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Abstract

We present a number of papers on topics in mathematics and theoretical computer sci-
ence. Topics include: a problem relating to the ABC Conjecture, the ranks of 2-Selmer
groups of twists of an elliptic curve, the Goldbach problem for primes in specified Cheb-
otarev classes, explicit models for Deligne-Lusztig curves, constructions for small designs,
noise sensitivity bounds for polynomials threshold functions, and pseudo-random generators
for polynomial threshold functions.
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Introduction

My work in the past few years has been largely centered around problem solving. As a result
I find myself with a number of results on separate topics, having little relation to one another.
As such, this thesis consists of a number of largely independent results. Each Chapter in
this thesis (with the exception of those in Part III, which share motivational background) is
meant to stand on its own.

Part I contains several results in the field of number theory, mostly of the analytic variety.

Chapter A is based on [28] and studies a problem related to the ABC Conjecture. In
particular I look at the number of solutions to the equation A+ B+ C = 0 for A, B,C
pairwise relatively prime, highly divisible integers. The ABC Conjecture states that if “highly
divisible” is defined strictly enough that there should be only finitely many such triples. In
this Chapter, I obtain asymptotic results for the number of such solutions for a broad range
of weaker meanings of “highly divisible”. My major techniques are the use of lattice methods
and bound do to Heath-Brown on the density of integer points on a conic.

Chapter B is based on [25], and deals with a variant of the Goldbach problem. In
particular, I prove an asymptotic for the number of solutions to a linear equation in at least
three prime numbers given that these primes are required to lie in specified Chebotarev
classes. I make use of a number of analytic techniques including Hecke L-functions, the
circle method and Vinogradov’s method.

Chapter C is based on [29], and deals with the ranks of 2-Selmer groups of twists of an
elliptic curve. In particular, I show that for a wide range of elliptic curves, I', that the ranks
of the 2-Selmer groups of their twists satisfy a particular distribution. This extends a result
of Swinnerton-Dyer ([58]), which gives the same asymptotics but with an unusual notion
of density. I extend Swinnerton-Dyer’s result to use the standard notion of density using a
number of analytic techniques including L-functions and the large sieve.

Chapter D is based on [26], and produces explicit models for the Deligne-Lusztig varieties
of dimension 1. The constructions attempt to be as canonical as possible, with a category-
theoretic construction used at the core of my construction of the twisted Chevalley groups.
In addition to finding models for the curves associated to *A,, ?Bs and Gy, I also produce
explicit isomorphisms C'/G° — P

Part II consists of Chapter E, which is based upon [30]. In it I deal with the construction
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of designs of small size in a number of contexts. I find a construction for producing small
designs by making use of a fixed-point theorem from algebraic topology. The bound on size
turns out to be particularly nice in the case of designs on a homogeneous space. I also use a
variant of this technique to find designs of nearly optimal size for the Beta distribution and
on the sphere.

Part III deals with three results on polynomial threshold functions. It begins with an
introduction to the topic providing common motivational background for the topic and
discussing a couple of common themes in this work. It is suggested that the reader look at
this introductory material before reading any of the associated chapters.

Chapter F is based on [27], and proves that limited independence is enough to fool poly-
nomial threshold functions of Gaussians. The proof is based on a technique that I have
been developing along with Jelani Nelson and Ilias Diakonikolas called the FT-Mollification
method, which deals with problems involving k-independence by combining techniques from
approximation theory with anticoncentration results. The main new innovation in this work
is a structure theorem for polynomials that allows us to write them in terms of other poly-
nomials each with small higher moments.

Chapter G is based on [32], and contains proofs of asymptotically optimal bounds on
the Gaussian surface are and noise sensitivity of polynomial threshold functions. The bound
on noise sensitivity is very short and consists largely of taking advantage of a particular
symmetry. The bound on surface area is then derived from the noise sensitivity bound using
a few simple ideas which unfortunately need to be supported by some non-trivial technical
results.

Chapter H is based on [31], and introduces a new pseudorandom generator for polynomial
threshold functions. Many of the ideas behind this result had their origins in the proofs from
the previous two Chapters.
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Chapter A

On A Problem Relating to the ABC
Conjecture

1 Introduction

For an integer n, let r(n) = Hpmp be the product of its prime divisors. The ABC-Conjecture
states that for any € > 0 there are only finitely many solutions to the equation A+ B+C =0
in relatively prime integers A, B, C' so that max(|A|, |B],|C|) > r(ABC)'¢. Although this
conjecture is not known for any value of ¢, when the restrictions on A, B, C' are loosened
there are conjectural predictions of the number of solutions that are more tractable. In
particular:

Conjecture 1. Given constants 0 < a,b,c <1, and € > 0, with a4+ b+ ¢ > 1 then for suffi-
ciently large N the number of solutions to A+ B+ C = 0 in relatively prime integers A, B, C
with |Al,|B|,|C| < N and r(A) < |A|*,7(B) < |BJ°,r(C) < |C|¢ is between N*Ho+te=1=¢ gnd
Na+b+c—1+e.

We will henceforth refer to the number of such triples A, B, C' as the number of solutions
to the ABC problem with parameters (a, b, c) or with parameters (a,b,c, N).

Conjecture 1 was stated (with slightly different terminology) in [43]. Furthermore, [43]
alludes to a proof of this Conjecture in the case when 5/6 < a,b,c < 1. We extend this
result to a wider range of values. In particular, we show:

(Note: from this point onward when using an N€¢ in asymptotic notation, it will be taken
to mean that the bound holds for any € > 0, though the asymptotic constants may depend
on €.)

Theorem 1. For 0 < a,b,c < 1, with min(a, b, c) + max(a, b, c) > 1, the number of solutions
to the ABC problem with parameters (a,b,c, N) is Q(N@o+e=1),
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Theorem 2. For(0 < a,b,c < 1, the number of solutions to the ABC problem with parameters
(a,b,c, N) is O(N@tote-lte 4 Nlte),

Together these Theorems provide a proof of Conjecture 1 whenever a + b+ ¢ > 2.

We use two main techniques to prove these Theorems. First we use lattice methods. The
idea is to fix the non-squarefree parts of A, B, C and to then count the number of solutions.
For example if A, B, C' have non-squarefree parts «, 3,7y, we need to count solutions to an
equation of the form aX + Y +~2 = 0.

Secondly we use a result of Heath-Brown on the number of integer points on a conic.
The idea here is to note that if A, B, C' are highly divisible they are likely divisible by large
squares. Writing A = aX?, B = BY?2,C = vZ2, then for fixed values of «, 3,~ the solutions
to the ABC problem correspond to integer points of small size on a particular conic.

In Section 2 we cover the lattice methods. In particular, in Section 2.1, we use these
methods to prove Theorem 1. The proof of our upper bound will involve breaking our
argument into cases based upon the approximate sizes of various parameters of A, B, and
C. In Section 2.2, we introduce some ideas and notation that we will use when making these
arguments. In Section 2.3, we use lattice methods to prove an upper bound on the number
of solutions. These techniques will work best when A, B, and C have relatively few repeated
factors. In Section 3, we prove another upper bound, this time using our methods involving
conics. These results will turn out to be most effective when A, B and C' have many repeated
factors. Finally, we combine these results with our upper bound from the previous Section
to prove Theorem 2.

2 Lattice Methods

2.1 Lattice Lower Bounds

We begin with the following Lemma:

Lemma 3. Let L be a two dimensional lattice and P a convex polygon. Let m be the
minimum separation between points of L. Then

Lnp| = Volume(P) (Perimeter(P) N 1) ‘

CoVolume(L)

Proof. Begin with a reduced basis of L. We apply a linear transformation to the problem
so that L is a square lattice. We can do this since this operation has no effect on |L N P|

1 P . Perimeter(P i
VolumelP) ) increases L) v at most a constant factor. We now note that if we
CoVolume(L) m

draw a fundamental domain around each point of |L N P|, their union is sandwiched between
the set of points within distance v/2m of P, and the set of points where the disc of radius

or
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v2m around them is contained in P. Computing the areas of these two regions gives our
result. O]

We are now prepared to prove our lower bound.

proof of Theorem 1. Assume without loss of generality that a < b < ¢. We have by assump-
tion that a + ¢ > 1.

Pick z, y, z the smallest possible integers so that 22~! > N1=@ 3v=1 > N1=b 521 5 Nl—c
We will attempt to find solutions of the form A = X2* B = Y3Y, C = Z5*. Let L be the
lattice of triples of integers A, B,C' so that A+ B + C = 0, 2*|A, 3Y|B, 5*|C. Let L, be
the sublattice of L so that n|A, B,C. Using an appropriate normalization of the volume
of the plane A + B + C = 0, the covolume of L is U := 2%3Y5* = O(N3727%=¢). The
covolume of L, is n?U/ged(n,30). Let v be the shortest vector in L. Let m = |v|. Let
M be the length of the shortest vector which is not a multiple of v. Note that the vectors
(0,3¥5%, —3¥5%), (2*5%,0, —2*5%) are in L and are linearly independent. Therefore M is at
most the larger of the lengths of these vectors so M = O(N'79) for some § > 0. Note also
that U = ©(mM).

Let P be the polygon in the plane A + B + C' = 0 defined by |A|,|B|,|C| < N. The
number of solutions to the ABC problem with parameters (a, b, c, N) is at least the number
of points in L N P with relatively prime coordinates. This is

S uILa 0 P

Removing the points that are multiples of v we get
O(N/M)
S° am)lL 0 PA@)]
n=1

(We can stop the sum at O(N/M) since if w € L,, for n squarefree, then w/(n/ ged(n, 30)) €
L and all points of L not a multiple of v are of norm at least M) Letting V' be the volume
of P and noting that the shortest vector in L,, has length ©(nm), the above equals

O‘NZ_/W (Hmzec 30 () + owum) + 1,

The main term is

(g) (i u(n) gjg(n,?)o) .\ O(M/N)> o @)

n=1
N2
=0 <N3—a—b—c)

— @(Na+b+cfl)'
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The error term is

O(log(N)N/m + N/M) = O(log(N)NM/U + N/VU)
— O(log(N)Na+b+cflfé + N(a+b+cfl)/2)'

This completes our proof. m

2.2 Diadic Intervals

Before beginning our work on upper bounds, we discuss some ideas involving diadic intervals
that we will make use of. First a definition:

Definition. A diadic interval is an interval of the form [2",2" ] for some integer n.

In the process of proving upper bounds we will often wish to count the number of solutions
to an ABC problem in which some functions of A, B, C' lie in fixed diadic intervals. We may
for example claim that the number of solutions to an ABC' problem where f(A), f(B), f(C)
lie in fixed diadic intervals is O(X). Here f will be some specified function and we are
claiming that for any triple of diadic intervals 14, Ig, [ the number of A, B,C' that are
solutions to the appropriate ABC' problem and so that additionally f(A) € I4, f(B) € Ip
and f(C) € Ic is O(X). When we do this, it will often be the case that X depends on
f(A), f(B), f(C) and not just the parameters of the original ABC problem we were trying
to solve. By this we mean that our upper bound is valid if the f(A), f(B), f(C) appearing
in it are replaced by any numbers in the appropriate diadic intervals. Generally this freedom
will not matter since fixing diadic intervals for f(A), f(B), f(C) already fixes their values up
to a multiplicative constant. It should also be noted that [1, N] can be covered by O(log N)
diadic intervals. Thus if we prove bounds on the number of solutions in which a finite number
of parameters (each at most N) lie in fixed diadic intervals, we obtain an upper bound for
the number of solutions with no such restrictions that is at most N€¢ larger than the bound
for the worst set of intervals.

2.3 Lattice Upper Bounds

In order to prove upper bounds, we will need a slightly different form of Lemma 3.

Lemma 4. Let L be a 2 dimensional lattice and P a convex polygon, centrally symmetric
about the origin. Then the number of vectors in LN P which are not positive integer multiples

of other vectors in L is
Volume(P)
——+1].
© (CO Volume(L) i )
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Proof. If L N P only contains the origin or multiples of a single vector, the result follows
trivially. Otherwise P contains two linearly independent vectors of L. This means that
P contains at least half of some fundamental domain. Therefore 2P contains some whole
fundamental domain. Therefore 4P contains all of the fundamental domains centered at any

of the points in L N P. Therefore |[L N P| = O (%) : O

We will also make extensive use of the following proposition:

Proposition 5. For any m, the number of k with |k| < N and r(k) = m is O(N°¢), where
the implied constant depends on € but not N or m.

Proof. Let m = pipa- - pn, where p; < py < --- < p, are primes (if m is not squarefree we
have no solutions). Then all such £ must be of the form ], pi" for some integers a; > 1
with >, a;log(p;) <log(N). Note that if for each such k you consider the unit cube defined

by T, [a; — 1,a;] C R™, these cubes have disjoint interiors and are contained in a simplex
log(N)

i Toa(p Hence the number of such & is at most

Hlog log(N)\"
n! 1L Jog(p,) n '

Now we must also have that n! < [[.p; < N or there will be no solutions, so n =

of volume = [T,

log log(N)

at most
O( log(N) )
0 log(N) loglog™) ) 0 log(N)logloglog(N)
log(N)/loglog(N) - log log(V)

= O(NY).

@) < log(V) ) Now nlog N — nlogn is increasing for n < N/e so the number of solutions is

We now need some more definitions. For an integer n define
plin
to be the product of primes that divide n exactly once. Let
[T »*=n/um)
p[|n,a>1
be the product of primes dividing n more than once counted with their appropriate multi-

plicity. Finally, let
= [[p=r(m)/un) = r(en)

p2|n
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be the product of primes dividing n more than once.
We can now prove the first part of our upper bound

Proposition 6. Fiz 0 < a,b,c < 1. The number of solutions to the ABC problem with
parameters (a,b,c, N) and with v(A),v(B),v(C) lying in fixed diadic intervals is

O(Nare=14e Ly A)u(B)u(C)NE).

