = q3 + 1

#{Fq6 − points of C} = q3(q + 3q0 + 1)(q2 − 1)

#{Fq7 − points of C} = q3(q3 + 1)(q − 1).

2.2 Representation Theory

Let G be as above. Fix a Borel subgroup B. B is contained in two maximal parabolic
subgroups, P1 and P2, corresponding to the short root and the long root respectively. There
exists a representation V of G so that B fixes the complete flag 0 ⊂ L ⊂ M ⊂ S ⊂ . . . ⊂ V
and so that P1 is the subgroup of G fixing L, and P2 the subgroup fixing M . If G is A2, B2

or G2, the dimension of V is 3, 4 or 7 respectively.
Inside of Λ2V is the representation W of G given by W ⊂ Λ2V is the subrepresentation

containing Λ2M . In our three cases, Λ2V/W equals 0, 1 or V respectively. If we are in any
characteristic for A2, characteristic 2 for B2, or characteristic 3 for G2, W has a quotient
representation, V ′ of the same dimension as V so that the image of G → End(V ′) is isomor-
phic to G. Picking an isomorphism between G and its image provides an endomorphism of
G. If G = A2, this is its outer automorphism. For G equal to B2 or G2 in characteristic 2 or
3 respectively, this endomorphism squares to the Frobenius endomorphism over the relevant
prime field, giving a definition of σ.



CHAPTER D. DELIGNE-LUSZTIG CURVES 80

2.3 Basic Techniques

Our basic techniques will be similar in all three cases and are as follows. For p a prime, let
q0 = pm, and q = p2m or q = p2m+1 as appropriate. Let C be the groupoid where an object
of C is a representation of an algebraic group abstractly isomorphic to the representation
V of G, and a morphism of C is an isomorphism of representations. In each case, we will
reinterpret C as a groupoid whose objects are merely vector spaces with some additional
structure (for example in the case of 2A2 an object of C will be a three dimensional vector
space with a volume form). This reinterpretation will allow us to work more concretely with
C in each individual case, but as these structures are specific to which case we are in, we will
ignore them for now.

In each case there will be two functors of interest from C to itself. The first is the Frobenius
functor, Fr : C → C. This functor should be thought of as abstractly applying Fp-Frobenius
to each element. In particular there should be a natural Frobenius-linear transformation from
V to Fr(V ). In particular each of our C will have objects that are vector spaces, perhaps
with some extra structure. As a vector space we will define Fr(V ) as {[v] : v ∈ V } where
addition and multiplication are defined by [v] + [w] = [v + w] and k[v] = [Frobenius−1(k)v].
The morphisms are unchanged by Fr. This should all be compatible with the extra structure
accorded to an object of C, except for inner products which must also be twisted by Frobenius.
Note that giving a morphism T : V → Frn(W ) is the same as giving a Frobenius−n-linear
map S : V → W that respects the additional C-structure. Note therefore that a morphism
T : V → Frn(V ) gives V an Fpn-structure. By abuse of notation, we will also use Fr to
denote that natural Frobenius-linear map V → Fr(V ) defined by v → [v].

The other functor of importance is ′ : C → C. This is the functor that takes V and gives
V ′ as a subquotient of Λ2V . The exact construction of ′ will vary from case to case. For
2A2, V

′ will be the dual of V . It will be clear in all cases that there is a natural equivalence
between Fr◦′ and ′ ◦ Fr.

Define a to be 0 or 1 so that q = p2m+a. In each case, we will also find a natural
transformation ρ from Fra to ′′ (again the details vary by case and we will not go into them
here, though for 2A2 it is the obvious isomorphism between a vector space and the dual of
its dual). Lastly we pick a V ∈ C and a morphism F : V ′ → Fr−m(V ).

This is enough to give a more explicit definition of σ. We construct a Frobenius map for
G = Aut(V ). We note the morphisms

Fr−a(ρV ) : V → Fr−a(V ′′),

Fr−a(F ′) : Fr−a(V ′′) → Fr−m−a(V ′),

Fr−m−a(F ) : Fr−m−a(V ′) → Fr−2m−a(V ).

The composition

F := Fr−m−a(F ) ◦ (Fr−a(F ′)) ◦ Fr−a(ρV ) : V → Fr−2m−a(V )
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defines an Fq-structure on V .
This gives us a Frobenius endomorphism FR : G → G defined by the equation Fr−2m−a(FR(g))◦

F = F ◦ g. We define σ : G → G by the equation Fr−m(σ(g)) ◦ F = F ◦ g′. We have that:

σ(σ(g)) = Frm(F ) ◦ Frm(σ(g′)) ◦ Frm(F−1)

= Frm(F ) ◦ Fr2m(F ′) ◦ Fr2m(g′′) ◦ Fr2m(F ′−1) ◦ Frm(F−1)

= Fr2m+a(F ◦ Fr−a(ρ−1
V ) ◦ Fr−a(g′′) ◦ Fr−a(ρV ) ◦ F−1)

= Fr2m+a(F ◦ Fr−a(ρ−1
V ◦ g′′ ◦ ρV ) ◦ F−1)

= Fr2m+a(F ◦ Fr−a(Fra(g)) ◦ F−1)

= Fr2m+a(F ◦ g ◦ F−1)

= FR(g).

The third to last step above comes from the fact that ρ is a natural transformation. This
gives us an endomorphism σ : G → G so that σ2 = FR.

We note that this technique for defining σ works most conveniently when by “algebraic
group” we mean “group object in the category of varieties over Fq”, since then G can be
associated with AutC(V ), and we have an action of σ on G. On the other hand if you
want “algebraic group” to mean “group object in the category of schemes”, then the same
technique should still work as long as we consider C as a category enriched in schemes.

We may pick our element w so that two Borels of G are in relative position w if they
fix the same line in V . We then define a projective embedding C ↪→ P(W ) sending a Borel
B to the two-form defined by the plane it fixes in V . In each case we will provide explicit
polynomials that cut out the image of C. We will compute the degree of this embedding by
finding a polynomial that vanishes exactly at the Fq-points of C. In each case this degree

will be |Gσ |
|Bσ ||Tσ| . In each case for each Fq-point, there is a hyperplane that intersects C only

at that point but with large multiplicity. We also compute polynomials that cut out the
Fqd-points and the Fqd+1-points. Lastly we find a linear relation between appropriate powers
of these polynomials.

2.4 Notes

Throughout this Chapter, by an Fqn-point of a curve defined over Fq, we will mean a point
defined over Fqn but not over any smaller extension of Fq. Also throughout this Chapter,
a Frobeniusn-linear map will always refer to the nth power of the Frobenius map over the
corresponding prime field.
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3 The Curve Associated to 2A2

3.1 The Group A2 and its Representations

One of the groups associated to the Lie Algebra A2 is the group G = SL3. This group acts
naturally on a three dimensional vector space V . The Borels of G are defined by picking an
arbitrary flag 0 ⊂ L ⊂ M ⊂ V . As we range over Borel subgroups Λ2M will span all of
Λ2V , so our representation W will be given by W = Λ2V .

3.2 A Canonical Definition of 2A2

The group A2 is just SL3. The group
2A2 will turn out to be simply the special unitary group.

Although this would be simple to derive directly, we will attempt to use the same basic
technique as we will for the more complicated groups. Let V3 be the groupoid consisting
of all three dimensional vector spaces over F := Fq with a volume form, Ω. We define
Fr : V3 → V3 as above. We define ′ : V3 → V3 by letting V ′ equal Hom(V,F), the dual of
V . Note that V ′ is naturally Λ2V with the pairing (v, ω) = v∧ω

Ω
. We use these definitions

interchangeably.
We have the obvious natural transformation ρ : Id ⇒′′ so that ρV (v) is the functional

ϕ ∈ V ′ → ϕ(v). Given V ∈ V3 and F : V ′ → Fr−m(V ), we can define σ by Fr−m(σ(g)) ◦F =
F ◦ g′. It is not hard to see that F defines a hermitian inner product on V and that σ(g) is
simply the adjoint of g with respect to this hermitian form.

3.3 The Deligne-Lusztig Curve

Let B be the Borel fixing the line L = ⟨v⟩ and the plane M = ⟨v, w⟩ = ker(ϕ), where
v ∈ V, ϕ ∈ V ′. Note that we may think of ϕ as ω := v ∧ w ∈ Λ2V. Now for g ∈ B, since g
fixes M , g′ must fix the line in V ′ containing ω. Similarly, since g fixes L, g′ must fix the
plane L ∧ V in V ′. Hence if B is defined by L = ⟨v⟩ and M = ⟨v, w⟩ and if u is some other
linearly independent vector, then σ(B) is defined by ⟨F (v ∧ w)⟩ and ⟨F (v ∧ w), F (v ∧ u)⟩.

Now for B to correspond to a point on the Deligne-Lusztig curve, it must therefore be
the case that L = ⟨F (v ∧ w)⟩. We define the embedding of the Deligne-Lusztig curve C to
P(Λ2V ) by sending B to the line containing ω = v ∧ w. We note that this is an embedding
since given ω, we know that ⟨v⟩ = ⟨F (ω)⟩. This is a smooth embedding since the coordinates
of C can be written as polynomials on P(Λ2V ). For simplicity of notation we denote the
pairing between V and V ′ as (−,−). We note that the image of C is cut out by the equation:

(ω, F (ω)) = 0.

Thinking of F as defining a hermitian form on V ′, this just says that the norm of ω with
respect to this hermitian form is 0. Hence C is just the Fermat curve of degree q0 + 1.
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3.4 Divisors of Note

We first compute a divisor that vanishes exactly on the Fq-points. We note that a Borel B
corresponds to a point over Fq if and only if σ(σ(B)) = B. We claim that this holds if and
only if σ(B) = B. One direction holds trivially. For the other direction, if σ(σ(B)) = B, then
σ(σ(B)) and fixes the same line as B and σ(B). But the line fixed by σ(B) is determined
by the plane fixed by B. Hence B and σ(B) fix both the same line and the same plane and
hence are equal. Hence B corresponds to an Fq-point if and only if F (⟨v∧w, v∧u⟩) = ⟨v, w⟩.
Since F (v ∧ w) ∝ v, this happens exactly when F (v ∧ u) ∈ ⟨v, w⟩.

Letting u be some vector not in M we consider

(F (F (ω) ∧ u) ∧ ω)⊗ Ω⊗(q0−1)

(ω ∧ u)⊗q0
. (1)

Note that both numerator and denominator are multiples of Ω⊗q0 so the fraction makes
sense. Note also that numerator and denominator are homogeneous of degree q0 in u as an
element of V/M . Hence the resulting expression is independent of u and hence a polynomial
of degree q − q0 + 1 in ω. It should be noted that this polynomial vanishes exactly when
(F (F (ω) ∧ u) ∧ ω) ∝ F (v ∧ u) ∧ v ∧ w does, or in other words exactly at the Fq-points.
We could show that it vanishes simply at these points merely be a computation of degrees
(knowing that we have the Fermat curve), but instead we will show it directly as that will
be useful in our later examples, thus giving us another way of computing the degree of C.

Considering an analytic neighborhood of an Fq-point in C, we may compute the poly-
nomial in Equation 1 with u held constant. We would like to show that the derivative is
non-zero. This is clearly equivalent to showing that the derivative of (F (F (ω) ∧ u) ∧ ω) is
non-zero. Suppose for sake of contradiction that it were zero. It is clear that F (ω) ∧ ω is
identically 0. Note also that the derivatives of F (F (ω)∧u) and F (ω) are both 0. Hence this
would mean that (F (F (ω) ∧ u) ∧ dω = F (ω) ∧ dω = 0. But since F (ω) and F (F (ω) ∧ u)
span M , this can only happen if dω is proportional to ω, which means dω = 0 since we are
in a projective space. Hence the polynomial in 1 vanishes exactly at the Fq-points of C and
with multiplicity 1. This proves that C is of degree q0 + 1.

Recall that the polynomial (ω, F (ω)) is identically 0 on C. Consider the polynomial
(ω, F (F(ω))). This polynomial is clearly Gσ invariant. Since the divisor it defines has
degree (q0 + 1)(q30 + 1), it cannot vanish on any Gσ orbit other than the orbit of Fq-points.
Furthermore near an Fq-point, ω0, this divisor agrees with (ω, F (F(ω0))) to order q30. Since
the former vanishes to order at most q0 + 1, (ω, F (F(ω))) cannot vanish identically, and
hence defines the divisor that vanishes to degree q0 + 1 on each of the Fq-points. Note also
that since this divisor agrees with (ω, F (F(ω0))) to order q30, the linear divisor (ω, F (F(ω0)))
vanishes only at ω = ω0 and to degree q0 + 1 and nowhere else.

Next, consider the divisor f = (ω, F (F2(ω))). Note that if ω is defined over Fq3 that
F(f) = (F(ω), F (ω)) = (F (ω), ω) = 0. Hence the divisor defined by f vanishes on the Fq3-
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points of C. Additionally f agrees with (ω, F (F(ω))) to order q30 on any Fq-point. Therefore
f vanishes to order 1 on the Fq3-points, and order q0+1 on the Fq-points. This accounts for
the entirety of the degree of the divisor so it therefore vanishes nowhere else.

Finally, consider the divisor defined by (ω, F (F3(ω))). Similarly to above this must vanish
on the Fq4-points of C and to order exactly q0 + 1 on the Fq-points. The remaining degree
unaccounted for is

(q70 + 1)(q0 + 1)− (q30 + 1)(q0 + 1)− q30(q
3
0 + 1)(q0 − 1)(q0 + 1) = q30(q0 + 1)(q30 − q0).

Since the remainder of the divisor is Gσ-invariant and cannot vanish on Fq-points, the only
orbit small enough is that of the Fq3-points. Hence the remainder of the divisor must be
q0 times the sum of the Fq3-points. Hence (ω, F (F3(ω))) vanishes to degree q0 + 1 on the
Fq-points, to order q0 on the Fq3-points, to order 1 on the Fq4-points, and nowhere else.

We now introduce several important polynomials. Let F3 = (ω, F (F(ω))) , F5 = (ω, F (F2(ω))) , F7 =

(ω, F (F3(ω))) . Let P1 = F
1/(q0+1)
3 . We know that such a root exists since the (q0 + 1)st root

of the divisor of F3 is the sum of the Fq-points of C, and we know of polynomials with that
divisor. Hence P1 is a polynomial whose divisor is the sum of the Fq-points of C. Let P3 =

F5

F3

and let P4 =
F7

F3P
q0
3
. We know that these are polynomials (instead of just rational functions)

because their associated divisors are the sum of the Fq3-points and the sum of the Fq4-points
respectively.

We claim that the following relation holds:

P4 − P q−q0+1
3 + P

q30(q0−1)
1 = 0. (2)

Although the proof of Equation 2 is somewhat complicated we can much more easily prove
that

P4 − P q−q0+1
3 + aP

q30(q−1)
1 = 0 (3)

for some (q0 + 1)st root of unity a. We do this by showing that for a properly chosen the
above vanishes on the Fq4-points of C and the Fq-points of C. Since this is more points

than allowed by the degree of the polynomial, it implies that P4−P q−q0+1
3 + aP

q30(q0−1)
1 must

vanish identically. To show that it vanishes on the Fq4-points we show that for Q ∈ C an
Fq4-point that

P
q30+1
3 (Q) = P

q30(q−1)(q0+1)
1 (Q) = F

q50−q30
3 (Q).

This is obviously equivalent to showing that

F
q30+1
5 (Q) = F

q50+1
3 (Q).
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If Q corresponds to a vector ω ∈ V defined over Fq4 , we have that

F
q30+1
5 (Q) =

(
ω, F (F2(ω))

)
·
(
F (F(ω)),F4(ω)

)
=
(
ω, F (F2(ω))

)
· (ω, F (F(ω)))

= (ω, F (F(ω))) ·
(
F (F2(ω)),F4(ω)

)
= F

q50+1
3 (Q).

Next, we consider the Fq-point. We need to show that if Q ∈ C(Fq) that

P4(Q) = P q−q0+1
3 (Q).

Equivalently, we will show that
F7F

q
3 − F q+1

5

vanishes to degree more than (q+1)(q0+1) at Q. This is easy since if we use our parameter
ω with ω = ω0 at Q (where ω0 = F(ω0)) than up to order q30 + q(q0 + 1) the above is

(ω, F (ω0)) · (ω, F (ω0))
q − (ω, F (ω0))

q+1 = 0.

This completes our proof of Equation 3.

4 The Curve Associated to 2B2

4.1 The Group B2 and its Representations

A form of B2 is Sp4. It has a natural representation on a four-dimensional symplectic vector
space V . The Borels of G correspond to complete flags 0 ⊂ L ⊂ M ⊂ L⊥ ⊂ V where M is a
lagrangian plane. We have another representation W ⊂ Λ2V given as the kernel of the map
Λ2V → F defined by the alternating form on V . Equivalently, W is the subset consisting the
2-forms α so that α∧ω = 0, where ω is the 2-form corresponding to the alternating form on
V . In characteristic 2, ω is contained in W , so we can take the quotient V ′ = W/⟨ω⟩.

4.2 A Canonical Definition of 2B2

We define the groupoid SymSp4 whose objects are symplectic spaces of dimension 4 over
F = F2, and whose morphisms are symplectic linear transformations. We will write objects
of SymSp4 either as V or as (V, ω), where V is underlying vector space and ω is the 2-form
associated to the symplectic form.
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To each object (V, ω) in SymSp4, we can pick a symplectic basis e0, e1, f0, f1 of V so that
(ei, ej) = (fi, fj) = 0, (ei, fj) = δi,j. We next note that there is a canonical volume form
µ ∈ Λ4V . In any characteristic other than 2, we could use µ = ω ∧ ω, but here ω ∧ ω = 0.
We instead use µ = e0 ∧ e1 ∧ f0 ∧ f1. We have to prove:

Lemma 2. µ = e0 ∧ e1 ∧ f0 ∧ f1 is independent of the choice of symplectic basis.

Proof. Any two symplectic bases can be interchanged by some symplectic transformation
A : V → V . We need only show that det(A) = 1. Writing A in the basis of our first
symplectic basis and letting

J =


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 ,

the statement that A is symplectic becomes J = AJAT . Therefore taking determinants we
find det(A)2 = 1 so det(A) = 1 (since we are in characteristic 2).

Next we note that for (V, ω) ∈ SymSp4, that we have a bilinear form on Λ2V given by
(α, β) = α∧β

µ
. We note that this pairing is alternating since if eI is a wedge of two 1-forms

then clearly (eI , eI) = 0 and if α =
∑

I cIeI then

(α, α) =
∑
I,J

cIcJ (eI , eJ) =
∑
I

c2I (eI , eI) + 2
∑
I<J

cIcJ (eI , eJ) = 0.

This alternating form is inherited by the subquotient V ′ = ω⊥/⟨ω⟩ of Λ2V . Lastly we note
that the pairing on V ′ is non-degenerate. This can be seen by picking a symplectic basis,
ei, fi, and noting that e0 ∧ e1, e0 ∧ f1, f0 ∧ f1, e1 ∧ f1 is a symplectic basis for V ′. This allows
us to define a functor ′ : SymSp4 → SymSp4 by V → V ′ as above.

We also have the functor Fr : SymSp4 → SymSp4 as in Section 2.
We next define a natural transformation:

ρ :′′⇒ Fr.

To do this we must produce a Frobenius−1-linear map ρV : V ′′ → V for V ∈ SymSp4. We
provide this by producing a (linear,Frobenius-linear), pairing V ′′ × V → F. We define this
pairing on (α ∧ β, v) (for α, β ∈ Λ2V, v ∈ V ) by

(α ∧ β, v) = (iv(α), iv(β)) . (4)

We note that the function in Equation 4 thought of as a map from Λ2V × Λ2V × V → F is
clearly linear and anti-symmetric in α and β, and clearly homogeneous of degree 2 in v. In
order to show that it is well defined on V ′′ × V we need to demonstrate that it vanishes if
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either α or β is a multiple of ω, that the map on Λ2V ′ × V vanishes on the symplectic form
of V ′, and that it is additive in v. The first of these is true since

(iv(ω), iv(α)) = (v, iv(α)) = α(v∗, v∗) = 0.

Where v∗ is the dual of v, and the last equation holds since α is alternating. Let ei, fi be a
symplectic basis of V .

Note that we have a basis

{(e0 ∧ e1) ∧ (e0 ∧ f1), (e0 ∧ e1) ∧ (e1 ∧ f0), (e1 ∧ f0) ∧ (f0 ∧ f1), (e0 ∧ f1) ∧ (f0 ∧ f1)}

of V ′′. To prove that our function is additive in v, notice that it suffices to check that

(iu(α), iv(β)) = (iv(α), iu(β))

for all u, v ∈ V . Hence it suffices to check the above for α = a ∧ b, β = a ∧ c for a, b, c ∈ V
and (a, b) = (a, c) = 0. In this case

(iu(α), iv(β)) = (iu(a ∧ b), iv(a ∧ c))

= ((u, a) b+ (u, b) a, (v, a) c+ (v, c) a)

= (a, u) (a, v) (b, c) .

Since this is symmetric in u and v, the operator is additive.
Hence, we have a (linear,Frobenius − linear) function Λ2V ′ × V → F. To show that it

descends to a function V ′′ × V → F, it suffices to check that our form vanishes on

(e0 ∧ e1) ∧ (f0 ∧ f1) + (e0 ∧ f1) ∧ (f0 ∧ e1),

which is clear from checking on basis vectors (in fact our form vanishes on each term in the
above sum) and by additivity.

Finally, we need to show that ρV is symplectic. This can be done by picking a symplectic
basis and noting that by the above:

ρV ((e0 ∧ e1) ∧ (e0 ∧ f1)) = e0

ρV ((e0 ∧ e1) ∧ (e1 ∧ f0)) = e1

ρV ((e1 ∧ f0) ∧ (f0 ∧ f1)) = f0

ρV ((e0 ∧ f1) ∧ (f0 ∧ f1)) = f1.

It is clear that ρ defines a natural transformation.
Now given an F : V ′ → Fr−m(V ), we get an Fq-Frobenius F on V , and we can now define

σ : G → G as in Section 2 so that σ2 = FR.
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4.3 The Deligne-Lusztig Curve

For simplicity, from here on out we will think of F as a Frobeniusm-linear map from V ′ → V
rather than a linear one from V ′ → Fr−m(V ).

We recall that for V ∈ SymSp4 that G = Sp4(V ) has Borel subgroups that correspond
to the data of a line L ⊂ V and a Lagrangian subspace M ⊂ V so that L ⊂ M . The
corresponding Borel, B is the set of elements g that fix both L and M . The Deligne-Lusztig
curve can be thought of as the set of Borel subgroups, B, in the flag variety so that B and
σ(B) fix the same line.

Consider the Borel subgroup B fixing the line ⟨v⟩ and the plane ⟨v, w⟩ with (v, w) = 0.
Notice that since (v, w) = 0 that ω ∧ v ∧ w = 0, and thus v ∧ w can be thought of as a
(necessarily non-zero) element of V ′. If g fixes ⟨v, w⟩, then g′ clearly fixes the line of v ∧ w.
Hence F (v ∧ w) must be the line fixed by σ(B).

Given V and F as above, we define the Deligne-Lusztig curve C and produce an embed-
ding C ↪→ P(W ) by sending B to the line containing α = v ∧ w (recall W ⊂ Λ2V was the
orthogonal compliment of ω). This is an embedding since if we pick a point in the image we
have fixed both the plane fixed by B and the line fixed by σ(B) (and hence also the line fixed
by B since they are the same). This embedding is smooth since all of the other coordinates
of B, σ(B) can be written as polynomials in α. Furthermore this embedding is given by a
few simple equations. Namely:

� The quadratic relation equivalent to α being a pure wedge of two vectors (i.e. that it
lies on the Grassmannian).

� The span of α, F (α) ∧ V must have dimension at most 3.

The first condition guarantees that F (α) ̸= 0. The second condition implies that if we set
v = F (α) that α = [v ∧ w] for some w. The fact that α ∈ W implies that (v, w) = 0.
Together these imply that we have a point of the image.

These equations also cut out the curve scheme-theoretically. We show this for m > 0 by
showing that the tangent space to the scheme defined by these equations is one dimensional
at every F̄-point. If we are at some point α, we note that the derivative of F (α) is 0, so
along any tangent line, dα must lie in F (α) ∧ V . This restricts dα to a three-dimensional
subspace of Λ2V . Additionally, (ω, dα) must be zero, restricting to two dimensions. Finally,
we are reduced to one dimension when we project onto Λ2V/⟨α⟩, which is the tangent space
to projective space at α.

4.4 Divisors of Note

Let q = 22m+1. Let q0 = 2m. We wish to compute the degree of the above embedding of
C. We do this by producing a polynomial that exactly cuts out the Fq-points of C and thus
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must be a divisor of degree q2 + 1. The Fq-points are the points corresponding to Borel
subgroups B so that B = σ(σ(B)). First, we claim that these are exactly the Borels for
which B = σ(B). This is because B and σ(B) automatically fix the same line ⟨v⟩. If σ(B)
and σ(σ(B)) fix the same line then the 2-forms corresponding to the planes fixed by B and
σ(B) must by multiples of each-other modulo ω. But since ω cannot be written as a pure
wedge of v with any vector, this implies that B and σ(B) must fix the same plane, and hence
be equal.

For any Borel B in C, we can pick v, w, u ∈ V so that B fixes the line L = ⟨v⟩, the
Lagrangian plane M = ⟨v, w⟩ and the space S = ⟨v⟩⊥ = ⟨v, w, u⟩. Notice that for g ∈ B that
g′ fixes the Lagrangian plane ⟨v∧w, v∧u⟩. Hence σ(B) fixes the plane ⟨F (v∧w), F (v∧u)⟩.
Since F (v ∧ w) is parallel to v, B = σ(B) if and only if F (v ∧ u) lies in M . Note that since
v ∧ w ⊥ v ∧ u in V ′ that F (v ∧ u) must lie in S. We can then consider:( α

v ∧ w

)q−2q0+1
(
F (v ∧ u)/M

u/M

)
(u,w)1−q0

(
F (v ∧ w)

v

)2q0−1

. (5)

Note that the value in Expression 5 is independent of our choice of v, w, u, is never infinite,
is zero exactly when B = σ(B), and is homogenous of degree q − 2q0 + 1 in α. Therefore
it defines a polynomial of degree q − 2q0 + 1 in our embedding that vanishes exactly on the
Fq-points. We have left to show that it vanishes to order 1 at these points. Consider picking
a local coordinate around an Fq-point of C and computing the derivative of Expression 5
with respect to this local coordinate. Clearly this derivative is some non-zero multiple of the
derivative of (

F (v ∧ u)/M

u/M

)
.

This can be rewritten as
F (v ∧ u) ∧ α

u ∧ α
.

So in addition to picking a local coordinate, z, for α we can pick a local coordinate for v, u
as well. We can let v = F (α), and let u be a fixed vector perpendicular to both v and dv/dz.
Then for m > 0 we have that dF (v ∧ u)/dz = 0. Note that α must always be a pure wedge
of F (α) with some perpendicular vector. Since dF (α) = 0, dα must lie in ⟨v ∧ w, v ∧ u⟩. It
cannot be parallel to v ∧w though since this is parallel to α. But, since F (v ∧ u) is in ⟨v, w⟩
and not parallel to v, this means that F (v ∧ u) ∧ dα is non-zero. Hence the derivative of
Expression 5 with respect to z at an Fq-point is non-zero, and hence Expression 5 defines a
divisor that is exactly the sum of the Fq-points of C. Therefore the degree of our embedding
must be:

q2 + 1

q − 2q0 + 1
= q + 2q0 + 1.

Note that the divisor (α, α) is identically 0, where the pairing is as elements of V ′.
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Next consider the polynomial (α,F(α)). We claim that this function is identically zero
on C. We prove this by contradiction. If it were non-zero it would define a divisor of degree
(q + 1)(q + 2q0 + 1) that would be clearly invariant under the action of Gσ on C. On the
other hand, the only orbit small enough to be covered by this is the orbit of the Fq-points,
whose number does not divide the necessary degree.

Next consider the polynomial (α,F2(α)). We claim that the divisor of this polynomial
is simply q + 2q0 + 1 times the sum of the Fq-points of C. Again the divisor must be Gσ

invariant, and again the only orbit of small enough order is the orbit of Fq-points. Hence if the
polynomial is not uniquely zero it must be the divisor specified. On the other hand, consider
a local coordinate α(z) around an Fq-point. Then this divisor is equal to (α, α0) + O(zq

2
)

(α0 = α(0)). (α, α0) cannot vanish to degree more than q + 2q0 + 1 since it is a degree 1
polynomial. Hence (α,F2(α)) vanishes to degree exactly q + 2q0 + 1 on each Fq-point and
nowhere else. Furthermore if β is the coordinate of an Fq-point, then the degree 1 polynomial
(α, β) vanishes at this point to degree q + 2q0 + 1 and nowhere else.

Next consider the polynomial (α,F3(α)). This corresponds to a divisor of degree (q3 +
1)(q+2q0+1). Note that if β is the coordinate vector for an Fq4-point of C that (β,F−1(β)) =
0. Since β = F4(β), this implies that (β,F3(β)) = 0. Therefore this divisor contains each of
the Fq4 points. Also by the above this divisor vanishes to degree exactly q + 2q0 + 1 on the
Fq-points (and is hence non-zero). We have just accounted for a total degree of

q2(q + 2q0 + 1)(q − 1) + (q2 + 1)(q + 2q0 + 1) = (q + 2q0 + 1)(q3 + 1),

thus accounting for all of the vanishing of the polynomial. Hence this polynomial defines the
divisor given by the sum of the Fq4-points plus (q+ 2q0 + 1) times the sum of the Fq-points.

Lastly, consider the divisor (α,F4(α)). By the arguments above it vanishes on the Fq5-
points and to degree exactly q + 2q0 + 1 on the Fq-points. We have so far accounted for a
divisor of total degree

q2(q2 + 1)(q − 1) + (q + 2q0 + 1)(q2 + 1) = (q + 2q0 + 1)(q4 − 2q0q
3 + 2q0q

2 + 1).

We are missing a divisor of degree (q+2q0+1)q2(q−1)2q0. This divisor must be Gσ-invariant
and cannot contain the orbit of Fq-points. Hence the only orbit small enough is that of the
Fq4-points, which can be taken 2q0 times. Hence this polynomial defines the divisor equal
to the sum of the Fq5-points plus 2q0 times the sum of the Fq4-points, plus q+ 2q0 + 1 times
the sum of the Fq-points.

Note that above we demonstrated that there was a polynomial that vanished to degree
1 exactly on the Fq-points. Call this polynomial P1. Note that we can choose P1 so that

P q+2q0+1
1 = (α,F2(α)). We also have polynomials P4 =

(α,F3(α))
(α,F2(α))

that vanishes to degree 1 on

the Fq4 points and nowhere else. Finally we have P5 =
(α,F4(α))

P
2q0
4 (α,F2(α))

that vanishes exactly on
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the Fq5-points. We claim that if the correct root P1 is chosen that:

P
q2(q−1)
1 + P q−2q0+1

4 + P5 = 0.

We do this by demonstrating that this polynomial vanishes on all of the Fq5-points and all
of the Fq-points, which is more than a polynomial of its degree should be able to. In fact
since everything can actually be defined over F2, the correct choice of P1 will have to be the
one given in Expression 5.

We begin by showing vanishing on the Fq5-points. We first show that (α,F2(α))
q2(q−1)

=

P q2+1
4 on the Fq5-points. We then note that by taking P1 to be an appropriate root of

(α,F2(α)) we can cause P
q2(q−1)
1 + P q−2q0+1

4 to vanish on some Fq5-point. But then we note
that P1 is a multiple of the quantity in Expression 5, which is clearly Gσ invariant, and hence

P
q2(q−1)
1 + P q−2q0+1

4 must vanish on all Fq5-points.

Let α be an Fq5-point. We wish to show that (α,F2(α))
q2(q−1)

= P q2+1
4 (α). This is

equivalent to asking that (
α,F2(α)

)q3+1
=
(
α,F3(α)

)q2+1
.

But this is clear since (
α,F2(α)

)q3+1
=
(
α,F2(α)

)q3 (
α,F2(α)

)
=
(
F3(α),F5(α)

) (
α,F2(α)

)
=
(
α,F3(α)

) (
F5(α),F2(α)

)
=
(
α,F3(α)

) (
α,F3(α)

)q2
=
(
α,F3(α)

)q2+1
.

Next, we need to show that at an Fq-point that P4(α)
q−2q0+1 = P5(α). This is equivalent

to showing that (
(α,F3(α))

(α,F2(α))

)q+1

=
(α,F4(α))

(α,F2(α))
.

Equivalently, we will show that(
α,F3(α)

)q+1
+
(
α,F4(α)

) (
α,F2(α)

)q
vanishes to degree more than (q + 1)(q + 2q0 + 1) on an Fq-point. The above is equal to(

F(α),F4(α)
) (

α,F3(α)
)
+
(
α,F4(α)

) (
F(α),F3(α)

)
.
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Setting α = β + z, where β is defined over Fq,(
F(α),F4(α)

) (
α,F3(α)

)
+
(
α,F4(α)

) (
F(α),F3(α)

)
=(β + zq, β) (β + z, β) + (β + z, β) (β + zq, β) +O(zq

3

)

= (zq, β) (z, β) + (z, β) (zq, β) +O(zq
3

)

=O(zq
3

).

This completes the proof of our identity.