Note that since v(A),v(B),v(C) < v/N, this would already give a weaker but non-trivial
version of Theorem 2.

Proof. We will begin by additionally fixing diadic intervals for |A|, | B, |C|, u(A), u(B),u(C),
e(A),e(B),e(C). Since there are only log(/N) possible intervals for each, our total number
of solutions will be greater by a factor of at most a factor of O(N€). Assume without loss of
generality that |A| < |B| < |C].

There are O(v(A)v(B)v(C)) ways to fix the values of v(A),v(B),v(C) within their re-
spective diadic intervals. Given these, by Proposition 5 there are O(N€) possible values of
e(A),e(B),e(C). Pick a triple of values for e(A), e(B), e(C'). We assume these are relatively
prime, for otherwise they could not correspond to any valid solutions to our ABC problem.
Define the lattice L to consist of triples of integers which sum to 0, and are divisible by
e(A),e(B),e(C) respectively. We define the polygon P to be the set of (21, x9,23) so that
1+ x9 + x3 = 0 and |z is bounded by the upper end of the diadic interval for |A|, and
|z2], |z3| are likewise bounded by the intervals for |B| and |C|. The number of solutions to
our ABC problem with the specified values of e¢(A), e(B),e(C) and with |Al,|B|,|C] in the
appropriate diadic intervals is at most the number of vectors in L N P that are not positive
integer multiples of other vectors in L. By Lemma 4 this is

Volume(P) |AB|
O - > 41|l =0 —_+1].
(CoVolume(L) i > (e(A)e(B)e(O) *
Multiplying this by the number of ways we had to choose values for v(A), v(B), v(C),

e(A),e(B),e(C), we get that the total number of solutions to our original ABC problem
with the specified diadic intervals for |A|,v(A), e(A), etc. is at most

Ne|ABC|v(A)v(B)v(C)
O( (Ae(Be(CIC

o (NABIC) o
— o (FHAINE) 4 vy

< O(NIA]"|BI"ICI™! + Nw(A)w(B)v(C)).

+ N%(A)v(B)v(C))

Where the last step comes from noting that for any solution to our ABC problem, r(A) <
|A|2, ete. Since a+b+c > 1, |A2B°C*™Y| is maximized with respect to N > |C] > |B| > |A]
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when |A| = |B| = |C| = N. So we obtain the bound
O(Ntvre=tte o Ny(A)v(B)v(C)).

3 Points on Conics

The bound from Proposition 6 is useful so long as v(A),v(B),v(C) are not too big. When
they are large, we shall use different techniques. In particular, if v(A),v(B),v(C) are large,
then A, B, C are divisible by large squares. We will fix non-square parts of these numbers
and bound the number of solutions using a Theorem from [23]

Theorem 7 ([23] Theorem 2). Let g be an integral ternary quadratic form with matriz M.
Let A = |det M|, and assume that A # 0. Write Ao for the highest common factor of the
2 x 2 minors of M. Then the number of primitive integer solutions of q(x) = 0 in the box
|z;| < Ri is
RiRyR3 A2
< {1+ (FEEES g ()

Where d3(A) is the number of ways of writing A as a product of three integers.

Putting this into a form that fits our needs slightly better:

Corollary 8. For a,b,c relatively prime integers, the number of solutions to aX? + bY? +
cZ* = 0 in relatively prime integers X,Y,Z with | X| < Ry, |Y| < Ry, |Z] < Ry is

Ri1Ry Ry ¢
@) ((1 + abe] ) (|abc]) ) :

Proof. This follows immediately from applying the above Theorem to the obvious quadratic
form, noting that A = |abc|, Ay = 1 and that d3(N) = O(N°). O

We now have all of the machinery ready to prove the upper bound. We make one final
pair of definitions.
Let
S(n) = H P/ = sup{m : m*n}.
pe|In

be the largest number whose square divides n. Let
T(n) = In/S(n)*.

We use Corollary 8 to prove another upper bound.
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Proposition 9. Fiz diadic intervals for S(A),T(A),S(B),T(B),S(C), and T(C). The
number of solutions of the ABC problem with S and T of A, B,C' lying in these intervals is

0 ((T(A)T(B)T(C) + \/S(A)S(B)S(C)T(A)T(B)T(C)) NG) .

Proof. There are O(T(A)T(B)T(C)) choices for the values of T'(A),T(B), T(C) lying in
their appropriate intervals. Fixing these values, we count the number of solutions to

+T(A)S(A)? +£T(B)S(B)? £ T(C)S(C)* =0

with S(A), S(B), S(C) relatively prime and in the appropriate intervals. By Corollary 8 this

is at most
SASBSO))
¢ ((1 ’ \/ T<A>T<B>T<c>) N ) '

Hence the total number of solutions to our ABC problem with T(A), S(A), etc. lying in
appropriate intervals is

O ((T(A)T(B)T(c) n \/S(A)S(B)S(C)T(A)T(B)T(C’)> N5> .

]

We are now prepared to prove our upper bound on the number of solutions to an ABC
problem.

Proof of Theorem 2. 1t is enough to prove our Theorem after fixing S(A), T(A), v(A),
S(B),T(B),v(B), S(C), T(C),v(C) to all lie in fixed diadic intervals, since there are only
O(log(N)?) = O(N¥) choices of these intervals. It should be noted that S(n) > v(n) for all
n. By Proposition 6 we have the number of solutions is at most

O (N*thre=1+e 4 S(A)S(B)S(C)N) .

By Proposition 9, noting that N > T(A)S(A)?, T(B)S(B)?,T(C)S(C)?, we know that the
number of solutions is at most

O (N**(S(A)S(B)S(C)) ™2 + N3/2T<(S(A)S(B)S(C)) ™).

If S(A)S(B)S(C) > N this latter bound is O(N'¢) and if S(A)S(B)S(C) < N, the former
bound is O(Natote=l+e 1 N1+€) Qo in either case we have our desired bound. O
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4 Conclusion

We have proven several bounds on the number of solutions to ABC type problems. In
particular we have proven the Conjecture 1 so long as a + b+ ¢ > 2.

Our lower bounds can not be extended by this technique because if a, b, ¢ are much smaller
we will not be guaranteed that the lattices we look at will have anything more than multiples
of their shortest vector in the range we are concerned with.

Our upper bounds likely cannot be extended much either, because when S(A)S(B)S(C) ~
N, then Corollary 8 only says that we have O(N°€) solutions for each choice of the T"s. To
do better than this, we would need to show that for some reasonable fraction of T’s that
there were no solutions.



Chapter B

The Goldbach Problem for Primes in
Chebotarev Classes

1 Introduction and Statement of Results

In 1937 Vinogradov proved that any sufficiently large odd number could be written as the
sum of three primes. In addition, he managed to provide an asymptotic for the number of
ways to do so, proving (as stated in [24] Theorem 19.2)

Theorem 1 (Vinogradov, statement taken from [24] Theorem 19.2). For N a positive integer
and A any real number then

> A(m)A(n2)A(ng) = B5(N)N? + O(N?log™*(N)). (1)
Where ]
63(N) = S [[0 - -1 [[a+e-17),
pIN PN

A(n) is the Von Mangoldt function, and the asymptotic constant in the O depends on A.

It is easy to see that the contribution to the left hand side of Equation 1 coming from one
of the n; a power of prime is negligible, and thus this side of the equation may be replaced by
a sum over triples py, pa, p3 of primes that sum to N of log(p;) log(ps2) log(ps). This implies
that any sufficiently large odd number can be written as a sum of three primes since 3(N)
is bounded below by a constant for N odd.

It should also be noted that the main term, N?®3(N) can be written as

Cw [] Co
p

13
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Where

Cx = 5

-1 N
P 14+ (p—-173) else

When written this way, there is a reasonable heuristic explanation for Theorem 1. To be-
gin with, the Prime Number Theorem says that the Von Mangoldt function, is approximated
by the distribution assigning 1 to each positive integer. C,, provides an approximation to
the number of solutions based on this heuristic. The C, can be thought of as corrections
to this heuristic. They can be thought of as local contributions coming from congruential
information about the primes p;. C, can easily be seen to be equal to

pH# {(nl,nQ,ng) € ((Z/pZ)*)3 ‘ny+ng+n3=N (mod p)}
(p—1)°

This can be thought of as a correction factor coming from the fact that no prime (except for
p) is a multiple of p. This term is the ratio of the probability that three randomly chosen
non-multiples of p add up to N modulo p divided by the probability that three randomly
chosen (arbitrary) numbers add up to N modulo p.

There have been a number of generalizations to Theorem 1 over the years. &(N) is viewed
in the light described above, it is straightforward to generalize Theorem 1 to find asymptotics
for the number of solutions to any linear equation in at least three prime numbers. In
particular for fixed non-zero integers ay,...,a; (kK > 3), and integers X and N, one can
prove a formula similar to Equation 1 to approximate the sum over primes py,...,pr < X so
that Zle a;p; = N of Hle log(p;). Furthermore if k£ = 2, one can show that the analogous
formula will hold for all but O(X log™? (X)) of the possible values for N.

In [60], this result was generalized to counting the number of representations of N as a
sum of three primes all within approximately N°/¢ of N/3. In [54], bounds on the number
of ways of writing N as sums of primes were made explicit enough to prove that any even
natural number could be written as the sum of at most 18 primes. Other generalizations
include [50] and [61], which generalize the Goldbach problem to number fields, and count the
number of ways of writing elements of the ring of integers as a sum of elements generating
prime ideals. Several papers, such as [19] and [46], deal with the problem of writing N as a
sum of primes each taken from a specified arithmetic progression.

In this Chapter, we prove a new generalization of Theorem 1, counting solutions to similar
equations where in addition the primes p; are required to lie in specified Chebotarev classes.
In particular, after fixing Galois extensions K;/Q and conjugacy classes C; of Gal(K;/Q), we
find an asymptotic for the sum of Hle log(p;) over primes py, ..., pr < X so that [K;/Q, p;] =
C; for each 7 and Zle a;p; = N. Note that the results on writing N as a sum of primes

and




CHAPTER B. CHEBOTAREV GOLDBACH PROBLEM 15

from arithmetic progressions, will follow as a special case of this when K is abelian over Q
(although our bounds are probably worse). In particular we prove:

Theorem 2. Let k > 3 be an integer. Let K;/Q be finite Galois extensions (1 < i < k) and
G; = Gal(K;/Q). Let ay,...,a; be non-zero integers with no common divisor. Let C; be a
conjugacy class of G; for each i. Let K be the maximal abelian extension of Q contained in
K;, and let D; be its discriminant. Let D be the least common multiple of the D;. Let Hi0
be the subgroup of (Z/DZ)* corresponding to K¢ via global class field theory. Let H; be the
coset of HY corresponding to the projection of an element of C; to Gal(K¢/Q). Additionally
let N be an integer and let A and X be positive numbers, then

5 - (11
pi <X i=1 i=1

[K/Q,pi]=C;
> aipi=N

) CChp HC’p +0 (Xk_llog_A(X)) : (2)
piD

Where the sum on the right hand side is over sets of prime numbers py, ..., pg, each at most
X, so that Zle a;p; = N, and so that the Artin symbol [K;/Q,p;] lands in the conjugacy
class C; of G for all 1 < i < k. On the right hand side,

k
0
Cy = /ziE[O,X] <Z ala—xl> dri ANdza A\ ... A dxk,

Zi a;x; =N =1

co D (#{(xi) € (Z) DL : x: € H, ¥ @z =N (mod D)}> |
[T [Hi]

and the second product is over primes p not dividing D of

#{(w:) € (Z/p2)")" : Ti_ aiwi =N (mod D)}
C,=p - .
(p—1)
The implied constant in the O term may depend on k, K;, C;,a;, and A, but not on X or

N. Additionally, if k = 2 and K;,C;,a;, A, X are fized, then Equation (2) holds for all but
O(X log= (X)) walues of N.

The introduction of Chebotarev classes leads to two main differences between our asymp-
totic and the classical one. For one, the Chebotarev Density Theorem tells us that there
are fewer primes in these Chebotarev classes than out of them and causes us to introduce

a factor of Hle (%) Secondly, Global Class Field Theory tells us that the prime p; will

necessarily lie in the subset H; of (Z/DZ)*, giving us the correction factor Cp rather than
le p Cp to account for required congruence relations that these primes satisty.
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It should be noted that the error term is o(X*log(X)™!), whereas if N is bounded
away from both the largest and smallest possible values that can be taken by > . a;z; for
z; € [0, X], then C,, will be on the order of X*~!. For K;, C; fixed, the first term on the
right hand side is a constant. Cp is either 0 or is bounded away from both 0 and co. Lastly,
for pt Dn ], a;, inclusion-exclusion tells us that C,, = 1 4+ O(p~2), and for p|N, p{ D[], a,
Cp = 14 O(p~'). This means that unless C), = 0 for some p, [[, C, is within a bounded
multiple of [, (1 +O(p~")) = exp(O(logloglog N')). Therefore, unless Cp =0, C;, = 0 for
some p, or N is near the boundary of the available range, the main term on the right hand
side of Equation 2 dominates the error.

2 Overview

Our proof will closely mimic the proof in [24] of Theorem 1. We provide a brief overview of
the proof given in [24], discuss our generalization and provide an outline for the rest of the
Chapter.

2.1 The Proof of Theorem 1

On a very generally level, the proof given in [24] depends on writing
A=A+ N

Here Af is a nice approximation to the Von Mangoldt function obtained essentially by Sieving
out multiples of small primes and A is an error term. It is relatively easy to deal with the

Yo NN (ng)A¥(ng),

ni+na+n3=N

yielding the main term in Equation 1. This leaves additional terms, each involving at least
one A’. These terms are dealt with by showing that A” is small in the sense that its generating
function has small L*> norm.
To prove this bound on A”, they make use of [24] Theorem 13.10, which states that for
any A
Z p(m)e*™ ™ < xlog™(x)

m<x

(p is the Mobius function) with the implied constant depending only on A. This in turn is
proved by splitting into cases based on whether or not « is near a rational number of small
denominator.

If « is close to a rational number, the sum can be bounded through the use of Dirichlet
L-functions. They prove bounds on Y _ x(n)u(n) for x a Dirichlet character ([24] (5.80)).

n<x
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To prove this, their main ingredients are their Theorem 5.13, which gives bounds on the
sums of coefficients of the logarithmic derivative of an L-function, along with some bounds
on zero-free regions and Siegel zeroes.

If « is not well approximated by a rational number with small denominator, their bound
is proved by rewriting the sum using some combinatorial identities ([24] (13.39)) and using
the quadratic form trick. (Their actual bound is given in [24] Theorem 13.9.)

2.2 Outline of Our Proof

Our proof of Theorem 2 is similar in spirit to the proof of Theorem 1 given in [24]. We differ
in a few ways, some just in the way we choose to organize our information and some from
necessary complications due to the increased generality. We provide below and outline of
our proof and a comparison of our techniques to those used in [24].

Instead of dealing directly with A, A* and A’ as is done in [24], we instead deal directly
with their generating functions. In Section 3.1, we define G, which is our equivalent of the
generating function for A. As it turns out, G is somewhat difficult to deal with directly, so we
define a related function F', that is better suited for techniques involving Hecke L-functions.
In Proposition 3 we prove that we can write G approximately as an appropriate sum of F’s.

In Section 3.2 we define G* and G, which are analogues of the generating functions for
Af and A°. We also define analogous F* and F°. We do our sieving to write G* slightly
differently than the way [24] does to define A, essentially writing our version of A as a
product of local factors. This will later on produce some sums over smooth numbers, so in
Lemma 6 we bound the number of smooth numbers, so that we may bound errors coming
from sums over them.

We next work on proving that F’ has small L™ norm (this is somewhat equivalent to
[24] showing that generating functions of A* or u are small). As in [24], we split into two
cases based on whether or not we are near a rational number.

In Section 4.1 we deal with the approximation near rationals. First, in Section 4.1.1, we
generalize some necessary results about L-functions and Siegel zeroes. In Section 4.1.2, we
use these to produce an approximation of F', and in Section 4.1.3, we show that this also
approximates F*.

In Section 4.2, we deal with showing that F” is small away from rationals. This is where
we need to most diverge from the proof in [24]. The primary reason for this is that the
classical case reduces the problem to bounds on trigonometric sums, which are relatively
easy. Unfortunately, the analogue of these sums in our setting is a sum over ideals a of
e?™eN(@) or something similar. In order to deal with these sums, we need some results
about when multiples of a number with poor rational approximation have a good rational
approximation (in Section 4.2.2). In Section 4.2.3, we use this result to prove bound on sums
of the type described above, and in Section 4.2.4 use these bounds to prove bounds on F'.
In Section 4.2.1 we prove bounds for F#. Combining these bounds, we obtain bounds on F”.
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In Section, 5 we use our bounds on F” to prove bounds on G”. Finally, in Section 6, we
use this bound to prove Theorem 2. In Section 6.1, we introduce the appropriate product
generating functions, and deal with the terms coming from G”’s. In Section 6.2, we produce
the main term of our Theorem.

Finally, in Section 7, we show an application of our Theorem to constructing elliptic
curves whose discriminants split completely over specified number fields.

3 Preliminaries

In this Section, we introduce some of the basic terminology and results that will be used
throughout the rest of the Chapter. In Section 3.1, we define the functions F' and G along
with some of the basic facts relating them. In Section 3.2, we define F* and G* along with
some related terminology and again prove some basic facts. Finally, in Section 3.3, we prove
a result on the distribution of smooth numbers that will prove useful to us later.

3.1 G and F
We begin with a standard definition:
Definition. Let e(z) denote the function e(z) = e*™=.

We now define G as the generating function for the set primes p < X with [K/Q,p| = C
each weighted by log(p).

Definition. Suppose that K/Q is a finite Galois extension, G = Gal(K/Q), C a conjugacy
class of G, and X a positive real number. We then define the generating function

Grox(a)= Y log(pe(ap).

p<X
[K/Q,p]=C

Where the sum is over primes, p, with p < X and [K/Q,p| = C.

G is a little awkward to deal with and we would rather work with a related function
defined in terms of characters. We first need one auxiliary definition:

Definition. Let L/Q be a number field. Let Aj be the Von Mangoldt function on ideals of
L, Ay : {Ideals of L} — R defined by

Aula) = {mg(N(p)) ifa=p"

o otherwise

which assigns log(N(p)) to a power of a prime ideal p, and 0 to ideals that are not powers
of primes.
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We now define

Definition. If L/Q is a number field, & a Grossencharacter of L, and X a positive number,

define the function
Frex(a Z Ap(a Je(aN(a)).

Where the sum above is over ideals a ofL with norm at most X.

Notice that the sum in the definition of F' is determined up to O(v/X) by the terms
coming from a a prime splitting completely over Q.

For both F' and G, we will often suppress some of the subscripts when they are clear
from context. We now demonstrate the relationship between I’ and G.

Proposition 3. Let K and C be as above. Pick a c € C. Let L C K be the fized field of c.
Then we have that

Greoxla) = G <ZX Fix(a >+0<¢_> )

Where the sum is over characters x of the subgroup (c¢) C G, which, by global class field
theory, can be thought of as characters of L.

Proof. We begin by considering the sum on the right hand side of Equation (3). It is equal
to

ZY(C)FL,X,X(OO = Z Z Ar(a)x(c)x(a)e(aN(a))

X N(a)<X

= Z Ar(a ZX ([K/L,a])
= ord(c Z Ap(a)e(aN(a)).

[K/L a]

Up to an error of O(v X), we can ignore the contributions from elements whose norms are
powers of primes, because there are O(v/ X /log(X)) higher powers of primes with norm at
most X. Therefore the above equals

od(e) 3 log(N(p)e(aN(p) + O(VX).
[I]}]/(E),E]):(c
N(p) is prime
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We need to determine now which primes p € Z are the norm of an ideal p of L with
[K/L,p] = ¢, and for such p, how many such p lie over it. Each such p must have only one
prime q of K over it and it must be the case that [K/Q,q] = ¢. Hence the p we wish to
find are exactly those that have a prime q lying over them with [K/Q,q] = ¢. These are
exactly the primes p so that [K/Q, p] = C. Hence the term e(an) appears in the above sum
if and only if n is a prime p with [K/Q,p] = C. We next need to compute the coefficient
of this term. The coefficient will be ord(c)log(p) times the number of primes p of L over p
with [K/Q,p] = c¢. These primes are in 1-1 correspondence with primes q of K over p with

G|

[K/Q,q] = c. Now for such p, there will be OEL) primes of K over it, and Clord(d) of them

will have the correct Artin symbol. Hence the coefficient of e(ap) for such p will be exactly

% log(p). Therefore the sum on the right hand side of Equation (3) is

1Gl

B > log(p)e(ap) + O(VX).

p<X
[K/Q,p]=C

Multiplying by % completes the proof of the Proposition. m

3.2 Local Approximations

Here we define some simpler functions meant to approximate ' and G. In order to do so we
will need a number of auxiliary definitions:

Definition. For p a prime let

0 if pln
Ap(n) = {
—— else
A, can be thought of as a local approximation to the Von Mangoldt function, based only
on the residue of n modulo p. Putting these functions together we get

Definition. Let z be a positive real. Define a function A, by

As(n) = [T Ap(n) =

{O if p|n for some prime p < z
p<z

[I,-. 1_—;,1 otherwise
Note that by slight abuse of notation we have already defined several functions denoted
by A with some subscript. We will disambiguate these by context and by consistently using
subscripts either the same as or nearly identical to those used in the original definition (so
A, will always use z as its subscript, even though this represents a variable).
There are also some related definitions which will prove useful later.
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Definition. Let

p<z
P(z)=]]»
p<z
P(z,q)= ][] »
p<z,plq

We note that

that

Am)=0() Y N(d).({é if(n,q)=1>7

otherwise

and that
C(z) = O(log(2)).
We will need some other local contributions to the Von Mangoldt function to take into
account splitting information. In particular we define:

Definition. Let K/Q be a Galois extension and C C G = Gal(K/Q) a conjugacy class of
the Galois group. Let the image of C in G® correspond via Global Class Field Theory to a
coset H of some subgroup of (Z/DgZ)* for Dk the discriminant of K. We define Ak ¢ to
be the arithmetic function:

¢(Dk) :
AKO(”): [H| ifne H .
’ 0 otherwise

This accounts for the congruence conditions implied by n being a prime with Artin symbol

C.

Definition. Let L be a number field. Consider the image of Gal(Q/L) in Gal(Q/Q).
By global class field theory, this corresponds to a subgroup Hyp of (Z/DpZ)* for Dy the
discriminant of L. Let

¢(Dr) ifn e Hy,

Apsg(n) = { el

0 otherwise

Ap@ accounts for the congruence conditions that are implied by being a norm from L
down to Q.
We are now prepared to define our approximations F* and G* to F and G.
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Definition. For K/Q Galois, C a conjugacy class in Gal(K/Q), and z and X positive
numbers, we define the generating function

Gy () = % S Akce(m)As(m)e(an).

We also let
G%’,C,X,z(a) =Grex(a) — GﬂK,C,X,z(Of)-

Definition. For L/Q a number field, & a Grossencharacter of L, X and z positive numbers,
we define the function

2n<x Arsa(n)As(n)x(n)e(an) if € =xo Nijg

0 otherwise

Fﬁ,g,x,z(a) = {

where the first case is if £ can be written as x o N g for some Dirichlet character x. We
note that although there may be several Dirichlet characters x so that § = Ny g o X, that the
product of x(n) with Ar,g(n) is independent of the choice of such a x. We also let

Fz,g,x,z@é) = Frex(a)— Fg,g,x,z@é)-

Again for these functions we will often suppress some of the subscripts.
We claim that F* and G* are good approximations of F' and G, and in particular we will
prove that:

Theorem 4. Let K/Q be a finite Galois extension, and let C be a conjugacy class of
Gal(K/Q). Let A be a positive number and B a sufficiently large multiple of A. Then
if X is a positive number, z = log®(X), and o any real number, then

|G cx.-(a)] = O (X1log™(X)), (4)
where the implied constant depends on K,C, A, and B, but not on X or a.

Theorem 5. Given L/Q a number field, and § a Grossencharacter of L, let A be a positive
number and B a sufficiently large multiple of A. Then if X is a positive number, z =
log?(X), and o any real number, then

|F} e x.(a)] = O (Xlog (X)), (5)
where the implied constant depends on L,&, A, and B, but not on X or a.

The proofs of these Theorems will be the bulk of Sections 4 and 5.
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3.3 Smooth Numbers

We also need some results on the distribution of smooth numbers. We begin with a definition:

Definition. Let S(z,Y) be the number of n <Y so that n|P(z). In other words the number
of n <Y so that n is squarefree and has no prime factors bigger than z.

We will need the following bound on S(z,Y):
Lemma 6. If z = log®(X) and Y < X, then

S(,Y) < ¥V exp (0(/log(X))

Proof. Notice that

141200

/—0 S(Zy Z/)dy = % (8(8 + 1))71 H(l _i_p*S)YerldS.

Note that for R(s) > 3,

[[a+p)

p<z

21—9?(5)
<o (=5)

Changing the line of integration to 1 — R(s) = %, we get that the integrand is at most

s72Y 271/ (2B) exp (O( log(X))). Integrating and evaluating at 2Y, we get that

exp (Zp_s + O(l))

p<z

2Y
Y2-1/@B) oy, (O( log(X))> > S(z,y)dy >YS(z,Y),

y=0

proving our result. O

4 Approximation of F

In this Section, we will prove Theorem 5, restated here:

Theorem 5. Given L/Q a number field, and £ a Grossencharacter of L, let A be a positive
number and B a sufficiently large multiple of A. Then if X is a positive number, z =
log?(X), and o any real number, then

|Fz,g,x,z(a)| =0 (X log‘A(X)) )

where the implied constant depends on L,&, A, and B, but not on X or «.
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In order to prove Theorem 5, we will split into cases based upon whether « is well
approximated by a rational number of small denominator. If it is (the smooth case), we
proceed to use the theory of L-functions to approximate F'. If « is not well approximated
(the rough case), we generalize results on exponential sums over primes to show that |F| is
small. In either case, F* is not difficult to approximate.

We note that by Dirichlet’s approximation Theorem, we can always find a pair (a, ¢) with
a and q relatively prime and ¢ < M = ©(X log ?(X)) with ‘a — %‘ < qLM. We consider the
smooth case to be the one where ¢ < z.