5 The Curve Associated to 2G2

5.1 Description of 2G2 and its Representations

We begin by describing the group G2. G2 can be thought of as the group of automorphisms of
an octonian algebra. This non-associative algebra can be given by generators ai for i ∈ Z/7
where the multiplication for ai, ai+1, ai+3 is given by the relations for the quaternions for
i, j, k. The octonians have a natural conjugation which sends ai to −ai and 1 to 1. Instead
of thinking of the automorphisms of the entire octonian algebra, we will think about the
automorphisms of the space of pure imaginary octonians (which must be preserved by any
automorphism since they are the non-central elements whose squares are central). There are
two pieces of structure on the pure imaginary octonians that allow one to reconstruct the
full algebra. Firstly, there is a non-degenerate, symmetric pairing (x, y) given by the real
part of x · y. Also there is an anti-symmetric, bilinear operator x ∗ y which is the imaginary
part of x · y. There is also an anti-symmetric cubic form given by (x, y, z) is the real part of
x · (y · z), or (x, y ∗ z).

These pieces of structure are not unrelated. In particular, since any two octonians x, y
satisfy x(xy) = (xx)y we have for x and y pure imaginary that

(x, x) y = x ∗ (x ∗ y) + x (x, y)

or
x ∗ (x ∗ y) = (x, x) y − (x, y) x.

Therefore (x, x) is the eigenvalue of y → x∗ (x∗y) on a dimension 6 subspace. Hence (−,−)
is determined by ∗.

Hence G has a 7 dimensional representation on V , the pure imaginary octonians. The
Borels of G fix a flag 0 ⊂ L ⊂ M ⊂ S ⊂ S⊥ ⊂ M⊥ ⊂ L⊥ ⊂ V . Where here we have that
(M,M) = 0, M ∗M = 0, S = L⊥ ∗ L. Also Λ2V has a subrepresentation W of dimension
14 given by the kernel of ∗ : Λ2V → V . As we shall see, in characteristic 3, W ⊃ W⊥ thus
giving a 7 dimensional representation V ′ = W/W⊥.
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5.2 Definition of σ

A property of note is that in characteristic 3, ∗ makes the pure imaginary octonians into a
Lie Algebra. The Jacobi identity is easily checked on generators. We now let F = F3. We
define O to be the groupoid of Lie Algebras isomorphic to the pure imaginary octonians over
F with the operation ∗. We claim that for V ∈ O that the Lie Algebra of outer derivations
of V is another Lie Algebra in O (this is not too hard to check using the standard basis).
This obviously defines a functor ′ : O → O.

We will discuss a little bit of the structure of these outer derivations. First note that
since a derivation is a differential automorphism, and since an automorphism must preserve
(−,−), that these derivations must be alternating linear operators. This means that we
can think of the derivations of V as lying inside of Λ2V . It is not hard to check that
a0 ∧ a1 + a2 ∧ a5 defines a derivation. From symmetry and the fact that the dimension of
the space of derivations is the dimension of G2, which is 14, we find that the space of all
derivations must be W = ker(∗ : Λ2V → V ). It is not hard to see that the space of inner
derivations is equal to W⊥ ⊂ W . Hence V ′ = W/W⊥ is isomorphic to the space of outer
derivations.

We will need to know something about the structure of the operator ad(x) : V → V
when x ∈ V has (x, x) = 0 in characteristic 3. Since ad(x)(ad(x)(y)) = x (x, y) we know
that ad(x)2 has a kernel of dimension 6. Therefore ad(x) has a kernel of dimension at least
3. We claim that the dimension of this kernel is exactly 3. Suppose that x ∗ y = 0. By the
above this implies that (x, y) = 0. Hence, as octonians, it must be the case that x · y = 0.
This means that if Nm is the multiplicative norm on the octonians and if we take lifts x, y
of x and y to the rational octonians, that Nm(x · y) is a multiple of 9. Since we can choose
x so that Nm(x) is not a multiple of 9, Nm(y) is a multiple of 3. Hence (y, y) = 0. Hence
ker(ad(x)) is a null-plane for (−,−), and hence cannot have dimension more than 3. Notice
that this implies that ker(ad(x)) = ad(x)(⟨x⟩⊥).

As before we have a functor Fr : O → O.
Once again our definition of 2G2 will depend upon finding a natural transformation

between ′′ and Fr. This time, we will find a natural equivalence in the other direction (since
the inverse will be easier to write down). We will find a natural transformation ρ : Fr ⇒′′.
This amounts to finding a Frobenius-linear isomorphism from V to V ′′. The basic idea will be
to think of derivations of V as differential automorphisms. In particular, given a derivation
d, we can find an element 1 + ϵd+O(ϵ2) of End(V )[[ϵ]] that is an automorphism of V .

Let x ∈ V and let d be a derivation of V . We let ex be an automorphism of the form
1+ ϵad(x) + ϵ2/2ad(x)2 +O(ϵ3), and let ed be an automorphism of the form 1+ δd+O(δ2).
We claim that the commutator of ex and ed is 1 + (inner derivations) + ϵ3δr+O(ϵ4δ) where
the O assumes that δ ≪ ϵ and where r is some derivation of V . We claim that this defines a
map (ρV (x))(d) = r so that ρV (x) gives a well-defined outer automorphism of V ′, and that
ρV : V → V ′′ is Frobenius-linear. We prove this in a number of steps below.
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Claim 1. The commutator [ex, ed] is of the form specified, namely

1 + (inner derivations) + ϵ3δr +O(ϵ4δ)

for some derivation r.

Proof. We note that any pure ϵ or pure δ terms must vanish from the commutator, leaving
only terms involving both ϵ and δ. To compute the terms of size at least ϵ2δ, we compute

(1 + ϵad(x) + ϵ2/2ad2(x))(1 + δd) · (1− ϵad(x) + ϵ2/2ad2(x))(1− δd)

=1 + ϵδad(d(x)) + ϵ2δ(ad(x ∗ (d(x))/2)) +O(ϵ3δ).

So the ϵδ and ϵ2δ terms are inner derivations. The ϵ3δ term must also be a derivation since
if we write this automorphism as 1+ a(ϵ)δ+O(δ2) it follows that a(ϵ) must be a derivation,
and in particular that the ϵ3 term of a is a derivation.

Claim 2. Given ex and d, r does not depend on the choice of ed. In particular, given a
derivation d of V and an automorphism ex ∈ End(V )[[ϵ]], we obtain a well-defined r ∈ V ′.

Proof. d defines ed up to O(δ2), and therefore [ex, ed] is defined up to O(δ2).

Claim 3. For fixed ex ∈ End(V )[[ϵ]], the corresponding map d → r descends to a well defined
linear map V ′ → V ′.

Proof. It is clear that this produces a linear map from Der(V ) → V ′. If d is an inner
derivation, ad(y) then the resulting product is

exp(δad(ex(y))) exp(−δad(y)) +O(δ3) = 1 + δad(ex(y)− y) +O(δ2).

So r is an inner derivation. Hence this descends to a map from V ′ to V ′.

Claim 4. If x ∈ V and ex, e
′
x ∈ End(V )[[ϵ]] are two possible automorphisms of the form

specified, then ex and e′x define maps V ′ → V ′ that differ by an inner derivation of V ′.
Hence we have a well-defined map ρ : V → End(V ′)/InDer(V ′).

Proof. Note that ex − e′x must be of the form ϵ3f + O(ϵ4) for some derivation f . It is
then not hard to check that the corresponding maps V ′ → V ′ differ by the inner derivation
d → [ad(f), d].

Claim 5. Let x ∈ V , ex ∈ End(V )[[ϵ]] as above, y ∈ V [[ϵ1/n]] with y = o(ϵ), and ey =
1+ ad(y) + ad2(y)/2 + o(ϵ3) an automorphism. Then if we compute the above map V ′ → V ′

by taking the commutator of ed with eyex instead of ex, we obtain the same element of
End(V ′).
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Proof. This is because

eyexede
−1
x e−1

y e−1
d = (ey(exede

−1
x e−1

d )e−1
y )(eyede

−1
y e−1

d ).

The first term above is 1 + ϵ3δr + o(ϵ3δ) up to inner derivations, and the latter is 1 + o(ϵ3δ)
up to inner derivations.

Claim 6. The map ρ : V → End(V ′)/InDer(V ′) is Frobenius-linear.

Proof. It is clear that the map x, d → r is homogeneous of degree 3 in x. We need to
show that it is additive in x. By the previous claim, we may substitute exey for ex+y when
computing the image of x+ y. Additivity follows immediately from the identity

eyexede
−1
x e−1

y e−1
d = (ey(exede

−1
x e−1

d )e−1
y )(eyede

−1
y e−1

d ).

Claim 7. For x ∈ V with (x, x) = 0, (ρ(x))(d) = ad(x)ad(d(x))ad(x).

Proof. First we claim that we may perform our computation using ex of the form ex = 1 +
ϵad(x)+ϵ2/2ad2(x)+O(ϵ4). To show this, it suffices to check that this ex in an automorphism
modulo ϵ4. This holds because

(y + ϵx ∗ y − ϵ2x ∗ (x ∗ y)) ∗ (z + ϵx ∗ z − ϵ2x ∗ (x ∗ z))
=(y + ϵx ∗ y − ϵ2 (x, y)x) ∗ (z + ϵx ∗ z − ϵ2 (x, z) x)

=(y ∗ z + ϵ((x ∗ y) ∗ z + y ∗ (x ∗ z))
+ ϵ2(−(x ∗ (x ∗ y)) ∗ z + (x ∗ y) ∗ (x ∗ z)− y ∗ (x ∗ (x ∗ z)))
+ ϵ3(− (x, z) (x ∗ y) ∗ x− (x, y)x ∗ (x ∗ z)) +O(ϵ4))

=(y ∗ z + ϵ(x ∗ (y ∗ z))− ϵ2(x ∗ (x ∗ (y ∗ z)))
+ ϵ3((x, z) (x, y)x− (x, y) (x, z) x) +O(ϵ4))

=(y ∗ z + ϵ(x ∗ (y ∗ z))− ϵ2(x ∗ (x ∗ (y ∗ z))) +O(ϵ4)).

Using the ex above, we get that

exede
−1
x e−1

d

=(1 + ϵad(x)− ϵ2ad2(x) +O(ϵ4))(1 + δd+O(δ2))

· (1− ϵad(x)− ϵ2ad2(x) +O(ϵ4))(1− δd+O(δ2))

=1 + ϵδad(d(x)) + ϵ2δ(−ad(x ∗ d(x)))
+ ϵ3δ(−ad(x)dad2(x) + ad2(x)dad(x)) + o(ϵ3δ).
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Hence,

r = −ad(x)dad2(x) + ad2(x)dad(x)

= ad(x)[ad(x), d]ad(x)

= ad(x)ad(d(x))ad(x).

Claim 8. For x ∈ V with (x, x) = 0, the above map ρ(x) : V ′ → V ′ defined by

d → ad(x)ad(d(x))ad(x)

is a derivation.

Proof. Note that for d, e ∈ V ′,

[(ρ(x))(d), e] + [d, (ρ(x))(e)]

=− ad(e(x))ad(d(x))ad(x)− ad(x)ad(e(d(x)))ad(x)

− ad(x)ad(d(x))ad(e(x)) + ad(d(x))ad(e(x))ad(x)

+ ad(x)ad(d(e(x)))ad(x) + ad(x)ad(e(x))ad(d(x))

=ad(x)ad([d, e](x))ad(x)

+ [ad(d(x)), ad(e(x))]ad(x)− ad(x)[ad(d(x)), ad(e(x))]

=(ρ(x))([d, e]) + [ad([d(x), e(x)]), ad(x)]

=(ρ(x))([d, e]) + ad([[d(x), e(x)], x]).

Which is (ρ(x))([d, e]) up to an inner derivation.

Claim 9. The map ρ : V → End(V ′)/InDer(V ′) gives a Frobenius linear map V → V ′′.

Proof. We already have that the map is Frobenius-linear. Furthermore the above claim
implies that the image is a derivation of V ′ as long as (x, x) = 0. Since such vectors
span V we have by linearity that the image lies entirely in Der(V ). Hence we have a map
V → Der(V ′)/InDer(V ′) = V ′′.

Claim 10. The map ρ : V → V ′′ is a map of Lie Algebras.

Proof. We need to show that ρ(x ∗ y) = ρ(x) ∗ ρ(y). We note that by Claim 5 that we
may substitute [ex, ey] (with ϵ replaced by ϵ1/2) for ex∗y in our computation of ρ(x ∗ y).
Equivalently, we map compute (ρ(x ∗ y))(d) as the ϵ6δ term of [[ex, ey], ed]. We note that

[[ex, ey], ed] = e−1
y e−1

x eyexede
−1
x e−1

y exeye
−1
d
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Is conjugate to
eyexede

−1
x e−1

y exeye
−1
d e−1

y e−1
x .

This conjugation by exey should not effect our final output since it should send inner deriva-
tions to inner derivations and not modify our ϵ6δ term by more than O(ϵ7δ). The above
equals

ey(x(d))ey(d)ex(d)ede
−1
x(y(d))e

−1
x(d)e

−1
y(d)e

−1
d

where

ex(d) = exede
−1
x e−1

d

ey(d) = eyede
−1
y e−1

d

ex(y(d)) = exey(d)e
−1
x e−1

y(d)

ey(x(d)) = eyex(d)e
−1
y e−1

x(d).

Since these are each 1 +O(δ), they commute modulo δ2, and hence modulo δ2, the above is

ey(x(d))e
−1
x(y(d)).

Up to inner derivations this is

1 + ϵ6δ((ρV (y))((ρV (x))(d))− (ρV (x))((ρV (y))(d))) + o(ϵ6δ).

Hence ρV (x ∗ y) = ρV (x) ∗ ρV (y) as desired.

As in the previous case, if we have a V ∈ O and a Frobeniusm-linear map F : V ′ → V ,
we can define F : V → V a Frobenius2m+1-linear map thus giving V a F32m+1-structure. We
can then construct an endomorphism σ of G2(V ) = Aut(V ) by Fr−m(σ(g)) ◦ F = F ◦ g′, so
that σ2 = F.

5.3 The Deligne-Lusztig Curve

Before we can construct the Deligne-Lusztig curve we need to understand the Borel subgroups
of G. Given V ∈ O we can consider the algebraic group G = Aut(V ). We consider B a
Borel subgroup of G. B is determined by a line L = ⟨x⟩ and a plane M = ⟨x, y⟩ ⊃ L
that are fixed by it. These have the property that both (−,−) and ∗ are trivial on both L
and M . So (x, x) = (x, y) = (y, y) = 0, x ∗ y = 0. B will also fix a 3 dimensional space
S = ⟨x, y, z⟩ = ker(ad(x)) ⊃ M . Given a Borel B ofG, there should be a corresponding Borel
B′ of G′ = Aut(V ′) by applying ′ to each element of B. Letting W = ker(∗ : Λ2V → V ), we
recall that V ′ = W/W⊥. We note that if g ∈ B that g′ must fix the line containing x∧y ∈ W .
Note that (x ∧ y, x ∧ y) = 0. Furthermore x ∧ y cannot be an inner automorphism because
ad(a) has rank 6 if (a, a) ̸= 0 and rank 4 if (a, a) = 0 while x ∧ y has rank 2. Therefore g′
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fixes the line generated by x ∧ y in V ′. B′ also fixes the plane ⟨x ∧ y, x ∧ z⟩. This is of the
type described because (x ∧ y) ∗ (x ∧ z)(a) = 0 since (x ∧ z)(a) ∈ ⟨x, z⟩ and both x and y
are perpendicular to x and z. This means that if B is the Borel fixing L and M , then σ(B)
is the Borel fixing F (⟨x ∧ y⟩) and F (⟨x ∧ y, x ∧ z⟩).

The Deligne-Lusztig curve C is the set of Borels B so that B and σ(B) fix the same line.
We can produce an explicit embedding C ↪→ P(Λ2(V )) by sending B to the line of ω = x∧y.
We claim that this embedding gives the curve defined by the following relations:

� The linear relations that tell us that ∗(ω) = 0.

� The relations that tell us that ω is a rank 2 tensor, and hence a pure wedge of two
elements of V . Note that these are the relations used to define the Plucker embedding
of a Grassmannian.

� The relation (ω, ω) = 0

� The relations that tell us that ⟨ω, F (ω) ∧ V ⟩ has dimension at most 6.

These are clearly satisfied for points in the image of our embedding. They also cut them
out set-theoretically. The first and second relations guarantee that ω represents a non-zero
element of V ′. Let x = F (ω) ̸= 0. The fourth relation guarantees that ω = x ∧ y for some
y. The first relation says that x ∗ y = 0. The third relation implies that (x, x) = 0. Hence
we have the Borel B that fixes ⟨x⟩ and ⟨x, y⟩ the unique Borel subgroup so that x ∧ y is
parallel to ω. This embedding is smooth because the coordinates of the flag variety can all
be written as polynomials in ω for points on C.

These equations also cut out the curve scheme-theoretically. We show this for m > 0
by showing that the tangent space to the scheme defined by these equations is one dimen-
sional at every F̄-point. Suppose that we are at some point on C with projective coordi-
nate ω. We wish to consider the space of possible vectors dω in the tangent space. Note
that dF (ω) = 0 and that therefore, dω must lie in the six dimensional space defined by
F (ω) ∧ V . We must also have ∗(dω) = 0 so dω must lie in F (ω) ∧ (ker(ad(F (ω)))). Since
(F (ω), F (ω)) = 0, (ker(ad(F (ω)))) is three dimensional. Since (ker(ad(F (ω)))) contains
F (ω), F (ω)∧ (ker(ad(F (ω)))) is two dimensional. Finally when we project down to the tan-
gent space to P(Λ2V ) at this point (which is Λ2(V )/⟨ω⟩), we are left with a one-dimensional
tangent space.

5.4 Divisors of Note

We begin with some preliminaries. Let C be the Deligne-Lusztig curve corresponding to 2G2

defined over the field F32m+1 . Let q0 = 3m. Let q = 3q20 = 32m+1. Let q− = q − 3q0 + 1 and
q+ = q + 3q0 + 1. Note that q−q+ = q2 − q + 1. We let G = G2 with an endomorphism σ.
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We note that C admits a natural Gσ action. We will be considering the projective model of
C described above with parameter ω.

We first want to compute the degree of this embedding. We do this by finding a polyno-
mial that vanishes exactly at the Fq points. We will think of F as a Frobeniusm-linear map
V ′ → V . If B is the Borel fixing the line, plane and space L = ⟨x⟩, P = ⟨x, y⟩, S = ⟨x, y, z⟩,
σ(B) fixes the line and plane ⟨F (x ∧ y)⟩, ⟨F (x ∧ y), F (x ∧ z)⟩. For B to correspond to a
point on C, then we must have that F (x ∧ y) is a multiple of x. B is defined over Fq if and
only if B = σ(σ(B)). We claim that this happens if and only if B = σ(B). The if direction
is clear. For only if, note that if B = σ(σ(B)), B, σ(B) and σ(σ(B)) must all fix the same
line. Therefore F (x ∧ y) is a multiple of F (F (x ∧ y) ∧ F (x ∧ z)), which is a multiple of
F (x ∧ F (x ∧ z)). This happens if and only if F (x ∧ z) is in the span of x and y, which in
turn implies that B = σ(B). So in fact, B ∈ C is an Fq-point if and only if F (x ∧ z) is in
the plane of x and y.

Notice that since (x∧y)∗(x∧z) = 0 that 0 = F (x∧y)∗F (x∧z) = x∗F (x∧z). Therefore
F (x ∧ z) is in the span of x, y, z. Therefore we have that (F (x ∧ z) ∧ x) ∧ (x ∧ y) is always
a multiple of (x ∧ y) ∧ (x ∧ z) in V ′′. Furthermore this multiple is 0 if and only if the point
is defined over Fq. We next claim that ρV (x) is a (non-zero) multiple of (x ∧ y) ∧ (x ∧ z).
This is equivalent to saying that (ρV (x))(V

′) is in the span of x ∧ y and x ∧ z. This in turn
is equivalent to saying that the image ((ρV (x))(V

′))(V ) is contained in the span of x, y and
z. But note that ⟨x, y, z⟩ = ker(ad(x)). Furthermore, by claim 7,

x ∗ ((ρV (x))(d))(a) = x ∗ (x ∗ (d(x) ∗ (x ∗ a))) = (x, d(x) ∗ (x ∗ a))x.

We need to show that (x, d(x) ∗ (x ∗ a)) = 0. This is the cubic form applied to x, d(x), (x∗a).
Hence this is − (d(x), x ∗ (x ∗ a)) = − (d(x), (x, a) x) = − (x, a) (d(x), x) = 0 since d must be
an anti-symmetric linear operator. Hence ρV (x) is a multiple of (x ∧ y) ∧ (x ∧ z).

We now consider the polynomial

[(F (ω) ∧ (F (F (ω) ∧ z))) ∧ ω]⊗ [ρV (F (ω))]⊗(q0−1)

[ω ∧ (F (ω) ∧ z)]⊗q0
. (6)

Both numerator and denominator are elements of the qth0 tensor power of the space of mul-
tiples of (x∧ y)∧ (x∧ z). Note that each of numerator and denominator are proportional to
the qth0 power of z as an element of S/M . Therefore the number produced is independent of
the choice of z. The ω-degree of the above is:

[q0 + q20 + 1] + (q0 − 1)[3q0]− q0[q0 + 1] = q0 + q20 + 1 + q − 3q0 − q20 − q0 = q − 3q0 + 1.

The polynomial in Equation 6 clearly vanishes exactly when F (x ∧ z) is in M , or on points
defined over Fq. We claim that it vanishes to degree 1 on such points (at least for m > 0).
Consider an analytic coordinate around such a point. Since m > 0 the derivative of F (ω)
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is 0. Hence we can consider the above with z so that dz = 0. We wish to show that the
derivative of the above polynomial is non-zero at such a point. To do so it suffices to show
that the derivative of (F (ω) ∧ (F (F (ω) ∧ z))) ∧ ω is non-zero. But it should be noted that
the derivative of (F (ω) ∧ (F (F (ω) ∧ z))) is 0. Hence as ω varies, the wedge has non-zero
derivative. This completes the proof. Therefore this polynomial of degree q− defines a divisor
of degree q3 + 1. Hence our embedding must be of degree q+(q + 1).

We next consider the divisor defined by the polynomial (ω,F(ω)). This defines a divisor
of degree (q + 1)2q+. This divisor is clearly Gσ-invariant. On the other hand the degree is
too small to contain any orbits except for the orbit of Fq-points. Unfortunately, the size of
this orbit does not divide the degree of this divisor. Therefore (ω,F(ω)) must vanish on C.
Similarly (ω,F2(ω)) must vanish on C.

Consider the polynomial (ω,F3(ω)). We claim that this vanishes to degree exactly q+(q+
1) on the Fq-points of C and nowhere else. For the former, consider an Fq-point ω = ω0. Then
near this point (ω,F3(ω)) agrees with (ω, ω0) to degree q3. Since the latter cannot vanish to
degree more than q+(q+1), being a degree 1 polynomial, this means that (ω,F3(ω)) cannot
vanish identically. Since it is Gσ-invariant, but of too small a degree to contain any orbit but
that of the Fq-points, it must vanish to degree n on each Fq-point for some n and nowhere
else. Comparing degrees yields n = q+(q+1). Note also that this implies that the polynomial
(ω, ω0) vanishes at the point defined by ω0 with multiplicity q+(q + 1) and nowhere else.

Next, consider the polynomial (ω,F4(ω)). This vanishes on the Fq6-points of C. This is
because for such points,

F2(
(
ω,F4(ω)

)
) =

(
F2(ω),F6(ω)

)
=
(
F2(ω), ω

)
= 0.

Furthermore, this polynomial agrees with (ω,F3(ω)) to order q3 on the Fq-points. Therefore
this polynomial vanishes to degree 1 on the Fq6-points and degree q+(q+1) on the Fq-points.
By degree counting, it vanishes nowhere else.

Lastly, consider the polynomial (ω,F5(ω)). Analogously to the above this vanishes on
the Fq7-points and to degree exactly q+(q + 1) on the Fq-points. The remaining degree is

q+(q + 1)(q5 + 1)− q3(q + 1)q+q−(q − 1)− (q3 + 1)q+(q + 1)

=q+(q + 1)(q5 + 1− q3 − 1− q5 + 3q0q
4 − 3q0q

3 + q3)

=q+(q + 1)(3q0q
4 − 3q0q

3).

Since the remainder of this divisor is Gσ-invariant and the only orbit small enough to fit is
the orbit of Fq6-points, this polynomial must vanish to degree 1 on the Fq7-points, to degree
3q0 on the Fq6-points, and to degree q+(q + 1) on the Fq-points.

There are several polynomials of interest. Let F3 := (ω,F3(ω)) , F4 := (ω,F4(ω)) , F5 :=
(ω,F5(ω)). We also have the polynomials that vanish exactly at the Fqn-points. P1 :=

F
1

q+(q+1)

3 , P6 := F4

F3
, P7 := F5

F3P
3q0
6

. We note that these are all polynomials (P1 as above is
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defined only up to a q+(q + 1)st root of unity but could be taken, for example, to be the
Polynomial in Equation 6). We claim that if the correct root is taken in the choice of P1,
then we have that

P
q3(q−1)
1 + P

q−
6 − P7 = 0. (7)

Or unequivocally,

F
q3(q−1)
3 = (P

q−
6 − P7)

q+(q+1).

We prove Equation 7 by showing that for proper choice of P1, that this polynomial
vanishes at all of the Fq7-points and all of the Fq-points. Since this will be more points than
the degree of the polynomial would allow, the polynomial must vanish on C.

For the Fq7-points, it will suffice to show that

F
q3(q−1)
3 (Q) = P

q−q+(q+1)
6 (Q) =

(
F4(Q)

F3(Q)

)q3+1

for Q a Fq7-point. For this it suffices to show that F q4+1
3 (Q) = F q3+1

4 (Q). But we have that

F q4+1
3 (Q) =

(
ω,F3(ω)

)q4 (
ω,F3(ω)

)
=
(
F4(ω),F7(ω)

) (
ω,F3(ω)

)
=
(
F4(ω), ω

) (
F7(ω),F3(ω)

)
=
(
ω,F4(ω)

)q3 (
ω,F4(ω)

)
= F q3+1

4 (Q).

For the Fq-points we show that P
q−
6 (Q) = P7(Q) = F5(Q)

F3(Q)P
3q0
6 (Q)

for Q and Fq-point of C.

This is equivalent to showing that(
F4(Q)

F3(Q)

)q+1

= P q+1
6 (Q) =

F5(Q)

F3(Q)
.

To do this we will show that the polynomials

F q+1
4

and
F5F

q
3

agree to order more than q+(q + 1)2. But this follows immediately from the fact that each
of these polynomials is a product of q + 1 of the Fi which are in turn polynomials that

� Vanish to order q+(q + 1) at Q

� Agree with F3 to order q3 at Q

This completes our proof of Equation 7.
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Chapter E

Designs for Path Connected Spaces

1 Introduction

Given a measure space (X,µ) and a set f1, . . . , fm : X → R, [55] defines an averaging set to
be a finite set of points, p1, . . . , pN ∈ X so that

1

N

N∑
i=1

fj(pi) =
1

µ(X)

∫
X

fjdµ (1)

for all 1 ≤ j ≤ m. They show that if X is a path-connected topological space, µ has full
support, and the fi are continuous that such sets necessarily exist. In this Chapter, we
study the problem of how small such averaging sets can be. In particular, we define a design
problem to be the data of X, µ and the vector space of functions on X spanned by the fj.
For a design problem, D, we show that there exist averaging sets (we call them designs) for
D with N relatively small.

Perhaps the best studied case of the above is that of spherical designs, introduced in [10].
A spherical design on Sd of strength n is defined to be an averaging set for X = Sd (with the
standard measure) where the set of fj is a basis for the polynomials of degree at most n on
the sphere. It is not hard to show that such a design must have size at least Ωd(n

d) (proved
for example in [10]). It was conjectured by Korevaar and Meyers that designs of size Od(n

d)
existed. There has been much work towards this Conjecture. Wagner proved in [18] that
there were designs of size Od(n

12d4). This was improved by Korevaar and Meyers in [37] to
Od(n

(d2+d)/2), by Bondarenko, and Viazovska in [5] to Od(n
2d(d+1)/(d+2)). In [6], Bondarenko,

Radchenko, and Viazovska recently announced a proof of the full conjecture.
In this Chapter, we develop techniques to prove the existence of small designs in a number

of contexts. In greatest generality, we prove that on a path-connected topological space there
exist designs to fool any set of continuous functions on X of size roughly MK, where M
is the number of linearly independent functions, and K is a measure of how badly behaved
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these functions are. We also show that if in addition X is a homogeneous space and the
linear span of functions we wish to fool is preserved under the symmetry group of X that
K ≤ M . For example, this immediately implies strength-n designs of size O(n2d/(d!)2) on
Sd. It also implies the existence of small Grassmannian designs (see [1] for the definition).
Generally, this result proves the existence of designs whose size is roughly the square of what
we expect the optimal size should be.

With a slight modification of our technique, we can also achieve better bounds in some
more specialized contexts. In particular, in Section 6 we produce designs of nearly optimal
size for beta distributions on the unit interval, and in Section 7 we prove the existence of
strength-n designs on Sd of size Od(n

d log(n)d−1) for d ≥ 2, which is optimal up to a polylog
factor.

In Section 2, we describe the most general setting of our work and some of the fun-
damental ideas behind our technique. In Section 3, we handle our most general case of
path-connected spaces. In Section 4, we produce an example in which the upper bound for
sizes of designs in the previous section is essentially tight. In Section 5, we study the special
case of homogeneous spaces. In Section 6, we provide nearly optimal bounds for the size of
designs for beta distributions on the interval. In Section 7, we prove our bounds on the size
of spherical designs.

2 Basic Concepts

We begin by defining the most general notion of a design that we deal with in this Chapter.

Definition. A design-problem is a triple (X,µ,W ) where X is a measure space with a
positive measure µ, normalized so that µ(X) = 1, and W is a vector space of L1 functions
on X.

Given a design-problem (X,µ,W ), a design of size N is a list of N points (not necessarily
distinct) p1, p2, . . . , pN ∈ X so that for every f ∈ W ,∫

X

f(x)dµ(x) =
1

N

N∑
i=1

f(pi). (2)

A weighted design of size N is a set of points p1, p2, . . . , pN ∈ X and a list of weights
w1, w2, . . . , wN ∈ [0, 1] so that

∑N
i=1 wi = 1 and so that for each f ∈ W ,∫
X

f(x)dµ(x) =
N∑
i=1

wif(pi) (3)

For example, if (X,µ) is the d-sphere with its standard (normalized) measure, and W
is the space of polynomials of total degree at most n restricted to X, then our notion of a
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design (resp. weighted design) corresponds exactly to the standard notion of a design (resp.
weighted design) of strength n on the d-sphere.

Note that a design is the same thing as a weighted design in which all the weights are 1
N
.

Notice that if we set f(x) to be any constant function that the formulas in Equations 2 and
3 will hold automatically. Hence for a design problem it is natural to define the vector space
V of functions on X to be the space of functions, f , in W + ⟨1⟩ so that

∫
X
f(x)dµ(x) = 0.

Lemma 1. For a design-problem (X,µ,W ) with V as defined above, p1, p2, . . . , pN is a
design (resp. p1, p2, . . . , pN , w1, w2, . . . , wN is a weighted design) if and only if for all f ∈ V ,∑N

i=1 f(pi) = 0, (resp.
∑N

i=1 wif(pi) = 0).

Proof. Since any design can be thought of as a weighted design, it suffices to prove the
version of this Lemma for weighted designs. First assume that

∑N
i=1 wif(pi) = 0 for each

f ∈ V . For every g ∈ W , letting f(x) = g(x)−
∫
X
g(y)dµ(y), f ∈ V . Hence

0 =
N∑
i=1

wi

(
g(pi)−

∫
X

g(y)dµ(y)

)

=
N∑
i=1

wig(pi)−

(
N∑
i=1

wi

)(∫
X

g(y)dµ(y)

)

=
N∑
i=1

wig(pi)−
∫
X

g(x)dµ(x).

Hence pi, wi is a weighted design.
If on the other hand, pi, wi is a weighted design and f ∈ V , then f(x) = g(x) + c for

some g ∈ W and constant c. Furthermore 0 =
∫
X
g(x) + cdµ(x) =

∫
X
g(x)dµ(x) + c so

c = −
∫
X
g(x)dµ(x). Hence

N∑
i=1

wif(pi) =
N∑
i=1

wi(g(pi) + c)

=
N∑
i=1

wig(pi) +

(
N∑
i=1

wi

)
c

=

∫
X

g(x)dµ(x) + c

= 0.
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It will also be convenient to associate with the design problem (X,µ,W ) the number
M = dim(V ). We note that there is a natural map E : X → V ∗, where V ∗ is the dual space
of V . This is defined by (E(p))(f) = f(p). This function allows us to rephrase the idea of a
design in the following useful way:

Lemma 2. Given a design problem (X,µ,W ) along with V and E as described above, pi is a
design (resp. pi, wi is a weighted design) if and only if

∑N
i=1 E(pi) = 0 (resp.

∑N
i=1 wiE(pi) =

0).

Proof. Again it suffices to prove only the version of this Lemma for weighted designs. Note
that for f ∈ V , that

N∑
i=1

wif(pi) =
N∑
i=1

wi(E(pi))(f) =

(
N∑
i=1

wiE(pi)

)
(f).

This is 0 for all f ∈ V , if and only if
∑N

i=1 wiE(pi) = 0. This, along with Lemma 1, completes
the proof.

To demonstrate the utility of this geometric formulation, we present the following Lemma:

Lemma 3. Given a design problem (X,µ,W ) with V,M,E as above, if M < ∞, there exists
a weighted design for this problem of size at most M + 1.

Proof. Note that for f ∈ V that(∫
X

E(x)dµ(x)

)
(f) =

∫
X

f(x)dµ(x) = 0.