4.1 «o Smooth
In this Section, we will prove the following Proposition:

Proposition 7. Let L be a number field, and & a Grossencharacter. If z = log?(X), Y < X

and o = 9 with a and q relatively prime and q < z, then for some constant ¢ > 0 (depending

only on L ¢ and B),

1B} eyal0)] = O (X exp (—e/log(X) )

We note that this result can easily be extended to all smooth «. In particular we have:

Corollary 8. Let L and & be as above. Let A be a constant, and B a sufficiently large
multiple of A. Let z = logB(X). Suppose that o = %—1-0 with a and q relatively prime, ¢ < z

and 6] < qiM. Then
|F7 e x.2(a)| = O(X log™" (X))

Proof (Given Proposition 7). Letting FE@X (@) = >, <x ane(an), we have by Abel summa-

tion and Proposition 7 that

Frex@) = X ae (%) cu0)

q

(1— e (YZ; Fiey (-) Yé’)) +Fley (%) e((X + 1)0)

= X1og”(X) ) 0 (Xlog™*P(X)) + O (X log™*(X))

Y<X

=0 (Xlog (X)) .
O

In order to prove Proposition 7, we will need to separately approximate F and F*. For
the former, we will also need to review some basic facts about Hecke L-functions.
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4.1.1 Results on L-functions

Fix a number field L and a Grossencharacter £. We consider Hecke L-functions of the form
L(&x, s) where x is a Dirichlet character of modulus ¢ < z = log?(X) thought of as a
Grossencharacter via x(a) = x(Nzg(a)). We let d be the degree of L over Q, and let Dy,
be the discriminant. We let m be the modulus of the character £, and ¢ the modulus of
X- We note that £x has modulus at most gm. Therefore by [24], in the paragraph above
Theorem 5.35, L(£x) has conductor q < 44|dg|N(m)q?, and by Theorem 5.35 of [24], for
some constant ¢ depending only on L, L(£x, s) has no zero in the region

C

7> Tog(dr N () (1] + 3))

except for possibly one Siegel zero. Note also that L(£x,s) has a simple pole at s = 1 if
¢ = x, and otherwise is holomorphic. Noting that

_L/ gX?
E Ar(
§X7 L é‘X ) )

and that the n=* coefficient of the above is at most dlog(n), we may apply Theorem 5.13 of
[24] and obtain for a suitable constant ¢ > 0,

S As(@é(@la) - (®
N(a)<Y

_Y_ﬁ o —clogY o d 4
=20 (vew (S n B a4 001,

where the term %ﬁ should be taken with 8 the Siegel zero if it exists; r = 0 unless &y = 1,
in which case, » = 1; and the implied constants may depend on L, & but not on y or Y.

In order to make use of Equation 6, we will need to prove bounds on the size of Siegel
zeroes. In particular we show that:

Lemma 9. For all L and &, and all € > 0, there exists a c(€) > 0 so that for every Dirichlet
character x of modulus q and every Siegel zero 8 of L(£x, s),

g>1-— @

Proof. We follow the proof of Theorem 5.28 part 2 from [24], and note the places where we dif-

fer. We note that Theorem 5.35 states that we only need by concerned when £ is totally real.

We then consider two such y having Siegel zeros. We use, L(s) = (r(s)L(€x1, 8)L(Ex2, ) L(E2x1X2),
which has conductor O(q;¢2)? instead of the analogous one from [24]. This gives us a convex-

ity bound on the integral term of O((q1q2)%2'~"), instead of the one listed. Again assuming
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that 8 > 3/4, we take x > c(q1¢2)*¢. We notice that we still have (5.64) for o > 1 —1/d suf-
ficiently large by noting that |3~y <, X (a)] = O(z'~Y4 + max(x,q)). Therefore, Equation
(5.75) of [24] becomes

L(€x2,1) > (1 — B1)(q1g2) "7V (log(q1¢)) 2.

The rest of the argument from [24] carries over more or less directly. O

4.1.2 Approximation of F
We prove
Proposition 10. With L., x,Y,r as above, X >Y and z = log®(X),

Frewy(0) =rY +0 (X exp(—cﬁ)) . (7)

Where again ¢ depends on L,& but not x, X,Y.
Proof. Applying Lemma 9 with e =1 — 1/(2B) to Equation 6, we get that

B

> As@@xa) =Y — 7+ O (Xexp(-cy/og(X)))
N(@)<Y

—rY +0 <Y exp(—c(e) 10g(Y)>
+0 <X exp(—c\/log(X)))
= 1Y +0 (X exp(—cy/log(X))

4.1.3 Approximation of F*
Proposition 11. With L., x, X,Y,r as above, z = log”(X),

Fé,gx,Ym) =rY+0 (X eXp(—cﬁ)) :

Proof. If £x is not of the form x' o Ny g, then F* = 0 and we are done. Otherwise let x be
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as above with y’ a character of modulus ¢’. We have that

Fiovy(0) =) Arjo(m)As(n)x'(n)

n<Y

Y Y pld)Agn)y (n)

n<Y d|(P(z,¢'Dy)n)

=Cz) Y. D ndAyem)x ()

d|P(z,q’ D) n=dm<Y

=0(z) Y wdxX(@d) Y Aygldm)x (m).

d|P(z,¢'DL) m<Y/d

Consider for a moment the inner sum over m. It is periodic with period dividing ¢’ Dy. Note
that the{ sum over a period is 0 unless x’ is trivial on Hp, in which case the average value is
X’ (d)M. Since r = 1 if x’ vanishes on H;, and r = 0 otherwise, we have that:

Fi vy (0)=C(2) (M) > (% - O(q’DL)> .

D

L

g d|P(zqD1)
<y

The sum of error term here is at most O (C'(2)¢S(z,Y")) which by Lemma 6 is O <Y1_1/(23) log®(2)g exp(O(y/

The remaining term is
'D d
rYC(z)¢(q L) 3 pud)

D d
TEL 4p(zq'Dy)
d<y

The error introduced by extending the sum to all d|P(z,¢' Dy) is at most

0 (YC(z) /Y h S(z,y)dey) |

o) (YHWB) log(2) exp(O( 1og(X)))) .

Once we have extended the sum we are left with

$(¢'Dyr) p(d) o(q'Dr)\ (¢(P(2,4' D))
e ¢ D dP(zzq;D )T _TYO(Z)< q'Dy ) ( P(z,¢'Dr) )

By Lemma 6 this is

e (43)

=rY.
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Hence
Fﬁ,gx,y,z(o) =rY +0 (Yl_l/(w) logQ(z)q2 exp(O( log(X))))

=rY +0 (X exp(—cﬁ)) :

O
4.1.4 Proof of Proposition 7
Proof. Combining Propositions 10 and 11 we obtain that
FEﬁX’Y’Z(O) =0 (X exp(—C\/Y)) :
Our Proposition follows immediately after noting that
b a b
FL7§7X7Z <_> = Z eXFL,Ex,X,z<O)'
q x mod ¢q
Where e, is the appropriate Gauss sum. O

4.2 « Rough

In this Section, we will show that |F”(«)| is small for o not well approximated by a rational
of small denominator. We will do this by showing that both |F(a)| and |F*(«)| are small.
The proof of the latter will resemble the proof of Proposition 11. The proof of the former
will require some machinery including some Lemmas about rational approximations and
exponential sums of polynomials.

4.2.1 Bounds on F*

Proposition 12. Fiz L a number field, and £ a Grossencharacter. Fix B and let z =
log?(X). Let o be a real number. If there exist relatively prime integers a and q so that

then, \Fg,&z(a)\ is

O (X log(X) log(=)a™" + qlog(g) log(2) + X'~/ exp(O(v/l0g (X)) )
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Proof. We note that the result is trivial unless { = Ny g(x) for some Dirichlet character x
of modulus (). Hence we may assume that

Ff.(a) =Y Apg(n)A.(n)x(n)e(an).

n<X

Let Dy, be the discriminant of L. We note that

F}e.(a) =) Apjgn)A.(n)x(n)e(an)

n<X

Y D pdALgn)x(n)e(an)

n<X d|(n,P(2,QDyL))

=C(z) Y. ) > Apjg(dm)x(m)e(adm)

d\P(z,QDL) md=n<X

=0 |C(z) Z Z A jg(dm)x(m)e(adm)

d|P(2,QDyr) |[m<X/d

In order to analyze the last sum, we split it up based on the conjugacy class of m modulo
@Dy. Each new sum is geometric series with ratio of terms e(a@Q Dyd). Hence we can bound

this sum as min (%, %), where ||z|| is the distance from z to the nearest integer.

Therefore we have that |F% _(a)| is

X QD )
0| C(2) Z min ( T W) +C(2)X4BS (2, X)

dSXl_l/(‘lB)

We bound the sum in the first term by looking at what happens as d ranges over an interval
of length We get that dQDpa = xy + kQa for zy the value at the beginning of

3 D . Notice that kQDp«a is within 3l of kQ?La’

which must be distinct for different values of k. Hence none of the fractional parts of

dQDpa can be within 3—1q of each other. Hence the sum over this range of d is at most

%+§?(3D;) + 2(§/D2;) =0 ( T +3¢QD log(q)) . Furthermore the % term does not show up in

the first such 1nterval, since when d = 0, dQ Dy« is an integer. We have 3Q Dy X'~1/(4B) /¢ +1
of these intervals. Therefore, the first term is at most

3QD

3QDLxl71/(4B)

X
ol 2 Geen)

(=1

+9Q2D2 log(q) X'~ /) 1 34QD log(q)

— 0 (X log(X)g™" +1log(q) X ~V4P 4 glog(q)) .
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The other term is bounded by Lemma 6 as
O <log(z)X1_1/(4B) exp (O( 10g(X)))> .

Putting these bounds together, we get that |F£€Z(0z)| is at most

0] (X log(X)log(2)g~" + qlog(q) log(z) + X1-1/4B) eXp(O(\/log(X))) )

4.2.2 Lemmas on Rational Approximation

In the coming Sections, we will need some results on rational approximation of numbers.
In particular, we will need to know how often multiples of a given « have a good rational
approximation. In order to discuss these issues, we first make the following definition:

Definition. We say that a real number o has a rational approximation with denominator
q if there exist relatively prime integers a and q so that
1

<?.

a
a__
q

We now prove a couple of Lemmas about this definition.

Lemma 13. Let X,Y, A be positive integers. Let a be a real number with rational approz-
imation of denominator q. Suppose that for some B, that XY B! > q > B. Then for all
but

O (Y (A*?B71? + AB™" +log(AY)A* X))

of the integers n with 1 < n <Y, na has a rational approximation with denominator ¢ for
some XA™t > ¢ > A.

Proof. By Dirichlet’s approximation theorem, na always has a rational approximation %

with ¢ < XA~! and
a 1

no 7 < XA
Therefore, na lacks an appropriate rational approximation only when the above has a so-
lution for some ¢’ < A. If such is the case, then, dividing by n, we find that « is within
(¢)"'n"' XA of some rational number of denominator d so that d|ng’. Note that this error
is at most d 1 XA,

Given such a rational approximation to a with denominator d, we claim that it contributes
to at most Y A2d~! bad n’s. This is because there are at most A values of ¢’, and for each
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value of ¢/, we still need that n is a multiple of —%4~ > dA~'. Hence for each ¢, there are at

(d,q")
most Y A%2d~! bad n.

Next, we pick an integer ng. We will now consider only Y > n > ng so that an has no
suitable rational approximation. We do this by analyzing the denominators d for which some
rational number of denominator d approximates a to within X ! A(max(d, ng))~*. Suppose
that we have some d # ¢ which does this. « is within ¢~ of a number with denominator g,
and within X 'ng'A of one with denominator d. These two rational numbers differ by at
least (dg)~" and therefore

(dg)™' < g%+ X "Ang".

Hence either dg~' or X ' Ang'dg is at least 1. Hence either d > £, or

Xn noB
> 205 10

dz 24q — 2AY"

Therefore the smallest such d is at least the minimum of % and ;‘gﬁ.

Next suppose that we have two different such denominators, say d and d’. The fractions
they represent are separated by at least (dd’)~! and yet are both close to a. Therefore

(dd)™' < X'Ad™ +d7Y).

Therefore we have that max(d,d") > %. Hence there is at most one such denominator less
than %.

Next we wish to bound the number of such denominators d in a dyadic interval [K, 2K].
We note that the corresponding fractions are all within X 1AK~! of o, and that any two
are separated from each other by at least (2K )~2. Therefore the number of such d is at most
1+8KX A

To summarize we potentially have the following d each giving at most Y A%2d~! bad n’s.

e One d at least min (%, %).

e For each diadic interval [K,2K] with K > 2 at most 105X A such d’s

Notice that there are log(2AY’) such diadic intervals, and that each contributes at most
10Y A3X~! bad n’s. We also potentially have ng bad n’s from the numbers less than n.
Hence the number of n for which there is no suitable rational approximation of na is at most

O (no+YA’B™' +Y?A’B7'ng " + log(AY )Y A°X ).
Substituting ng = Y A32B~/2 yields our result. O

We will also need the following related Lemma:
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Lemma 14. Let X, A, C be positive integers. Let o be a real number with rational approxi-
mation of denominator q. Suppose that for some B > 2A, that XB~' > q > B. Then there
exists a set S of natural numbers so that

e clements of S are of size at least Q(BA™!).
e The sum of the reciprocals of the elements of S is O(A?B~! + X1 A1C).

e for all positive integers n < C, either n is a multiple of some element of S or na has
a rational approximation with some denominator ¢ with XA 'n=! > ¢ > A.