Therefore
∫
X
E(x)dµ(x) = 0. Therefore 0 is in the convex hull of E(X). Therefore 0 can be

written as a positive affine linear combination of at most M +1 points in E(X). By Lemma
2, this gives us a weighted design of size at most M + 1.

Unfortunately, our notion of a design problem is too general to prove many useful results
about. We will therefore work instead with the following more restricted notion:

Definition. A topological design problem is a design problem, (X,µ,W ) in which X is a
topological space, the σ-algebra associated to µ is Borel, the functions in W are bounded and
continuous, and W is finite dimensional.

We call a topological design problem path-connected if the topology on X makes it a
path-connected topological space.

We call a topological design problem homogeneous if for every x, y ∈ X there is a
measure-preserving homeomorphism f : X → X so that f ∗(W ) = W and f(x) = y.
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We will also want a measure on the complexity of the functions in W for such a design
problem.

Definition. Let (X,µ,W ) be a topological design problem. Associate to it the number

K = sup
f∈V \{0}

sup(f)

| inf(f)|
= sup

f∈V \{0}

sup(−f)

| inf(−f)|

= sup
f∈V \{0}

− inf(f)

sup(f)
= sup

f∈V \{0}

sup(|f |)
sup(f)

.

Notice that since sup(f)
| inf(f)| is invariant under scaling of f by positive numbers, and since

V \{0} modulo such scalings is compact, that K will be finite unless there is some f ∈ V \{0}
so that f(x) ≥ 0 for all x. Since

∫
X
f(x)dµ(x) = 0 this can only be the case if f is 0 on the

support of µ.
Throughout the rest of the Chapter, to each topological design problem, (X,µ,W ) we

will associate V,E,M,K as described above.

3 The Bound for Path Connected Spaces

In this Section, we prove the following Theorem, which will also be the basis some of our
later results.

Theorem 4. Let (X,µ,W ) be a path-connected topological design problem. If M > 0, then
for every integer N > (M−1)(K+1) there exists a design of size N for this design problem.

Throughout the rest of this Section, we use X,µ,W, V,E,M,K,N to refer to the cor-
responding objects in the statement of Theorem 4. Our proof technique will be as follows.
First, we construct a polytope P , that is spanned by points of E(X), and contains the origin.
Next, we construct a continuous function F : P → V ∗ so that every point in the image of
F is a sum of N points in E(X), and so that for each facet, T , of P , F (T ) lies on the same
side of the hyperplane through the origin parallel the one defining T as T does. Lastly, we
show, using topological considerations, that 0 must be in the image of F . We begin with the
construction of P .

Proposition 5. For every ϵ > 0, there exists a polytope P ⊂ V ∗ spanned by points in E(X)
such that for every linear inequality satisfied by the points of P of the form

⟨x, f⟩ ≤ c

for some f ∈ V \{0}, we have
sup
p∈X

|f(p)| ≤ c(K + ϵ).
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Proof. Suppose that P is the polytope spanned by E(pi) for some pi ∈ X. Then it is the
case that ⟨x, f⟩ ≤ c for all x ∈ P if and only if this holds for all x = E(pi), or if f(pi) ≤ c
for all i. Hence it suffices to find some finite set of pi ∈ X so that for each f ∈ V \{0},
sup(|f |) ≤ supi f(pi)(K + ϵ). Notice that this condition is invariant under scaling f by a
positive constant, so it suffices to check for f on the unit sphere of V .

Notice that by the definition of K, that for each such f , there is a p ∈ X so that
sup(|f |) ≤ f(p)K. Notice that for such a p, sup(|g|) ≤ g(p)(K + ϵ) for g in some open
neighborhood of f . Hence these p define an open cover of the unit ball of V , and by
compactness there must exist a finite set of pi so that for each such f , sup(|f |) ≤ f(pi)(K+ϵ)
for some i. This completes our proof.

Throughout the rest of this section we will use ϵ and P to refer to a positive real number
and a polytope in V ∗ satisfying the conditions from Proposition 5. We now construct our
function F .

Proposition 6. If ϵ < N
M−1

−K − 1, there exists a continuous function F : P → V ∗ so that

� For each x ∈ P there are points q1, . . . , qN ∈ X so that F (x) =
∑N

i=1 E(qi)

� For each facet, T , defined by the equation L(x) = c for some linear function L on V ∗

and some c ∈ R+, L(F (T )) ⊂ R+

Proof. For a real number x, let ⌊x⌋ denote the greatest integer less than x and let {x} =
x− ⌊x⌋ denote the fractional part of x.

Let pi be points in X so that Pi = E(pi) are the vertices of P . Let p0 be some particular
point in X. Since X is path-connected we can produce continuous paths γi : [0, 1] → X so
that γi(0) = p0 and γi(1) = pi. For r ∈ [0, 1] a real number, we use [rPi] to denote E(γi(r)).
We let [0] = E(p0) = [0Pi]. We also note that [Pi] := [1Pi] = Pi and that [rPi] is continuous
in r.

Next pick a triangulation of P . Our basic idea will be as follows: for any Q ∈ P , if Q
is in the simplex in our triangulation defined by Pn0 , Pn1 , . . . , Pnd

for some ni and d ≤ M .

We can write Q uniquely as
∑d

i=0 xi[Pni
] for xi ∈ [0, 1] with

∑
i xi = 1 (here we think of

the sum as being a sum of points in V ∗). The idea is that F (Q) should be approximately
NQ =

∑d
i=0 Nxi[Pni

]. If the Nxi are all integers, this is just a sum of N points. Otherwise,
we need to smooth things out some.

Let S be the set of i ∈ {0, . . . , d} so that {Nxi} ≥ 1− 1/(3M). Define

F (x) :=
d∑

i=0

(⌊Nxi⌋) [Pni
] +
∑
i∈S

[(1− 3M(1− {Nxi})) · Pni
]

+

(
N −

d∑
i=0

⌊Nxi⌋ − |S|

)
[0].
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We have several things to check. First, we need to check that F is well defined. Next,
we need to check that F is continuous. Finally, we need to check that F has the desired
properties.

We must first show that F is well defined. We have defined it on each simplex of our
triangulation, but we must show that these definitions agree on the intersection of two
simplices. It will be enough to check that if Q is in the simplex defined by Pn0 , . . . , Pnd

and
the simplex defined by Pn0 , . . . , Pnd

, Pnd+1
, that our two definitions of F (Q) agree (because

then all definitions of F (Q) agree with the definition coming from the minimal simplex
containing Q). In this case, if we write Q =

∑d
i=0 xiPni

=
∑d+1

i=0 yiPni
, then it must be the

case that xi = yi for i ≤ d and yd+1 = 0. It is easy to check that our two definitions of F on
this intersection agree on Q.

For continuity, we need to deal with several things. Firstly, by the above, since F can
be defined independently on each simplex in our decomposition of P in such a way that
they glue on the boundaries, we only need to check that F is continuous on any given
simplex. In this case, we may write F (Q) = F (x0, . . . , xd). We also note that we can write
F (Q) = N [0] +

∑d
i=0 Fi(Nxi) where Fi(y) is{

(⌊y⌋) · ([Pni
]− [0]) if {y} < 1− 1/(3M)

(⌊y⌋) · ([Pni
]− [0]) + [(1− 3M(1− {y})) · Pni

] −[0] else
.

We now have the check continuity of Fi. Note that Fi is clearly continuous except where y is
either an integer or an integer minus 1/(3M). For integer n, as y approaches n from below,
Fi(y) = (n− 1)([Pni

]− [0]) + [(1− 3M(n− y)) · Pni
]− [0] → n([Pni

]− [0]) = Fi(n). Also as
y approaches n− 1/(3M) from below, Fi(y) = (n− 1)([Pni

]− [0]) = Fi(n− 1/(3M)). Hence
F is continuous.

Next we need to check that for any Q that F (Q) is a sum of N elements of E(X). From
the definition it is clear that F (Q) is sum of elements of E(X) with integer coefficients that
add up to N . Hence, we just need to check that all of these coefficients are positive. This is
obvious for all of the coefficients except for N − |S| −

∑d
i=0 ⌊Nxi⌋. Hence, we need to show
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that N ≥ |S|+
∑d

i=0 ⌊Nxi⌋. Since
∑d

i=0 xi = 1 by assumption,

N =
d∑

i=0

Nxi

=
d∑

i=0

⌊Nxi⌋+ {Nxi}

≥
d∑

i=0

⌊Nxi⌋+
∑
i∈S

{Nxi}

≥
d∑

i=0

⌊Nxi⌋+ |S|(1− 1/(3M))

= |S|+
d∑

i=0

⌊Nxi⌋ − |S|/(3M).

Since N and |S| +
∑d

i=0 ⌊Nxi⌋ are both integers and |S|/(3M) ≤ (M + 1)/(3M) < 1, this

implies that N ≥ |S|+
∑d

i=0 ⌊Nxi⌋.
Finally, suppose that T is some facet of P defined by L(x) = c > 0 and that Q lies on T .

Since (V ∗)∗ = V there is a function f ∈ V so that L(x) = ⟨x, f⟩ for all x ∈ V ∗. Let Q be in
the simplex defined by Pn0 , . . . , Pnd

where Pni
∈ T and d ≤ M − 1. We need to show that

L(F (Q)) > 0. Recall by the construction of P that for any p ∈ X that |f(p)| ≤ c(K + ϵ).
Equivalently |L(E(p))| ≤ c(K + ϵ). Note also that since the Pni

are on T that L(Pni
) = c.

Now if Q =
∑

xiPni
, F (Q) is a sum of N points of E(X) at least

∑
i ⌊Nxi⌋ of which are one

of the Pni
. Note that N −

∑
i ⌊Nxi⌋ =

∑
i {Nxi} <

∑d
i=0 1 = d + 1 ≤ M. Therefore since

this term is an integer, N −
∑

i ⌊Nxi⌋ ≤ M − 1. Hence F (Q) is a sum of N −M + 1 of the
Pni

(with multiplicity) plus the sum of M − 1 other points in E(X). Hence

L(F (Q)) ≥ (N −M + 1)c− (M − 1)(K + ϵ)c ≥ c[N − (M − 1)(K + 1 + ϵ)] > 0.

This completes our proof.

To finish the proof of Theorem 4 we will use the following:

Proposition 7. Let Q be a polytope in a finite dimensional vector space U with 0 in the
interior of Q. Let F : Q → U be a continuous function so that for any facet T of Q defined
by the linear equation L(x) = c, with c > 0, L(F (T )) ⊂ R+, then 0 ∈ F (Q).

Proof. Suppose without loss of generality that Q spans U = Rn. Suppose for sake of con-
tradiction that 0 ̸∈ F (Q). Consider the map f : Bn → Q defined by letting f(0) = 0 and
otherwise f(x) = mxx where mx is the unique positive real number so that mxx

|x| ∈ ∂Q. Next
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consider g : Q → Sn−1 defined by g(x) = F (x)
|F (x)| . Composing we get a map g ◦f : Bn → Sn−1.

Since the map extends to the whole ball, g ◦ f : Sn−1 → Sn−1 must be contractible. We use
our hypothesis on F to show that this map is actually degree 1 and reach a contradiction.

First, we claim that for no x ∈ Sn−1 is g(f(x)) = −x. This is because f(x) ∈ ∂Q. Let
f(x) land in a facet, T , defined by L(y) = c > 0. We have that L(x) > 0, because f(x)
is a positive multiple of x. We also have that L(g(f(x))) > 0 because g(f(x)) is a positive
multiple of a point in F (T ). This proves the claim.

Finally, we claim that any map h : Sn−1 → Sn−1 that sends no point to its antipodal
point is degree 1. This is because there is a homotopy from h to the identity by moving each
h(x) at a constant rate along the arc from −x to h(x) to x.

Finally, we can prove Theorem 4

Proof. We construct the polytope P as in Proposition 5 with ϵ < N
M−1

−K − 1, and F as
in Proposition 6. Then by Proposition 7 we have that 0 is in the image of F . Since every
point in the image of F is a sum of N points of E(X), we have a design of size N by Lemma
2.

4 Tightness of the Bound

In this Section, we demonstrate that in the generality in which it is stated, the lower bound
for N in Theorem 4 is tight. First off, we note that although it is possible that K is infinite,
this might be indicative of the non-existence of designs of any size.

Proposition 8. Let α ∈ (0, 1) be an irrational number. Consider the topological design
problem

(X,µ,W ) = ([0, 1], α · δ(x− 1) + (1− α) · δ(x),Polynomials of degree at most 4).

Then there is no unweighted design for (X,µ,W ) of any size.

Proof. Note that for f(x) = x2(1− x)2,
∫
X
f(x)dµ(x) = 0. Note that for this f , sup(f) > 0

and inf(f) = 0, so K = ∞. If we have a design p1, . . . , pN then it must be the case that∑
i f(pi) = 0. Therefore, since f(x) ≥ 0 for all x ∈ X, this implies that f(pi) = 0 for all i.

Therefore pi ∈ {0, 1} for all i. Next consider g(x) = x.
∫
X
g(x)dµ(x) = α. Therefore, we

must have that 1
N

∑
g(pi) = α. But for each i we must have g(pi) is either 0 or 1. Therefore

this sum is a rational number and cannot be α, which is irrational.

We show that even when K is finite that a path-connected topological design problem
may require that its designs be nearly the size mentioned in Theorem 4. In particular, we
show
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Proposition 9. Let m > 1 be an integer and k ≥ 1, ϵ > 0 real numbers. Then there exists a
path-connected topological design problem with M = m and K ≤ k+ ϵ that admits no design
of size (m− 1)(k + 1) or less.

Proof. First note that by increasing the value of k by ϵ/2 and decreasing ϵ by a factor of
2, it suffices to construct such a design problem that admits no design of size less than
(m− 1)(k + 1). We construct such a design problem as follows.

Let X = [0, 1] and let µ be the Lebesgue measure. Let F : X → R be a continuous
function with the following properties:

� F (x) = k for x ∈ [0, 1/(2k)]

� F (x) = −1 for x ∈ [1/2, 1]

� F (x) ∈ [−1, k] for x ∈ X

�
∫
X
f(x)dµ(x) = 0

Notice that such F are not difficult to construct. Next pick δ > 0 a sufficiently small real
number (we will discuss how small later). Let ϕi for 1 ≤ i ≤ m−1 be continuous real-valued
function on X so that

� ϕi(x) ≥ 0 for all x

� supp(ϕi) ⊂ [0, 1/(4k)]

� The supports of ϕi and ϕj are distinct for i ̸= j

� sup(ϕi) = 1

�
∫
X
ϕi(x)dµ(x) = 2δ

It is not hard to see that this is possible to arrange as long as δ is sufficiently small. Let

fi(x) = δ − ϕi(x) + ϕi(2(1− x)).

It is easy to see that
∫
X
fi(x)dµ(x) = 0. We let W be the span of F and the fi.

Since all elements of W already have 0 integral, we have that V = W so M = dim(W ).
The F and the fi are clearly linearly independent, and hence M = m.

We now need to bound K. Consider an element of V of the form G = aF +
∑

aifi. It is
easy to see that G’s values on [1/(2k), 1− 1/(4k)] are sandwiched between its values on the
rest of X. Hence G attains its sup and inf on [0, 1/(2k)]∪ [1− 1/(4k), 1]. Let s =

∑
i ai. We

then have thatG(x) = ak+sδ−
∑

aiϕi(x) on [0, 1/(2k)] andG(x) = −a+sδ+
∑

aiϕi(2(1−x))
on [1/2, 1]. Therefore,

sup(G) = max(ak + sδ −min(ai, 0),−a+ sδ +max(ai, 0)),
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inf(G) = min(ak + sδ −max(ai, 0),−a+ sδ +min(ai, 0)).

Suppose for sake of contradiction that sup(G)
| inf(G)| > k + ϵ. This means that sup(G) + (k +

ϵ) inf(G) > 0. If sup(G) = ak + sδ −min(ai, 0) this is at most

ak + sδ −min(ai, 0) + (k + (k/(k + 1))ϵ)(−a+ sδ +min(ai, 0))

+ ϵ/(k + 1)(ak + sδ −max(ai, 0))

≤(k + 1)sδ − ϵ/(k + 1)max(ai, 0)

≤(k + 1)(m− 1)max(ai, 0)δ − ϵ/(k + 1)max(ai, 0)

which is negative for δ sufficiently small.
If on the other hand, sup(G) = −a+ sδ +max(ai, 0), then sup(G) + (k + ϵ) inf(G) is at

most

− a+ sδ +max(ai, 0) + (1 + ϵ/(k + 1))(ak + sδ −max(ai, 0))

+ (k − 1 + kϵ/(k + 1))(−a+ sδ +min(ai, 0))

≤(k + 1 + ϵ)sδ − ϵmax(ai, 0)/(k + 1)

≤(k + 1 + ϵ)(m− 1)max(ai)− ϵmax(ai, 0)/(k + 1)

which is negative for δ sufficiently small, yielding a contradiction.
Hence, if we picked δ sufficiently small sup(G)

| inf(G)| ≤ k + ϵ for all G ∈ V , so K ≤ k + ϵ.

Next suppose that we have a design x1, . . . , xN for this design problem. Since
∑

fj(xi) =
0 and since fj is negative only on the support of ϕj, we must have at least m − 1 of the xi

each in a support of one of the ϕj, and hence there must be at least m− 1 xi in [0, 1/(2k)].
Next we note that we must also have

∑
F (xi) = 0. At least m − 1 of these xi are in

[0, 1/(2k)] and therefore F of these xi equals k. Therefore since F (xj) ≥ −1 for each other
j, there must be at least k(m − 1) other points in our design. Hence N must be at least
k(m− 1) + (m− 1) = (m− 1)(k + 1).

5 The Bound for Homogeneous Spaces

In this Section, we show that there is a much nicer bound on the size of designs if we have
a homogenous, path-connected, topological design problem.

Theorem 10. Let (X,µ,W ) be a homogeneous topological design problem with M > 1. Then
for any N > M(M − 1), there exists a design for X of size N . Furthermore, there exists a
design for X of size at most M(M − 1).

We will show that K ≤ (M − 1) where the equality is strict unless X has a design of size
M . An application of Theorem 4 then yields our result.

We begin with a Lemma
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Lemma 11. If X is a homogenous topological design problem, and if pi, wi is a weighted
design for X, then K ≤ 1−maxwi

max(wi)
.

Proof. WLOG w1 = max(wi). Suppose for sake of contradiction that K > 1−w1

w1
. This means

that there is an f ∈ V so that sup(f)
| inf(f)| >

1−w1

w1
. This means that there is a p ∈ X so that

w1f(p) + (1 − w1) inf(f) > 0. Since X is homogenous, there is a g : X → X preserving all
properties of the design problem so that g(p1) = p. Since g preserves µ and W , g(pi), wi

must also be a weighted design for X. Therefore,
∑

iwif(g(pi)) = 0. But on the other hand
this is

w1f(p) +
∑
i>1

wif(g(pi)) ≥ w1f(p) + (1− w1) inf(f) > 0.

Hence we arrive at a contradiction.

We note the following interesting pair of Corollaries.

Corollary 12. If X is a homogeneous topological design problem, and pi, wi a weighted
design for X, then max(wi) ≤ 1

K+1
.

Corollary 13. If X is a homogeneous topological design problem, X admits no weighted
design of size less than K + 1.

We will also need one more Lemma

Lemma 14. If X is a path-connected topological design problem and M > 0, X has a
weighted design of size at most M .

Proof. Suppose for sake of contradiction that there is no such weighted design. Then it must
be the case that there are no pi ∈ X and wi ≥ 0 for 1 ≤ i ≤ M so that

∑
i wiE(pi) = 0. This

means that whenever a non-negative linear combination of M + 1 values of E(pi) equals 0,
the weights must be all 0 or all positive. By Lemma 3 there must be some M +1 points with
a non-negative linear combination equals 0. As we deform our set of points, it will always
be the case that some linear combination equals 0 by a dimension count. Furthermore,
the coefficients of this combination will vary continuously. Since by assumption it is never
possible to write 0 as a non-negative linear combination with at least one coefficient equal to
0, it must be the case that no matter how we deform the pi, there will always exist a linear
combination equal to 0 with strictly positive coefficients. But this is clearly not the case if
all of the pi are equal to some point p on which not all of the functions in V vanish.

We can now prove Theorem 10.

Proof. By Lemma 14, there is a weighted design for X of size at most M . If all of the
weights are equal, this is a design of size M , and by Lemma 11 K ≤ 1−1/M

1/M
= M − 1 and the

remainder of the result follows from Theorem 4. If the weights of this design are not equal,
some weight is larger than 1

M
, and hence K < 1−1/M

1/M
= M − 1, and again our result follows

from Theorem 4.
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5.1 Examples

We provide several Corollaries of Theorem 10.

Corollary 15. There exists a spherical design of strength n on the d−1-dimensional sphere
of size O(n2d−2/((d− 1)!2)).

Corollary 16. There exists a design of strength n on the Grassmannian, G(m, k) of size
Om,k(n

2k(m−k)).

5.2 Conjectures

Although we prove a bound of size O(M2) for homogeneous path-connected topological de-
sign problems, it feels like the correct result should be O(M), since that is roughly the
number of degrees of freedom that you would need. We can rephrase the problem for ho-
mogeneous path-connected spaces a little though. First, we may replace X by E(X), which
is a bounded subset of V ∗. Next, we note that the L2 measure on V is preserved by the
symmetries of X. Hence, the symmetry group G of X (which is transitive by assumption) is
a subgroup of O(V ∗), and hence compact. Since X is a quotient of the identity component
G0 of G we may pull our design problem back to one on G0 (using the pullbacks of µ and
W ). Since the pullback of µ to G0 is clearly the Haar measure, and is also finite, G0 must
be compact. Since G0 is also a path-connected subgroup of O(V ∗), it must be a Lie group.
Hence we have reduced the problem of finding a design in a path-connected homogenous
topological design problem to finding one in a design problem of the following form:

X = G is a compact Lie Group. µ is the normalized Haar measure for G. W is a
finite dimensional space of left-invariant functions on G. Since L2(G) decomposes as a sum⊕

ρi∈Ĝ ϕi ⊗ ϕ∗
i , W must be a sum of the form

⊕
ρi∈Ĝ ρi ⊗Wi where Wi is a subspace of ρ∗i

and all but finitely many ρi are 0.
Note that although we have all this structure to work with, proving better bounds even

for the circle seems to be non-trivial. This Conjecture applied to S1 says that given any M
distinct non-zero integers ni that there exist O(M) complex numbers zj with |zj| = 1 so that∑

j z
ni
j = 0 for all i.

6 Designs on the Interval

Let I be the interval [−1, 1]. For α, β ≥ −1
2
let µα,β be the measure (1−x)α(1+x)βΓ(α+β+2)

2α+β+1Γ(α+1)Γ(β+1)
dx

on I. Let Pn be space of polynomials of degree at most n on I. We will prove the following
Theorem:

Theorem 17. The size of the smallest design for (X,µα,β,Pn) is of size Θα,β(n
2max(α,β)+2).
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In order to prove this Theorem, we will first need to review some basic facts about Jacobi
polynomials. We will use [59] as a guide.

Definition. We define the Jacobi polynomials inductively as follows: For n a non-negative
integer and α, β ≥ −1

2
, P

(α,β)
n (x) is the unique degree n polynomial with

P (α,β)
n (1) =

(
n+ α

n

)
and so that P

(α,β)
n is orthogonal to P

(α,β)
k for k < n with respect to the inner product ⟨f, g⟩ =∫

I
f(x)g(x)dµα,β(x).

Hence the P
(α,β)
n are a set of orthogonal polynomials for the measure µα,β. The normal-

ization is given by [59] Equation (4.3.3)∫
I

(P (α,β)
n )2dµα,β

=
Γ(n+ α+ 1)Γ(n+ β + 1)Γ(α+ β + 2)

(2n+ α+ β + 1)Γ(n+ 1)Γ(n+ α+ β + 1)Γ(α+ 1)Γ(β + 1)

= Θα,β(n
−1). (4)

Hence we define the normalized orthogonal polynomials

R(α,β)
n

= P (α,β)
n

√
(2n+ α+ β + 1)Γ(n+ 1)Γ(n+ α+ β + 1)Γ(α+ 1)Γ(β + 1)

Γ(n+ α+ 1)Γ(n+ β + 1)Γ(α+ β + 2)

= P (α,β)
n Θα,β(

√
n).

We will also need some more precise results on the size of these polynomials. In particular
we have Theorem 8.21.12 of [59] which states that(

sin
θ

2

)α(
cos

θ

2

)β

P (α,β)
n (cos θ) =

N−αΓ(n+ α+ 1)

n!

√
θ

sin θ
Jα(Nθ)

+

{
θ1/2O(n−3/2) if cn−1 ≤ θ ≤ π − ϵ

θα+2O(nα) if 0 < θ ≤ cn−1
(5)

for any positive constants c and ϵ and where N = n + (α + β + 1)/2, and Jα is the Bessel
function.

We will also want some bounds on the size of the Bessel functions. From [59] (1.71.10)
and (1.71.11) we have that for α ≥ −1

2

Jα(x) ∼ cα(x
α) as x → 0
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and
Jα(x) = Oα(x

−1/2).

The first of these along with Equation 5 implies that P
(α,β)
n has no roots within Oα,β(n

−2)

of 1. Noting that P
(α,β)
n (x) and P

(β,α)
n (−x) are constant multiples of each other, P

(α,β)
n (x)

also has no roots within Oα,β(n
−2) of -1. Applying Theorem (8.21.13) of [59], we also find

that P
(α,β)
n has roots within Oα,β(n

−2) of either endpoint. Applying the second equation
above we find that for x ∈ I

R(α,β)
n (x) = Oα,β

(
(1− x)−α/2−1/4(1 + x)−β/2−1/4

)
. (6)

Lemma 18. Let µ be a normalized measure on I. Let Rµ
n be the sequence of orthogonal poly-

nomials for µ. (i.e. Rµ
n is a polynomial of degree n, and {Rµ

0 , R
µ
1 , . . . , R

µ
n} is an orthonormal

basis for Pn with the inner product ⟨f, g⟩µ =
∫
I
f(x)g(x)dµ(x).) Let ri be the roots of Rµ

n(x).
Let wi =

1∑n−1
j=0 (R

µ
j (ri))

2 . Then (wi, ri) is a weighted design for (I, µ,P2n−1). (Note that this is

just Gauss-Jacobi Quadrature)

Proof. First, note that if f ∈ P2n−1 vanishes on all of the ri that
∫
I
f(x)dµ = 0. This is

because f must be of the form Rµ
n(x)g(x) for some g ∈ Pn−1. Since Rµ

n is orthogonal to
Pn−1, this is 0. Therefore, the map P2n−1 → R given by f →

∫
I
fdµ factors through the

map P2n−1 → Rn given by f → (f(ri))1≤i≤n. Therefore, there exist some weights w′
i so that

for any f ∈ P2n−1, ∫
I

fdµ =
n∑

i=1

w′
if(ri).

Let fi ∈ Pn−1 be the unique polynomial of degree n − 1 so that fi(rj) = δi,j. Writing fi in
terms of the R’s we find that

fi(x) =
n−1∑
j=0

Rµ
j (x)

(∫
I

fi(y)R
µ
j (y)dµ(y)

)

=
n−1∑
j=0

Rµ
j (x)

(
n∑

k=1

w′
kfi(rk)R

µ
j (rk)

)
.
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Evaluating at x = ri we find that

1 =
n−1∑
j=0

Rµ
j (ri)

(
n∑

k=1

w′
kδi,kR

µ
j (rk)

)

=
n−1∑
j=0

Rµ
j (ri)w

′
iR

µ
j (ri)

= w′
i

n−1∑
j=0

(Rµ
j (ri))

2.

Thus w′
i = wi, completing out proof.

We are now prepared to show that all designs for (I, µα,β,Pn) are reasonably large.

Proposition 19. If α, β ≥ −1
2
then all unweighted designs for (I, µα,β,Pn) have size Ωα,β(n

2α+2).

Proof. We increase n by a factor of 2, and instead prove bounds on the size of designs for
(I, µα,β,P2n).

Let rn be the biggest root of R
(α,β)
n . Since p(x) =

(
R

(α,β)
n (x)

)2

(x−rn)
is R

(α,β)
n (x) times a polyno-

mial of degree less than n,
∫
I
pdµα,β = 0. Since p(x) is positive outside of [rn, 1], any design

must have a point in this interval. Therefore any design must have at least one point in
[1−Oα,β(n

−2), 1]. If such a point is written as cos θ then θ = Oα,β(n
−1). For c a sufficiently

small constant (depending on α and β), define

f(x) =

(∑2cn
i=cnR

(α,β)
i (x)

)2
cn

.

It is clear that f(x) ≥ 0 for all x, and clear from the orthonormality that
∫
I
fdµα,β = 1. On

the other hand, for c sufficiently small and cn ≤ i ≤ 2cn, Equation 5 tells us that

R
(α,β)
i (x) = Ωα,β(n

α+1/2)

on [1− rn, 1]. Therefore
f(x) = Ωα,β(n

2α+2)

on [1 − rn, 1]. Therefore if p1, . . . , pN is a design for (I, µα,β,Pn), we may assume that
p1 ∈ [1− rn, 1] and we have that

1 =
1

N

N∑
i=1

f(pi)

≥ f(p1)

N
≥ Ωα,β(n

2α+2N−1).
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Therefore N = Ω(n2α+2).

In order to prove the upper bound, we will use a slightly more sophisticated version of
our previous techniques. First, we will need to define some terminology.

Definition. Let f : [0, 1] → R we define Var(f) to be the total variation of f on [0, 1]. For
γ : [0, 1] → X and f : X → R, we define Varγ(f) = Var(f ◦ γ).

Definition. For a design problem (X,µ,W ) and a map γ : [0, 1] → X we define

Kγ = sup
f∈V \{0}

(
Varγ(f)

supγ([0,1])(f)

)
.

We note that replacing f by g =
supγ([0,1])(f)−f

supγ([0,1])(f)
, we have that g ≥ 0 on γ([0, 1]),

∫
X
g = 1,

and Varγ(g) =
Varγ(f)

supγ([0,1])(f)
. Hence we have the alternative definition

Kγ = sup
g∈W⊕1

g≥0 on γ([0,1])∫
X gdµ=1

Varγ(g).

Or equivalently, scaling g by an arbitrary positive constant,

Kγ = sup
g∈W⊕1

g≥0 on γ([0,1])

Varγ(g)∫
X
gdµ

.

Proposition 20. Let (X,µ,W ) be a topological design problem with M > 0. Let γ : [0, 1] →
X be a continuous function with Kγ finite. Then for any integer N > Kγ/2 there exists a
design for (X,µ,W ) of size N .

Proof. Let 2N
Kγ

− 1 > ϵ > 0. For every f ∈ V \{0}, there exists an x ∈ [0, 1] so that

Kγf(γ(x))(1 + ϵ) > Varγ(f). Since this property is invariant under scaling of f by positive
real numbers, and since it must also hold for some open neighborhood of f , by compactness,
we may pick finitely many xi so that for any f ∈ V \{0},

Kγ max
i

f(γ(xi)) > (1− ϵ)Varγ(f).

Let P be the polytope in V ∗ spanned by the points E(γ(xi)). We will define a function
F : P → V ∗ with the following properties:

� F is continuous

� For each x ∈ P , F (x) can be written as
∑N

i=1 E(γ(yi)) for some yi ∈ [0, 1]
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� For each facet T of P defined by L(x) = c > 0, L(F (T )) ⊂ R+

Once we construct such an F , we will be done by Proposition 7.
Suppose that our set of xi is x1 < x2 < . . . < xR. We first define a continuous function

C : P → RR whose image consists of points with non-negative coordinates that add to 1.
This is defined as follows. First, we triangulate P . Then for y ∈ P in the simplex spanned
by, say, {E(γ(xi1)), . . . , E(γ(xik))}. We can then write y uniquely as

∑k
j=1 wjE(γ(xij)) for

wj ≥ 0 and
∑

j wj = 1. We then define C(y) to be wj on its ij coordinate for 1 ≤ j ≤ k,
and 0 on all other coordinates. This map is clearly continuous within a simplex and its
definitions on two simplices agree on their intersection. Therefore, C is continuous.

For w ∈ RR with wi ≥ 0 and
∑

iwi = 1, we call wi a set of weights for the xi. Given such
a set of weights define uw : [0, 1] → [0, N + 1] to be the increasing, upper semi-continuous
function

uw(x) = x+N
∑
xi≤x

wi.

For integers 1 ≤ i ≤ N define

pi(w) = inf{x : uw(x) ≥ j}.

Note that pi(w) is continuous in w. This is because if |w − w′| < δ (in the L1 norm) then
|uw(x) − uw′(x)| < δ for all x. Therefore, since uw′(x + δ) ≥ uw′(x) + δ we have that
|pi(w)− pi(w

′)| ≤ δ. We now define F by

F (y) =
N∑
i=1

E(γ(pi(C(y)))).

This function clearly satisfies the first two of our properties, we need now to verify the
third. Suppose that we have a face of P defined by the equation ⟨f, y⟩ = 1 for some f ∈ V .
We then have that supi(f(γ(xi))) = 1. Therefore Varγ(f) < Kγ(1 + ϵ). Let this face of P
be spanned by E(γ(xi1)), . . . , E(γ(xiM )) for i1 < i2 < . . . < iM . It is then the case that
f(γ(xij)) = 1 for each j. Letting w = C(y), it is also the case that wk is 0 unless k is one of
the ij.

Note that limx→x−
i1

uw(x) < 1 and u(xiM ) > N . This implies that none of the pi(w) are

in [0, xi1) or (xiM , 1]. Additionally, note that

lim
x→x−

in+1

u(x)− u(in) = xin+1 − xin < 1.