Proof. We use the same basic techniques as the proof of Lemma 13. We note that na always
has a rational approximation § accurate to within m with ¢ < XA 'n=!'. This
means that we have an appropriate rational approximation of na unless this ¢’ is less than

A. If this happens, it is the case that

a 1
a— — —
nq/ - q/XA—l

Hence to each such n we can assign a rational approximation niq, of a. The n that are

assigned to a rational approximation § are those so that

‘ a < 1

“Tal=Xxa1D

where D = ﬁ < A. Hence it suffices to let S be the set of all % where A > D, D|d and
‘ a < 1 < 1
Tl XATD = XA

We have to show that the elements of S are big enough and that the sum of their reciprocals
satisfies the appropriate bound. Note that for each such d, it contributes at most O (%) to

the sum of reciprocals.
We note that if we have any such denominator d other than ¢, o is within g2 of a rational
number of denominator ¢ and within X ~*A of one of denominator d. Hence we have that

(dg) ' < ¢+ XA
Hence "
(4 q
> 2 )7
d_mm(Q’ZA) 2 5

Note that in any case % = Q(BA™!), and hence all of the terms in S are sufficiently large.

Additionally, this s contributes at most O(A2B~!) to the sum of reciprocals.
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Next note that if we have two of these approximations with denominators d and d’' that
(dd) ' <2XAL

Therefore the second largest such d is at least v2X A1

Next we consider the contribution from all such approximations with d lying in a diadic
interval [K,2K] all of these approximations are within X 'A of a and are separated from
each other by at least #. Therefore, there are at most 1+8X tAK?. If we ensure that K is

at least V2X A~1, this is O(X ' AK?). Hence all of these d’s contribute at most O(X ' A*K)
to the sum of reciprocals. Furthermore we can ignore terms with K > AC. Taking the sum
of this over K a power of 2, we get at most O(X1A1C).

O

We will be using Lemma 14 to bound the number of ideals of L so that N(a)a has a
good rational approximation. In order to do this we will also need the following:

Lemma 15. Fix L be a number field. Let n be a positive integer, and let X and € be positive
real numbers. Then we have that:

n|N(a)
N(a)<X

> ﬁw:a(x’log:){)nf).

n|N(ab)

N(ab)<X
(The first sum is over ideals a so that n|N(a) and N(a) < X, the second over pairs of ideals
a and b, so that N(a-b) satisfies the same conditions).

Proof. We will prove the first of the two equations and note that the second follows from
a similar argument. Let d = [L : Q]. Let py,...,pr be the distinct primes dividing n. We
claim that for such an ideal a must be a multiple of some ideal ag with N(ag) = nm with
m = [, p* for some 0 < a; < d. We obtain this by starting with the ideal ap = (1) and
repeatedly multiplying by primes of a/aq whose norm is a power of one of the p; that do not
yet divide N(ag) sufficiently many times. Since this prime has norm no bigger than p¢ we
cannot overshoot by more than d — 1 factors of any p;. We note that the number of possible
values of m is k%. Since k = O(log(n)) this is O(n¢). For each value of m there are O(n¢)
ideals of norm exactly nm, and hence there are O(n¢) possible ideals ay.

We now need to bound the sum over ideals b so that the norm of agb is at most X of

ﬁ. This is at most + times the sum over ideals b of norm at most X of —+~. This latter
agb) n N(b)

sum is O(log(X)). This completes the proof. O
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4.2.3 Lemmas on Exponential Sums

We will need a Lemma on the size of exponential sums of polynomials along the lines of
Lemma 20.3 of [24]. Unfortunately, the X¢ term that shows up there will be unacceptable
for our application. So instead we prove:

Lemma 16. Pick a positive integer X. Let [X] ={1,2,...,X}. Let P be a polynomial with
leading term cx® for some integer ¢ # 0. Let o be a real number with a rational approximation
of denominator q. Then

—k

11 . 10
Ez[;q e(aP(x))| < |c|X (5 + X + ﬁ) ,

where the implied constant depends on k, but not on the coefficients of P.
Note that the 107 in the exponent is not optimal and was picked for convenience.

Proof. We proceed by induction on k. We take as a base case k = 1. Then we have that P
is a linear function with linear term c. « is within ¢2 of a rational number of denominator
q. Therefore ca is within ¢g™2 of a number of denominator between qc™! and ¢. If ¢ > ¢/2,
there is nothing to prove. Otherwise, caw cannot be within ¢7' —cq™2 = O(¢™!) of an integer.
Therefore the sum is at most O(min(X, ¢)), which clearly satisfies the desired inequality.
We now perform the induction step. We assume our inequality holds for polynomials of

smaller degree. Squaring the left hand side of our inequality, we find that
1/2

Y elaP(@))| = | Y ela(P(a)— P())

z€[X] a,be[X]

Breaking the inner sum up based on the value of n = a — b, we note that P(n + b) — P(b)
is a polynomial of degree k — 1 with leading term nckx*~!. Letting [X,] be the interval of
length X — |n| that b could be in given that b € [X] and b+ n € [X], we are left with at
most

1/2

1D ela(P(b+n) - P(b))

n€[—X,X] |be[Xn]

NS Ze(ma)(p(mnz—za(b)))

n€[-X,X] |b€[Xn]
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Let B = min(q, X*/q). We consider separately the terms in the above sum where na has
no rational approximation with denominator between B'/® and X*~'B~'/5. By Lemma 13
with parameters A = BY® B = B,Y = X, X = X*!, the number of such n is at most

O(X (B™Y° +1og(X)B*°X17)).

Each of those terms contributes O(X) to the sum and hence together they contribute at
most
O(X(Bil/lo + log(X)BIS/lOX(lfk)/Q)).

Which is within the required bounds.
For the other terms, the inductive hypothesis tells us that the sum for fixed n is at most

0 (lix (5 s Ly KB
C .
X=lnl " (X =Ja)

Summing over n and taking a square root gives an appropriate bound. O

We apply this Lemma to get a bound on exponential sums of norms of ideals of a number
field. In particular we show that:

Lemma 17. Fiz L a number field of degree d, and & a Grossencharacter of modulus m.
Then given a positive number X and a real number o which has a rational approximation of
denominator q, we have that

10~%/2
" €@e(aN(@)| =0 (x GG+t &) ) .

N(a)<X
Where the implied constant depends only on L and €.

Proof. First we split the sum up into ideal classes modulo m. In order to represent an element
of such a class we note that for ay a fixed element of such a class then other elements a in
the same class correspond to points % in some lattice in L ® R. Note that points in this
lattice overcount these ideals since if two differ by an element of Oj, they correspond to the
same ideal. On the other hand, if we take some fundamental domain of the elements of unit
norm in L ® R modulo the elements of O} that are 1 modulo m, and consider its positive
multiples, we get a smoothly bounded region, R so that ideals in this class correspond to
lattice points in R. Notice that the norm is a polynomial form of degree d on R. By taking the
intersection of R with the set of points of norm at most X we get a region Ry whose lattice
points correspond exactly to the ideals in this class of norm at most X. Let Y = (¢X)/?¢.
We attempt to partition these lattice points into segments of length Y with a particular
orientation. The number that we fail to include is proportional to Y times the surface area
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of Rx which is O(Y X'~%/4). On each segment, we attempt to approximate ¢ by a constant.
We note that on this region ¢ is a smoothly varying function of z/(N(z))'/?. Therefore the
error introduced at each point, x, is O(Y N(x)~%/4). The sum over points in Rx of N(x)~/4
is, by Abel Summation, O(f;io v~ Vddxr) = O(X'~1/4), thus producing another error of size
at most O(Y X'~1/4). We are left with a sum over O(XY ') segments of length Y of the
exponential sum of e(aN(z)). Recalling that N(x) is a polynomial of degree d with rational
leading coefficient with bounded numerator and denominator, we may (perhaps after looking
at only every k' point to make the leading coefficient integral) apply Lemma 16 and get
that the sum over each segment is

1 1 q 10—
O|l\lY|-4+=+—= .
( (q YT Yd) )
Noting that each of the error terms we introduced is less than the bound given, we are
done. 0

Abel summation yields the following Corollary.

Corollary 18. Fix L a number field of degree d, and & a Grossencharacter of modulus m.
Then given a positive number X and a real number o which has a rational approrimation of
denominator q, we have that

1 1 10-%/2
N%;X log(N(a))¢(a)e(aN(a))| = O (X log(X) (a + 1/ + )q_() ) :
4.2.4 Bounds on F

We are finally ready to prove our bound on F.

Proposition 19. Fix a number field L of degree d and a Grossencharacter €. Let X > 0
be a real number. Let o be a real number with a rational approrimation of denominator q
where XB™' > q > B for some B > 0. Then Fp ¢ x(a) is

O <X logQ(X) <B—10*d/12 +X—10*d/60 + X—10*d/10d +10gd2/2(X)B_1/12>> .

Where the asymptotic constant may depend on L and &, but not on X, q, B or «.

Note that a bound for F ¢ x(«) is already known for the case when L/Q is abelian. In
[2], they prove bounds on exponential sums over primes in an arithmetic progression. By
Class Field Theory, this is clearly equivalent to proving bounds on F' (or more precisely, G)
when L is abelian over Q. Proposition 19 can be thought of as a generalization of this result.
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Proof. Our proof is along the same lines as Theorem 13.6 of [24]. We first note that the
suitable generalization of Equation (13.39) of [24] still applies. Letting y = z = X%° (y and
z are variables used in (13.39) of [24]), we find that F ¢ x (o) equals

D> p(@)é(a) log(N(b))é(b)e(aN (a)N (b))

N(ab)<X
N(a)<X?2/5
— Y pu(b)AL(c)s(be)é(a)e(aN (be) N (a))
N(abe)<X

N(b),N(c)<Xx?2/5

D p0E)AL(E(ac)e(aN (b)N (ac) + O(XF).
N(abe)<X
N(b),N(c)>X2/5

The first term, we bound using Corollary 18 on the sum over b. Let A = BY* < X/8,
By Lemmas 14 and 15, we can bound the sum over terms where a/N(a) has no rational

approximation with denominator between A and ﬁ@ by

O (X (1og2(X> (A3B7! + X35 4%) (g))) = O (X log’(X)B7/*¥).

For other values of b, Corollary 18 bounds the sum as
O (X Tog?(x) (B4 X -5/) 1)
The second term is bounded using similar considerations. We let A = min(B/4, X/41),

and use Lemmas 14 and 15 to bound the sum over terms with b and ¢ such that N(bc)a has
no rational approximation with norm between A and ﬁ(bc) by

0 (X log®(X) (g)e (B~ + X1A4X4/5)>

=0 (X log*(X) (B~Y/*+ + X119

Using Lemma 17, we bound the sum over other values of b and ¢ as
0 (X log(x) (A~ 4 x1/50) /%)

To bound the last sum, we first change to a sum over b and 0 = a-¢. We have coefficients
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and

y(0) = Z Ar(c)é(ac).
N(S;)?ws

We note that |y(9)| < log(N(d)) < log(X). Our third term then becomes
Y. 2(0)y@)e(aN(b)N ().

N(bd)<X
N(b),N(0)>X?2/5

To this we apply the bilinear form trick. First, we split the sum over b into parts based on
which diadic interval (of the form [K,2K]), the norm of b lies in. Next, for each of these
summands, we apply Cauchy-Schwartz to bound it by

2 1/2
> lx(e)f >, > y(@)e(aN(bd))
N(b)E[K 2K] N(b)e[K,2K] | N(@)<X/N(b)
N(mfd)>X?2/5
1/2
= O(VK) > z(2)x(0")e(aN (b)(N (d) — N(2)))
N(b)€[K,2K]
N(),N(@)<X/N(b)
N(Q),N(®')>Xx?2/5
1/2

<OWKlog(X)) | > Y ea(N@) — N@)N(b))
X2/5<N(d) | N(b)€[K,2K]

X2/5<N (@) | N(b)<X/N(0)
- N(b)<X/N()

We let A = min(BY/%, X1/16), We bound terms separately based on whether or not a(N(d) —
N(?')) has a rational approximation with denominator between A and KA~'. Applying
Lemma 13 with X = K, Y = XK', A= A and B = B, we get that the number of values
of N(0) — N(?) that cause this to happen is

O (XK (B™Y5+ X¥32B 12 4 1og(X)A'K™Y)) = O(XK'B~%).
For each such difference, by the rearrangement inequality the number of 9,9’ with norms at
most X /2K with N(0) — N(?) equal to this difference is at most

X/2K
Z (Number of ideals with norm n)?.

n=1
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Letting W(n) be the number of ideals of L with norm n, we have that W?(n) is at most
72(n), where 74(n) is the number of ways of writing n as a product of d integers. This is
because W is multiplicative and if we write a power of a prime p as the norm of an ideal, a,
factoring a into its primary parts gives a representation of n as a product of d integers. We
therefore have that W?2(n) < 742(n) and hence the above sum is O(X K ! log® (X)). Hence
the total contribution from terms with such 0 and ?’ is at most

0 ((Kl/2 log(X)) (K (XK~'B~Y/9) (XK*l 1ogd2(X)>>1/2)
~0 <X log1+d2/2(X)B’1/12) .
The sum over the O(log(X)) possible values for K of the above is
0 <X 10g2+d2/2(X)B_1/12> .

On the other hand, the sum over ? and 9’ so that a(N(9) — N(?')) has a rational approxi-
mation with appropriate denominator is bounded by Lemma 17 by

0 <(K1/2 log(X)) ((XK™)* K (A7 + S 2>1/2>
= 0 (X Tog(X) (47 K1)
Summing over all of the intervals we get
0 (X log(x) (A~ 4 x-250) "%
Putting this all together, we get the desired bound for F. O]
4.3 Putting it Together

We are finally prepared to prove Theorem 5.