This implies that there is at most one pi in (xin , xin+1) for each n. For a point x in this
interval we have that |f(γ(x))− 1| is at most half of the total variation of f ◦ γ on [in, in+1].
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All other pi(w) must be one of the xij . Therefore summing over all pi(w), we get that

|N − f(F (y))| =

∣∣∣∣∣N −
N∑
i=1

f(γ(pi(w)))

∣∣∣∣∣ ≤
N∑
i=1

|1− f(γ(pi(w)))|

which is at most half of the variation of f ◦γ on [xi1 , xiM ]. This in turn is at most Kγ(1+ϵ)

2
< N .

Therefore f(F (y)) > 0. This proves that F has the last of the required properties and
completes our proof.

In order to prove the upper bound for Theorem 17, we will apply this proposition to
γ : [0, 1] → I defined by γ(x) = 2x− 1. We begin with the case of α = β = −1

2
.

Lemma 21. For (I, µ−1/2,−1/2,Pn) and γ as described above, Kγ = O(n).

Proof. We will use the alternative definition ofKγ . If f ≥ 0 on γ([0, 1]) = I and
∫
fdµ−1/2,−1/2 =

1, then f must be a sum of squares of polynomials of degree at most n/2 + 1 plus (1− x2)
times a sum of such polynomials. Since

∫
I
fdµ is linear and Varγ(f) sublinear, it suffices

to check for f = g2 or f = (1 − x2)g2. Note that µ−1/2,−1/2 is the projected measure from
the circle to the interval. Therefore, we can pull f back to a function on the circle either
of the form g(cos θ)2 or (sin θg(cos θ))2. In either case,

∫
S1 f(θ)dθ = 1 and f(θ) = h(θ)2 for

some polynomial h of degree O(n). It suffices to bound the variation of f on the circle. In
particular it suffices to show that

∫
S1 |f ′(θ)|dθ = O(n).

We note that

|h|22 =
∫
S1

h2(θ)dθ =

∫
S1

f(θ)dθ = 1.

We also note that ∫
S1

|f ′(θ)|dθ = 2

∫
S1

|h(θ)h′(θ)|dθ ≤ 2|h|2|h′|2.

Hence it suffices to prove that for h a polynomial of degree m that |h′|2 = O(m)|h|2. This fol-
lows immediately after noting that the orthogonal polynomials eikθ diagonalize the derivative
operator.

We now relate functions for arbitrary α and β to this

Lemma 22. Let α, β ≥ −1
2
. Let f ∈ Pn, f ≥ 0 on I. Then∫

I

fdµα,β = Ωα,β(n
−2max(α,β)−1)

∫
I

fdµ−1/2,−1/2.
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Proof. We rescale f so that
∫
I
fdµ−1/2,−1/2 = 1. We let ri be the roots of P

(−1/2,−1/2)
n+1 . By

Lemma 18, there are weights wi making this a design for (I, µ−1/2,−1/2,P2n). By Equation
6, we have that

wi = Ω(n−1).

We have that
∑

iwif(ri) = 1. Therefore, since f(ri) ≥ 0, we have that∑
i

wif(ri)
2 ≤ 1

minwi

= O(n).

This equals
∫
I
f 2dµ−1/2,−1/2. Let R ⊂ I be R = [1 − cn−2, 1] ∪ [−1,−1 + cn−2] for c a

sufficiently small positive constant. Let IR be the indicator function of the set R. Then∫
I

I2Rdµ−1/2,−1/2 =

∫
R

dµ−1/2,−1/2

= O

(∫
1−cn−2

(1− x)−1/2dx

)
= O(

√
cn−1).

Therefore ∫
R

fdµ−1/2,−1/2 =

∫
I

IRfdµ−1/2,−1/2 ≤ |f |2|IR|2 = O(
√
c).

Hence for c sufficiently small,
∫
R
fdµ−1/2,−1/2 ≤ 1

2
. Therefore,∫

I\R
fdµ−1/2,−1/2 ≥

1

2
.

Since the ratio of the measures
µα,β

µ−1/2,−1/2
= (1−x)α+1/2(1+x)β+1/2 is at least Ωα,β(n

−2max(α,β)−1)

on I\R we have that∫
I

fdµα,β ≥
∫
I\R

fdµα,β = Ωα,β(n
−2max(α,β)−1)

∫
I\R

fdµ−1/2,−1/2

= Ωα,β(n
−2max(α,β)−1).

We can now extend Lemma 21 to our other measures

Lemma 23. For (I, µα,β,Pn) and γ as above, Kγ = Oα,β(n
2max(α,β)+2).

Proof. We use the alternative description ofKγ. Let f ∈ Pn with f ≥ 0 on I and
∫
I
fdµα,β =

1. By Lemma 22,
∫
I
fdµ−1/2,−1/2 = Oα,β(n

2max(α,β)+1). Therefore using Lemma 21,

Varγ(f) ≤ O(n)Oα,β(n
2max(α,β)+1) = Oα,β(n

2max(α,β)+2).

Therefore since this holds for all such f , Kγ = Oα,β(n
2max(α,β)+2).

Theorem 17 now follows from Proposition 19, Proposition 20 and Lemma 23.
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7 Spherical Designs

In this Section, we will focus on the problem of designs on a sphere. In particular for integers
d, n > 0 let Dd

n denote the design problem given by the d-sphere with its standard, normalized
measure, and W the space of polynomials of total degree at most n. We begin by proving
lower bounds:

Theorem 24. Any weighted design for Dd
n is of size Ωd(n

d).

Proof. Let U be the space of polynomials of degree at most n/2 on Sd. Note that dim(U) =
Ωd(n

d). We claim that K ≥ M ′ := dim(U). Pick x ∈ Sd. Let ϕ1, . . . , ϕM ′ be an orthonormal
basis of U . Let f(y) = (

∑
i ϕi(y)ϕi(x))

2. It is clear that
∫
Sd fdµ = M ′. Also f(x) =

(
∑

i ϕi(x)
2)2. Let g(y) =

∑
i ϕi(y)

2. g is clearly invariant under the action of SO(d + 1),
and is therefore constant. Furthermore,

∫
Sd gdµ = M ′. Therefore g(x) = M ′. Therefore

f(x) = (M ′)2. Since f ≥ 0 on Sd, K ≥ f(x)∫
Sd fdµ

= M ′.

Therefore since the action of SO(d) makes Dd
n a homogeneous design problem Corollary

13 implies that any weighted design for Dd
n must have size at least M ′ = Ωd(n

d).

We also prove a nearly matching lower bound. Namely:

Theorem 25. For N = Ωd(n
d log(n)d−1), there exists a design for Dd

n of size N .

The proof of Theorem 25 again uses Proposition 20, but the choice of γ is far less ob-
vious than it is when applied in Theorem 17. In fact, we will want to introduce a slight
generalization of the terminology first.

Definition. Let G be a topological graph. If γ : G → X and f : X → R are functions,
define Varγ(f) as follows. For each edge e of G let γe : [0, 1] → X be the map γ restricted to
e. Then

Varγ(f) :=
∑

e∈E(G)

Varγe(f).

Note that for an embedded graph G, we will often simply refer to VarG(f).

Definition. For (X,µ,M) a design problem, G a graph, and γ : G → X a function, define

Kγ = sup
f∈V \{0}

(
Varγ(f)

supγ(G)(f)

)
.

Note that we have alternative definitions of Kγ in the same way as we did before. We
will often ignore the function γ and simply define KG for G and embedded graph in X. We
note the following version of Proposition 20:
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Proposition 26. Let (X,µ,W ) be a topological design problem. Let G be a connected graph
and γ : G → X a continuous function. If KG is finite, and N > KG is an integer, then
(X,µ,W ) admits a design of size N .

Proof. Note that if we double all of the edges of G that the resulting multigraph admits
an Eulerian circuit. This gives us a continuous map γ′ : [0, 1] → X that covers each edge
of G exactly twice. Therefore for every function f , supG(f) = supγ([0,1])(f) and Varγ′(f) =
2VarG(f). Hence Kγ′ = 2KG, and the result follows from Proposition 20.

We will now need to prove the following:

Proposition 27. For d, n ≥ 1, there exists a connected graph G for the design problem Dd
n

so that KG = Od(n
d log(n)d−1). Furthermore this can be done is such a way that the total

length of all the edges of G is nOd(1).

The basic idea of the proof of Proposition 27 is as follows. First, by projecting Sd down
onto its first d− 1 coordinates, we can think of it as a circle bundle over Bd−1. We construct
our graphs by induction on d. We pick a number of radii ri, and place our graphs for various
strength designs on the spheres of radius ri in Bd−1. We also add the loops over the points
on these graphs given by the corresponding designs. The first step is to show that average
value of f over our loops in G is roughly the average value over the sphere (see Lemma 33).
Naively, this should hold since the average value of f on the sphere of radius ri in Bd−1 should
equal the average value of f over the appropriate loops (because the loops are arranged in
a design). Our radii will themselves by arranged in an appropriate design, so that the value
of f on the sphere will equal the average of the values at there radii. Unfortunately, our
component designs will be of insufficient strength for this to hold. This is fixed by showing
that the component of f corresponding to high degree spherical harmonics at small radius
ri in Bd−1 is small (this is shown in Lemma 29). The bound on KG comes from noting that
the variation of f along G is given by the sum of variations on the subgraphs. These in turn
are bounded by the size of f on these subgraphs, and the appropriate sum of variations is
bounded by the size of f on the whole sphere.

Before we proceed, we will need the following technical results:

Lemma 28. Let f ∈ Pn. Then

sup
Sd

(f) = O(nd/2)|f |2, sup
Sd

|f ′| = O(nd/2+1)|f |2.

Proof. Let ϕi (1 ≤ i ≤ M) be an orthonormal basis of the polynomials of degree at most
n on Sd, so that each of the ϕi is a spherical harmonic. Note that M = O(nd). Write
f(u) =

∑
aiϕi(u). For v ∈ Sd, f(v) =

∑
aiϕi(v) ≤

√∑
i a

2
i

√∑
i ϕi(v)2 = |f |2

√∑
i ϕi(v)2.

Now by symmetry,
∑

i ϕi(u)
2 is a constant function of u. Since its average value is M ,∑

i ϕi(v)
2 = M . Therefore, f(v) ≤

√
M |f |2.



CHAPTER E. DESIGNS 125

We also have that

|f ′(v)| ≤
∑
i

ai|ϕ′
i(v)| ≤

√∑
i

a2i

√∑
i

|ϕ′
i(v)|2 = |f |2

√∑
i

|ϕ′
i(v)|2.

Now
∑

i |ϕ′
i(u)|2 is a constant function of u. Its average value is∫ ∑

i

|ϕ′
i(u)|2du =

∑
i

∫
|ϕ′

i(u)|2du

=
∑
i

∫
ϕi(u)△ϕi(u)du.

So △ϕi(u) = k2ϕi(u) for some k ≤ n. Therefore, this is at most n2M . Hence, |f ′(v)| =
O(nd/2+1).

Lemma 29. For n ≥ d, k ≥ 1 integers and f a polynomial of degree at most n on the d-disk,

D, with
∫
D
f2(r)(1−r2)(k−2)/2 dr

Vol(D)
= 1 then sup[−1,1] f = O

(√
2

dβ(d/2,k/2)

)
O
(

n
d+k−1

)(d+k−1)/2
.

Proof. Notice that∫
D

(1− r2)(k−2)/2 dr

Vol(D)
= d

∫ 1

0

rd−1(1− r2)(k−2)/2dr

= d/2

∫ 1

0

s(d−2)/2(1− s)(k−2)/2ds

= dβ(d/2, k/2)/2.

Let µ be the measure 2dr
Vol(D)dβ(d/2,k/2)

. Note that µ is the projected measure from the d+k−1-

sphere onto the d-disk. We have that
∫
D
f2(r)dµ = 2

dβ(d/2,k/2)
. Rescaling f so that∫ 1

−1

f(r)2dµ = 1

we need to show that for such f , sup[−1,1] f = O
(

n
d+k−1

)(d+k−1)/2
.

Pulling f back onto the (d + k − 1)-sphere, we get that
∫
S(d+k−1)

f2(x)dx = 1, where

dx is the normalized measure on Sd+k−1. We need to show that for x ∈ Sd that f(x) =

O
(

n
d+k−1

)(d+k−1)/2
. Let ϕi (1 ≤ i ≤ M) be an orthonormal basis of the space of polynomials

of degree at most n on Sd+k−1. We can write f(y) =
∑

i aiϕi(y). It must be the case

that
∑

i a
2
i = 1 and f(x) =

∑
i aiϕi(x). By Cauchy-Schwarz this is at most

√∑M
i=1 ϕ

2
i (x).

Consider the polynomial
∑M

i=1 ϕ
2
i (y). This is clearly invariant under SO(d + k) (since it is
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independent of the choice of basis ϕi). Therefore this function is constant. Furthermore its
average value on S(d+ k − 1) is clearly M . Therefore f(x) ≤

√
M .

On the other hand we have that

M =

(
n+ d+ k − 1

d+ k − 1

)
+

(
n+ d+ k − 2

d+ k − 1

)
= O

(
n

d+ k − 1

)d+k−1

.

This completes our proof.

Lemma 30. Let f be a real-valued polynomial of degree at most n on S1. Suppose that f ≥ 0
on S1. Write f(θ) = f(cos(θ), sin(θ)). We can write f in terms of a Fourier Series as

f(θ) =
n∑

k=−n

ake
ikθ.

Then a0 is real and a0 ≥ |ak| for all k.

Proof. The fact that f can be written in such a way comes from noting that e±ikθ are the
spherical harmonics of degree k on S1. Since f is real valued it follows that a−k = āk for all
k. We have that

a0 =
1

2π

∫ 2π

0

f(θ)dθ =
1

2π

∫ 2π

0

|f(θ)e−ikθ|dθ ≥
∣∣∣∣ 12π

∫ 2π

0

f(θ)e−ikθdθ

∣∣∣∣ = |ak|.

Lemma 31. If f is a polynomial of degree at most n that is non-negative on S1, then
VarS1(f) = O(n)

∫
S1 f.

Proof. Consider f = f(θ) as above. For an angle ϕ, let

gϕ(θ) = f(ϕ+ θ) + f(ϕ− θ).

Clearly gϕ is non-negative, and
∫
S1 gϕ = 2

∫
S1 f . Furthermore, we have that∫ 2π

0

VarS1(gϕ)dϕ =

∫ 2π

0

∫ 2π

0

|f ′(ϕ+ θ)− f ′(ϕ− θ)|dθdϕ

=

∫ 2π

0

∫ 2π

0

|f ′(ϑ)− f ′(ρ)|dρdϑ

≥ 2π

∫ 2π

0

|f ′(ϑ)|dϑ

= 2πVarS1(f).

Where above we use the fact that
∫ 2π

0
f ′(ρ)dρ = 0 and that the absolute value function is

convex. Hence for some ϕ, VarS1(gϕ) ≥ VarS1(f). Therefore, we may consider gϕ instead
of f . Noting that gϕ(θ) = gϕ(−θ), we find that gϕ can be written as p(cos θ) for some
polynomial p of degree at most n. Our result then follows from Lemma 21.
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Lemma 32. Let d ≥ 0 be an integer. Consider the design problem given by X = [0, 1],
µ = rddr/(d+1), and W the set of polynomials of degree at most n in r2. Then there exists
a weighted design for this problem, (wi, ri) where wi = Ωd(r

d
i

√
1− r2i n

−1), min(ri) = Ω(n−1),
and max(ri) = 1− Ω(n−2).

Proof. For any such polynomial p(r2) we have that∫ 1

0

p(r2)rd/(d+ 1)dr =
1

2(d+ 1)

∫ 1

0

p(s)s(d−1)/2ds.

Therefore, if we have a weighted design (wi, si) for the design problem

([0, 1],
s(d−1)/2ds

2(d+ 1)
,Pn),

then (wi,
√
si) will be a weighted design for our original problem. We use the design implied

by Lemma 18. The bound on the wi is implied by Equation 6. The bounds on the endpoints
are implied by our observation that there are no roots of P

((d−1)/2,0)
n within Od(n

−2) of either
endpoint.

We are now ready to prove Proposition 26. We will construct graphs Gd
n that for the

design problem Dd
n have KGd

n
= Od(n

d log(n)d−1). We will work by induction on d. For
d = 1, we let Gd

n = S1. This suffices by Lemma 31. From this point on, all of our asymptotic
notation will potentially depend on d.

In order to construct these graphs for larger d, we will want to pick a convenient
parametrization of the d-sphere. Consider Sd ⊂ Rd+1 as {x : |x| = 1}. We let r be

the coordinate on the sphere
√∑d−1

i=1 x
2
i . We let u ∈ Sd−2 be the coordinate so that

(x1, x2, . . . , xd−1) = ru. We let θ be the coordinate so that (xd, xd+1) =
√
1− r2(cos θ, sin θ).

Note that u is defined except where r = 0 and θ is defined except where r = 1. Note that
in these coordinates, the normalized measure on Sd is given by rd−2drdudθ

2π(d−1)
. We also note

that if ϕm
i are an orthonormal basis for the degree m spherical harmonics on Sd−2, that an

orthonormal basis for the polynomials of degree at most n on Sd is given by

(1− r2)k/2eikθrmϕm
i (u)P

k,m,d
ℓ (r2)

Where k,m, ℓ are integers with m, ℓ ≥ 0 and |k|+m+ 2ℓ ≤ n and where the P k,m,d
ℓ (r2) are

orthogonal polynomials for the measure

rm+d−2(1− r2)k/2dr/(d− 1)

on [0, 1] and functions in r2, or, equivalently, P k,m,d
ℓ (s) are the orthogonal polynomials for

the measure s(m+d−3)/2(1− s)k/2ds/(2(d− 1)) on [0, 1].
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We construct Gd
n as follows. This construction should work as stated for d > 2, and

with only slight modification for d = 2 (which we shall deal with after giving the rest of our
argument).

Let (wi, ri) (1 ≤ i ≤ h) be the design for the measure rd−2dr/(d − 1) on [0, 1] for
polynomials of degree at most 2n in r2 as described in Lemma 32.

LetN = And−2(log(n))d−2 forA a sufficiently large constant. For each ri, letNi = [rd−2
i N ]

and ki =
[

Brin log(n)
log(nr log(n))

]
, where B is a sufficiently large constant that is still a sufficiently small

multiple of A. We inductively construct Gi = Gd−2
ki

. By the inductive hypothesis for the

design problem Dd−2
ki

, KGi
< (Ni) if A was sufficiently large compared to B. Therefore, by

Proposition 26 there is a design ui,j, 1 ≤ j ≤ Ni for the design problem Dd−2
ki

so that each of
the ui,j lies on Gi. Let r1 be the smallest of the ri. By rotating Gi, ui,j if necessary we can

guarantee that riui,1 = (r1,
√

r2i − r21, 0, . . . , 0) for all i.
We now define our graph G = Gd

n as follows in (r, u, θ) coordinates. First we define H to
be the union of:

� The circles (ri, ui,j, θ) for θ ∈ [0, 2π] for 1 ≤ i ≤ h and 1 ≤ j ≤ Ni

� The graphs (ri, u, 0) for u ∈ Gi for 1 ≤ i ≤ h

We note that H is not connected. Its connected components correspond to the ri, since each
Gi connects all of the circles at the corresponding ui,j. We let G = H ∪ H ′, where H ′ is
the image of H under the reflection that swaps the coordinates x2 and xd. We note that H
union the circle in H ′ corresponding to u1,1 is connected. Since this circle is parameterized

as (r1,
√
1− r21 sin θ, 0, 0, . . . , 0,

√
1− r21 cos θ) intersects each of the ui,1 in H. Similarly H ′

union the circle over u1,1 in H is connected. Hence G is connected. It is also clear that
the total length of all the edges of G is nO(1). We now only need to prove that KG =
O(nd log(n)d−1). We note that it suffices to prove that KH = O(nd log(n)d−1) since KG ≤
KH +KH′ = 2KH .

Let vi =
wi

Ni
. We note that vi = Ω(n−1N−1

√
1− r2i ). We claim that the circles in H with

weights given by vi form an approximate design in the following sense.

Lemma 33. Let C be any real number. Then if B is sufficiently large, and f ∈ P4n we have
that ∣∣∣∣∣

∫
Sd

f −
∑
i,j

vi
1

2π

∫ 2π

0

f(ri, ui,j, θ)dθ

∣∣∣∣∣ = O(n−C)|f |2. (7)

Proof. We note that after increasing C by a constant, it suffices to check our Lemma for f
in an orthonormal basis of P2n. Hence we consider

f(r, u, θ) = (1− r2)k/2eikθrmϕm(u)P k,m,d
ℓ (r2).
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Note that unless k = 0, both of the terms on the left hand side of Equation 7 are 0. Hence
we can assume that k = 0 and

f(r, u, θ) = f(r, u) = rmϕm(u)Pm,d
ℓ (r2).

We need to show that∣∣∣∣∣
∫

rm+d−2ϕm(u)Pm,d
ℓ (r2)

drdu

d− 1
−
∑
i,j

vir
m
i P

m,d
ℓ (r2i )ϕ

m(ui,j)

∣∣∣∣∣ = O(n−C).

First we note that if m = 0, ϕm(u) = 1. In this case∑
i,j

vir
m
i P

m,d
ℓ (r2i )ϕ

m(ui,j) =
∑
i

NiviP
m,d
ℓ (r2i )

=
∑
i

wiP
m,d
ℓ (r2i )

=

∫ 1

0

rd−2Pm,d
ℓ (r2)dr/(d− 1)

=

∫
Sd

f.

Where we use above the fact that wi, ri is a weighted design. Hence we are done for the case
m = 0.

For m > 0, the integral of f over Sd is 0. Furthermore for ki ≥ m,
∑

j ϕ
m(ui,j) = 0 (since

the ui,j are a design). Therefore in this case, the left hand side of Equation 7 is∣∣∣∣∣∑
ki<m

vir
m
i P

m,d
ℓ (r2i )

∑
j

ϕm(ui,j)

∣∣∣∣∣ .
By results in the proof of Lemma 29, we have that ϕm(ui,j) = nO(1). Furthermore vi = O(1)
and there are nO(1) many pairs of i, j in the sum. Therefore, this is at most

nO(1) max
i:ki<m

|rmi P
m,d
ℓ (r2i )|.

The fact that |f |2 = 1 implies that

1 =

∫ 1

0

r2m+d−2(Pm,d
ℓ (r2))2dr/(d− 1)

=

∫ 1

0

sm+(d−3)/2(Pm,d
ℓ (s))2ds/(2(d− 1))

≥ 1

2m+(d+1)/2(d− 1)

∫ 1

−1

(1− x2)m+(d−3)/2(Pm,d
ℓ (2x− 1))2dx.
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Therefore, since the degree of P is at most n, by Lemma 29 on the 1-disc we have that

max
[0,1]

Pm,d
ℓ = O

( n

m

)m+(d−1)/2

= nO(1)O
( n

m

)m
This means that if m > ki that r

m
i P

m,d
ℓ (r2i ) is at most

nO(1)O
(nri
m

)m
.

Since for B sufficiently large, O
(

nri
ki

)
would be less than 1

2
, this is at most

nO(1)O

(
nri
ki

)ki

.

Hence we need to know that for B sufficiently large,

nO(1)O

(
nri
ki

)ki

= O(n−C). (8)

This is because if nri < log(n) the left hand size of Equation 8 is at most

nO(1)O(log(n)−1/2)Ω(B log(n)/ log log(n)) = nO(1)−Ω(B).

Where we use the fact that nri = Ω(1). If on the other hand nri ≥ log(n), then ki =
Ω(B log(n)) and the left hand side of Equation 8 is

nO(1)O(B−1)Ω(B log(n)) = nO(1)−Ω(B).

This completes our proof.

For f a polynomial on Sd let

A(f) :=
∑
i,j

vi
1

2π

∫ 2π

0

f(ri, ui,j, θ)dθ.

Let

Ai(f) :=
∑
j

vi
1

2π

∫ 2π

0

f(ri, ui,j, θ)dθ.

Ai,j(f) := vi
1

2π

∫ 2π

0

f(ri, ui,j, θ)dθ.
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Lemma 34. For f ∈ P2n, f ≥ 0 on H,

A(f 2) = nO(1)A(f)2

Proof. Since f(ri, ui,j, θ) is a non-negative polynomial of degree at most 2n on the circle,

1

2π
f(ri, ui,j, θ)

2dθ = O(n)

(
1

2π
f(ri, ui,j, θ)dθ

)2

.

So Ai,j(f
2) = O(n)Ai,j(f)

2.

A(f) =
∑
i,j

vjAi,j(f)

A(f 2) = O(n)
∑
i,j

viAi,j(f)
2 ≤ O(n)

∑
i,j

vi(A(f)/vi)
2 = nO(1)A(f)2.

Where the last equality holds since vi = Ω(n−1N−1
√
1− r2i ), and 1 − r2i = Ω(n−2) for all

i.

We now prove a more useful version of Lemma 33.

Lemma 35. If B is sufficiently large, and if f is a polynomial of degree at most 2n on Sd

that is non-negative on H then

|
∫
Sd

f − A(f)| ≤ A(f)

2
.

Proof. By Lemma 33 applied to f2, we have that

|f |22 = nO(1)A(f)2 +O(n−C)|f2|2.

On the other hand, we have that supSd(|f |) = nO(1)|f |2. Therefore,

|f 2|22 ≤ |f |22 sup
Sd

(|f |)2 ≤ nO(1)|f |42.

Hence, we have that
|f |22 = nO(1)A(f)2 + nO(1)−C |f |22.

For C sufficiently large, this implies that

|f |22 = nO(1)A(f)2,

or that
|f |2 = nO(1)A(f).

Therefore, for C sufficiently large, we have that

|
∫
Sd

f − A(f)| ≤ O(n−C)|f |2 ≤ nO(1)−CA(f) ≤ A(f)

2
.
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Corollary 36. Assuming B is sufficiently large, if f is a polynomial of degree at most 2n
on Sd and f is non-negative on H then

A(f) ≤ 2

∫ Sd

f.

We will now try to bound KH based on a variant of one of our existing criteria. In
particular, we would like to show that if f is a degree n polynomial with

∫
f = 1 and f ≥ 0

on H that VarG(f) = O(nd log(n)d−1). Replacing f by f+1
A(f+1)

and noting by Corollary 36

that A(f + 1) ≤ 4, we can assume instead that f ≥ 1
4
on H and that A(f) = 1.

We first bound the variation of f on the circles over ui,j. Define

fi,j(θ) := f(ri, ui,j, θ).

We will prove the following:

Proposition 37. Let B be sufficiently large. Let f be a degree n polynomials with f ≥ 1/4
on H and A(f) = 1. Then

VarS1fi,j = O(nd log(n)d−1)Ai,j(f).

This would follow immediately if fi,j was degree at most n log(n)
√
1− r2. We will show

that the contribution from higher degree harmonics is negligible.
We define for integers k ak(r, u) to be the eikθ component of f at (r, u, θ). We note that

ak(r, u) = (1− r2)|k|/2Pk(r⃗), where r⃗ = ru is a coordinate on the (d− 1)-disc.
We first show that |ak(r, u)| is small for k > n log(n)

√
1− r2.

Lemma 38. Let C be a real number and B sufficiently large compared to C. Let f be a
degree n polynomial with f ≥ 0 on H and A(f) = 1. Then for |k| > n log(n)

√
1− r2i ,

|ak(ri, u)| = O(n−C).

Proof. We have that |ak|2 ≤ |f |2 = nO(1) by Lemma 34. Therefore,∫
Dd−1

(1− r2)|k|P 2
k (r⃗)dr = nO(1).

Applying Lemma 29, we find that

|Pk(r⃗)| ≤ nO(1)O

(
n

|k|

)|k|/2

.

Therefore,

|ak(ri, u)| ≤ nO(1)O

(
n
√
1− r2i
|k|

)|k|/2

≤ nO(1)O

(
1

log(n)

)|k|/2

.

Since |k| = Ω(log(n)) (because
√

1− r2i = Ω(n−1)), this is O(n−C).
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Proof of Proposition 37. Let f l
i,j(θ) be the component of fi,j(θ) coming from Fourier coeffi-

cients of absolute value at most n log(n)
√

1− r2i . By Lemmas 28 and 38, we have that for
B sufficiently large, fi,j − f l

i,j is less than 1/8 everywhere and has Variation O(1). But since
f l
i,j is non-negative and has bounded Fourier coefficients, we have by Lemma 31 that

VarS1f l
i,j = O

(
n log(n)

√
1− r2i

)∫
S1

f l
i,j = O

(
n log(n)

√
1− r2i

)∫
S1

fi,j.

This means that

VarS1(fi,j) = O

(
n log(n)

√
1− r2i

vi

)
Ai,j(f)

= O

(
Nin log(n)

√
1− r2i

wi

)
Ai,j(f)

= O

(
(rin log(n))d−2n log(n)

√
1− r2i n√

1− r2i

)
Ai,j(f)

= O
(
nd log(n)d−1

)
Ai,j(f).

We now bound the variation of f on the Gi in H.

Proposition 39. Suppose that B is sufficiently large. For f ∈ Pn, f ≥ 1
4
on H, A(f) = 1,

VarGi
(f) ≤ Ai(f)O(nd log(n)d−1).

Again this would be easy if we knew that the restriction of f to the appropriate sphere
was low degree. Our proof will show that the contribution from higher degree harmonics is
small.

Let fi(u) = f(ri, u, 0) be f restricted to the (d − 2)-sphere on which Gi lies. We claim
that the contribution to f from harmonics of degree more than ki is small. In particular we
show that:

Lemma 40. Let C be a real number. Suppose that B is sufficiently large. For f ∈ Pn,
f ≥ 0 on H, A(f) = 1. Let fh

i (u) be the component of fi coming from spherical harmonics
of degree more than ki. Then |fh

i |2 = O(n−C).

Proof. Perhaps increasing C by a constant, it suffices to show that for ϕ a spherical harmonic
of degree m > ki that the component of ϕ in fi is O(n−C). We will want to use slightly
different coordinates on Sd than usual here. Let s = (xd, xd+1) be a coordinate with values
lying in the 2-disc. The component of f corresponding to the harmonic ϕ(u) is given by

ϕ(u)(1− s2)m/2Q(s)
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for Q some polynomial of degree at most n. Considering the L2 norm of f , we find that∫
D2

(1− s2)mQ2(s)ds ≤ π|f |22 ≤ nO(1)A(f)2 = nO(1).

Applying Lemma 29 to Q(s), we find that |Q(s)| = nO(1)O
(
n
m

)m/2
. Hence the component of

ϕ at ri is r
m/2
i Q(ri, 0), which is at most

nO(1)O
(nri
m

)m/2

.

Since m > ki,
nri
m

< 1
2
, the above is at most

nO(1)O

(
nri
ki

)ki/2

= O(n−C)

by Equation 8.

We can now prove Proposition 39.

Proof of Proposition 39. Let f l
i (u) be the component of fi(u) coming from spherical har-

monics of degree at most ki. By Lemmas 40 and 28, we have that for B sufficiently large,
f l
i ≥ 0 on Gi and that |VarGi

(f) − VarGi
(f l

i )| ≤ vi/4 ≤ Ai(f). Hence it suffices to prove
that VarGi

(f l
i ) = Ai(f)O(nd log(n)d−1). Since for polynomials of degree at most ki on Sd−2,

KGi
= O(kd−2

i log(ki)
d−2), we have that VarGi

(f l
i ) = O(kd−2

i log(ki)
d−2)

∫
Sd−2 f

l
i . Since the

ui,j form a spherical design this is

O(kd−2
i log(ki)

d−2)
1

Ni

∑
j

f l
i (ui,j).

Again, for B sufficiently large, this is

O(kd−2
i log(ki)

d−2)
1

Ni

∑
j

f(ri, ui,j, 0).

Now consider F (θ) = 1
Ni

∑
j f(ri, ui,j, θ). We have that F is a polynomial of degree at most

n and that F ≥ 1/4. Let F l be the component of F consisting of Fourier coefficients with
|k| ≤ n log(n)

√
1− r2i . By Lemmas 28 and 38, if B is sufficiently large, |F − F l| < 1/8. It

is clear that

Ai(f) = wi
1

2π

∫ 2π

0

F (θ)dθ = Θ(wi)
1

2π

∫ 2π

0

F l(θ)dθ.
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Note that by Lemma 31

F (0) = O(1) + F l(0)

≤ inf
S1

(F l) + VarS1(F l − inf
S1

(F l))

= O(n log(n)
√

1− r2i )

∫
S1

F l

= O(n log(n)
√

1− r2i )

∫
S1

F.

Therefore, we have that

VarGi
(f) = O(kd−2

i log(ki)
d−2)F (0)

= O(n log(n)
√
1− r2i k

d−2
i log(ki)

d−2)A(f)/wi

= A(f)O

(
n log(n)

√
1− r2i k

d−2
i log(ki)

d−2

wi

)

= A(f)O

(
n log(n)

√
1− r2i (rin log(n))d−2

rd−2
i n−1

√
1− r2i

)
= A(f)O(nd log(n)d−1).

We can finally prove Proposition 27.

Proof. We proceed by induction on d. For d = 1 the S1 suffices as discussed. Assuming that
we have the graph for d− 2 we construct G as described above. Clearly G is connected and
has total length nO(1). We need to show that KH = O(nd log(n)d−1). To do so it suffices to
show that for any f ∈ Pn with f ≥ 1/4 on H and A(f) = 1 that VarH(f) = O(nd log(n)d−1).
We have that

VarH(f) =
∑
i,j

VarS1(fi,j) +
∑
i

VarGi
fi

= O(nd log(n)d−1)

(∑
i,j

Ai,j(f) +
∑
i

Ai(f)

)
= O(nd log(n)d−1)(A(f) + A(f))

= O(nd log(n)d−1).