Proof. We note that o can always be approximated by % for some relatively prime integers
a,q with ¢ < Xlog ?(X) so that

1
o — — S o1 B oy
¢X log™7(X)

We split into cases based upon weather g < z.
If ¢ < z our result follows from Corollary 8.
If ¢ > z, our result follows from Propositions 12 and 19. O
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5 Approximation of G

In this Section, we prove Theorem 4. We restate it here:

Theorem 4. Let K/Q be a finite Galois extension, and let C be a conjugacy class of
Gal(K/Q). Let A be a positive integer and B a sufficiently large multiple of A. Then if
X is a positive number, z = log? (X), and o any real number, then

|GKCXz )| =0 (Xlog_A(X)) )

where the implied constant depends on K,C, A, B, but not on X or «.

Proof. Recall Proposition 3 which states that

Grox(o :g; <ZX o) Fpyx( >+O(\/_)

Where ¢ is some element of C, and L is the fixed field of (¢) C Gal(K/Q). Therefore we
know that G ¢ x(a) is within O(v/X) of

Applying Theorem 5, this is within O (X log™ (X ) of
C _
o (Z x<c>F£,X,X,Z<a>)
X
e "
- (52 3 MsatmAm et

x n<X

ST

n<X

Note that in the above, y is summed over characters of Gal(K/L) and that x(n) is taken
to be 0 unless y can be extended to a character of Gal(K/Q)%. We wish the evaluate the
inner sum over x for some n € Hy.

Let the kernel of the map (c) — Gal(K/Q)% be generated by ¢* for some k|ord(c). Then
x(n) is 0 unless x(c*) = 1. Therefore we can consider the sum as being over characters
x of {¢)/c¥. Taking K to be the maximal abelian subextension of K over Q, this sum is
then k if [K*/Q,n| = ¢ and 0 otherwise. Hence the sum over x is non-zero if and only if
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n € He. The index of He in Hy is [Hy, : Hg], which is in turn the size of the image of (c) in
Gal(K/Q)®, or |(c)/{(c*)| = k. Hence Az (n) Zx X(e)x(n) = Ag.c(n). Therefore Gk o x ()
is within O (X log™*(X)) of

6 Proof of Theorem 2

We now have all the tools necessary to prove Theorem 2. Our basic strategy will be as
follows. We first define a generating function H for the number of ways to write n as ), a;p;
for p; primes satisfying the appropriate conditions. It is easy to write H in terms of the
function G. First, we will show that if H is replaced by H* by replacing these G’s by G¥’s,
this will introduce only a small change (in an appropriate norm). Dealing with H* will prove
noticeably simpler than dealing with H directly. We will essentially be able to approximate
the coefficients of H* using sieving techniques. Finally we combine these results to prove the
Theorem.

6.1 Generating Functions

We begin with some basic definitions.

Definition. Let K;,C;,a;, X be as in the statement of Theorem 2. Then we define

k
SKmCi,ai,X(N) = Z Hlog(pi)'

pi<X i=1
[K:/Q,pi]=C;
> aipi=N

(i.e. the left hand side of Equation 2). We define the generating function
HKi,Ci,ai,X(a) = Z SKi,Ci,lli,X (N>€(Na)
N

Notice that this is everywhere convergent since there are only finitely many non-zero terms.

We know from basic facts about generating functions that
k
HKi:CiyaiaX<a) = H GKi,Ci,X(aia)‘ (8)
i=1

We would like to approximate the G’s by corresponding G*’s. Hence we define
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Definition.
f
HKi,Ci,ai,ZX HGK Ci,z, X al )

b ._ ﬁ
HKi,Ci,ai,z,X(a) T HKi,C'i,ai,X(O() - HKi,Ci,ai,z7X(a)'
We now prove that this is a reasonable approximation.

Lemma 20. Let A be a constant, and z = log?(X) for B a sufficiently large multiple of A.
If k> 3,
|H. ¢rarex|; = O(XF T og™4(X)).

If k=2,
}HgfzyCuamZyXb = O(X3/2 log7A<X))'
Where in the above we are taking the L' or L? norm respectively of Hg(hch%x as a function

on [0, 1].

Proof. Our basic technique is to write each of the G’s in Equation 8 as G + G” and to
expand out the resulting product. We are left with a copy of H* and a number of terms
which are each a product of k G* or G”’s, where each such term has at least one G”. We need
several facts about various norms of the Gf and G”’s. We recall that the squared L? norm
of a generating function is the sum of the squares of it’s coefficients.

e By Theorem 4, the L®-norm of G” is O (X log_QA_k(X)).
e The L>® norm of G* is clearly O (X loglog(X)).
|GF]5 = O(X loglog®(X)).

|G|3 = O(X log(X)).

e Combining the last two statements, we find that |G”|2 = O(X log(X)).

For k > 3, we note that by Cauchy-Schwartz, the L' norm of a product of & functions is
at most the products of the L? norms of two of them times the products of the L norms
of the rest. Using this and ensuring that at least one of the terms we take the L* norm of
is a G”, we obtain our bound on |H’|;.

For k = 2, we note that the L? norm of a product of two functions is at most the L2
norm of one times the L norm of the other. Applying this to our product, ensuring that
we take the L norm of a G* we get the desired bound on |H”|s. O
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6.2 Dealing with Hf

Now that we have shown that H* approximates H, it will be enough to compute the coeffi-
cients of HY.

Proposition 21. Let A be a constant, and z = logB(X) for B a sufficiently large multiple
of A. The e(Na) coefficient of Hg(i,Ci,ai,z,X<a) is given by the right hand side of Equation 2,

or i ‘C‘
1[5 C<Co | ]Gy | + 0O (X* 1 og (X))
|Gil D

i=1 """
Proof. We note that the quantity of interest is equal to

,,,,, ne<X \i=1
Z,IL-C:I CLZ'TL,L':N

First we consider the number of tuples of n; that we are summing over. Making a linear
change of variables with determinant 1 so that one of the coordinates is z = ZZ a;n;, we
notice that we are summing over the lattice points of some covolume 1 lattice in a convex
region with volume C,, and surface area O (X k’2). Therefore if some affine sublattice L
of the set of tuples of integers (n;) so that ) a;n; = n of index I is picked, the number
of tuples (n;) in our sum in this class is Cu /I + O(X*72). We can write Ag, c,(n) as
a sum of indicator functions for congruences classes of n modulo D. We can also write
A.(n) = C(2) 3o g(m.p(2) #(d) another sum of indicator functions of congruence conditions.
Hence we can write the expression in Equation 9 as a constant (which is O(C(2))*) times the
sum over certain affine sublattices of L of +1 times the number of points of the intersection
of this sublattice with our region. These sublattices are of the following form:

{n;: Zami =n,n; =z; (mod D), d;n;},

where z; are chosen elements of H; C (Z/DZ)*, and d;|P(z) are integers.
We first claim that the contribution from terms with any d; bigger than X'/(?%) is negli-
gible. In fact, these terms cannot account for more than

Xk 1 o} B B
)k Z Olloglog(X)") [ X*15(e,y)y dy
d|P Xl/(2k)
d>X1/<2k>

=0 (Xk_l_l/((w)(%)) exp (O ( log(X)))) )
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(Using Lemma 6 to bound the integral above). Throwing out these terms, we would like
to approximate the number of tuples in each sublattice by C,, divided by the appropriate
index. The error introduced by this approximation is O (log logk(X )X ’“_2) per term times

O (\/X terms. Hence we can throw this error away. So we have a sum over sets of

d;|P(z),d; < X% and x; of an appropriate constant times C.,/I. We would like to
remove the limitation that d; < X% in this sum. We note that once we get rid of the
parts of the d; that share common factors with D[], a; (for which there are finitely many
possible values), the value of I is at least gi EZ . This is because we can compute the index
separately for each prime p. If p divides some set of d; other than all of them, we are forcing
the corresponding x; to have specified values modulo p, when otherwise these values could
have been completely arbitrary. If we let d = ged(d;), then we can bound the sum of the

reciprocals of the values of I that we are missing as

0o k—1 00
kY ( / S(z, y)y‘2dy) ( / S(z, y)y‘2dy) :
y 0 X1/2R) /g

This is small by Lemma 6 and a basic computation.
We now wish to evaluate the sum over all z; and d; the sum of the appropriate constant
times % We note that if we were instead trying to evaluate

1 k k
ME-1 Z (g AszCi(ni)) (E Az(ni)) )

n; (mod M)
> ain;=N  (mod M)

for M = DP(z)[] a;, we would get exactly the above sum of }. This is because the same
inclusion exclusion applies to each computation and the number of points in each sublattice
here would be exactly } of the total points. Hence our final answer up to acceptable errors

> (M) (ITvo0)

k n; (mod M)
Ci ca;n;=N (mod M
. ( |Cil ) )3} (mod M)

| K| ME

i1

Note that A,(n) = [],<.Ap(n) is a product of terms over the congruence class of n
modulo p. Similarly Ak, ¢, (n) only depends on n modulo D. Therefore we may use the
Chinese Remainder Theorem to write the fraction above as a produce of p-primary parts
and a D-primary part.



CHAPTER B. CHEBOTAREV GOLDBACH PROBLEM 45

For pt D, p|P(z), the p-primary factor is

> (ITe)

ni (mod p)
>iain;=N  (mod p™)

()

for some n. In fact we can use n = 1 since A,(n;) only depends on n;, modulo p, and since
p does not divide all the a;, any solution to ) . a;n; = N (mod p) lifts to a solution modulo
p" in exactly p™~ D¢ =1 different ways. Hence the local factor is

= (i)

n; (mod p)
>, an=N  (mod p)
pk—l
k
() #{(n) (modp):m#0 (modp), Y am; =N (mod p)}
— pk—l
—=C,.

Next we will compute the D-primary factor. Note that by reasoning similar to the
above we can compute the factor modulo D rather than some power of D. Next we will
consider the function Ag, c;(n)[],p Ap(n). This is 0 unless n is in H;. Otherwise it is

<%> <Hp\p 1%) = IIZI‘ Hence this factor is

D #{(n;) (mod D):n; € H;,> .an; =N (mod D)}
1) (s s i

Putting these factors together we obtain our result. O]

6.3 Putting it Together
We are finally able to prove Theorem 2

Proof. Let B be a sufficiently large multiple of A, and z = log”(X).
For k& > 3 we have that

1
SKz',Cz‘,ai,X(N) :/ HKmCi,az‘,X(a)e(_Na)'
0
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By Lemma 20 this is
1
/ H?(hoi,ai,z,X(a)e(_Na)
0

up to acceptable errors. This is the e(Na) coefficient of H %Clalz + (@), which by Proposition
21 is as desired.

For k = 2, we let Tk, ¢;.q0;,x(IN) be the corresponding right hand side of Equation 2. It
will suffice to show that

Z (SKi,Ci>ai7X(N> - TKmCi,ai,X(N))Q = O(X3 10g72A(X>>'
In|<>2; lail X

If we define the generating function

JKhCiﬂi,X(a) - Z TKi7Ci7ai7X(N)6<Na>

INISYZ; las| X
we note that the above is equivalent to showing that
[ Hi, Craix = I Cranxlz = O(XP?log™ (X))
But by Lemma 20, we have that
|Hr,.crax — Hic. ¢yar0x2 = O(X¥?log™(X)),
and by Proposition 21, we have
Hi, cranex — JiiCranx |2 = O(X*log ™ (X)).

This completes the proof. O

7 Application

We present an application of Theorem 2 to the construction of elliptic curves whose discrim-
inants are divisible only by primes with certain splitting properties.

Theorem 22. Let K be a number field. Then there exists an elliptic curve defined over Q
so that all primes dividing its discriminant split completely over K.

Proof. We begin by assuming that K is a normal extension of Q. We will choose an elliptic
curve of the form:
vy = X* 4+ AX + B.
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Here we will let A = pq/4, B = npq® where n is a small integer and p, q are primes that split
over K. The discriminant is then

—16(4A4° +27B%) = —64p°¢® /64 — 432np*¢*
= —p°¢*(p + 432n%q).

Hence it suffices to find primes p, ¢, r that split completely over K with p + 432n%q —r = 0.
We do this by applying Theorem 2 with k£ = 3, K; = K, C; = {e}, and X large. As long as
Cp > 0and C), > 0 for all p, the main term will dominate the error and we will be guaranteed
solutions for sufficiently large X. If n = D, this will hold. This is because for Cp to be
non-zero we need to have solutions n; +0ny —n3 = 0 (mod D) with n; all in some particular
subgroup of (Z/DZ)*. This can clearly be satisfied by n; = ng. For p = 2, C,, is non-zero
since there is a solution to ny 4+ 0ns —ng = 0 (mod 2) with none of the n; divisible by 2 (take
(1,1,1)). For p > 2, we need to show that there are solutions to ny + 432D?ny — nz = 0
(mod p) with none of the n; 0 modulo p. This can be done because after picking ns, any
number can be written as a difference of non-multiples of p. O



Chapter C

Ranks of 2-Selmer Groups of Twists
Elliptic Curves

1 Introduction
Let c1, ¢9, c3 be distinct rational numbers. Let E be the elliptic curve defined by the equation
v = (x —c1)(x — c2)(w — c3).

We make the additional technical assumption that none of the (¢; — ¢;)(¢; — ¢x) are squares.
This is equivalent to saying that E is an elliptic curve over Q with complete 2-torsion and
no cyclic subgroup of order 4 defined over Q. For b a square-free number, let Ej be the twist
defined by the equation

y* = (z — bey)(z — bey) (2 — bes).

Let S be a finite set of places of QQ including 2, oo and all of the places at which E has bad
reduction. Let D be a positive integer divisible by 8 and by the primes in S. Let Sy(E}p)
denote the 2-Selmer group of the curve E,. We will be interested in how the rank varies with
b and in particular in the asymptotic density of b’s so that Sy(F}) has a given rank.

The parity of dim(S2(E,)) depends only on the class of b as an element of [, .4 Q}/(Q})*.
We claim that for exactly half of these values this dimension is odd and exactly half of the
time it is even.

Lemma 1. For exactly half of the classes ¢ in (Z/D)*/((Z/D)*)?, if we pick b a positive
representative of the class ¢ then dim(Sy(Ey)) is even.

We put off the proof of this statement until Section 4.
Let b = p1ps...p, where p; are distinct primes relatively prime to D. In [58] the rank
of Sy(Fy) is shown to depend only on the images of the p; in (Z/D)*/((Z/D)*)* and upon

48
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which p; are quadratic residues modulo which p;. There are onls +(3) possible sets of values
for these. Let m4(n) be the fraction of this set of possibilities that cause Sa(E}) to have rank
exactly d. Then the main Theorem of [58] together with Lemma 1 implies that:

Theorem 2.

lim 74(n) = ag.
n—oo
277.
@ DI,z )

where ag = a1 = 0 and apy0 = I

The actual Theorem proved in [58] says that if, in addition, the class of bin [, .4 Q% /(Q})?
is fixed, then the analogous m4(n) either converge to 2ay for d even and 0 for d odd, or to
2ay for d odd and 0 for d even.

This tells us information about the asymptotic density of twists of £ whose 2-Selmer
group has a particular rank. Unfortunately, this asymptotic density is taken in a somewhat
awkward way by letting the number of primes dividing b go to infinity. In this Chapter, we
prove the following more natural version of Theorem 2:

Theorem 3. Let E be an elliptic curve over Q with full 2-torsion defined over Q so that in
addition for E we have that

lim 74(n) = ag.
n—oo

With aq as given in Theorem 2. Then

lim #{b < N : b square-free, (b,D) =1 and dim(Sy(Ep)) = d}
N-oo #{b < N : b square-free and (b, D) = 1} B

Q.

Applying this to twists of E by divisors of D and noting that twists by squares do not
affect the Selmer rank we have that

Corollary 4.
lim #{b < N : dim(Sy(Ep)) = d}

N—oo N

agq.

and

Corollary 5.
) #{—N < b < N :dim(S3(Ep)) = d}
im -

N—o0 2N

Q.

Our technique is fairly straightforward. Our goal will be to prove that the average
moments of the size of the Selmer groups will be as expected. As it turns out, this will
be enough to determine the probability of seeing a given rank. In order to analyze the
Selmer groups we follow the method described in [58]. Here the 2-Selmer group of Ej, can
be expressed as the intersection of two Lagrangian subspaces, U and W, of a particular
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symplectic space, V', over Fy. Although U,V and W all depend on b, once the number of
primes dividing b has been fixed along with its congruence class modulo D, these spaces can
all be written conveniently in terms of the primes, p;, dividing b, which we think of as formal

variables. Using the formula |[U N W| = ﬁ > wevwew (—1)"", we reduce our problem to

bounding the size of the “characters” (—1)“* when averaged over b. These “characters”
turn out to be products of Dirichlet characters of the p; and Legendre symbols of pairs of
the p;. The bulk of our analytic work is in proving these bounds. These bounds will allow
us to discount the contribution from most of the terms in our sum (in particular the ones
in which Legendre symbols show up in a non-trivial way), and allow us to show that the
average of the remaining terms is roughly what should be expected from Swinnerton-Dyer’s
result.

We should point out the connections between our work and that of Heath-Brown in [22]
where he proves our main result for the particular curve

' = — .

We employ techniques similar to those of [22], but the algebra behind them is organized
significantly differently. Heath-Brown’s overall strategy is again to compute the average
sizes of moments of |Sy(E,)| and use these to get at the ranks. He computes |Sy(Ej)| using a
different formula than ours. Essentially what he does is use some tricks specific to his curve
to deal with the conditions relating to primes dividing D, and instead of considering each
prime individually, he groups them based on how they occur in v and w. He lets D; be the
product of all primes dividing b that relate in a particular way (indexed by 7). He then gets
a formula for |Sy(FEj)| that’s a sum over ways of writing b as a product, b = [[ D;, of some
term again involving characters of the D; and Legendre symbols. Using techniques similar
to ours he shows that terms in this sum where the Legendre symbols have a non-negligible
contribution (are not all trivial due to one of the D; being 1) can be ignored. He then uses
some algebra to show that the average of the remaining terms is the desired value. This step
differs from our technique where we merely make use of Swinnerton-Dyer’s result to compute
our average. Essentially we show that the algebra and the analysis for this problem can be
done separately and use [58] to take care of the algebra. Finally, Heath-Brown uses some
techniques from linear algebra to show that the moment bounds imply the correct densities
of ranks, while we use techniques from complex analysis.

In Section 2, we introduce some basic concepts that will be used throughout. In Section 3,
we will prove the necessary character bounds. We use these bounds in Section 4 to establish
the average moments of the size of the Selmer groups. Finally, in Section 5, we explain how
these results can be used to prove our main Theorem.
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2 Preliminaries

2.1 Asymptotic Notation

Throughout the rest of this paper we will make extensive use of O, and similar asymptotic
notation. In our notation, O(X) will denote a quantity that is at most H - X for some
absolute constant H. If we need asymptotic notation that depends on some parameters,
we will use Ogp..(X) to denote a quantity that is at most H(a,b,c) - X, where H is some
function depending only on a, b and c.

2.2 Number of Prime Divisors

In order to make use of Swinnerton-Dyer’s result, we will need to consider twists of E by
integers b < N with a specific number of prime divisors. For an integer m, we let w(m) be
the number of prime divisors of m. In our analysis, we will need to have estimates on the
number of of such b with a particular number of prime divisors. We define

I1,(N) = #{primes p < N so that w(p) = n}.
In order to deal with this we use Lemma A of [53] which states:
Lemma 6. There exist absolute constants C' and K so that for any v and x

Kz (loglogx + C)”
IT, < .
nle) < log(x) V!

By maximizing the above in terms of v it is easy to see that

1) -0 ( ).
loglog(N)

It is also easy to see from the above that most integers of size roughly N have about
loglog(N) prime factors. In particular:

Corollary 7.

Corollary 8. There is a constant ¢ > 0 so that for all N, the number of b < N with
|w(b) — loglog(N)| > loglog(N)3/* is at most

2N exp (—c\/log log(N)) :
In particular, the fraction of b < N with |w(b) — loglog(N)| < loglog(N)3* goes to 1 as N
goes to infinity.

We will use Corollary 8 to restrict our attention only to twists by b with an appropriate
number of prime divisors.
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3 Character Bounds

Our main purpose in this section will be to prove the following Propositions:

Proposition 9. Fiz positive integers D,n, N with 4|D, loglog N > 1, and (loglog N)/2 <
n < 2loglog N, and let ¢ > 0 be a real number. Let d; j,e;; € Z/2 fori,j =1,...,n with
€ij = €ji,di; =dj;,e;; =di; =0 foralli,j. Let x; be a quadratic character with modulus
dividing D for i = 1,...,n. Let m be the number of indices © so that at least one of the

following hold:
o ¢;j =1 for some j or
e \; has modulus not dividing 4 or

e X; has modulus exactly 4 and d; ; =0 for all j.

Let e(p) = (p — 1)/2. Then if m >0

% 2 sz(pi)H(—D“””E‘”)di”H<&> = 0 (e, (1)

distinct primes

Hz’ pi<N

Note that m is the number of indices ¢ so that no matter how we fix the values of p; for
the j # i that the summand on the left hand side of Equation 1 still depends on p;.

The sum can be thought of as a sum over all b = [[, p; with w(b) =n and b < N, where
the summand is a “character” defined by the x;,d; ; and e; ;. The % accounts for the different
possible reorderings of the p;. This Proposition will allow us to show that the “characters”
in which the Legendre symbols make a non-trivial appearance add a negligible contribution
to our moments.

Proposition 10. Let n, N, D be positive integers with loglog N > 1, and (loglog N)/2 <
n < 2loglog N. Let G = ((Z)D)*/((Z/D)*)>)". Let f : G — C be a function with |f|. < 1.
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Then

L >, fonpa) (2)

T Plyees Pn
distinct primes

Hipz‘SN

1 1 N(logloglog N)
= | = — 1 O .
(\G! ZGf(g)> nl Z & ( log log N
g€ distinct primes
Hi pi<N

(Above f(p1,...,pn) is really f applied to the vector of their reductions modulo D).

Note that again, the sum can be thought of as a sum over all b = [, p; with b < N and
w(b) = n. This Proposition says that the average of f over such b = [[, p; is roughly equal to
the average of f over G. This will allow us to show that the average value of the remaining
terms in our moment calculation equal what we would expect given Swinnerton-Dyer’s result.

We begin with a Proposition that gives a more precise form of Proposition 9 in the case
when the e, ; are all 0.

Proposition 11. Let D,n, N be integers with 4|D with loglog N > 1. Let C' > 0 be a real
number. Let d;; € Z/2 fori,j =1,...,n with d;,; = d;;,d;; = 0. Let x; be a quadratic
character of modulus dividing D for ¢ = 1,...,n. Suppose that no Dirichlet character of
modulus dividing D has an associated Siegel zero larger than 1 — 371, Let

B = maX(e(C+2)f31°g logN7 6K(C+2)2(10g D)Q(loglog(DN))Q’ nlogc+2(N))

for K a sufficiently large absolute constant. Suppose that B" < v/ N. Let m be the number
of indices i so that either:

e \; does not have modulus dividing 4 or

o Xi has modulus exactly 4 and d; ; = 0 for all j.
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Then

% 3 H i) [ (— 1) et (3)

-5Pn 1<j
dastmct przmes

Hi piSN

=0 (10g+g(m> (O (%)m + O(logN)_C) :

Note once again that m is the number of i so that if the values of p; for j # i are all
fixed, the resulting summand will still depend on p;.

The basic idea of the proof will be by induction on m. If m = 0, we can bound by the
number of terms in our sum, giving a bound of I1,,(N), which we bound using Corollary 7.
If m > 0, there is some p; so that no matter how we set the other p;, our character still
depends on p;. We split into cases based on whether p; > B. If p; > B, we fix the values
of the other p;, and use bounds on character sums. For p;, < B, we note that this happens
for only about a longogB fraction of the terms in our sum, and for each possible value of p;
inductively bound the remaining sum. To deal with the first case we prove the following
Lemma:

Lemma 12. Let K be a sufficiently large constant. Take x any non-trivial Dirichlet char-
acter of modulus at most D and with no Siegel zero more than 1 — =1, N,C > 0 integers,
and X any integer with

X > mem(e((ﬂﬂ)ﬁlogIOgN7 eK(C+2)2(10gD)Q(loglog(DN))Q)'
Then

> x(p)

p<X

< O(X1log “72(N)).

Where the sum above is over primes p less than or equal to X.

Proof. [24] Theorem 5.27 implies that for any X that for some constant ¢ > 0,
—cy/log(Y
ZX =vyo [y " + exp Lg() (log D)* | .
= log D

Note that the contribution to the above coming from n a power of a prime is O(\/7 ). Using
Abel summation to reduce this to a sum over p of x(p) rather than x(p) log(p), we find that

> xlp) < X0 (Xﬁ_l + exp (%@) (log D)4> +0(VX).

p<X
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The former term is sufficiently small since by assumption X > e(C+2)8loglogN = The Jatter
term is small enough since X > K (C+2?(ogD)*(logloa(DN))* The Jast term is small enough
since clearly X > log?“™(N). O

For positive integers n, N, D, and S a set of prime numbers, denote by Q(n, N, D, k, S)
the maximum possible absolute value of a sum of the form given in Equation 3 with m > k,
with the added restriction that none of the p; lie in S. In particular a sum of the form

% Z H Xi(pi) H(—l)g(pi)e(pj)di’j

" P1yeePn i<j
distinct primes

PigS
Hi pi<N

where x; are characters of modulus dividing D, and d; ; € {0, 1}.
We write the inductive step for our main bound as follows:

Lemma 13. For integers, n, D, N, M,C and B with

B> max<€(0+2)ﬁloglogM’ eK(C+2)2(10gD)2(loglog(DM))2’nlogc+2(M))’

where 1 — B71 is the largest Siegel zero of a Dirichlet character of modulus dividing D and
K a sufficiently large constant, 1 < k <mn and S a set of primes < B, then Q(n,N, D, k,S)
as described above is at most

O(N Tog(N) log (M) + - 3~ Q(n — 1, N/p, D,k 1,5 U {p}).
p<B
pgsS

Proof. Since k > 1, there must be an ¢ so that either x; has modulus bigger than 4 or has
modulus exactly 4 and all of the d; ; are 0. Without loss of generality, n is such an index.
We split our sum into cases depending on whether p, > B. For p, > B, we proceed by
fixing all of the p; for j # n and summing over p,. Letting P = H’i:ll pi, we have

N/B

1
YL o Y
P=1"" P=pi..pp—1 B<pp,<N/P

p; distinct Prn#Dj

DPigS

(D,P)=1
where a is some constant of norm 1 depending on p; ...p,_1, and Y is a non-trivial character
of modulus dividing D, perhaps also depending on py, ..., p,—1. The condition that p, # p;
alters the value of the inner sum by at most n. With this condition removed, we may bound

the inner sum by applying Lemma 12 (taking the difference of the terms with X = N/P



CHAPTER C. 2-SELMER GROUPS o6

and X = B). Hence the value of the inner sum is at most O(N/Plog (M) +n). Since
N/P > B > nlog” (M), this is just O(N/Plog"“~?(M)). Note that for each P, there are
at most (n — 1)! ways of writing it as a product of n — 1 primes (since the primes will be
unique up to ordering). Hence, ignoring the extra 1/n factor, the sum above is at most

N/B
> " O(N/Plog™“"*(M)) = O(N log(N) log™“"*(M)).