This completes the proof.
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For d = 2, there is obviously no connected graph on the Sd−2-sphere, so we need to modify
our construction slightly. Fortunately, there are strength n designs on Sd−2 of size O(nd−2).
Hence we can still define wi, ri, ui,j as before. We now ignore the Gi from our construction.
Notice that all of our assumptions that f was non-negative on H except for those used in
Proposition 39 could have been replaced by the assumption that f was non-negative on the
ui,j. Furthermore, for each i there are only two j, both of whose circles can be made to
intersect the u1,1 circle from H ′, and so we no longer need to the Gi to maintain connectivity
of G.

Theorem 25 now follows from Proposition 27 and Proposition 26.
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Polynomial Threshold Functions
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1 Introduction

This Part consists of three Chapters on polynomial threshold functions (abbreviated PTFs).
We call a function, f , a polynomial threshold function if it is of the form f(x) = sgn(p(x))
for some polynomial p. We say that f is a degree-d polynomial threshold function if the
degree of p is at most d. Polynomial threshold functions are a natural generalization of
linear threshold functions (the d = 1 case). Polynomial threshold functions find application
in fields such as circuit complexity [3], communication complexity [56], and learning theory
[36].

Much of the study of polynomial threshold functions involves studying their average
behavior over some probability distribution, or in finding ways to approximate this average
behavior. There are two natural probability distributions that show up in this context. The
first is that of the hypercube or Bernoulli distribution, namely the uniform distribution over
{0, 1}n. The second is the Gaussian distribution. The Bernoulli distribution is perhaps
more useful from a computer science context, though the Gaussian distribution is arguably
more natural and is almost certainly easier to work with. In fact the Gaussian distribution
can often be thought of as a special case of the Bernoulli distribution, as the central limit
theorem tells us that one can approximate a Gaussian as an average of a large number of
Bernoulli variables.

The Gaussian distribution is usually easier to work with for several reasons. For one
thing, the Gaussian distribution is continuous. Importantly this means that polynomials of
Gaussians are never too likely to have values concentrated in some small range. In particular,
for Gaussians we have the following anticoncentration result:

Theorem (Carbery andWright). Let p be a degree d polynomial, and Y a standard Gaussian.
Suppose that E[p(Y )2] = 1. Then, for ϵ > 0,

Pr(|p(Y )| < ϵ) = O(dϵ1/d).

This clearly does not hold for the Bernoulli distribution, although there are recent tech-
niques to work around it. In particular the invariance principle of [47] states that for low-
influence polynomials (i.e. those for which no one coordinate has significant impact on the
final value) that Bernoulli and Gaussian inputs behave similarly. For polynomials of high
influence, there are a number of regularity Lemmas (for example the one in [15] or [?])
that after fixing several of the influential variables, allow one to approximate a polynomial
threshold function by a regular one.

The Gaussian setting also has much greater symmetry than the Bernoulli case. We will
talk more about how to take advantage of this shortly. For these reasons, all of the work
done in this Part is for the Gaussian case. Perhaps another project would be to translate
some of these results into the Bernoulli case.
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One advantage of the Gaussian setting is that there are convenient notions of perturbing
the input value. In the Bernoulli setting, there are the operations of negating a random
coordinate, or negating each coordinate with probability ϵ, but neither of these operations
is terribly well behaved. In the Gaussian setting, there is the possibility of taking actual
derivatives. Additionally, one can replace a random Gaussian X with another random Gaus-
sian Z having high correlation with X in each coordinate. In doing so, Z can be thought
of as a noisy version of X. One way of producing such Z is to let Y be an independent
Gaussian and to let

Z = (1− ϵ)X +
√
2ϵ− ϵ2Y

for some parameter ϵ. Note that the coefficients are chosen so that Z is properly normalized.
This is very important since p(X) does not necessarily behave very much like p(X + ϵY )
as the latter will likely have a noticeably larger norm. This issue shows up in Corollary
7 of Chapter G, where it should be noted that the difference of normalization leads to a
dependence on the dimension of the underlying space as well as ϵ. Given this normalization,
a more suggestive way to write the above equation would be

Z = cos(θ)X + sin(θ)Y

for an appropriate value of θ. This formula suggests that Z is somehow a rotation of X, and
this idea provides a powerful technique for proving things about the expected relationship
between Z and X. In particular, define Xϕ := cos(ϕ)X + sin(ϕ)Y so that X = X0 and
Z = Xθ. Suppose that we wish to bound some probability:

PrX,Y (⟨Something involving X and Z⟩).

It should be noted that this probability will be the same if X and Y are replaced by any
two independent Gaussians. In particular, we can replace them with Xϕ and Xϕ+π/2. This
makes our new X and Z equal to Xϕ and Xϕ+θ. Hence we can instead compute:

PrX,Y (⟨Something involving Xϕ and Xϕ+θ⟩).

(Note that Xϕ and Xϕ+θ depend on X and Y ). The trick here is to fix the values of X and Y
and to average the above over ϕ. If you can obtain a bound that holds for any initial X and
Y , then this will hold as a bound on the original probability. This technique proves to be
the key insight used in Chapter G as well as a key component of the proof in Chapter H. In
particular, to see examples of this technique we direct the reader to the proofs of Theorem
1 in Chapter G and of Lemma 9 in Chapter H.

When considering the use of this trick, I like to consider the XY -plane whose points
consist of random variables which are linear combinations of X and Y . X and Z are unit
vectors in this plane separated by an angle of θ, and the Xϕ trace out the unit circle in this
plane. Once we fix the values of X and Y , we can restrict a degree-d polynomial of Rn to
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a degree-d polynomial on the XY -plane. So our question about some polynomial applied
to X and Z becomes a question about a polynomial evaluated at two points of this plane.
Typically just looking at these points is not very useful, but the trick above allows us to
average over rotations of the XY -plane. This often reduces our problem to proving general
statements about polynomials defined on a circle.

Another idea that I have found useful in this work is something I like to call strong
anticoncentration. Although the anticoncentration result of Carbery and Wright above is
very useful in a number of contexts, it has an unfortunate dependence on the degree of the
polynomial. In some sense, this dependence is a necessary evil, since the polynomial Xd is in
fact somewhat concentrated around 0. On the other hand, we can still say something useful
about when such a polynomial is small. In particular p(X) = Xd is small only when its
derivative is also nearly as small. In particular, I use the heuristic that for any polynomial p,
it should be the case that |p(X)| < ϵ|p′(X)| with probability not much bigger than ϵ. This
should hold because changing the value of X by ϵ should adjust the value of p(X) by roughly
ϵ|p′(X)|. This idea allows me to state a strong version of anticoncentration. In particular,
with probability roughly 1− ϵ it should hold that

|p(X)| ≥ ϵ|p′(X)| ≥ ϵ2|p′′(X)| ≥ . . . ≥ ϵd|p(d)(X)|.

So |p(X)| ≥ ϵd|p(d)(X)|. It should be noted that |p(d)(X)| is independent of X and can be
thought of as a rough approximation to |p|2. This idea is one of the key technical tools hidden
in the proof of Lemma 9 of Chapter G, and a rigorous formulation of the above appears as
Corollary 10 of Chapter H.

Another topic that will be discussed in Chapters F and H is that of k-independent
families of random variables. We say that a collection of random variables X1, . . . , Xn is k-
independent if any k of the Xi are independent of each other. k-independence is frequently
useful in that k-independent families can be constructed to have much smaller entropy than
the corresponding fully-independent family of random variables would have. In particular,
this allows us to generate a k-independent family from a small seed in a computationally
efficient manner. Additionally, k-independent families of random variables will often share
many of the important properties of the fully independent family making them an important
tool.



Chapter F

k-Independence Fools Polynomial
Threshold Functions

1 Introduction

In this Chapter, we study the problem of fooling polynomial threshold functions by means
of limited independence.

We say that a random variables X fools a family of functions with respect to some
distribution Y if for every function, f , in the family

|E[f(X)]− E[f(Y )]| = O(ϵ).

In this paper we will be interested in the case where the family is of all degree-d polynomial
threshold functions in n-variables, and Y is either an n-dimension Gaussian distribution,
and in particular the case where X is an arbitrary family of k-independent Gaussian random
variables. In particular, we prove that

Theorem 1. Let d > 0 be an integer and ϵ > 0 a real number, then there exists a

k = Od

(
ϵ−2O(d)

)
, so that for any degree d polynomial p and any k-independent family of

Gaussians X and fully independent family of Gaussians Y

|E[sgn(p(X))]− E[sgn(p(Y ))]| = O(ϵ).

There has been a significant amount of recent work on the problem of fooling low degree
polynomial threshold functions of Gaussian or Bernoulli random variables, especially via
limited independence. It was shown in [11] that Õ(ϵ−2)-independence is sufficient to fool
degree-1 polynomial threshold functions of Bernoulli random variables, and show that this is
tight up to polylogarithmic factors. In [13] it was shown that Õ(ϵ−9)-independence sufficed
for degree-2 polynomial threshold functions of Bernoullis and that O(ϵ−2) and O(ϵ−8) suffices
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for degree 1 and 2 polynomial threshold functions of Gaussians. The degree 1 case was also
extended by [4], who show that limited independence fools threshold functions of polynomials
that can be written in terms of a small number of linear polynomials. Finally, in [45] a
more complicated pseudorandom generator for degree-d polynomial threshold functions of
Bernoulli variables is developed with seed length 2O(d) log(n)ϵ−8d−3. As far as we are aware,
our result is the first result to show that degree-d polynomial threshold functions are fooled
by k-independence for any k depending only on ϵ and d for any d ≥ 3.

2 Overview

We prove Theorem 1 first by proving our result for multilinear polynomials, and then finding
a reduction to the general case. In particular we prove

Proposition 2. Let d > 0 be an integer and ϵ > 0 a real number, then there exists a

k = Od

(
ϵ−2O(d)

)
, so that for any degree d multilinear polynomial p : Rn → R and any

k-independent family of Gaussians X and fully independent family of Gaussians Y

|E[sgn(p(X))]− E[sgn(p(Y ))]| = O(ϵ).

We define the notation A ≈ϵ B to mean |A−B| = O(ϵ).
This result is proven using the FT-Mollification method which I have been developing

along with Jelani Nelson and Ilias Diakonikolas. This technique first appeared in [33] as
a way to show that k-independence fooled linear threshold functions of sums of p-stable
random variables. FT-Mollification is a general method for showing that k-independence
fools various functions. The idea is as follows. Suppose that we are trying to show that for
some function f , and a family of independent random variables Y that for any k-independent
family, X, with the same individual distributions as Y we have that

E[f(X)] ≈ϵ E[f(Y )].

If f were a polynomial of degree at most k, our work would be done (and in fact the
expectations would be the same). In the general case, this problem is closely related to that
of approximation f by such a polynomial. If f happens to be a smooth function, we can
often do this by approximating f by one of its Taylor polynomials. Furthermore, the Taylor
error is bounded above by a polynomial, allowing us to deal with it conveniently. If f is not
smooth, the idea is to approximate it by a smooth f̃ . The basic strategy is then to show
that

E[f(Y )] ≈ϵ E[f̃(Y )] ≈ϵ E[f̃(X)] ≈ϵ E[f(X)].

The middle equality will be proved by approximation f̃ by one of its Taylor polynomials.
The first approximation will hold because f̃ is a good approximation of f . This will typically
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depend on proving some anticoncentration result. If f is discontinuous, there will necessarily
be a large error between f and f̃ near the discontinuity, and we instead must show that Y
is not near this discontinuity with much probability. The final approximation follows from
similar considerations, only with the added twist that we must now show anticoncentration
for k-independent families.

The method used for obtaining f̃ is an important part of this technique. We need to ap-
proximate f by a smooth function f̃ . Furthermore, in order to keep the Taylor error is small,
we need f̃ to have sharp bounds on its higher derivatives. To produce an approximation, we
use the standard method of mollification. Namely, we let f̃ be a convolution of f with some
smooth function ρ. To get our derivative bounds, we need that ρ have sharp bounds on its
derivatives. To obtain this, we use the Fourier transform of a compactly supported function.

This technique seems to work best when f can be written as some relatively simple
function of a small number of polynomials of X. Convolving in a large number of dimensions
tends to introduce error, so instead if we can write f = g(P (X)), it is useful to produce f̃
as g̃(P (X)). In its original incarnation in [33], g was a function of one variable. Later when
FT-Mollification was used in [13], g was a function of four variables. In this Chapter, g is a
function of some large number of variables. There is still ongoing work with this technique
to figure out how to effectively deal with multidimensional FT-Mollification.

The idea of smoothing a function by convolving it with the Fourier transform of a com-
pactly supported function is not new. It is used for example in several proofs of Jackson’s
Theorem (for example as in [41]). As far as I know, the idea of taking a Taylor polynomial of
the resulting function to get a polynomial that approximates f for x not near a discontinuity
and with |x| small is new, as is the application to questions of k-independence.

The structure of this Chapter is as follows.
In Section 3 we prove bounds on the moments of multilinear Gaussian polynomials. These

results are essentially a reworking of the main result of [39].
In Section 4, we use these bounds to prove a structure Theorem for multilinear polynomi-

als. In particular, we prove that we can write p(X) in the form h(P1(X), P2(X), . . . , PN(X))
where h is a polynomial and Pi(X) are multilinear polynomials with relatively small higher
moments. More specifically, the polynomials Pi will be split into d different classes, with
the ith class consisting of ni polynomials each of whose mth

i moments are Od(mi)
mi/2. This

decomposition allows us to write f(X) = sgn(P (X)) as sgn(h(P1(X), . . . , PN(X))).
From here we make use of the FT-Mollification method. We deal with the error coming

from Taylor approximation in Section 6, and the errors from anticoncentration in Section 7.
Our application of FT-Mollification is complicated by the fact that our moment bounds

on the Pj are not uniform in j. To deal with this, we will construct h̃ to have different
degrees of smoothness in different directions, and the parameter Ci will describe the amount
of smoothness along the ith set of coordinates (corresponding the the ith class of the Pj).
This forces us to come up with modified techniques for producing h̃ and dealing with the
Taylor polynomial and Taylor error.
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In Section 8, we reduce the general case to the case of multilinear polynomials by ap-
proximating p(X) by a multilinear polynomial in some larger number of variables.

Finally, in Section 9, we discuss the actual requirements for k and the possibility of
extended our results to the Bernoulli setting.

3 Moment Bounds

In this Section, we prove a bound on the moments of arbitrary degree-d multilinear polyno-
mials of Gaussians. Our bound is essentially a version of the main Theorem of [39] readapted
to work in a slightly more general context. It should be noted that this result is the only rea-
son that we restrict ourselves for most of this Chapter to the case of multilinear polynomials,
as it will make our bound easier to state and work with.

The bound, which we shall state shortly, will tell us that a polynomial, p, will have small
higher moments (growing like kk/2) unless it has some large correlation with a product of
smaller degree polynomials.

Throughout this Section, we will refer to two slightly different notions that of a multilinear
polynomial and that of a multilinear form. For our purposes, a multilinear polynomial
p(X) (X has n coordinates) will be a polynomial so that the degree of p with respect
to any of the coordinates of X is at most 1. A multilinear form will be a polynomial
q(X1, X2, . . . , Xm) (here each of the X i may themselves have several coordinates) so that
q is linear (homogeneous degree 1) in each of the X i. We call such a q symmetric if it is
symmetric with respect to interchanging the X i. Finally, we note that to every homogeneous
multilinear polynomial p of degree d, there is an associated multilinear form q(X1, . . . , Xd),
which is the unique symmetric multilinear form so that p(X) = q(X, . . . , X).

Before we can state our results we need a few more definitions.

Definition. Let p : Rn → R be a homogeneous degree-d multilinear polynomial. Let
Xi, 1 ≤ i ≤ n be independent standard Gaussians. For integers 1 ≤ ℓ ≤ d define Mℓ(p)
in the following way. Consider all possible choices of: a partition of {1, . . . , n} into sets
S1, S2, . . . , Sℓ; a sequence of integers di ≥ 1, 1 ≤ i ≤ ℓ so that d =

∑ℓ
i=1 di; a sequence of

multilinear polynomials pi, 1 ≤ i ≤ ℓ so that pi depends only on the coordinates in Si, pi
is homogeneous of degree di, and E[pi(X)2] = 1. We let Mℓ(p) be the supremum over all
choices of Si, di, pi as above of (

E

[
p(X)

ℓ∏
i=1

pi(X)

])1/2

.

Note that by Cauchy-Schwarz we have thatMℓ(p) ≤ E[p(X)2]1/2. Mℓ can be thought of as
a measure of the largest possible correlation that p can have with a product of ℓ polynomials
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of smaller degree and total degree d. We now define a similar quantity more closely related
to what is used in [39].

Definition. Let q : (Rn)d → R by a degree-d multilinear form. Let X i, 1 ≤ i ≤ d be
independent standard n-dimensional Gaussians. For integers 1 ≤ ℓ ≤ d define Mℓ(q) in
the following way. Consider all possible choices of: a partition of {1, . . . , d} into non-empty
subsets S1, . . . , Sℓ, with Si = {ci,1, . . . , ci,di}; and a set of multilinear forms qi of degree-di
with

E[qi(X
ci,1 , . . . , Xci,di )2] ≤ 1.

We define Mℓ(q) to be the supremum over all such choices of Si and qi of(
E

[
q(X1, . . . , Xd)

ℓ∏
i=1

qi(X
ci,1 , . . . , Xci,di )

])1/2

.

We now state the moment bound whose proof will take up the rest of this Section.

Proposition 3. Let p be a homogenous, degree-d, multilinear polynomial, and X a family
of independent standard Gaussians, and k ≥ 2. Then

E[|p(X)|k] = Θd

(
d∑

ℓ=1

Mℓ(p)k
ℓ/2

)k

.

This is essentially a version of Theorem 1 of [39] for multilinear polynomials rather than
multilinear forms. We state said Theorem below:

Theorem ([39] Theorem 1). For q a degree-d, multilinear form and X i independent standard
n-dimensional Gaussians and k an integer at least 2,

E[|q(X1, . . . , Xd)|k] = Θd

(
d∑

ℓ=1

Mℓ(q)k
ℓ/2

)k

.

Proof of Proposition 3. The basic idea of the proof is the relate Mℓ(p) to Mℓ(q) and E[|p|k]
to E[|q|k] for q the symmetric multilinear form associated to a multilinear polynomial p.

Let q be the associated symmetric multilinear form associated to p. We claim that for each
ℓ that Mℓ(p) = Θd(Mℓ(q)). Suppose that p1 and p2 are degree d multilinear polynomials, and
q1 and q2 the associated symmetric multilinear forms. It is easy to see (by using the standard
basis of coefficients) that E[p1(X)p2(X)] = d!E[q1(X

1, . . . , Xd)q2(X
1, . . . , Xd)]. Similarly, it

is easy to see that if p is a homogeneous, degree-d, multilinear polynomial, and pi are
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homogeneous, degree-di, multilinear polynomials on distinct sets of coordinates, and q, qi
their associated symmetric multilinear forms we have

E
[
p(X)

∏
pi(X)

]
=

1∏
di!

E
[
q(X1, . . . , Xd)

∏
qi(X

d1+...+di−1+1, . . . , Xd1+...+di−1+di)
]
.

This means that Mℓ(p) = Od(Mℓ(q)) since given the appropriate Si, di, pi we can use the
symmetrizations of the pi to get as good a bound for Mℓ(q) up to a constant factor. To show
the other direction we need to show that Mℓ(q) is not changed by more than a constant
factor if we require that the qi are supported on disjoint sets of coordinates. But we note
that if you randomly assign each coordinate to a qi and take the part that only depends on
those coordinates, you lose a factor of at most dd on average.

Hence we have that

E[|q(X1, . . . , Xd)|k] = Θd

(
d∑

ℓ=1

Mℓ(p)k
ℓ/2

)k

.

We just need to show that the moments of p and the moments of q are the same up to a
factor of Θd(1)

k. This can be shown using the main Theorem of [8], which in our case states
that there is some constant Cd, depending only on d, so that for any such p, q and x,

Pr(|p(X)| > x) ≤ CdPr(|q(X1, . . . , Xd)| > x/Cd)

and
Pr(|q(X1, . . . , Xd)| > x) ≤ CdPr(|p(X)| > x/Cd).

Our result follows from noting that for any random variable Y that

E[|Y |k] =
∫ ∞

0

kxk−1Pr(|Y | > x)dx.

4 Structure

In this Section, we prove the following structure theorem for degree-d multilinear polynomi-
als.

Proposition 4. Let p be a degree-d multilinear polynomial where the sum of the squares of
its coefficients is at most 1. Let m1 ≤ m2 ≤ . . . ≤ md be integers. Then there exist integers
n1, n2, . . . , nd, ni = Od(m1m2 · · ·mi−1) and multilinear polynomials h1, . . . , hd, Pi,j, 1 ≤ i ≤
d, 1 ≤ j ≤ ni so that:
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1. p(Y ) =
∑d

i=1 hi(Pi,1(Y ), Pi,2(Y ), . . . , Pi,ni
(Y )).

2. Pi,j is homogeneous

3. hi is homogeneous degree i

4. If Pi,a1 · · ·Pi,ai appears as a term in hi(Pi,j), then the sum of the degrees of the Pi,ai is
at most d

5. The sum of the squares of the coefficients of hi is Od(1)

6. The sum of the squares of the coefficients of Pi,j is at most 1

7. Each variable occurs in at most one monomial in hi

8. If Y is a standard Gaussian and k ≤ mi, then E[|Pi,j(Y )|k] = Od(
√
k)k.

This will allow us to write p in terms of other polynomials each with smaller moments.
In particular, we already know just from the fact that p has degree at most d that its kth

moment is at most O(k)kd/2. The above proposition allows us to write p in terms of Pi,j

which have moments on the order of O(k)k/2, at least for k which are not too large.
The basic idea of the proof follows from a proper interpretation of Proposition 3. Es-

sentially Proposition 3 says that the higher moments of p will be small unless p has some
significant component consisting of a product of polynomials P1, . . . , Pℓ of lower degree. The
basic idea is that if such polynomials exist, we can split off these Pi as new polynomials in
our decomposition, leaving p− P1 · · ·Pℓ with smaller size than p. We repeatedly apply this
procedure to p and all of the other polynomials that show up in our decomposition. Since
each step decreases the size of the polynomial being decomposed, and produces only new
polynomials of smaller degree, this process will eventually terminate. Beyond these ideas,
the proof consists largely of bookkeeping to ensure that we have the correct number of P ’s
and that they have an appropriate number of small moments.

Proof. We define a dot product on the space of multilinear polynomials ⟨P,Q⟩ = E[P (Y )Q(Y )]
where Y is a standard Gaussian. Note that the square of the corresponding norm is just
|P |2, which equals the sum of the squares of the coefficients of P .

We will prove our Proposition by coming up with a sequence of such decompositions of P
as
∑

hi(Pi,j) satisfying the necessary conditions except for having a slightly relaxed version
of the moment bounds on the Pi,j. In particular, we show by induction on s there exists a
decomposition satisfying properties 1-7 above and satisfying 8 so long as i ≤ s.

The base case of s = 0 is can be trivially proven by setting P1,1 = P , and h1 = P1,1 and
letting all of the other relevant polynomials be 0. We now consider the inductive step. We
begin with a decomposition of P into polynomials Pi,j so that all of the Pi,j with i < s have
moments that are sufficiently small. If the moments of the Ps,j are sufficiently small, then
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we are done. If this is not the case, we describe a procedure by which our decomposition is
replaced by a sequence of new decompositions, eventually terminating in one in which the
moments of the Ps,j are not too large. Our procedure will consist of repeatedly applying the
following operation:

Suppose that for some j ≤ ni and k ≤ ms that E[|Ps,j(X)|k] > Ωd(
√
k)k. By Proposition

3 this implies that for some 1 ≤ ℓ ≤ d+1−s that kkℓ/2Mℓ > k1/2, or thatMℓ > m
(1−ℓ)/2
s . Note

that this implies that ℓ ≥ 2. By the definition ofMℓ, this implies that there are homogeneous,
multilinear, polynomials Q1, . . . , Qℓ of norm 1, so that

∑ℓ
i=1 deg(Qi) = deg(Ps,j) and so that

c := ⟨Ps,j, Q1 · · ·Qℓ⟩ ≥ m
(1−ℓ)/2
s . The idea now is to replace Ps,j by P ′ := Ps,j − cQ1 · · ·Qℓ,

and replace occurrences of Ps,j in our decomposition by P ′ + cQ1 · · ·Qℓ.
To be concrete about what this does to our decomposition, suppose that Ps,j appears

in the monomial bPs,jPs,j1 · · ·Ps,js−1 of hs. We then replace Ps,j by P ′. We also intro-
duce a number of new P ′

s+ℓ−1,js equal to Ps,j1 , . . . , Ps,js−1 , Q1, . . . , Qℓ, and add the term
bcPs,j1 · · ·Ps,js−1Q1 · · ·Qℓ to hs+ℓ−1. This gives us a new decomposition of P with Od(1) new
P ′
s+ℓ−1,js and with |Ps,j|2 decreased by an additive c2 > m1−ℓ

s . Note that this process never
introduces any new Pi,j for i ≤ s and that each time it decreases the sum of the squares of
the norms of the Ps,j by at least m1−d

s . Therefore, this procedure must eventually terminate.
It is clear that the resulting decomposition will have sufficiently small moments for its

Pi,j for all i, j with i ≤ s (as this is the termination condition for the above procedure).
It is also clear that the resulting decomposition will satisfy all of the desired properties,
except perhaps that it might have ni too big for some i > s, or the sum of the square of the
coefficients of hi might be too big for some i > s.

To deal with the former concern, note that whenever we add new Pi,j in this procedure,
we add Od(1) such new terms and decrease the sum of the squares of the norms of the
Ps,j by at least ms−i

s . Therefore, this can happen at most nsm
i−s
s many times. But ns =

Od(m1 · · ·ms−1), so this is Od(m1 · · ·ms−1m
i−s
s ) ≤ Od(m1 · · ·mi−1), as desired.

To deal with the latter concern, when we add a new monomial to hi whose coefficient is
bc, we have taken a monomial in hs with leading coefficient b and decreased the sum of the
squares of the norms of the Ps,j in that monomial by c2. Hence to increase the sum of the
squares of the coefficients of hi by b2c2, we need to have decreased the sum over monomials
of hs of the square of the leading coefficient times the sum of the squares of the norms of
the corresponding Ps,j by the same amount. Since the latter quantity was originally at most
Od(1) by the inductive hypothesis, we increase the sum of the squares of the coefficients of
hi by at most Od(1).
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5 FT-Mollification

We let F be a degree-d polynomial threshold function, F = sgn(p), where p is a degree-d
multilinear polynomial in n variables whose sum of squares of coefficients equals 1. We
pick positive integers m1, . . . ,md (their exact sizes will be determined later). For later
convenience, we assume the mi are all even. We then have a decomposition of F given by
Proposition 4 as

F (X) = sgn

(
d∑

i=1

hi(Pi,1(X), . . . , Pi,ni
(X))

)
= f(P1(X), P2(X), . . . , Pd(X))

= f(P (X))

where Pi(X) is the vector-valued polynomial (Pi,1(X), . . . , Pi,ni
(X)), P is the vector of all of

them, and f is the function f(P1, . . . , Pd) = sgn(
∑

hi(Pi)). Furthermore, we have that for
k ≤ dmi, the k

th moment of any coordinate of any coordinate of Pi is Od(
√
k)k (giving up an

additional
√
d factor in the Od). We also have that hi is a degree i multilinear polynomial

the sum of the squares of whose coefficients is at most 1.
Our basic strategy is to approximate f by a smooth function f̃ , and letting F̃ (X) =

f̃(P (X)). We will then proceed to prove:

E[F (Y )] ≈ϵ E[F̃ (Y )] ≈ϵ E[F̃ (X)] ≈ϵ E[F (X)]. (1)

We will produce f̃ from f using the technique of mollification. Namely we will have f̃ = f ∗ρ
for an appropriately chosen smooth function ρ. However, we will need this ρ to have several
other properties so we will go into some depth here to construct it. Note: the following
Lemma is very similar to Theorem IV.1 of [13].

Lemma 5. Given an integer n ≥ 0 and a constant C, there is a function ρC : Rn → R so
that

1. ρC ≥ 0.

2.
∫
Rn ρC(x)dx = 1.

3. For any unit vector v ∈ Rn, and any non-negative integer k,∫
Rn |Dk

vρC(x)|dx ≤ Ck, where Dk
v is the kth directional derivative in the direction v.

4. For D > 0,
∫
|x|>D

|ρ(x)|dx = O
((

n
CD

)2)
.
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Proof. ρC is obtained by taking the square of the Fourier transform of a compactly supported,
continuous function of width approximately C.

We prove our result C = 2 and we note that we can obtain other values of C by setting
ρC(x) = (C/2)nρ2(Cx/2). We begin by defining

B(ξ) =

{
1− |ξ|2 if |ξ| ≤ 1

0 else

We then define (letting |B|2 be the L2 norm of B)

ρ2(x) = ρ(x) =
|B̂(x)|2

|B|22
.

Where B̂ denotes the Fourier transform of B. Clearly ρ is non-negative. Also clearly∫
Rn

ρ(x)dx =
|B̂|22
|B|22

= 1

by the Plancherel Theorem.
For the third property we note that

Dk
vρ =

1

|B|22

k∑
i=0

(
k

i

)
Di

v(B̂)Dk−i
v (B̂).

Letting ξ be the dual vector corresponding to v we have that

∣∣Dk
vρ
∣∣
1
≤ 1

|B|22

k∑
i=0

(
k

i

) ∣∣∣Di
v(B̂)Dk−i

v (B̂)
∣∣∣
1

≤ 1

|B|22

k∑
i=0

(
k

i

) ∣∣∣Di
v(B̂)

∣∣∣
2

∣∣∣Dk−i
v (B̂)

∣∣∣
2

≤ 1

|B|22

k∑
i=0

(
k

i

) ∣∣ξiB∣∣
2

∣∣ξk−iB
∣∣
2

≤ 1

|B|22

k∑
i=0

(
k

i

)
|B|22

=
k∑

i=0

(
k

i

)
= 2k.
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For the last property we note that it is enough to prove that∫
Rn

|x|2ρ(x)dx = O(n2).

We have that ∫
Rn

|x|2ρ(x)dx =
1

|B|22

n∑
i=1

|xiB̂|22

=

∑n
i=1

∣∣∣∂B∂ξi ∣∣∣22
|B|22

.

Now ∂B
∂ξi

is 2ξi on the unit ball and 0 outside. Hence the sum of the squares of these is 2|ξ|2
on |ξ| < 1 and 0 outside. Hence since both numerator and denominator above are integrals
of spherically symmetric functions, their ratio is equal to∫

Rn

|x|2ρ(x)dx =
2
∫ 1

0
rn+1dr∫ 1

0
rn−1(1− r2)2dr

.

Using integration by parts, the denominator is∫ 1

0

rn−1(1− r2)2dr =
4

n

∫ 1

0

rn+1(1− r2)dr

=
8

n(n+ 2)

∫ 1

0

rn+3dr

=
8

n(n+ 2)(n+ 4)
.

Hence ∫
Rn

|x|2ρ(x)dx =
n(n+ 4)

4
= O(n2).

We are now prepared to define f̃ . We pick constants C1, . . . , Cd (to be determined later).
We let

ρ(P1, . . . , Pd) = ρC1(P1) · ρC2(P2) · · · ρCd
(Pd). (2)

Above the ρCi
is defined on Rni . We let f̃ be the convolution f̃ = f ∗ ρ.
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6 Taylor Error

In this Section, we prove the middle approximation of Equation 1 for appropriately large
k. The basic idea will be to approximate f̃ by its Taylor series, T . T (P (X)) will be a
polynomial of degree at most k and hence E[T (P (Y ))] = E[T (P (X))]. Furthermore, we will
bound the Taylor error by some polynomial R and show that E[R(P (Y ))] = E[R(P (X))] is
O(ϵ) for appropriate choices of mi, Ci. In particular, we let T be the polynomial consisting
of all of the terms of the Taylor expansion of f̃ whose total degree in the Pi coordinates is
less than mi for all i. Note that a polynomial of this form is about the best we can do since
we only have control over the size of moments up to the mth

i moment on the ith block of
coordinates. Our error bound will be the following

Proposition 6. For f , Pi, Ci,mi and T as given above, then for any value of P ,

|T (P )− f̃(P )| ≤
d∏

i=1

(
1 +

Cmi
i |Pi|mi

mi!

)
− 1.

First we prove a Lemma.

Lemma 7. If g is a multivariate function, g̃ = g ∗ ρC and T is the polynomial consisting of
all terms in the Taylor expansion of g̃ of degree less than m, then

|g̃(x)− T (x)| ≤ |g|∞Cm|x|m

m!

for all x.

Proof. This bound is essentially the standard bound on Taylor error applied to the restriction
of g̃ to the line between 0 and x.

Let v be the unit vector in the direction of x. Let L be the line through 0 and x. We
note that the restriction of T to L is the same as the first m− 1 terms of the Taylor series
for g̃|L. Using standard error bounds for Taylor polynomials, we find that

|g(x)− T (x)| ≤ |Dm
v g̃|∞|x|m

m!
.

But

|Dm
v g̃|∞ = |g ∗Dm

v ρC |∞
≤ |g|∞|Dm

v ρC |1
≤ |g|∞Cm.

Plugging this into the above yields our result.
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Proof of Proposition 6. he basic idea of the proof will be to repeatedly apply Lemma 7 to
one batch of coordinates at a time. We begin by defining some operators on the space of
bounded functions on Rn1 × Rn2 × · · · × Rnd . For such g, define gĩ to be the convolution of
g with ρCi

along the ith set of coordinates. Define gTi to be the Taylor polynomial in the ith

set of variables of gĩ obtained by taking all terms of total degree less than mi. Note that
for i ̸= j the operations ĩ and Ti commute with the operations j̃ and Tj since they operate

on disjoint sets of coordinates. Note that f̃ = f 1̃2̃···d̃ and T = fT1T2···Td . For 1 ≤ i ≤ d let
fi = f 1̃2̃···̃i and Ti = fT1T2···Ti .

We prove by induction on s that

|Ts(P )− fs(P )| ≤
s∏

i=1

(
1 +

Cmi
i |Pi|mi

mi!

)
− 1.

As a base case, we note that the s = 0 case of this is trivial.
Assume that

|Ts(P )− fs(P )| ≤
s∏

i=1

(
1 +

Cmi
i |Pi|mi

mi!

)
− 1.

We have that

|Ts+1(P )− fs+1(P )| ≤ |T Ts+1
s (P )− T s̃+1

s (P )|+ |T s̃+1
s (P )− f s̃+1

s (P )|.

Note that
T s̃+1
s (P )− f s̃+1

s (P ) = (Ts − fs)
s̃+1 (P ).

Therefore since s̃+ 1 involves only convolution with a function of L1 norm 1 we have that

|T s̃+1
s (P )− f s̃+1

s (P )| ≤ |Ts(P )− fs(P )|∞,s+1

where the subscript denotes the L∞ norm over just the s + 1st set of coordinates. By the
inductive hypothesis this is at most

s∏
i=1

(
1 +

Cmi
i |Pi|mi

mi!

)
− 1.

On the other hand, applying Lemma 7 we have that

|T Ts+1
s (P )− T s̃+1

s (P )| ≤
C

ms+1

s+1 |Ps+1|ms+1

ms+1!
|Ts|∞,s+1 .

By the inductive hypothesis

|Ts|∞,s+1 ≤ |fs|∞,s+1 + |Ts − fs|∞,s+1 ≤
s∏

i=1

(
1 +

Cmi
i |Pi|mi

mi!

)
.
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Combining the above bounds, we find that

|Ts+1 − fs+1| ≤
s∏

i=1

(
1 +

Cmi
i |Pi|mi

mi!

)
− 1

+
C

ms+1

s+1 |Ps+1|ms+1

ms+1!

s∏
i=1

(
1 +

Cmi
i |Pi|mi

mi!

)

=
s+1∏
i=1

(
1 +

Cmi
i |Pi|mi

mi!

)
− 1.

We can now prove the desired approximation result

Proposition 8. If F̃ , P, T as above with mi = Ωd(niC
2
i ), mi ≥ log(2d/ϵ) for all i, and if

k ≥ dmi for all i, and if X and Y are k-independent families of standard Gaussians then

E[F̃ (Y )] ≈ϵ E[F̃ (X)].

Proof. We note that since T◦P is a polynomial of degree at most k we have that E[T (P (X))] =
E[T (P (Y ))]. Hence we just need to show that

E[|F − T |(P (X))],E[|F − T |(P (Y ))] = O(ϵ).

We will show this only for X as the proof for Y is analogous. By Proposition 6 we have that
|F − T | is bounded by

d∏
i=1

(
1 +

Cmi
i |Pi|mi

mi!

)
− 1.

This is a sum over non-empty subsets S ⊆ {1, 2, . . . , d} of∏
i∈S

(
Cmi

i |Pi|mi

mi!

)
.

Since there are only 2d − 1 such S, it is enough to show that each term individually has
expectation O(ϵ/2d). On the other hand, we have by AM-GM that this term is at most

1

|S|
∑
i∈S

(
Cmi

i |Pi|mi

mi!

)|S|

.

Now the expectation of |Pi|mi|S| is at most n
mi|S|/2
i times the average of themi|S|th moments of

the coordinates of Pi. Since these moments are given by the expectations of polynomials (mi
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is even) of degree at most k, the are determined by the k-independence of X. By assumption
these moments are at most Od(

√
mi|S|)mi|S|. Therefore, the mi|S|th the moment of |Pi| is

at most Od(
√

nimi|S|)mi|S|. Hence the error is at most

O(2d)max
i,s

{
Od

(
Ci
√
nimis

mi

)mis}
= O(2d)max

i,s

{
Od

(
Ci
√
ni√

mi

)mis}
≤ O(2d)e−mini mi

= O(ϵ).

7 Approximation Error

In this Section, we will prove the first and third approximations in Equation 1. We begin
with the first, namely

E[F (Y )] ≈ϵ E[F̃ (Y )].

Our basic strategy will be to bound

|E[F (Y )]− E[F̃ (Y )]| ≤ E[|F (Y )− F̃ (Y )|].

In order to get a bound on this we will first show that F − F̃ is small except where p(Y ) is
small, and then use anti-concentration results to show that this happens with small proba-
bility. This will be true because ρ is small away from 0. We begin by proving a Lemma to
this effect.

Lemma 9. Let ρ be the function defined in Equation 2. Then for any D > 0 we have that∫
(x1,...,xd)∈Rn1×···×Rnd

∃i:|xi|>Dni

√
d/Ci

|ρ(x)|dx = O(D−2)

This will hold essentially because of the concentration property held by each ρCi
.

Proof. We integrate over the region where |xi| > Dni

√
d/Ci for each i. This is a product

over j ̸= i of
∫
Rnj ρCj

(xj) times
∫
|x|>Dni

√
d/Ci

|ρ(x)|dx. By Lemma 5, the former integrals are

all 1, and the latter is O(D−2/d). Summing over all possible i yields O(D−2).

Recall that f was sgn◦h, where h =
∑

hi given in the decomposition of p from Proposition
4. Recall that f̃ = f ∗ρ. We want to bound the error in approximating f by f̃ . The following,
is a direct consequence of Lemma 9.
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Lemma 10. Suppose x = (x1, . . . , xd) ∈ Rn1 × · · · ×Rnd. Suppose also that for some D > 0
and for all y = (y1, . . . , yn) ∈ Rn1 × · · · × Rnd so that |xi − yi| ≤ Dni

√
d/Ci that h(x) and

h(y) have the same sign, then

|f(x)− f̃(x)| = O
(
min{1, D−2}

)
.

Proof. To show that the error is O(1), we note that ρ ≥ 0 and
∫
ρ(x)dx = 1. Hence,

f̃(x) = (f ∗ ρ)(x) ∈ [inf(f), sup(f)] ⊆ [−1, 1]. Therefore, |f − f̃ | ≤ |f |+ |f̃ | ≤ 2.
For the latter, we note that f̃(x) =

∫
y
f(y)ρ(x − y)dy. We note that since the total

integral of ρ is 1 that

f(x)− f̃(x) =

∫
y

(f(x)− f(y))ρ(x− y)dy.

We note that by assumption unless |xi − yi| > Dni

√
d/Ci for some i that the integrand is

0. But outside of this, the integrand is at most 2ρ(x− y). By Lemma 9 the total integral of
this is O(D−2).

We now know that f is near f̃ at points x not near the boundary between the +1 and
−1 regions. Since we cannot directly control the size of these regions, we want to relate this
to the region where |h(x)| is small. This should work since unless x is very large, h will have
derivatives that aren’t too big. In particular, we prove the following.

Lemma 11. Let x ∈ Rn. Suppose that we have Bi ≥ 0 so that |Pi,j(x)| ≤ Bi for all i, j.
Then we have that

|F (x)− F̃ (x)| ≤

Od

min

1,max


(

|p(x)|∑d
i=1 n

2
iB

i−1
i /Ci

)−2

,max
i

{(
BiCi

ni

)−2
}


 .

Proof. The bound of O(1) follows immediately from Lemma 10. For the other bound, let

D = min

{
|p(x)|

d2d
∑d

i=1 n
2
iB

i−1
i /Ci

,min
i

{
BiCi

ni

√
d

}}
.

By Lemma 10, it suffices to show that for any Q = (Q1, . . . , Qn) ∈ Rn1 × · · · × Rnd so that
|Qi − Pi(x)| ≤ Dni

√
d/Ci for all i, that h(P (x)) = p(x) and h(Q) have the same sign. To

do this we write h = h1 + · · ·+ hd and we note that

|h(P (x))− h(Q)| ≤
d∑

i=1

|Pi(x)−Qi||h′
i(z)|.
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Where h′
i(z) is the directional derivative of hi in the direction from Pi(x) to Qi, and z is

some point along this line. First, note that |Qi − Pi(x)| ≤ Bi. Therefore, each coordinate
of z is at most 2Bi. Now note that hi is a sum of at most ni monomials of degree i with
coefficients at most 1. The derivative of each monomial at z is at most

√
d2dBi−1

i . Therefore
|h′

i(z)| ≤
√
d2dniB

i−1
i . Therefore

|h(P (x))− h(Q)| ≤
d∑

i=1

|Pi(x)−Qi||h′
i(z)|

≤
d∑

i=1

(Dni

√
d/Ci)(

√
d2dniB

i−1
i )

≤ D

d∑
i=1

d2dn2
iB

i−1
i /Ci

≤ |h(P (x))|.

Therefore, h(P (x)) and h(Q) have the same sign, so our bound follows by Lemma 10.

We take this bound on the approximation error and prove the following Lemma on the
error of expectations.

Lemma 12. Let Z be a random variable valued in Rn. Let Bi > 1 be real numbers. Let
M =

∑d
i=1 n

2
iB

i−1
i /Ci. Then

|E[F (Z)]− E[F̃ (Z)]| ≤
Od(Pr(|Pi,j(Z)| > Bi for some i, j) +M + Pr(|p(Z)| ≤

√
M)).

Furthermore, E[F (Z)] is bounded above by

E[F̃ (Z)] +Od(Pr(|Pi,j(Z)| > Bi for some i, j) +M) + 2Pr(−
√
M < p(Z) < 0),

and below by

E[F̃ (Z)] +Od(Pr(|Pi,j(Z)| > Bi for some i, j) +M)− 2Pr(0 < p(Z) <
√
M).

Proof. We note that |F (Z) − F̃ (Z)| = O(1). Also note that 1
M

≤ BiCi

ni
for all i. The first

inequality follows by noting that Lemma 11 implies that unless |Pi,j(Z)| > Bi for some i, j
that the following hold:

1. If |p(z)| <
√
M , |F (Z)− F̃ (Z)| ≤ 2.

2. If |p(z)| ≥
√
M , |F (Z)− F̃ (Z)| = Od(M).
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The other two inequalities follow from noting that if p(z) < 0, then F (Z) ≤ F̃ (Z) and if
p(Z) > 0 then F (Z) ≥ F̃ (Z).

We are almost ready to prove the first of our approximation results, but we first need a
theorem on the anticoncentration of Gaussian polynomials. In particular a consequence of
[7] Theorem 8 is:

Theorem 13 (Carbery and Wright). Let p be a degree d polynomial, and Y a standard
Gaussian. Suppose that E[p(Y )2] = 1. Then, for ϵ > 0,

Pr(|p(Y )| < ϵ) = O(dϵ1/d).

We are now prepared to prove our approximation result.

Proposition 14. Let p, F, F̃ , h,mi, ni, Ci be as above and let ϵ > 0. Let Bi = Ωd(
√
log(ni/ϵ))

be some real numbers. Suppose that mi > B2
i and that Ci = Ωd(n

2
iB

i−1
i ϵ−2d) for all i. Then,

if the implied constants for the bounds on Bi and Ci are large enough,

|E[F (Y )]− E[F̃ (Y )]| = O(ϵ).

Proof. We bound the error using Lemma 12. We note that the probability that |Pi,j(Y )| ≥
Bi can be bounded by looking at the log(dni/ϵ) = ℓth moment, yielding a probability of
Od(

√
ℓ)ℓ

Bℓ
i

≤ e−ℓ = ϵ
dni

. Taking a union bound over all j gives a probability of at most ϵ
d
.

Taking a union bound over i yields a probability of at most ϵ.
Next we note that

M =
d∑

i=1

n2
iB

i−1
i /Ci = Od(ϵ

2d).

Hence if our constants were chosen to be large enough, by Theorem 13

Pr(|p(Y )| <
√
M) = O(ϵ).

This proves our result.

If we could prove Proposition 14 for X instead of Y , we would be done. Unfortunately,
Theorem 13 does not immediately apply for families that are merely k-independent. For-
tunately, we can work around this to prove Proposition 2. In particular, we will use the
inequality versions of Lemma 12 to obtain upper and lower bounds on E[F (X)] in terms of
E[sgn(p(Y ) + c)], and make use of anticoncentration for p(Y ).

Proof of Proposition 2. Let Bi = Ωd(
√

log(1/ϵ)) with sufficiently large constants. Define mi

and Ci so that Ci = Ωd

((∏i−1
j=1 mj

)2
Bi−1

i ϵ−2d

)
andmi ≥ Ωd

((∏i−1
j=1 mj

)
C2

i

)
, log(2d/ϵ), B2

i ,



CHAPTER F. FOOLING PTFS 159

all with sufficiently large constants. Note that this is achievable by setting Ci = Ωd

(
ϵ−7id

)
,

mi = Ωd

(
ϵ−3·7id

)
. Let k = dmaxi mi. Note k can be as small as Od(ϵ

−4d·7d). Using these

parameters, define ni, hi, Pi,j, f, f̃ , F̃ as described above. Note that since ni = Od

(∏i−1
j=1 mi

)
,

that Ci = Ωd(n
2
iB

i−1
i ϵ−2d) and mi = Ωd(niC

2
i ). Let Y be a family of independent standard

Gaussians and X a family of k-independent standard Gaussians.
Propositions 6 and 14 imply that

E[F (Y )] ≈ϵ E[F̃ (Y )] ≈ϵ E[F̃ (X)].

We note that the M in Lemma 12 is Od(ϵ
2d) with sufficiently small constant. Also note that

by looking at the log(dni/ϵ) moments of the Pi,j that the last probability is O(ϵ). Therefore,
combining the later parts of Lemma 12 with the above fact that E[F (Y )] ≈ϵ E[f̃(X)], we
obtain that

E[F (X)] ≥ E[F (Y )] +O(ϵ)− 2Pr(0 < p(X) < Od(ϵ
d)),

and
E[F (X)] ≤ E[F (Y )] +O(ϵ) + 2Pr(−Od(ϵ

d) < p(X) < 0).

But this implies that

E[sgn(p(X)−Od(ϵ
d))] ≤ E[F (Y )] +O(ϵ),

and
E[sgn(p(X) +Od(ϵ

d))] ≥ E[F (Y )] +O(ϵ).

On the other hand, applying to above to the polynomials p±Od(ϵ
d),

E[sgn(p(Y )−Od(ϵ
d))] +O(ϵ) ≤ E[F (X)] ≤ E[sgn(p(Y ) +Od(ϵ

d))] +O(ϵ).

But we have that

E[sgn(p(Y )−Od(ϵ
d))] ≤ E[F (Y )] ≤ E[sgn(p(Y ) +Od(ϵ

d))].

Furthermore, sgn(p(Y ) − Od(ϵ
d)) and sgn(p(Y ) + Od(ϵ

d)) differ by at most 2, and only
when |p(Y )| = Od(ϵ

d). By Theorem 13 this happens with probability Od(ϵ). Therefore we
have that all of the expectations above are within Od(ϵ) of E[F (Y )], and hence E[F (X)] =
E[F (Y )] +Od(ϵ). Decreasing the value of ϵ by a factor depending only on d (and increasing
k by a corresponding factor) yields our result.
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8 General Polynomials

We have proved our Theorem for multilinear polynomials, but would like to extend it to gen-
eral polynomials. Our basic idea will be to show that a general polynomial is approximated
by a multilinear polynomial in perhaps more variables.

Lemma 15. Let p be a degree-d polynomial and δ > 0. Then there exists a multilin-
ear, degree-d polynomial pδ (in perhaps a greater number of variables) so that for every
k-independent family of random Gaussians X, there is a (correlated) k-independent family
of random Gaussians X̃ so that

Pr(|p(X)− pδ(X̃)| > δ) < δ.

Proof. The basic idea of the proof is to let each coordinate Xi of X be written as a sum
1√
N

∑N
j=1 Xi,j. Expanding our the polynomial p(X), and approximating terms of the form

1
N

∑N
j=1 X

2
i,j by 1, we are left with a multilinear polynomial, plus a polynomial which is likely

small.
We will pick some large integer N (how large we will say later). If X = (X1, . . . , Xn), we

let X̃ = (Xi,j), 1 ≤ i ≤ n, 1 ≤ j ≤ N . For fixed i we let the collection of Xi,j be the stan-

dard collection of N standard Gaussians subject to the condition that Xi =
1√
N

∑N
j=1 Xi,j.

Equivalently, Xi,j = 1√
N
Xi + Yi,j where the Yi,j are Gaussians with variance 1 − 1/N and

covariance −1/N with each other.
X̃ is k-independent because given any i1, . . . , ik, j1, . . . , jk we can obtain the Xiℓ,jℓ by first

picking the Xiℓ randomly and independently, and picking the Yiℓ,jℓ independently of those.
We note that this yields the same distribution we would get by setting all of the Xiℓ,k to be

random independent Gaussians, and letting Xi =
1√
N

∑N
j=1 Xi,j.

We now need to construct pδ with the appropriate property. The idea will be to replace
each term Xk

i in each monomial in p with some degree-k, multilinear polynomial in the Xi,j.
This will yield a multilinear, degree-d polynomial in X̃. We will want this new polynomial
to be within δ′ of Xk

i with probability 1 − δ′ for δ′ some small positive number depending
on p and δ. This will be enough since if δ′ < δ/(2dn) the approximation will hold for all i, k
with probability at least 1− δ/2. Furthermore, with probability 1− δ/2, each of the |Xi| will
be at most O(log(n/δ)). Therefore, if this holds and each of the replacement polynomials is
off by at most δ′, then the value of the full polynomial will be off by at most O(logd(n/δ)δ′)
times the sum of the coefficients of p. Hence if we can achieve this for δ′ small enough we
are done.

Hence we have reduced our problem to the case of p(X) = p(X1) = Xd
1 . For simplicity

of notation, we use X instead of X1 and Xj instead of X1,j. We note that

Xd = N−d/2

(
N∑
i=1

Xi

)d

.
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Unfortunately, this is not a multilinear polynomial in the Xi. Fortunately, it almost is.
Expanding it out and grouping terms based on the multiset of exponents occurring in them
we find that

Xd = N−d/2
∑

a1≤...≤ak∑
ai=d

(
d

a1, a2, . . . , ak

) ∑
i1,...,ik∈{1,...,N}

ij distinct
ij<ij+1 if aj=aj+1

k∏
j=1

X
aj
ij
.

Letting bℓ be the number of ai that are equal to ℓ we find that this is

N−d/2
∑

a1≤...≤ak∑
ai=d

(
d

a1, a2, . . . , ak

)∏
ℓ

1

bℓ!

∑
i1,...,ik∈{1,...,N}

ij distinct

k∏
j=1

X
aj
ij
.

Or rewriting slightly, this is

∑
a1≤...≤ak∑

ai=d

(
d

a1, a2, . . . , ak

)∏
ℓ

1

bℓ!

∑
i1,...,ik∈{1,...,N}

ij distinct

k∏
j=1

(
Xij√
N

)aj

.

Now, with probability 1− δ,
∣∣∣∑i

Xi√
N

∣∣∣ = O(log(1/δ)). Furthermore, with probability tending

to 1 as N goes to infinity,(∑
i

(
Xi√
N

)2
)

= 1 +O(δ/ logd(1/δ)),

and
(∑

i

(
Xi√
N

)a)
= O(δ/ logd(1/δ)) for each 3 ≤ a ≤ d. If all of these events hold, then

each term in the above with some aj > 2 will be O(δ), and any terms with some aj = 2 will
be within O(δ) of ∑

i1,...,i′k∈{1,...,N}
ij distinct

k′∏
j=1

Xij√
N

where k′ is the largest j so that aj = 1. This gives a multilinear polynomial, that with
probability 1− δ is within Od(δ) of p(X). Perhaps decreasing δ to deal with the constant in
the Od yields our result.

We can now prove Theorem 1 by applying Proposition 2 to pδ.



CHAPTER F. FOOLING PTFS 162

Proof of Theorem 1. Let p be a normalized, degree-d polynomial. Let k be as required by
Proposition 2. Let Y be a family of independent standard Gaussians and X a k-independent
family of standard Gaussians. Fix δ = (ϵ/d)d. Let pδ, X̃, Ỹ be as given by Lemma 15. We
need to show that Pr(p(X) > 0) = Pr(p(Y ) > 0)+O(ϵ). By the specification of pδ in Lemma
15,

Pr(p(X) > 0) ≥ Pr(pδ(X̃) > δ)− δ.

Applying Proposition 2, to the multilinear polynomial pδ − δ, this is at least

Pr(pδ(Ỹ ) > δ) +O(ϵ).

Since Ỹ is ℓ-independent for all ℓ (since Y is), it is actually an independent family of Gaus-
sians. Therefore by Theorem 13, Pr(|p(Y )| < δ) = O(dδ1/d) = O(ϵ). Hence

Pr(p(X) > 0) ≥ Pr(pδ(Ỹ ) > −δ) +O(ϵ).

Noting that with probability 1− δ that pδ(Ỹ ) is at most δ less than p(Y ), this is at least

Pr(p(Y ) > 0) +O(ϵ).

So
Pr(p(X) > 0) ≥ Pr(p(Y ) > 0) +O(ϵ).

Similarly
Pr(p(X) < 0) ≥ Pr(p(Y ) < 0) +O(ϵ).

Combining these we clearly have

Pr(p(X) > 0) = Pr(p(Y ) > 0) +O(ϵ)

as desired.

9 Conclusion

The bounds on k presented in this Chapter are far from tight. At the very least the argument
in Lemma 12 could be strengthened by considering a larger range of cases of |p(x)| rather
than just whether or not it is larger than

√
M . At very least, this would give us bounds on k

of the form Od(ϵ
−xd

) for some x less than 7. I suspect that the correct value of k is actually
O(d2ϵ−2), and in fact such large k will actually be required for p(x) =

∏d
i=1(
∑k

j=1 xi,j). On
the other hand, this bound is at the moment somewhat beyond our means. It would be nice
at least to see if a bound of the form k = Od(ϵ

−poly(d)) can be proven. The main contribution
of this work is prove that there is some sufficient k that depends on only d and ϵ.
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An interesting question is whether or not this result generalizes the the Bernoulli setting.
All of our arguments should carry over trivially with two exceptions. Firstly, our anticon-
centration bounds will not hold in general for polynomials of Bernoulli random variables.
Fortunately, there are standard techniques in place for dealing with this problem. The in-
variance principle of [47] implies similar anticoncentration results for low-influence Bernoulli
polynomials. For general polynomials, the regularity Lemma of [15] allows one to write the
polynomial threshold function as a bounded depth decision tree followed by either an almost
certainly constant function, or a threshold function for a regular polynomial. The second
problem is more difficult to get around. In particular, to obtain an analogous structure
Theorem for polynomials of Bernoulli variables, it would first be necessary to find an ap-
propriate version of [39] Theorem 1, although with such a result in hand, I see no further
trouble generalizing the results of this Chapter.



Chapter G

Noise Sensitivity of Polynomial
Threshold Functions

1 Introduction

1.1 Background

One property of interest for a Boolean function is that of sensitivity. That is some measure
of how stable the value of the function is under small changes to its input. Various notions of
sensitivity have found applications in a number of areas including hardness of approximation
[34], hardness amplification [51], quantum complexity [57], and learning theory [35]. We will
discuss the last of these in more detail shortly. In this Chapter, we discuss bounds on the
sensitivity of polynomial threshold functions.

1.2 Measures of Sensitivity

We will concern ourselves with four different measures of sensitivity of a Boolean function;
two for Bernoulli inputs, and two for Gaussian inputs. Our results shall focus only on the
latter two measures, but the first two are useful for motivational purposes.

Perhaps the most natural notion of sensitivity is that of average sensitivity. This measures
the probability that flipping a randomly chosen bit of a random Bernoulli input changes the
value of the function. In particular we define AS(f) to be

Ex[Number of bits of x that when flipped would change the value of f ].

A slightly less focused notion is that of noise sensitivity. This is a measure of the prob-
ability that randomly changing some fraction of the bits will change the value of f . In
particular we define the noise sensitivity with noise rate ϵ to be

NSϵ(f) := Prx,z(f(x) ̸= f(z))

164
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where x is Bernoulli and z is obtained from x by flipping each bit independently with
probability ϵ.

The concept of noise sensitivity translates naturally into the Gaussian setting. In partic-
ular we define the Gaussian noise sensitivity with noise rate ϵ to be

GNSϵ(f) := Pr(f(X) ̸= f(Z))

where X is an n-dimensional Gaussian random variable, and Z = (1− ϵ)X +
√
2ϵ− ϵ2Y for

Y an independent n-dimensional Gaussian. Notice that Z is chosen here to be a standard
Gaussian whose covariance with X is 1−ϵ in each coordinate, agreing with the noise sensitiv-
ity in the Bernoulli case. In fact, we can think of the Gaussian noise sensitivity as a special
case of the Bernoulli noise sensitivity by approximating each Gaussian random variable as a
properly scaled average of a large number of Bernoulli random variables.

There is a closely related concept called the Gaussian surface area, which, instead of
directly measuring the sensitivity of a function, measures the boundary between its +1 and
−1 regions. We define the Gaussian surface area of a set A to be

Γ(A) := lim inf
δ→0

GaussianVolume(Aδ\A)
δ

,

where the Gaussian volume of a region R is Pr(X ∈ R) for X a Gaussian random variable,
and where Aδ is the set of points x so that d(x,A) ≤ δ (under the Euclidean metric). We
note that if A is a sufficiently nice region with a smooth boundary, then its Gaussian surface
area should be equal to ∫

∂A

ϕ(x)dσ.

Here ϕ(x) is the Gaussian density, and dσ is the surface measure on ∂A. This formulation
justifies the name of “surface area”. Furthermore, if A is such a region, then its Gaussian
surface area should be equal to

lim
δ→0

GaussianVolume((∂A)δ)

2δ
.

The factor of 2 above comes from the fact that (∂A)δ has volume both inside and outside
of A. These equalities are proven for the case of A the set of positive values of a square-free
polynomial threshold function in Proposition 10.

For f a Boolean function, we define

Γ(f) := Γ(f−1(1)).

The concepts of Gaussian noise sensitivity and surface area are related to each other by
noting that the noise sensitivity is roughly the probability that X is close enough to the
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boundary that wiggling it will push it over the boundary. In particular it is proved in [40]
that for any Boolean function, f ,

GNSϵ(f)

2
≤ arccos(1− ϵ)√

2π
Γ(f).

We essentially prove an asymptotic converse to this statement for f a polynomial threshold
function in Section 3.

1.3 Previous Work

In this Chapter, we study the sensitivity of polynomial threshold functions. Before stating
our major results, we will provide a brief overview of the previous work in this area.

The most ambitious Conjecture in this field is the Gotsman-Linial conjecture [16], which
states that the largest average sensitivity of a degree-d polynomial threshold function is
obtained by taking the product of linear threshold functions slicing through the middle d
layers of hypercube. This would imply that

AS(f) ≤ d

√
2n

π
.

This would in turn imply optimal or nearly optimal bounds for our other measures. In
particular, by [14] Theorem 7.1, it would imply that

NSϵ(f) ≤ d

√
2ϵ

π
.

Furthermore, this bound would be asymptotically correct for small ϵ and properly chosen f .
Treating Gaussian random variables as averages of Bernoulli random variables, we could

use this to obtain a bound on the Gaussian noise sensitivity. In particular, by [14] Proposition
9.2, this would imply

GNSϵ(f) ≤ d

√
2ϵ

π
.

As we shall see, this is larger than the correct asymptotic by a factor of
√
π. I believe that

this discrepancy comes from the fact that in the Bernoulli case things can be arranged so
that the boundary makes particular angles with edges of the hypercube, while the Gaussian
case is necessarily isotropic.

As we shall see in Section 3, this bound would imply a bound on the Gaussian surface
area of

Γ(f) ≤ d√
2
,
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which is again off from the optimal by a factor of
√
π.

Unfortunately, we are far from proving these conjectures. The Gotsman-Linial Conjecture
is known for d = 1, but is much more difficult for larger degrees. Non-trivial bounds on
the average sensitivity were proved independently by [14] and [21] (these papers were later
merged and appeared as [12]). They each proved bounds of O(n1−1/O(d)) on the average
sensitivity and Od(ϵ

1−1/O(d)) on the Gaussian and Bernoulli noise sensitivity. These results
are proved by obtaining results in the Gaussian setting in such a way that they can be carried
over to the Bernoulli setting. The proofs involve a number of advanced techniques including
the invariance principle, and concentration and anti-concentration results for polynomials of
Gaussians.

Much less was previously known about Gaussian surface area. For d = 1, a simple
computation yields the optimal bound of 1√

2π
. [35] proved a bound of 1 for the Gaussian

surface area of balls, and more recently, [48] proved a bound of O(1) for centrally symmetric,
degree 2 polynomial threshold functions. Essentially nothing was known about the Gaussian
surface area of higher degree polynomial threshold functions.

1.4 Statement of Results

We focus on proving two main results.

Theorem 1. If f is a degree-d polynomial threshold function, then

GNSϵ(f) ≤
d arcsin(

√
2ϵ− ϵ2)

π
∼ d

√
2ϵ

π
= O(d

√
ϵ).

Furthermore, this bound is asymptotically tight as ϵ → 0 for f the threshold function of any
square-free product of homogeneous linear functions.

Theorem 2. If f is a degree-d polynomial threshold function then Γ(f) ≤ d√
2π
. This bound is

again optimal for f the threshold function of any square-free product of homogeneous linear
functions.

1.5 Application to Agnostic Learning

We briefly describe one of the applications of our work to agnostic learning algorithms for
polynomial threshold functions.

1.5.1 Overview of Agnostic Learning

Agnostic learning is a model for machine learning. Suppose that there is an unknown dis-
tribution D on X × {−1, 1} (for some set X) with known marginal distribution DX on X.
We think of X as the observable data about some object and the element of {−1, 1} as a
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bit we are trying to predict. We would like an algorithm that, given a number of samples
from D, outputs a function h : X → {−1, 1} so that for (x, y) ∼ D, h(x) = y with high
probability. In other words, h allows us to predict y given x for (x, y) taken from D. For
arbitrary D, there is little hope of success as we have no way to predict what value of y
should correspond to values of x that we have not seen in our training data. To repose
this is a potentially solvable problem, the agnostic learning model requires merely that h is
competitive against some class of predictors. We define a concept class to be some set C of
functions X → {−1, 1}. We let opt = inff∈C Pr(x,y)∼D(f(x) ̸= y). In the agnostic learning
model, the objective is to find an h so that Pr(x,y)∼D(h(x) ̸= y) ≤ opt+ ϵ.

1.5.2 Connection to Gaussian Surface Area

The connection with Gaussian surface was discovered by [35]. In particular they prove:

Theorem ([35] Theorem 25). Let C be a collection of Borel sets in Rn each of which has
Gaussian surface area at most s. Suppose furthermore that C is invariant under affine
transformations. Then C is agnostically learnable with respect to any Gaussian distribution
in time nO(s2/ϵ4).

Hence our results imply that:

Corollary 3. The concept class of degree-d polynomial threshold functions is agnostically
learnable with respect to any Gaussian distribution in time nO(d2/ϵ4).

1.6 Outline

Section 2 will be devoted to the proof of Theorem 1, Section 3 to the proof of Theorem
2, and Section 4 will provide some closing notes. The proof of Theorem 2 requires several
technical results whose proofs are not very enlightening and are put in the Appendix so as
not to interfere with the flow of the Chapter.

2 Proof of the Noise Sensitivity Bound

Proof of Theorem 1. Our basic strategy will be to use the symmetrization trick discussed
in the Introduction to this Part. From these ideas, and a few facts about polynomials, the
result will fall out.

We begin by letting θ = arcsin(
√
2ϵ− ϵ2). We need to bound

p := GNSϵ(f) = Pr(f(X) ̸= f(cos(θ)X + sin(θ)Y )). (1)

In general, we let
Xϕ = cos(ϕ)X + sin(ϕ)Y.
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Hence, GNSϵ(f) = Pr(f(X0) ̸= f(Xθ)).
We note that the value of p given in Equation 1 remains the same if X and Y are replaced

by any X ′ and Y ′ that are i.i.d. standard Gaussian distributions. Note that Xϕ and Xϕ+π/2

are such i.i.d. Gaussians. Additionally, we note that for any ϕ

cos(θ)Xϕ + sin(θ)Xϕ+π/2 =cos(θ) cos(ϕ)X − sin(θ) sin(ϕ)X+

cos(θ) sin(ϕ)Y + sin(θ) cos(ϕ)Y

=cos(θ + ϕ)X + sin(θ + ϕ)Y

=Xθ+ϕ.

Therefore, we have that for any ϕ,

GNSϵ(f) = Pr(f(Xϕ) ̸= f(Xϕ+θ)).

Averaging over ϕ, we find that

GNSϵ(f) =
1

2π

∫ 2π

0

Pr(f(Xϕ) ̸= f(Xϕ+θ))dϕ. (2)

We define the random function F : R → {−1, 1} by

F (ϕ) = f(Xϕ).

(F depends on X and Y as well as ϕ). Hence

GNSϵ(f) =
1

2π

∫ 2π

0

Pr(F (ϕ) ̸= F (ϕ+ θ))dϕ

=
1

2π
EX,Y

[∫ 2π

0

1F (ϕ) ̸=F (ϕ+θ)dϕ

]
.

Here 1F (ϕ) ̸=F (ϕ+θ) is the indicator function of the event that F (ϕ) ̸= F (ϕ+ θ). We may now
consider the value of the integral above for fixed X and Y and then take the expectation.
In such a case, F is some Boolean function. We note that F (ϕ) can only be different from
F (ϕ+θ) if F has a sign change in [ϕ, ϕ+θ] (with these values taken modulo 2π). This means
that F (ϕ) ̸= F (ϕ+ θ) only on a union of intervals of length θ preceding each sign change of
F . Therefore, the value of the above integral is at most θ times the number of sign changes
of F on [0, 2π). Hence,

GNSϵ(f) ≤
θEX,Y [number of sign changes of F on [0, 2π)]

2π
. (3)

We now make use of the fact that f is a degree d polynomial threshold function. In
particular, we will show that for any X and Y , F changes signs at most 2d times on [0, 2π).
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We let f = sgn(g) for some degree-d polynomial g. We note that the number of sign changes
of F is at most the number of zeroes of the function g(cos(ϕ)X+sin(ϕ)Y ) (unless this function
is identically 0, in which case there are no sign changes). Note that g(cos(ϕ)X+sin(ϕ)Y ) = 0
if and only if z = eiϕ is a root of the degree-2d polynomial

zdg

((
z + z−1

2

)
X +

(
z − z−1

2i

)
Y

)
.

Since such a polynomial can have at most 2d roots, the expectation in Equation 3 is at most
2d.

As an alternative proof, note that sign changes of F correspond to joint solutions to the
equations g(aX + bY ) = 0 and a2+ b2 = 1. By Bezout’s Theorem, there are at most 2d such
roots.

Given this bound on the number of sign changes, we have that

GNSϵ(f) ≤
2dθ

2π
=

dθ

π

as desired.
We also note the ways in which the above bound can fail to be tight. Firstly, there may

be some probability that F changes signs less than 2d times on a full circle. Secondly, the
integral of 1F (ϕ)̸=F (ϕ+θ) may be less than θ times number of times F changes signs if two of
these sign changes are within θ of each other. On the other hand, if f is the threshold function
for a product of d homogeneous linear functions, no two of which are scalar multiples of each
other, the first case happens with probability 0, and the probability of the second goes to 0
as ϵ does. Therefore, for such functions our bound is asymptotically tight as ϵ → 0.

3 Proof of the Gaussian Surface Area Bounds

The basic idea for our proof of Theorem 2 is to relate the Gaussian surface area of f to its
noise sensitivity. In particular we claim that:

Lemma 4. If f is a polynomial threshold function, and if X and Y are independent Gaus-
sians then,

lim
ϵ→0

Pr(f(X) = −1 and f(X + ϵY ) = 1)

ϵ
=

Γ(f)√
2π

. (4)

The basic idea here is that the surface area determines how likely it is that X will lie
within some distance of the boundary between the +1 and −1 regions of f . In particular, we
expect that the probability that X is distance t from the boundary (and on the appropriate
side) to be roughly Γ(f)dt.
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Consider the above probability for X fixed. We may assume that X is close to the
boundary (since otherwise the probability that X + ϵY lies on the other side is negligible).
Since the boundary is smooth (at most points anyway) it is approximately linear at small
scales. Therefore, the probability that X + ϵY is on the opposite side of the boundary
is roughly the probability that the projection of ϵY onto the direction perpendicular to the
boundary is more than the distance from X to the boundary. Since the size of this projection
is just a Gaussian, the probability on the left hand side of Equation 4 is roughly∫

ϵy>t>0

ϕ(y)Γ(f)dtdy =

∫ ∞

0

ϵΓ(f)yϕ(y)dy =
Γ(f)ϵ√

2π
.

The actual proof of this Lemma is technical and not terribly enlightening, and so is put off
until the Appendix.

We note that the Pr(f(X) = −1 and f(X + ϵY ) = 1) term in Lemma 4 is very nearly
a noise sensitivity. Unfortunately, it fails to be for two reasons. Firstly, we require that
f(X) = −1 and f(X + ϵY ) = 1 rather than merely asking that they are unequal. Secondly,
X and X+ϵY are normalized differently. We solve the first of these problems by noting that
the asymptotic probability that f(X) = −1 and f(X+ ϵY ) = 1 should equal the asymptotic
probability that f(X) = 1 and f(X + ϵY ) = −1 (which follows from Lemma 4 and Lemma
5 below). The second difficulty is overcome by showing that f(X + ϵY ) is very likely equal

to f
(

X+ϵY√
1+ϵ2

)
, which is properly normalized. This follows from Lemma 6 below.

Lemma 5. For f a polynomial threshold function, Γ(f) = Γ(−f).

The idea is that they both measure the surface area of the same boundary between f−1(1)
and f−1(−1). We put off the proof until the Appendix.

Lemma 6. If f is a degree d polynomial threshold function in n dimensions, ϵ > 0 and X
a random Gaussian variable, then

Pr(f(X) ̸= f(X(1 + ϵ))) ≤ dϵ

√
n

4π
.

Proof. Note that by conditioning on the line through the origin thatX lies on, we may reduce
this problem to the case of a one dimensional distribution. Note that f changes sign at most
d times along this line. We need to bound the probability that at least one of these sign
changes is in between X and (1+ ϵ)X. It therefore suffices to prove that for any one of these
sign changes, that it lies between X and (1+ ϵ)X with probability at most ϵ

√
n
4π
. Note that

the probability that X is on the same side of the origin as this sign change is 1
2
. Beyond that,

|X|2 satisfies the χ2 distribution with n degrees of freedom, namely 1
2n/2Γ(n/2)

xn/2−1e−x/2dx.

Letting y = ln(x) = 2 ln(|X|) we find that that y has distribution

1

2n/2Γ(n/2)
eny/2e−ey/2dy.
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We want the probability that y is within a particular interval of width 2 ln(1+ ϵ). This is at
most 2ϵ times the maximum value of the density function. The maximum is achieved when
ny − ey is maximal, or when y = ln(n). Then the density is

1

2n/2Γ(n/2)
nn/2e−n/2 =

√
n

4π

(n/2)n/2e−n/2
√

2π(n/2)

(n/2)!

≤
√

n

4π
.

Multiplying this by d, 2ϵ and 1
2
(the probability that X is on the same side of 0 as the sign

change), we get our bound.

Notice that this bound should be nearly sharp if the polynomial giving f is a product of
terms of the form |X|2 − ri for ri approximately n and spaced apart by factors of (1 + ϵ)2.

We can now prove a bound on a quantity more relevant to Gaussian surface area:

Corollary 7. If f is an n dimensional, degree-d polynomial threshold function, ϵ > 0 and
X and Y independent Gaussians, then

Pr(f(X) ̸= f(X + ϵY )) ≤ dϵ

π
+

dϵ2

4

√
n

π
.

Proof. We let r =
√
1 + ϵ2, θ = arctan(ϵ), and let Z = cos(θ)X + sin(θ)Y be a normal

random variable. Note that X + ϵY = rZ. We then have that

Pr(f(X) ̸=f(X + ϵY ))

≤ Pr(f(X) ̸= f(Z)) + Pr(f(Z) ̸= f(rZ)).

By Theorem 1 and Lemma 6, this is at most

dθ

π
+ d(r − 1)

√
n

4π
≤ dϵ

π
+

dϵ2

4

√
n

π
.

(since θ ≤ tan(θ) = ϵ and
√
1 + ϵ2 ≤ 1 + ϵ2/2)

We are now ready to prove Theorem 2.

Proof of Theorem 2. The result follows immediately from Lemma 4 (for both f and −f),
Lemma 5, and Corollary 7 after noting that

Pr(f(X) = −1, f(X + ϵY ) = 1) ∼ ϵΓ(f)√
2π

=
ϵΓ(−f)√

2π

∼ Pr(f(X) = 1, f(X + ϵY ) = −1)
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and thus

Γ(f) =

√
π

2
lim
ϵ→0

Pr(f(X) ̸= f(X + ϵY ))

ϵ
≤ d√

2π
.

4 Conclusion

We have shown nearly tight bounds on the Gaussian surface area and noise sensitivity of
polynomial threshold functions. One might hope to generalize these results to work for other
distributions, such as the uniform distribution on vertices of the hypercube. Unfortunately,
several aspects of this proof are difficult to generalize. Perhaps most significantly, we lose the
symmetry that allowed us to prove our original result on noise sensitivity. Another difficulty
would be in the relation between noise sensitivity and surface area. In the Gaussian case, the
two are essentially equivalent quantities of study. On the other hand, [35] defined a notion
of surface area for the hypercube distribution and proved that for even linear threshold
functions there could be a gap between noise sensitivity and surface area of as much as
Θ(
√
log(n)).

On the other hand, our results still provide hope for a proof of the full Gotsman-Linial
Conjecture. For one, we have proved what can be considered to be an important special case
of this Conjecture. Secondly, many of the results for average sensitivity and Bernoulli noise
sensitivity come from generalizing results in the Gaussian setting, and hence there is hope
that our results might be a starting point for proofs in these more difficult contexts.

Appendix

Here we prove some technical results about the Gaussian surface area for polynomial thresh-
old functions. In the following, µ denotes the Gaussian measure. Throughout we consider p
a non-zero degree d polynomial, with f = sgn(p).

Lemma 8. Let p be a non-constant, degree-d polynomial. For ϵ > 0, the probability that
|p(X)| < ϵ for X a random Gaussian is O(ϵ1/d), where the implied constant depends on p.

It should be noted that this is a rather weak anticoncentration result compared to say,
the Theorem of Carbery and Wright as we do little to control the dependence of our constant
on p. On the other hand, we present a proof for completeness and because the ideas used
will be in the same spirit as in the more difficult proofs to follow.

Proof. The Lemma follows easily for a monic polynomial of one-variable. This is because
p will only be small if x is near at least one of the roots of p. Our basic idea is to make a
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change of variables and consider our polynomial as a function of just one variable to reduce
to this case.

By making a generic orthogonal change of variables, we may assume that the leading
coefficient of p in terms of x1 is a constant. By rescaling, we may assume that p is a
degree d monic polynomial in x = x1 whose coefficients are polynomials in y = (x2, . . . , xn)
(rescaling changes ϵ by a factor that depends on p but nothing else). We have that p(x) =
(x − r1(y))(x − r2(y)) · · · (x − rd(y)) (here ri(y) are the complex roots of p(x, y) thought of
as a polynomial in x for fixed y). Therefore, if |p(x, y)| ≤ ϵ, then x must be within ϵ1/d of at
least one of the ri(y) (i.e. |x− ri| must be less than ϵ1/d for some i). Hence after fixing y,

µ ({x : |p(x, y)| ≤ ϵ}) = O(ϵ1/d).

Integrating with respect to y proves the Lemma.

Lemma 9. Let p be a non-zero, degree-d polynomial in n variables such that p is not divisible
by the square of any polynomial. Let S = {x : p(x) = 0}. For ϵ > δ > 0, let Sϵ = {x ∈ S :
|∇p(x)| < ϵ}. Then

µ((Sϵ)δ) = O(ϵ1/d
2

δ).

Here (Sϵ)δ is the set of points within δ of some point of Sϵ (again the asymptotic constant
here and those throughout the proof depend on p).

Proof. This proof is considerably more difficult than the previous one. The basic idea is
as follows. First, ignoring the condition on ϵ, we would like to show that µ(Sδ) = O(δ).

Consider the set of points x′ within δ of some point x with p(x) = 0 and ∂p(x)
∂x1

reasonably

large. For such x′, it follows that
∣∣∣∂p(x′)

∂x1
/p(x′)

∣∣∣ = Ω(δ−1). Considering p as a function of x1

(whose coefficients are polynomials in the other xi), it is not hard to see that the probability
of this happening is O(δ) (since if the derivative is constant sized, you leave the region where

p is small after O(δ) distance). If ∂p
∂x1

is small, but ∂2p
∂2x1

is reasonably large we can apply the

same trick with ∂p
∂x1

instead of p. In general, we split S into subsets Sk,i where k indexes the
first degree of derivative for which p is not small at x, and i indexes a direction at which the
kth derivative is reasonably large and apply the above ideas to an appropriate derivative of
p.

We deal with ϵ by noting that if both p and p′ are small, then their resolvent polynomial
is also small, and use Lemma 8 to get the ϵ dependence.

We begin by partitioning Sϵ into parts. First we pick a large constant C (we will specify
how large later). For k ≤ d and x ∈ Rn we let |p(k)(x)| be the sum of the absolute values
of the kth order mixed partial derivatives of p at x. We let Sϵ

k be the set of x ∈ Sϵ so that
(Cδ)k|p(k)(x)| ≥ (Cδ)i|p(i)(x)| for all 1 ≤ i ≤ d.

We pick some finite number of orthonormal bases, Bi = (x1,i, . . . , xn,i) so that:
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1. When written in basis Bi, p has non-zero xd
1 coefficient.

2. For each k there exists a Ck > 0 so that for any x, |p(k)(x)| is at most Ck maxi

∣∣∣∂kp(x)

∂xk
1,i

∣∣∣ .
The first condition holds as long as the Bi are chosen generically. The second condition will
hold as long as the Bi are chosen generically and there are sufficiently many of them. We
claim that if sufficiently many Bi are chosen generically then there is no non-zero degree-

k polynomial, q, so that ∂kq(0)

∂xk
1,i

= 0 for all i. Once we have that ∂kq(0)

∂xk
1,i

is non-zero for

all q, we claim that it is enough to find a Ck so that |q(k)(0)| ≤ Ck maxi

∣∣∣∂kq(0)

∂xk
1,i

∣∣∣ for q an

arbitrary normalized (for example by making the sum of squares of coefficients equal to 1)
homogeneous degree k polynomial. This is because for any x, we can use this result with q
equal to the normalized version of the degree k part of the Taylor expansion of p about x,

recentered around 0, to show that |p(k)(x)| ≤ Ck maxi

∣∣∣∂kp(x)

∂xk
1,i

∣∣∣ . For normalized, homogeneous,

q of degree k we have that maxi

∣∣∣∂kq(0)

∂xk
1,i

∣∣∣ is non-zero. Hence for any value of q, there is some

value of Ck that works for q in some open neighborhood of that value. Hence, since the
set of normalized degree k polynomials is compact, there is a Ck that works for all such
polynomials. Note that the Ck used here will likely depend on n.

Having picked the Bi, we ensure that C > 3Ck for each k. We then further partition Sϵ

by letting Sϵ
k,i be the subset of Sϵ

k so that |p(k)(x)| ≤ Ck

∣∣∣∂kp(x)

∂xk
1,i

∣∣∣ . We will show that

µ
((

Sϵ
k,i

)
δ

)
= O(δϵ1/d

2

)

for each i, k. In what follows, we consider this problem for fixed i and k.
We use the coordinates x = x1,i and y = (x2,i, . . . , xn,i). We rescale p so that it is a monic,

degree-d polynomial in x with coefficients that are polynomials in y. Consider (x, y) ∈ Sϵ
k,i.

We have that

Ck

∣∣∣∣∂kp(x, y)

∂xk

∣∣∣∣ ≥ |p(k)(x, y)| ≥ (Cδ)j−k|p(j)(x, y)|.

(the inequality on the left holds because (x, y) ∈ Sϵ
k,i and the one on the right holds because

(x, y) ∈ Sϵ
k.) In particular, if (x′, y′) is within δ of (x, y) then by Taylor’s Theorem:∣∣∣∣∂kp(x′, y′)

∂xk
− ∂kp(x, y)

∂xk

∣∣∣∣ ≤ d−k∑
j=1

δj

j!
|p(k+j)(x, y)|

≤

(
Ck

d−k∑
j=1

C−j

j!

)∣∣∣∣∂kp(x, y)

∂xk

∣∣∣∣
≤ 1

2

∣∣∣∣∂kp(x, y)

∂xk

∣∣∣∣ .
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Hence
∣∣∣∂kp(x′,y′)

∂xk

∣∣∣ ≥ 1
2

∣∣∣∂kp(x,y)
∂xk

∣∣∣ .
Similarly, we have that∣∣∣∣∂k−1p(x′, y′)

∂xk−1

∣∣∣∣ ≤ d−k+1∑
j=0

δj

j!
|p(k−1+j)(x, y)|

≤ Cδ
d−k+1∑
j=0

C−j

j!

∣∣∣∣∂kp(x, y)

∂xk

∣∣∣∣
≤ 2Cδ

∣∣∣∣∂kp(x, y)

∂xk

∣∣∣∣ .
Therefore for (x′, y′) ∈ (Sϵ

k,i)δ we have that∣∣∣∣∣∣
(

∂kp(x′,y′)
∂x′k

)
(

∂k−1p(x′,y′)
∂x′k−1

)
∣∣∣∣∣∣ ≥ 1

4Cδ
.

Letting g(x, y) = ∂k−1p(x,y)
∂xk−1 , we have that

∣∣∣g′(x′)
g(x′)

∣∣∣ ≥ 1
4Cδ

. On the other hand if we let g(x, y) =

ak(x−r1(y)) · · · (x−rd−k+1(y)), we have that
g′(x)
g(x)

= 1
x−r1(y)

+ · · ·+ 1
x−rd−k+1(y)

. Hence for the

above to hold, x must be within 4Cdδ of at least one of the rj(y). Therefore, the measure
of the intersection of (Sϵ

k,i)δ with the line defined by fixing the value of y is at most 4Cd2δ.

Note that if (x, y) ∈ Sϵ and if (x′, y′) is within δ of (x, y) that |p(x′, y′)| ≤ ϵδ+O(rdδ2), and
|p′(x′, y′)| ≤ ϵ+O(δrd), where r = |(x, y)|+1. Considering p(x, y) = (x−r1(y)) · · · (x−rd(y))
again as a function of x consider its discriminant R(y). R(y) is a non-zero polynomial of
degree at most d(d − 1) in y. Furthermore, R(y) can be written as pq1 + p′q2 for some
polynomials q1 and q2 of degrees d(d−2) and d(d−2)+1. Therefore, if (x′, y′) ∈ (Sϵ)δ, then

|R(y)| ≤ ϵrd
2
.

Now the measure of the set of points with r > ϵ1/d
3
is small enough to ignore. Throwing

away this region, we find that if we project
(
Sϵ
k,i

)
δ
onto its y-coordinate, it covers only points

where |R(y)| ≤ ϵ1+1/d, which by Lemma 8 has measure at most O(ϵ(d+1)/(d2(d−1))) = O(ϵ1/d
2
).

Furthermore, by the above, once we fix such a y the measure over x of this set is O(δ).
Therefore, for each k, i, µ((Sϵ

k,i)δ) = O(ϵ1/d
2
δ). Hence, summing over all k and i,

µ((Sϵ)δ) = O(ϵ1/d
2

δ).

Proposition 10. Let p be a non-zero polynomial. Let A = {x : p(x) < 0}. Let S = ∂Ā.
Then

Γ(A) = lim
δ→0

µ(Aδ\A)
δ

= lim
δ→0

µ(Sδ)

2δ
=

∫
S

ϕ(x)dσ(x).



CHAPTER G. NOISE SENSITIVITY OF PTFS 177

Proof. The idea here is that we can use Lemma 9 to bound the contribution to the volume
from x near singular points of S. Away from these points, we can parameterize Aδ\A by
S × [0, δ] using x → (nearest point of S to x, d(x, S)). Avoiding the singular set, it is easy
to see that this converges to our desired integral.

First, we note that we can remove any square factors from p (as removing them only
changes Aδ \ A by a set of measure 0 and does not change S), and thus assume that p is
a square-free polynomial. By Lemma 9, when calculating µ(Aδ\A) in the computation of

Γ(A), we may ignore points in (Sδ1/6)δ. We may also ignore points with absolute value more
than r = log(δ−1) since the total measure of the set of such points goes rapidly to 0 as δ → 0.

Let S0 = S\Sδ1/6 .
We begin with the following claim. Suppose that |a| ≤ r and that b is the closest point in

S to a (such a point exists since S is closed and non-empty). Suppose also that d(a, b) < δ
and that b ∈ S0. Then for δ sufficiently small, b is the only point of S within δ of a for which
d(a, b′) obtains a local minimum.

To prove this claim, we may begin by assuming that b = 0 and p a polynomial of degree
d with coefficients of size at most O(rd). Let us pick a coordinate system where we describe
points as (x, y) where x is the distance from the origin in the direction of p′(0), and y is a
coordinate in the orthogonal plane. Hence p′(0) = (t, 0) for some t > δ1/6. Furthermore,
since b attains a local minimum on S of distance to a, it must be the case that a = (s, 0) for
some δ > s > 0.

We have that for c = (x, y) within δ of a that p(c) = tx + O(rd|c|2) and that p′(c) =
(t, 0) +O(rd|c|). If such a point were to be a local minimum of distance to a on S we would
need that p(c) = 0 and p′(c) is parallel to a − c. The first implies that x = O(rdδ−1/6y2).
The latter implies that

O(rd|y|)
|y|

=
t+O(rd|y|)

s
.

But this is impossible since t ≫ srd + |y|rd.
For x ∈ S0 let n(x) =

p′(x)
|p′(x)| be the outward pointing normal vector to x. The above claim

along with Lemma 9 says that µ(Aδ\A) is o(δ) plus the volume of the region parameterized
by x+ tn(x) for x ∈ S0, t ∈ [0, δ]. Hence, we have that

µ(Aδ\A)

=

∫
S0

∫ δ

0

ϕ(x+ tn(x))| det(J(x, t))|dtdσ(x) + o(δ)

where J(x, t) is the Jacobian of our parametrization (x, t) → x + tn(x). We first claim
that J(x, t) is O(r3dδ1/2) plus the matrix sending a tangent vector to S to itself and send-
ing dt to n(x). This is because the t derivative is exactly n(x), and the derivative with
respect to x is I + t∂n

∂x
. But |t| ≤ δ and ∂n

∂x
is a degree 3d polynomial divided by |p′|3, and
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therefore is O(r3dδ−1/2). Hence, multiplying by t, we get an error of size O(r3dδ1/2). Hence
| det(J(x, t))| = 1 + O(r3dδ1/2). Furthermore, ϕ(x+ tn) = ϕ(x)(1 + O(rδ)). Hence, we have
that:

µ(Aδ\A) =
∫
S0

∫ δ

0

ϕ(x)(1 +O(r3dδ1/2))dtdσ(x) + o(δ)

=

∫
S0

∫ δ

0

ϕ(x)dtdσ(x)(1 +O(r3dδ1/2)) + o(δ)

= δ

∫
S0

ϕ(x)dσ(x) + o(δ).

Finally noting that

lim
δ→0

∫
S0

ϕ(x)dσ(x) =

∫
S

ϕ(x)dσ(x)

proves the first two equalities.
The last equality follows from this after noting that if B = {x : p(x) > 0}, then

Sδ = (Aδ\Ā) ∪ (Bδ\B̄).

Lemma 5 now follows immediately

Proof of Lemma 5. Let f = sgn(p(x)). Let A = {x : p(x) > 0}, A′ = {x : p(x) < 0} and
S = ∂Ā = Ā ∩ Ā′ = ∂Ā′. Then by Proposition 10 we have that

Γ(f) = lim
δ→0

µ(Aδ\A)
δ

=

∫
S

ϕ(x)dσ(x)

= lim
δ→0

µ(A′
δ\A′)

δ
= Γ(−f).

Proof of Lemma 4. Again we use Lemma 9 to show we can afford to ignore the case where
X is near singular points of p. We use a parametrization of X near the zero set of p similar
to that in the proof of Proposition 10, and derive a rigorous version of the intuition we had
before.
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Recall that if A = f−1(1), then

Γ(f) = lim
ϵ→0

µ(Aϵ\A)
ϵ

.

Next note that since the probability that |ϵY | > ϵ1−1/12d2 goes rapidly to 0 as ϵ → 0, we can
throw away all cases where X is not within ϵ1−1/12d2 of S = ∂A from the left hand side of
Equation 4.

Define S0 as in the proof of Proposition 10. By Lemma 9 we have that X is within
ϵ1−1/12d2 of (S\S0) with probability at most O(ϵ1+1/12d2) and so we may throw these events
away. Hence we may restrict ourselves to considering only X whose nearest neighbor in S
lies in S0 and is at distance at most ϵ1−1/12d2 . We may also assume that |X| < log(ϵ−1).

Letting n be the derivative of p at the point of S nearest to X, we have that p(X+ϵY ) =
p(X) + ϵn · Y + O(rdϵ2Y 2). For Y in the range we are considering, O(rdϵ2Y 2) = O(rdϵ3/2).

Hence p(X) = d(X,S)|n|+O(ϵ3/2). Hence p(X+ϵY ) = |n|
(
d(X,S) + ϵ

(
n
|n|

)
· Y
)
+O(ϵ3/2).

Note that up to O(ϵ3/2), the sign of this only depends on the dot product of Y with a unit
vector and on d(X,S). On the other hand since |n|ϵ ≫ ϵ3/2, the probability that p(X + ϵY )
is negative is within ϵ1/3 of the probability that a random one dimensional normal is more
than d(X,S)

ϵ
.

Hence

Pr(f(X) = −1 and f(X + ϵY ) = 1)

=o(ϵ) +O(ϵ1/3)Pr(d(X,S) ≤ ϵ1−1/12d2)

+ Pr(f(X) = −1 and d(X,S) < ϵN)

=o(ϵ) + Pr(f(X) = −1 and d(X,S) < ϵN).

where N is a random normal variable.
After fixing the value of N this probability is just µ(AϵN\A). Hence integrating we get∫ ∞

0

1√
2π

e−x2/2µ(AϵN\A)dx

=

∫ ∞

0

1√
2π

e−x2/2Γ(f)ϵx(1 + o(1))dx

=
Γ(f)ϵ√

2π
+ o(ϵ).

This completes our proof.



Chapter H

A PRG for Polynomial Threshold
Functions

1 Introduction

We discuss the issue of pseudorandom generators for polynomial threshold functions of
bounded degree. Namely for some known probability distribution D on Rn, we would like
to find an explicit, easily computable function G : {0, 1}S → Rn so that for any degree-d
polynomial threshold function, f ,∣∣EY∼D[f(Y )]− EX∈u{0,1}S [f(G(X))]

∣∣ < ϵ.

This problem could be studied for D any probability distribution, though most work has
been done with either the Bernoulli or Gaussian case. In this Chapter, we construct an
explicit PRG for the Gaussian case. In particular, for any real numbers c, ϵ > 0 and integer
d > 0 we construct a PRG that fools degree-d PTFs of Gaussians to within ϵ and has seed
length log(n)2Oc(d)ϵ−4−c. In particular we show that

Theorem 1. Let c > 0 be a constant. For ϵ > 0, and d a positive integer, let N = 2Ωc(d)ϵ−4−c

and k = Ωc(d) be integers. Let Xi 1 ≤ i ≤ N be independently sampled from k-independent
families of standard Gaussians. Let X = 1√

N

∑N
i=1 Xi. Let Y be a fully independent family

of standard Gaussians. Then for any degree-d polynomial threshold function, f ,

|E[f(X)]− E[f(Y )]| < ϵ.

Note that the constants in the Ωc’s will get large as c → 0. From this we can construct
an efficient PRG for PTFs of Gaussians. In particular

Corollary 2. For every c > 0, there exists a PRG that ϵ-fools degree-d PTFs of Gaussians
with seed length

log(n)2Oc(d)ϵ−4−c.

180
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Much of the previous work in constructing pseudo-random generators involves the use
of functions of limited independence. It was shown in [11] that Õ(ϵ−2)-independence fools
degree-1 PTFs. The degree-2 case was later dealt with in [13], in which it was shown that
Õ(ϵ−9)-independence sufficed (and that O(ϵ−8) sufficed for Gaussians). The author showed
that limited independence suffices to fool arbitrary degree PTFs of Gaussians (Chapter F),

but the amount of independence required was Od(ϵ
−2O(d)

). In terms of PRGs that do not
rely solely on limited independence, [45] found a PRG for degree-d PTFs on the hypercube
distribution of size log(n)2O(d)ϵ−8d−3. Hence for d more than constant sized, and ϵ less than
some constant, our PRG will always beat the other known examples.

The basic idea of the proof of Theorem 1 will be to show that X fools a function g which
is a smooth approximation of f . This is done using the replacement method. In particular,
we replace the Xi by fully independent families of Gaussians one at a time and show that
at each step a small error is introduced. This is done by replacing g by its Taylor expansion
and noting that small degree moments of the Xi are identical to the corresponding moments
of a fully independent family.

Naively, if f = sgn(p(x)), we might try to let g = ρ(p(x)) for some smooth function ρ
so that ρ(x) = sgn(x) for |x| > δ. If we Taylor expand g to order T − 1, we find that the
error in replacing Xi by a fully random Gaussian is roughly the size of the T th derivative
of g times the T th moment of p(X) − p(X ′), where X ′ is the new random variable we get
after replacing Xi. We expect the former to be roughly δ−T and the latter to be roughly
|p|T2N−T/2. Hence, for this to work, we will need N ≫ (|p|2δ−1)2. On the other hand, for
g to be a good approximation of f , we will need that the probability that |p(Y )| < δ to be
small. Using standard anticoncentration bounds, this requires |p|2δ−1 to be roughly ϵ−d, and
hence N will be required to be at least ϵ−2d.

To fix this, we instead use the idea of strong anticoncentration discussed in the Introduc-
tion to this Part. Heuristically, with probability roughly 1− ϵ it should hold that

|p(X)| ≥ ϵ|p′(X)| ≥ ϵ2|p′′(X)| ≥ . . . ≥ ϵd|p(d)(X)|. (1)

In our analysis we will use a g that is a function not only of p(X), but also of |p(m)(X)| for
1 ≤ m ≤ d. Instead of forcing g to be a good approximation to f whenever |p(X)| ≥ ϵd,
we will only require it to be a good approximation to f at X where Equation 1 holds. This
gives us significant leeway, since although the derivative to g with respect to p(X) will still
be large at places, this will only happen when |p′(X)| is small, and this in turn will imply
that the variance in p(X) achieved by replacing Xi is comparably small.

In Section 2, we will review some basic properties of polynomial threshold functions. In
Section 3, we in introduce the notion of the derivative (which we call the noisy derivative) that
will be useful for our purposes. We then prove a number of Lemmas about this derivative
and in particular prove a rigorous version of Equation 1. In Section 4, we discuss some
averaging operators that will be useful in analyzing what happens when one of the Xi is
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changed. In Section 5, we use these results and the above ideas to prove Theorem 1. In
Section 6, we use this result to prove Corollary 2.

2 Definitions and Basic Properties

We are concerned with polynomial threshold functions, so for completeness we give a defini-
tion

Definition. A degree-d polynomial threshold function (PTF) is a function of the form

f = sgn(p(x))

where p is a polynomial of degree at most d.

We are also concerned with the idea of fooling functions so we define

Definition. Let f : Rn → R we say that a random variable X with values in Rn ϵ-fools f if

|E[f(X)]− E[f(Y )]| ≤ ϵ

where Y is a standard n-dimensional Gaussian.

For convenience we define the notation:

Definition. We use
A ≈ϵ B

to denote that
|A−B| = O(ϵ).

For a function on Rn we define its Lk norm by

Definition. For p : Rn → R define

|p|k = EX [|p(X)|k]1/k.

Where the above expectation is over X a standard n-dimensional Gaussian.

We will make use of the hypercontractive inequality. The proof follows from Theorem 2
of [49].

Lemma 3. If p is a degree-d polynomial and t > 2, then

|p|t ≤
√
t− 1

d|p|2.
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In particular this implies the following Corollary:

Corollary 4. Let p be a degree-d polynomial in n variables. Let X be a family of standard
Gaussians. Then

Pr (|p(X)| ≥ |p|2/2) ≥ 9−d/2.

Proof. This follows immediately from the PaleyZygmund inequality applied to p2.

We also obtain:

Corollary 5. Let p be a degree-d polynomial, t ≥ 1 a real number, then

|p|t ≤ 2Ot(d)|p|1

Proof. By Lemma 3, it suffices to prove this for t = 2. This in turn follows from Corollary
4, which implies that |p|1 ≥ 9−d/4|p|2.

And

Corollary 6. If p(X,Y ), q(X,Y ) are degree-d polynomials in standard Gaussians X and Y
then

PrY (|p(X, Y )|2,X < ϵ|q(X, Y )|2,X) ≤ 4 · 9dPrX,Y (|p(X, Y )| < 4 · 3dϵ|q(X,Y )|).

Where |r(X,Y )|2,X denotes the L2 norm over X, namely (EX [r(X, Y )2])
1/2

.

Proof. Given Y so that |p(X, Y )|2,X < ϵ|q(X,Y )|2,X , by Corollary 4 we have that |q(X, Y )| ≥
|q(X, Y )|2,X/2 with probability at least 9−d/2. Furthermore, |p(X, Y )| ≤ 2 · 3d|p(X, Y )|2,X
with probability at least 1− 9−d/4. Hence with probability at least 9−d/4 we have that

|p(X, Y )| ≤ 2 · 3d|p(X, Y )|2,X < 2 · 3dϵ|q(X, Y )|2,X ≤ 4 · 3dϵ|q(X, Y )|.

So

PrX,Y (|p(X,Y )| < 4 · 3dϵ|q(X, Y )|) ≥ 9−d

4
PrY (|p(X, Y )|2,X < ϵ|q(X, Y )|2,X).



CHAPTER H. PRG FOR PTFS 184

3 Noisy Derivatives

In this section we define our notion of the noisy derivative and obtain some of its basic
properties.

Definition. Let X and Y be n-dimensional vectors and θ a real number. Then we let

N θ
Y (X) := cos(θ)X + sin(θ)Y.

If X and Y are independent Gaussians, Y can be thought of as a noisy version of X with
θ a noise parameter. We next define the noisy derivative.

Definition. Let X, Y, Z be n-dimensional vectors, f : Rn → R a function, and θ a real
number. We define the noisy derivative of f at X with parameter θ in directions Y and Z
to be

Dθ
Y,Zf(X) :=

f(N θ
Y (X))− f(N θ

Z(X))

θ
.

It should be noted that if X, Y, Z are held constant and θ goes to 0, the noisy derivative
approaches the difference of the directional derivatives of f at X in the directions Y and Z.
The noisy derivative for positive θ can be thought of as sort of a large scale derivative that
covers slightly more than just a differential distance.

We also require a notion of the average size of the ℓth derivative. In particular we define:

Definition. For X an n-dimensional vector, f : Rn → R a function, ℓ a non-negative
integer, and θ a real number, we define

|f (ℓ)
θ (X)|22 := EY1,Z1,...,Yℓ,Zℓ

[|Dθ
Y1,Z1

Dθ
Y2,Z2

· · ·Dθ
Yℓ,Zℓ

f(X)|2],

where the expectation is taken over independent, standard Gaussians Yi, Zi.

Lemma 7. For p a degree-d polynomial, and θ a real number

|p(d)θ (X)|2

is independent of X.

Proof. This follows from the fact that for fixed Yi, Zi that

Dθ
Y1,Z1

Dθ
Y2,Z2

· · ·Dθ
Yℓ,Zℓ

p(X)

is independent of X. This in turn follows from the fact that for any degree-d polynomial q
and any Y ,Z, Dθ

Y,Zq(X) is a degree-(d− 1) polynomial in X.
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We now prove our version of the statement that the value of a polynomial is probably
not too much smaller than its derivative.

Proposition 8. Let ϵ, θ > 0 be real numbers with θ = O(ϵ). Let p be a degree-d polynomial
and let X, Y, Z be standard independent Gaussians. Then

PrX,Y,Z(|p(X)| < ϵ|Dθ
Y,Zp(X)|) = O(d2ϵ).

To prove this we use the following Lemma:

Lemma 9. Let ϵ, θ, p, d,X, Y be as above. Then

PrX,Y

(
|p(X)| < ϵ

θ
|p(X)− p(N θ

Y (X))|
)
= O(d2ϵ).

Proof. The basic idea of the proof will be the averaging argument discussed in the Introduc-
tion to this Part. We note that the above probability should be the same for any independent
Gaussians, X and Y . We let Xϕ := Nϕ

Y (X). Note that Xϕ and Xϕ+π/2 are independent of
each other. Furthermore, N θ

Xϕ+π/2
(Xϕ) = Xϕ+θ. Hence for any ϕ, the above probability

equals

PrX,Y

(
|p(Xϕ)| <

ϵ

θ
|p(Xϕ)− p(Xϕ+θ)|

)
.

We claim that for any values of X and Y , that the average value over ϕ ∈ [0, 2π] of the
above is O(d2ϵ).

Notice that with X and Y fixed, p(Xϕ) is a degree-d polynomial in cos(ϕ) and sin(ϕ).

Letting z = eiϕ we have that cos(ϕ) = z+z−1

2
, sin(ϕ) = z−z−1

2i
. Hence p(Xϕ) = z−dq(z) for

some polynomial q of degree at most 2d.
We wish to bound the probability that

θ

ϵ
<

|z−dq(z)− z−de−idθq(zeiθ)|
|z−dq(z)|

=
|q(z)− e−idθq(zeiθ)|

|q(z)|
.

For θ
ϵ
sufficiently small, we may instead bound the probability that∣∣∣∣log(e−idθq(zeiθ)

q(z)

)∣∣∣∣ > θ

2ϵ
.

On the other hand, we may factor q(z) as a
∏2d

i=1(z − ri) where ri are the roots of q. The
left hand side of the above is then at most

dθ +
2d∑
i=1

∣∣∣∣log(zeiθ − ri
z − ri

)∣∣∣∣ ≤ dθ +
d∑

i=1

O

(∣∣∣∣zeiθ − z

z − ri

∣∣∣∣)

≤ dθ + θ
2d∑
i=1

O

(
1

|z − ri|

)
.
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Hence it suffices to bound the probability that

d+
2d∑
i=1

O

(
1

|z − ri|

)
>

1

2ϵ
.

If 4ϵ > d−1, there is nothing to prove. Otherwise, the above holds only if

2d∑
i=1

O

(
1

|z − ri|

)
>

1

4ϵ
.

This in turn only occurs when z is within O(dϵ) of some ri. For each ri this happens with
probability O(dϵ) over ϕ, and hence by the union bound, the above holds with probability
O(d2ϵ).

Note that a tighter analysis could be used to prove the bound O(d log(d)ϵ), but we will
not need this stronger result.

Proposition 8 now follows immediately by noting that |p(X)| is less than ϵ|Dθ
Y,Zp(X)|

only when either |p(X)|/2 < ϵ
θ
|p(X)− p(N θ

Y (X))| or |p(X)|/2 < ϵ
θ
|p(X)− p(N θ

Z(X))|. This
allows us to prove our version of Equation 1.

Corollary 10. For p a degree-d polynomial, X a standard Gaussian, ϵ, θ > 0 with θ = O(ϵ),
and ℓ a non-negative integer,

PrX(|p(ℓ)θ (X)|2 ≤ ϵ|p(ℓ+1)
θ (X)|2) ≤ 2O(d)ϵ.

Proof. Let Yi, Zi be standard Gaussians independent of each other and of X for 1 ≤ i ≤ ℓ+1.
Applying Proposition 8 to Dθ

Y2,Z2
· · ·Dθ

Yℓ+1,Zℓ+1
p(X), we find that

PrX,Y1,Z1

(
|Dθ

Y2,Z2
· · ·Dθ

Yℓ+1,Zℓ+1
p(X)| ≤ 4 · 3dϵ|Dθ

Y1,Z1
· · ·Dθ

Yℓ+1,Zℓ+1
p(X)|

)
= O(d23dϵ).

Noting that
|p(ℓ)θ (X)|2 = |Dθ

Y2,Z2
· · ·Dθ

Yℓ+1,Zℓ+1
p(X)|2,(Y1,Z1,...,Yℓ+1,Zℓ+1)

and
|p(ℓ+1)

θ (X)|2 = |Dθ
Y1,Z1

· · ·Dθ
Yℓ+1,Zℓ+1

p(X)|2,(Y1,Z1,...,Yℓ+1,Zℓ+1),

Corollary 6 tells us that

PrX

(
|p(ℓ)θ (X)|2 < ϵ|p(ℓ+1)

θ (X)|2
)
= O(d227dϵ).
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4 Averaging Operators

A key ingredient of our proof will be to show that if we replace X by X ′ by replacing one
of the Xi by a random Gaussian, that the variance of |p(ℓ)(X ′)| is bounded in terms of
|p(ℓ+1)(X)| (see Proposition 12). Unfortunately, for our argument to work nicely we would
want it bounded in terms of the expectation of |p(ℓ+1)(X ′)|. In order to deal with this issue,
we will need to study the behavior of the expectation of q(X ′) for polynomials q, and in
particular when it is close to q(X). To get started on this project, we define the following
averaging operator:

Definition. Let X be an n-dimensional vector, f : Rn → R a function, and θ a real number.
Define

Aθf(X) := EY

[
f(N θ

Y (X))
]
.

Where the expectation is over Y a standard Gaussian.

Note that the Aθ form the Ornstein-Uhlenbeck semigroup with Aθ = Tt where cos(θ) =
e−t. The composition law becomes Tt1Tt2 = Tt1+t2 . We express this operator in terms of θ
rather than t, since it fits in with our N θ notation, which makes it more convenient for our
purposes.

We also define averaged versions of our derivatives

Definition. For p a polynomial, ℓ,m non-negative integers, X a vector, and θ a real number
let

|p(ℓ),mθ (X)|22 := EY1,...,Ym

[
|p(ℓ)θ (N θ

Y1
· · ·N θ

Ym
X)|22

]
= (Aθ)m|p(ℓ)θ (X)|22.

We claim that for X a standard Gaussian, that with fairly high probability |p(ℓ),mθ (X)| is
close to |p(ℓ)θ (X)|. In particular:

Lemma 11. If p is a degree-d polynomial, and ℓ and m are non-negative integers, X a
standard Gaussian, and ϵ, θ > 0, then

PrX

(
||p(ℓ),m+1

θ (X)|22 − |p(ℓ),mθ (X)|22| > ϵ|p(ℓ),mθ (X)|22
)
≤ 2O(d)θϵ−1.

Proof. If ||p(ℓ),m+1
θ (X)|22 − |p(ℓ),mθ (X)|22| > ϵ|p(ℓ),mθ (X)|22, then by Corollary 4 with probability

2O(d) over a standard normal Y we have that

||p(ℓ),mθ (N θ
Y (X))|22 − |p(ℓ),mθ (X)|22| > ϵ|p(ℓ),mθ (X)|22.

By Lemma 9, this happens with probability O(d2θϵ−1), and hence our original event happens
with probability at most 2O(d)θϵ−1.
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We bound the variance of these polynomials as X changes.

Proposition 12. Let p be a degree-d polynomial, and θ > 0, ℓ,m non-negative integers, then
for X any vector and Y a standard Gaussian

VarY

[
|p(ℓ),mθ (N θ

YX)|22
]
≤ 2O(d)θ|p(ℓ+1),m

θ (X)|22|p
(ℓ),m+1
θ (X)|22.

We begin by proving a Lemma:

Lemma 13. Let q(X, Y ) be a degree-d polynomial and let X, Y and Z be independent
standard Gaussians. Then

VarY
[
EX

[
q(X,Y )2

]]
≤ 2O(d)EX,Y,Z

[
(q(X, Y )− q(X,Z))2

]
EX,Y

[
q(X, Y )2

]
.

Proof. Recall that if A,B are i.i.d. random variables, then Var[A] = 1
2
E[(A−B)2]. We have

that

VarY
[
EX

[
q(X,Y )2

]]
=

1

2
EY,Z

[(
EX [q(X, Y )2]− EX [q(X,Z)2]

)2]
≤ 2O(d)EY,Z

[∣∣EX [q(X, Y )2 − q(X,Z)2]
∣∣]2

≤ 2O(d)EX,Y,Z [|q(X,Y )− q(X,Z)||q(X, Y ) + q(X,Z)|]2

≤ 2O(d)EX,Y,Z

[
(q(X,Y )− q(X,Z))2

]
EX,Y,Z

[
(q(X,Y ) + q(X,Z))2

]
≤ 2O(d)EX,Y,Z

[
(q(X,Y )− q(X,Z))2

]
EX,Y

[
q(X, Y )2

]
.

The second line above is due to Corollary 5. The fourth line is due to Cauchy-Schwarz.

Proof of Proposition 12. For fixed X, consider the polynomial

q((Y2, Z2, . . . , Yℓ+1, Zℓ+1,W1, . . . ,Wm), Y )

=: Dθ
Y2,Z2

· · ·Dθ
Yℓ+1,Zℓ+1

p(N θ
W1

· · ·N θ
Wm

N θ
Y (X)).

Let V = (Y2, Z2, . . . , Yℓ+1, Zℓ+1,W1, . . . ,Wm). Notice that

|p(ℓ),mθ (N θ
YX)|22 = EV

[
q(V, Y )2

]
,

θ|p(ℓ+1),m(X)|22 = EV,Y,Z

[
(q(V, Y )− q(V, Z))2

]
,

|p(ℓ),m+1
θ (X)|22 = EV,Y

[
q(V, Y )2

]
.

Our result follows immediately upon applying the above Lemma to q(V, Y ).

We also prove a relation between the higher averages
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Lemma 14. Let d be an integer and θ = O(d−1) a real number. Then there exist constants
c0, . . . , c2d+1 with |cm| = 2O(d) and

∑2d+1
m=0 cm = 0 so that for any degree-d polynomial p and

any vector X,
2d+1∑
m=0

cm(A
θ)mp(X) = 0.

Proof. First note that (Aθ)mp(X) = Aθmp(X) where cos(θm) = cos(θ)m. We note that it
suffices to find such c’s so that for any Y

2d+1∑
m=0

cmp(N
θm
Y (X)) = 0.

Note that cos2(θm) = 1−mθ2 +O(dθ4). Hence sin(θm) =
√
mθ +O(dθ3).

Recall that once X and Y are fixed, there is a degree-2d polynomial q so that for zm =
eiθm = 1 + i

√
mθ + O(dθ2), p(N θm

Y (X)) = z−d
m q(zm). Hence we just need to pick cm so that

for any degree-2d polynomial q we have that

2d+1∑
m=0

cmz
−d
m q(zm) = 0.

Such c exist by standard interpolation results. In particular, it is sufficient to pick

cm = zdm
√
(2d)!

2d+1∏
i=1,i̸=m

θ

zi − zm
.

For this choice of c we have that

|cm| =
√

(2d)!
2d+1∏

i=1,i ̸=m

θ

|zi − zm|
=
√
(2d)!

2d+1∏
i=1,i̸=m

Θ

(
1

|
√
i−

√
m|

)
For 1 ≤ i ≤ 2m we have that |

√
i −

√
m| = Θ(|i − m|/

√
m). For i ≥ 2m, we have that

|
√
i −

√
m| = Θ(

√
i). We evaluate |cm| based upon whether or not 2m ≥ 2d + 1. If

2m ≥ 2d+ 1, then

|cm| =
√

(2d)!
2d+1∏

i=1,i̸=m

Θ

( √
m

|i−m|

)
= 2O(d)

√
(2d)!

md

(m− 1)!(2d+ 1−m)!

= 2O(d)
√
d2ddd

(
2d

m−1

)
(2d!)

= 2O(d).
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If 2m < 2d+ 1,

|cm| =
√

(2d)!
2m∏

i=1,i̸=m

Θ

( √
m

|i−m|

) 2d+1∏
i=2m+1

Θ

(
1√
i

)

= 2O(d)
√
(2d)!

mm

(m− 1)!(m− 1)!

√
(2m)!

(2d+ 1)!

= 2O(d) mm
√
(2m)!

(m− 1)!(m− 1)!

= 2O(d)
mm
√

(2m)!
(
2m−2
m−1

)
(2m− 2)!

= 2O(d).

Considering q(X) = 1, we find that
∑2d+1

m=0 cm = 0.

Applying this to the polynomial |p(ℓ)θ (X)|, we find that

Corollary 15. Let d be an integer and θ = O(d−1) a sufficiently small real number (as a
function of d). Then there exist constants c0, . . . , c4d+1 with |cm| = Θd(1) and

∑4d+1
m=0 cm = 0

so that for any degree-d polynomial p, any vector X, and any non-negative integer ℓ,

4d+1∑
m=0

cm|p(ℓ),mθ (X)|22 = 0.

Furthermore
∑4d+1

m=0 cm = 0 and |cm| = 2O(d).

In particular,

Corollary 16. There exists some absolute constant α, so that if θ = O(d−1) and if∣∣∣∣∣log
(

|p(ℓ),mθ (X)|22
|p(ℓ),m+1

θ (X)|22

)∣∣∣∣∣ < αd

for some ℓ and all 1 ≤ m ≤ 4d, then all of the |p(ℓ),mθ (X)|22 for that ℓ and all 0 ≤ m ≤ 4d+1
are within constant multiples of each other.
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Proof. It is clear that |p(ℓ),mθ (X)|22 are within 1 + O(dαd) of each other for 1 ≤ m ≤ 4d + 1.
By Corollary 15, we have that

|p(ℓ),0θ (X)|22 =
4d∑

m=1

−cm
c0

|p(ℓ),mθ (X)|22

=
4d∑

m=1

−cm
c0

|p(ℓ),1θ (X)|22
(
1 +O(dαd)

)
=

4d∑
m=1

−cm
c0

|p(ℓ),1θ (X)|22 + |p(ℓ),1θ (X)|22O

(
dαd

4d∑
m=1

∣∣∣∣cmc0
∣∣∣∣
)

= |p(ℓ),1θ (X)|22
(
1 +O

(
d2αd2O(d)

))
.

Hence for α sufficiently small, |p(ℓ),0θ (X)|22 is within a constant multiple of |p(ℓ),1θ (X)|22.

5 Proof of Theorem 1

We now fix c, ϵ, d,N, k, p as in Theorem 1. Namely c, ϵ > 0, d is a positive integer, N an
integer bigger than B(c)dϵ−4−c, and k an integer bigger than B(c)d for B(c) some sufficiently

large number depending only on c, and p a degree-d polynomial. We fix θ = arcsin
(

1√
N

)
∼

B(c)d/2ϵ−2−c/2.
Let ρ : R → [0, 1] be a smooth function so that ρ(x) = 0 if x < −1 and ρ(x) = 1 if x > 0.

Let σ : R → [0, 1] a smooth function so that σ(x) = 1 if |x| < 1/3 and σ(x) = 0 if |x| > 1/2.
Let α be the constant given in Corollary 16.

For 0 ≤ ℓ ≤ d, 0 ≤ m ≤ 4d + 1, let qℓ,m(X) be the degree-2d polynomial |p(ℓ),mθ (X)|22.
Recall by Lemma 7 that qd,m is constant. We let g±(X) be

I(0,∞)(±p(X))
d−1∏
ℓ=0

ρ

(
log

(
qℓ,0(X)

ϵ2qℓ+1,0(X)

)) 4d−1∏
m=0

σ

(
α−d log

(
qℓ,m(X)

qℓ,m+1(X)

))
.

Where I(0,∞)(x) above is the indicator function of the set (0,∞). Namely it is 1 for x > 0
and 0 otherwise.

g± approximates the indicator functions of the sets where p(X) is positive or negative.
To make this intuitive statement useful we prove:

Lemma 17. The following hold:

� g± : Rn → [0, 1]

� g+(X) + g−(X) ≤ 1 for all X
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� For Y a standard Gaussian EY [1− g+(Y )− g−(Y )] ≤ 2O(d)ϵ.

Proof. The first two statements follow immediately from the definition. The third state-
ment follows by noting that g+(Y ) + g−(Y ) = 1 unless qℓ,0(Y ) < ϵ2qℓ+1,0(X) for some ℓ or
|qℓ,m+1(X)− qℓ,m(X)| < Ω(αd)|qℓ,m(X)| for some ℓ,m. By Corollary 10 and Lemma 11, this
happens with probability at most 2O(d)ϵ.

We also want to know that the derivatives of g± are relatively small.

Lemma 18. Consider g± as a function of qℓ,m(X) (consider sgn(p(X)) to be constant).

Then the tth partial derivative of g±,
∂t

∂qℓ1,m1
∂qℓ2,m2

···∂qℓt,mt
is at most Ot(1)2

O(dt)
∏t

j=1
1

qℓj ,mj
.

Proof. The bound follows easily after considering g as a function of the log(qℓ,m). Noting
that the tth partial derivatives of q in terms of these logs are at most Ot(α

−dt), the result
follows easily.

Lemma 19. Given c ≤ 4, let X be any vector and let Y and Z be k-independent families of
Gaussians with k ≥ 512c−1d, N = ϵ−4−c and θ = O(d−2). Then∣∣EY

[
g+(N

θ
Y (X))

]
− EZ

[
g+(N

θ
Z(X))

]∣∣ ≤ 2Oc(d)ϵN−1.

And the analogous statement holds for g−.

Proof. First note that ϵ2θ = O(ϵc/2), and hence that (ϵ2θ)16/c = O(ϵN−1). Let T be an even
integer between 32/c and 64/c.

First we deal with the case where | log(qℓ,m(X)/qℓ,m+1(X))| > αd for some 0 ≤ ℓ ≤
d, 1 ≤ m ≤ 4d, or qℓ,1(X) < ϵ2/10qℓ+1,1(X) for some ℓ. We claim that in either case the
E
[
g+(N

θ
Y (X))

]
= Od(ϵN

−1) and a similar bound holds for Z. If there is such an occurrence,
find one with the largest possible ℓ and of the second type if possible for the same value of ℓ.

Suppose that we had an occurrence of the first type. Namely that for some ℓ,m,

| log(qℓ,m(X)/qℓ,m+1(X))| > αd.

Pick such a one with ℓ maximal, and with m minimal for this value of ℓ. Consider then the
random variables qℓ,m−1(N

θ
Y (X)) and qℓ,m(N

θ
Y (X)). They have means qℓ,m(X) and qℓ,m+1(X),

respectively. By Proposition 12, their variances are bounded by

2O(d)θqℓ+1,m−1(X)qℓ,m(X), and 2O(d)θqℓ+1,m(X)qℓ,m+1(X),

respectively. Since we chose the smallest such ℓ, all of the qℓ+1,m(X) for 1 ≤ m ≤ 4d + 1
are close to qℓ+1,1(X) with multiplicative error at most αd. By Corollary 16, this implies
that qℓ+1,0(X) is also close. Hence, the variances of qℓ,m−1(N

θ
Y (X)) and qℓ,m(N

θ
Y (X)) are

Od(θqℓ+1,1(X)qℓ,m(X)) and Od(θqℓ+1,1(X)qℓ,m+1(X)). Since there was no smallerm to choose,
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qℓ,m(X) is within a constant multiple of qℓ,1(X). Since we could not have picked an occurrence
of the second type with the same ℓ, we have that qℓ,1(X) ≥ ϵ2qℓ+1,1(X)/10. Hence both of
these variances are at most

2O(d)ϵ−2θmax(qℓ,m(X), qℓ,m+1(X))2).

Hence by Corollary 5, for either of the random variables Q1 = qℓ,m(N
θ
Y (X)), or Q2 =

qℓ,m+1(N
θ
Y (X)) with means µ1, µ2 the T th moment of |Qi − µi| (using the fact that Y is

at least 4Td-independent) is at most 2Oc(d)ϵN−1max(µi)
T . Hence, with probability at least

1− 2Oc(d)ϵN−1, |Qi − µi| < αdmax(µi)/10. But if this is the case, then | log(Q1/Q2)| will be
more than αd/2, and g+ will be 0.

Suppose that we had an occurrence of the second type for some ℓ. Again by Corollary
16, we have that qℓ+1,0(X) is within a constant multiple of qℓ+1,1(X) and qℓ+2,0(X) within
a constant multiple of qℓ+2,1(X). Let Q0 be the random variable qℓ,0(N

θ(Y )) and Q1 the
variable qℓ+1,0(N

θ(Y )). We note that they have means equal to qℓ,1(X) and qℓ+1,1(X),
respectively. By Proposition 12, their variances are at most 2O(d)θqℓ+1,1(X)qℓ,1(X) and
2O(d)θqℓ+2,1(X)qℓ+1,1(X). Since we had an occurrence at this ℓ but not the larger one, these
are at most 2O(d)θϵ2qℓ+1,1(X)2 and 2O(d)θϵ−2qℓ+1,1(X)2, respectively. Considering the T th

moment of Q1 minus its mean, µ1, we find that with probability at least 1− 2Oc(d)ϵN−1 that
|Q1 − qℓ+1,1| < qℓ+1,1/20. Considering the T th moment of Q0 minus its mean, we find that
with probability at least 1− 2Oc(d)ϵN−1 that |Q0 − qℓ,1| < ϵ2qℓ+1,1/20. Together these imply
that log(Q0/(ϵ

2Q1)) < −1 and hence that g+(N
θ
Y (X)) = 0.

Finally, we assume that neither of these cases occur. We note by Corollary 16 that for each
m and ℓ that qℓ,m(X) is within a constant multiple of qℓ,1(X). We define Qℓ,m = qℓ,m(N

θ
Y (X))

and note by Proposition 12 that Var(Qℓ,m) is at most 2O(d)θϵ−2E[Qℓ,m]
2. We wish to show

that this along with the k-independence of Y is enough to determine EY [g+(Qℓ,m)] to within
2Oc(d)ϵN−1. We do this by approximating g+ by its Taylor series to degree T − 1 about
(E[Qℓ,m]). The expectation of the Taylor polynomial is determined by the 4Td-independence
of Y . We have left to show that the expectation of the Taylor error is small. We split this
error into cases based on whether Qℓ,m differs from its mean value by more than a constant
multiple.

If no Qℓ,m varies by this much, the Taylor error is at most the sum over sequences

ℓ1, . . . , ℓT ,m1, . . . ,mT of
∏T

i=1 |Qℓi,mi
− E[Qℓi,mi

]| times an appropriate partial derivative.

Note that by Lemma 18 this derivative has size at most Od

(∏T
i=1

1
|E[Qℓi,mi

]|

)
. Noting that

there are at most 2Oc(d) such terms and that we can bound the expectation above as

T∑
i=1

(
|Qℓi,mi

− E[Qℓi,mi
]|

|E[Qℓi,mi
]|

)T

.

Since T is even, the above is a polynomial in Y of degree 4Td. Since Y is 4Td-independent,
the expectation of the above is the same as it would be for Y fully independent. By Corollary
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5 this is at most

2Oc(d)

T∑
i=1

(
VarY [Qℓi,mi

]

E[Qℓi,mi
]2

)T/2

≤ 2Oc(d)(θϵ−2)T/2 ≤ 2Oc(d)ϵN−1.

If some Qℓ,m differs from its mean by a factor of more than 2, the Taylor error is at
most 1 plus the size of our original Taylor term. By Cauchy-Schwarz, the contribution to
the error is at most the square root of the expectation of the square of the error term times
the square root of the probability that one of the Qℓ,m varies by too much. By an argument
similar to the above, the former is 2Oc(d). To bound the latter, we consider the probability
that a particular Qℓ,m varies by too much. For this to happen Qℓ,m would need to differ

from its mean by 2O(d) (θϵ−2)
−1/2

times its standard deviation. Using Corollary 5 and the
8Td-independence of Y , we bound this by considering the 2T th moment of Qℓ,m minus its
mean value, and obtain a probability of 2Oc(d)(ϵN−1)2. Hence this term produces a total
error of 2Oc(d)ϵN−1.

The argument for g− is analogous.

Corollary 20. If ϵ, c > 0, X is the random variable described in Theorem 1 with N ≥ ϵ−4−c,
N = O(d−2), k ≥ 512c−1d and Y is a fully independent family of random Gaussians then

|E[g+(X)]− E[g+(Y )]| ≤ 2Oc(d)ϵ.

The same also holds for g−.

Proof. We let Yi be independent random standard Gaussians and let Y = 1√
N

∑N
i=1 Yi. We

let Zj = 1√
N

(∑j
i=1 Yi +

∑N
i=j+1 Xi

)
. Note that ZN = Y and Z0 = X. We claim that

|E[g+(Zj)]− E[g+(Z
j+1)]| = 2Oc(d)ϵN−1,

from which our result would follow. Let Zj :=
1√
N−1

(∑j
i=1 Yi +

∑N
i=j+2 Xi

)
, then this is

|EZj ,Yj
[g+(N

θ
Yj
(Zj))]− EZj ,Xj

[g+(N
θ
Xj
(Zj))]|

≤ EZj

[
|EYj

[g+(N
θ
Yj
(Zj))]− EXj

[g+(N
θ
Xj
(Zj))]|

]
,

which by Lemma 19 is at most 2Oc(d)ϵN−1.

We can now prove Theorem 1.

Proof. We prove that for X as given with N ≥ ϵ−4−c and k ≥ 512c−1d, and Y fully indepen-
dent that

|E[f(X)]− E[f(Y )]| ≤ 2Oc(d)ϵ.



CHAPTER H. PRG FOR PTFS 195

The rest will follow by replacing ϵ by ϵ′ = ϵ/2Oc(d). We note that f is sandwiched between
2g+ − 1 and 1 − 2g−. Now X fools both of these functions to within 2Oc(d)ϵ. Furthermore
by Lemma 17, they have expectations that differ by 2O(d)ϵ. Therefore

E[f(X)] ≤ E[1− 2g−(X)] ≈2Oc(d)ϵ E[1− 2g−(Y )] ≈2O(d)ϵ E[f(Y )].

We also have a similar lower bound. This proves the Theorem.

6 Finite Entropy Version

The random variable X described in the previous sections, although it does fool PTFs, has
infinite entropy and hence cannot be used directly to make a PRG. We fix this by instead
using a finite entropy random variable that approximates X. In order to make this work, we
will need the following Lemma.

Lemma 21. Let Xi be a k-independent family of Gaussians for 1 ≤ i ≤ N , so that the Xi

are independent of each other and k,N satisfy the hypothesis in Theorem 1 for some c, ϵ, d.
Let δ > 0. Suppose that Zi,j are any random variables so that for each i, j, |Xi,j − Zi,j| < δ

with probability 1 − δ. Then the family of random variables Zj =
1√
N

∑N
i=1 Zi,j fools degree

d polynomial threshold functions up to ϵ+O(nNδ + d
√
nN log(δ−1)δ1/d).

The basic idea is that with probability 1 − nNδ, we will have that |Xi,j − Zi,j| < δ for
all i, j. If that is the case, then for any polynomial p it should be the case that p(X) is close
to p(Z). In particular, we show:

Lemma 22. Let p(X) be a polynomial of degree d in n variables. Let X ∈ Rn be a vector
with |X|∞ ≤ B (B > 1). Let X ′ be another vector, so that |X −X ′|∞ < δ < 1. Then

|p(X)− p(X ′)| ≤ δ|p|2nd/2O(B)d

Proof. We begin by writing p in terms of Hermite polynomials. We can write

p(X) =
∑
i∈S

aihi(X).

Here S is a set of size less than nd, hi(X) is a Hermite polynomial of degree d and
∑

i∈S a
2
i =

|p|22. The Hermite polynomial hi has 2O(d) coefficients each of size 2O(d). Hence any of its
partial derivatives at a point of L∞ norm at most B is at most O(B)d. Hence by the interme-
diate value theorem, |hi(X)− hi(X

′)| = δO(B)d. Hence |p(X)− p(X ′)| ≤ δ
∑

i∈S |ai|O(B)d.

But
∑

i∈S |ai| ≤ |p|2
√
|S| by Cauchy-Schwarz. Hence

|p(X)− p(X ′)| ≤ δ|p|2nd/2O(B)d.
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We also need to know that it is unlikely that changing the value of p by a little will
change its sign. In particular we have the following anticoncentration result, which is an
easy consequence of [7] Theorem 8:

Lemma 23 (Carbery and Wright). If p is a degree-d polynomial then

Pr(|p(X)| ≤ ϵ|p|2) = O(dϵ1/d).

Where the probability is over X, a standard n-dimensional Gaussian.

We are now ready to prove Lemma 21.

Proof. Note that with probability 1 − δ that |Xi,j| = O(log δ−1). Hence with probability
1 − O(nNδ) we have that |Xi,j|∞ = O(log δ−1) and |Xi,j − Zi,j|∞ < δ. Let p be a degree d
polynomial normalized so that |p|2 = 1. We may think of p as a function of nN variables

rather than just N , by thinking of p(X) instead as p
(

1√
N

∑N
i=1 Xi

)
. Applying Lemma 22, we

have therefore that with probability 1−O(nNδ) that |p(X)− p(Z)| < δO(
√
nN log(δ−1))d.

We therefore have that if Y is a standard family of Gaussians that

Pr(p(Z) < 0) ≤ O(nNδ) + Pr(p(X) < δO(
√
nN log(δ−1))d)

≤ ϵ+O(nNδ) + Pr(p(Y ) < δO(
√
nN log(δ−1))d)

≤ ϵ+O(nNδ + d
√
nN log(δ−1)δ1/d) + Pr(p(Y ) < 0).

The last step above following from Lemma 23. We similarly get a bound in the other
direction, completing the proof.

We are now prepared to prove Corollary 2.

Proof. Given ϵ, c > 0, let k,N be as required in the statement of Theorem 1. We will
attempt to produce an effectively computable family of random variables Zi,j so that for
some k-independent families of Gaussians Xi we have that |Xi,j − Zi,j| < δ with probability
1− δ for each i, j and δ sufficiently small. Our result will then follow from Lemma 21.

Firstly, it is clear that in order to do this we need to understand how to actually effectively
compute Gaussian random variables. Note that if u and v are independent uniform [0, 1]
random variables, then

√
−2 log(u) cos(2πv) is a Gaussian. Hence we can let our Xi,j be

given by

Xi,j =
√
−2 log(ui,j) cos(2πvi,j),

where ui and vi are k-independent families of uniform [0, 1] random variables. We let u′
i,j, v

′
i,j

beM -bit approximations to ui,j, vi,j (i.e. u
′
i,j is ui,j rounded up to the nearest multiple of 2−M ,

and similarly for v′i,j), and let Zi,j =
√
−2 log(u′

i,j) cos(2πv
′
i,j). Note that we can equivalently



compute Zi,j be letting u′
i, v

′
i be k-independent families of variables taken uniformly from

{2−M , 2 · 2−M , . . . , 1}. Hence, the Zi,j are effectively computable from a random seed of size
O(kNM).

We now need to show that |Xi,j − Zi,j| is small with high probability. Let a(u, v) =√
−2 log(u) cos(2πv). Note that for u, v ∈ [0, 1] that |a′| = O(1 + u−1 + (1 − u)−1/2).

Therefore, (unless u′
i,j = 1) we have that since Xi,j = a(ui,j, vi,j) and Zi,j = a(u′

i,j, v
′
i,j), and

since |ui,j − u′
i,j|, |vi,j − v′i,j| ≤ 2−M , we have that

|Xi,j − Zi,j| = O(2−M(1 + u−1 + (1− u)−1/2)).

Now letting δ = Ω(2−M/2), we have that 2−M(1 + u−1 + (1 − u)−1/2) < δ with probabil-
ity more than 1 − δ. Hence for such δ, we can apply Lemma 21 and find that Z fools
degree d polynomial threshold functions to within ϵ + O(nNδ + d

√
nN log(δ−1)δ1/d). If

δ < ϵ3d(dnN)−3d, then this is O(ϵ) (since for x > d3d, we have that x log−d(x) > x1/3).
Hence with k = Ωc(d), N = 2Ωc(d)ϵ−4−c and M = Ωc(d log(dnϵ

−1)), this gives us a PRG that
ϵ-fools degree d polynomial threshold functions and has seed length O(kNM). Changing c
by a bit to absorb the log ϵ−1 into the ϵ−4−c, and absorbing the d log d into the 2Oc(d), this
seed length is log(n)2Oc(d)ϵ−4−c.
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