For p, < B, we fix p, and consider the sum over the remaining p;. We note that for p a
prime not in S and relatively prime to D, this sum is plus or minus one over n times a sum
of the type bounded by Q(n — 1, N/p, D,k — 1, S U {p}). This completes our proof. ]

We are now prepared to Prove Proposition 11
Proof. We prove by induction on k that for n, N, D, C, M, 3, B as above with

B > HIaX(e(C+2)610g 108;]\47 6K(C+2)2(10g D)?(log log(DM))Q’ n 10gc+2(M))7

and S a set of primes < B that

N loglog B b
@ D) =0 (W> o (™) (4>

+ O(Nlog(N)log “3(M))> O (logl—ogB)a.

B
—_

n

e
Il
o

Plugging in M = N, k=m, S = (), and

B = max(6(0+2)ﬁlog logN’ eK(C—i—Q)?(log D)2(loglog(DN))? n logc+2(N)),

yields the necessary result.

We prove Equation 4 by induction on k. For £ = 0, the sum is at most the sum over
b = pi1...p, with appropriate conditions of % Since each such b can be written as such
a product on at most n! ways, this is at most IL,(/N), which by Corollary 7 is at most

@) (ﬁ) as desired.
For larger values of k, we use the inductive hypothesis and Lemma 13 to bound Q(n, N, D, k, S)
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by
1
O(Nlog(N)log™*(M)) + =~ > Q(n—1,N/p.D.k—1,5)

p<B

SO(Nlog(N) log~“"(M))

1 Z N 0 (loglog B)kl
negD \/loglog N/pB"—1 n—1

| ) =2 loglogB
+ - Z —O(Nlog(N)log™© O
-0

n—1
p<B a

<O(Nlog(N)log™“*(M))

L0 N O(loglogB)
V/loglog N/B" n

+O(Nlog(N)log=“(M)) Y O (bglﬂ)

k
<0 N o <loglog B)
V/loglog N/B" n
k 1
+ O(N log(N)log™® @) (log logB)
=0

a

Above we use that Zp<B = O(loglog B) and that + (—) =0 <( )aH) for a < mn. This
completes the inductive hypothesis, proving Equatlon 4, and completing the proof. O

We are now prepared to prove Proposition 10

Proof. First note that we can assume that 4|D. This is because if that is not the case, we
can split our sum up into two cases, one where none of the p; are 2, and one where one of
the p; is 2. In either case we get a sum of the same form but now can assume that D is
divisible by 4. We assume this so that we can use Proposition 11.

It is clear that the difference between the left hand side of Equation 2 and the main term
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on the right hand side is

1 1
& Sola X ) (Zf(g)x(g)>
eI} | Bk e 9e¢
(D,pi)=1
H»LPZSN

Using Cauchy-Schwarz we find that this is at most

oy 1/2

1

A " P1yesPn
XeG\{1} distinct primes

Hi pi<N

We note that |f|]o < /|G| and hence that ‘—g;'\/|GHf|2 < 1. Bounding the character sum

using Proposition 11 (using the minimal possible value of B), we get O (%) times
log log log N\ **
Z Op loglog N ‘
xeG\{1}

Where above s is the number of components on which x (thought of as a product of characters
of (Z/DZ)*) is non-trivial. Since each component of y can either be trivial or have one of
finitely many non-trivial values (each of which contributes Op((logloglog N)?/(loglog N)?))
and this can be chosen independently for each component, the inner sum is

log log log N\ * " (logloglog N)?
1+0p | —F——— - 1= O -1
( O ( loglog N PP log log N

(logloglog N)?
=0Op .
log log N

Hence the total error is at most

%l JIGIVIGI0 < (N2 1og10g10g2(N)>1/2) o, (Nlogloglog(N)).

log log?(INV) log log(NV)



CHAPTER C. 2-SELMER GROUPS 29

The proof of Proposition 9 is along the same lines as the proof of Proposition 11. Again
we induct on m. This time, we use Lemma 13 as our base case (when all of the e; ; are 0). If
some e; ; is non-zero, we break into cases based on whether or not p; and p; are larger than
some integer A (which will be some power of log(N)). If both, p; and p; are large, then fixing
the remaining primes and summing over p; and p; gives a relatively small result. Otherwise,
fixing one of these primes at a small value, we are left with a sum of a similar form over
the other primes. Unfortunately, doing this will increase our D by a factor of p;, and may
introduce characters with bad Siegel zeroes. To counteract this, we will begin by throwing
away all terms in our sum where D [[, p; is divisible by the modulus of the worst Siegel zero
in some range, and use standard results to bound the badness of other Siegel zeroes.

We begin with some Lemmas that will allow us to bound sums of Legendre symbols of
p; and p; as they vary over primes.

Lemma 14. Let Q and N be positive integers with Q*> > N. Let a be a function {1,2,..., N} —
C, supported on square-free numbers. Then we have that

S ianxm) — 0 (QVN|aP?)

X quadratic character n=1
of modulus p or 4p, <Q

where the sum is over quadratic characters whose modulus is either a prime or four times a
prime and is less than Q, and where |a]* =Y _, |an|* is the squared L? norm.

Note the similarity between this and Lemma 3 of [22].

Proof. Let M be a positive integer so that Q* < NM? < 4Q? Let b:{1,2,...,M?*} - C
be the function b,z = % and b = 0 on non-squares. Let ¢ = a x b be the multiplicative
convolution of @ and b. Note that since a is supported on square-free numbers and b supported
on squares that |c[*> = |a|*|b]* = |a|?/M. Applying the multiplicative large sieve inequality

(see [24] Theorem 7.13) to ¢ we have that

Z Z 2 cx(n)

Xmodq n

< (Q* + NM? —1)|c|*. (5)

The right hand side is easﬂy seen to be

O(Q%)al*/M = O(Q*al*/(v/Q2/N)) = O(QV'N|a|?).

For the left hand side we may note that it only becomes smaller if we remove the W
ignore the characters that are not quadratic or do not have moduli either a prime or four
times a prime. For such characters y note that

> eax(n) (Z anx(n ) (; bnx(n)> = Q) anx(n)).

n n
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Where the last equality above follows from the fact that y is 1 on squares not dividing its
modulus, and noting that since its modulus divides four times a prime, the latter case only
happens at even numbers of multiples of p. Hence the left hand side of Equation 5 is at least

a constant multiple of
2

N
> > " anx(n)
x quadratic character n=1
of modulus p or 4p, <Q
This completes our proof. O

Lemma 15. Let A < X be positive numbers, and let a,b : Z — C be functions so that
la(n)|,1b(n)| <1 for all n. We have that

S alp)b(ps) (i—) — O(X log(X)A~%).

A<p1,p2
p1p2<X

Where the above sum is over pairs of primes p; bigger than A with pips < X, and where
<§—;> is the Legendre symbol.

Proof. We first bound the sum of the terms for which p; < v/X.

We begin by partitioning [4,v/X] into O(AY*log(X)) intervals of the form [Y,Y (1 +
A~1/%)). We break up our sum based on which of these intervals p; lies in. Once such an
interval is fixed, we throw away the terms for which py > X /(Y (1 4+ A=1/4)). We note that
for such terms py;ps > X (1 4+ A=Y/*)7L. Therefore the number of such terms in our original
sum is at most O(XA~Y4), and thus throwing these away introduces an error of at most

O(XA™VY,
The sum of the remaining terms is at most

s s e

A<p2<X/(Y (1+A-Y4)) Y <p1 <Y (14+A~1/4)
By Cauchy-Schwarz, this is at most

2\ 1/2

VXY ) > am(2)

A<pa<X/(Y(1+A—1/4)) [Y<p; <Y (14+A—1/4) D2

In the evaluation of the above, we may restrict the support of a to primes between Y and
Y (1 + A7Y%). Therefore, by Lemma 14, the above is at most

VX/YO (\/(X/Y)Y1/2(YA—1/4)> -0 (XY‘1/4A‘1/8) _ O(XA—?’/S),
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Hence summing over the O(AY*log(X)) such intervals, we get a total contribution of
O(X log(X)A™Y8).

We get a similar bound on the sum of terms for which p, < v/X. Finally we need to
subtract off the sum of terms where both p; and py are at most v X. This is

P
Y X atne (2).
A<p1<VX A<pa<vX b2
This is at most

> X am ()

D2
A<pa<VX |A<p1<VX

By Cauchy-Schwarz and Lemma 14, this is at most

VX120 (VXIEXIIXT) = O(X7/%) = O(XA™%),

Hence all of our relevant factors are O(X log(X)A~'/#), thus proving our bound. O

As mentioned above, in proving Proposition 9, we are going to want to deal separately
with the terms in which D [, p; is divisible by a particular bad Siegel zero. In particular, for
X <Y, let ¢(X,Y) be the modulus of the Dirichlet character with the worst (closest to 1)
Siegel zero of any Dirichlet character with modulus between X and Y. In analogy with the
() defined in the proof of Proposition 11, for integers n, N, D, k, X,Y and a set S of primes,
we define Q(n, N, D, k, X,Y,S) to be the largest possible value of

1 AN

o X e [Qenees T (%) ©)
' g;tnﬁg primes ‘ < +<d pj
pigsS

A XYIDTI; pi
HiPiSN

where x; are Dirichlet characters of modulus dividing D, e; ;,d; ; € {0,1}, and k is at most
the number of indices 7 so that one of:

e ¢;; =1 for some j or

e \; has modulus not dividing 4 or
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e X; has modulus exactly 4 and d; ; = 0 for all j.
We wish to prove an inductive bound on (). In particular we show:

Lemma 16. Letn, N, D, k, X,Y be as above. Let 3 be a real number so that the worst Siegel
zero of a Dirichlet series of modulus at most D other than q(X,Y) is at most 1 — 3~1. Let
M, A, B,C be integers so that

B> max(e(c-i-Q)ﬁlog logM’ 6K(C+2)2(log D)2(log log(DM))Z’ n 10g0+2(M), A)

for a sufficiently large constant K. Then for S a set of primes < A, we have that Q(n, N, D, k, X,Y,S)
15 at most the mazimum of

N (0 (M)k + O(log(N)log™“*(M)) ki O (M)a>

n n
a=0
and

2
O<N10g2(N)A_1/8) + E ZQ(TL - 17N/p7 Dpak - ]-aXa Y7SU {p})
p<A

+ ﬁ Z Q(n — 2, N/pipa, Dpipa, k — 2, X, Y, S U {p1, p2}).

p1,p2<A

Proof. We consider a sum of the form given in Equation 6. If all of the e; ; are 0, we have
a form of the type handled in the proof of Proposition 11, and our sum is bounded by the
first of our two expressions by Equation 4.

Otherwise, some e; ; is 1. Without loss of generality, this is e,—1,. We can also assume
that d,,_1, = 0 since adding or removing the appropriate term is equivalent the reversing
the Legendre symbol. We split our sum into parts based on which of p,,_1, p, are at least A.
In particular we take the sum of terms with both at least A, plus the sum of terms where
Pn—1 < A plus the sum of terms with p, < A minus the sum of terms with both less than A.

First consider the case where p,_1,p, > A. First fixing the values of pi,...,p,_2, and
letting P = H?:_f p;, we consider the remaining sum over p,_; and p,. We have

2O e ().

ASPn—l;Pn
Pn—17#Pn
(pi,DP)=1
Ql/DPpnflpn
pnflanN/P

Where a,b are some functions Z — C so that |a(z)],|b(z)] < 1 for all z. We note that
the condition that (p;, DP) = 1 can be expressed by setting a and b equal to 0 for some
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appropriate set of primes. We note that the condition that ¢(X,Y") not divide DPp,_1p,
is only relevant if DP is missing only one or two primes of ¢(X,Y). In the former case, it
is equivalent to making one more value illegal for the p;. In the latter case it eliminates at
most two terms. The condition that the p; are distinct removes at most y/N/P terms from
our sum. Therefore, perhaps after setting a and b to 0 on some set of primes, the above is

i AR SR R

A<pn—1,Pn Pn
pn—lanN/P

By Lemma 15, this is at most
—O(N/Plog(N)A~'/8).

Now for each P < N, it can be written in at most (n — 2)! ways, hence the sum over all
Pn—1,Pn Z A 1s at most

N
> O(N/Plog(N)A™'/%) = O(Nlog*(N)A™'/%).
P=1

Next for the case where p, < A. We deal with this case by setting p, to each possible
value of size at most A individually. It is easy to check that after setting p,, to such a value p,
the sum over the remaining p; is 1/n times a sum of the form bounded by Q(n—1, N, Dp, k—
1,X,Y,SU{p}). Hence the sum over all terms with p, < A is at most

3@ 1 N/p Dp.k —1,X, Y, S U {p)).

p<A

The sum of the terms with p,_; < A has the same bound, and the sum of terms with
both less than A is similarly seen to be at most

1

n(n—1) > Q(n—2,N/pips, Dpipa, k — 2, X, Y, S U {p1, pa}).

p1,p2<A

We use this to prove an inductive bound on @)

Lemma 17. Let n,N, D, k, X,Y,S,M,A,B,C,3 be as above. Assume furthermore that
Y > DA",

B> max(e(CJrZ),BloglogM, eK(C+2)2(logY)z(loglog(YM))z,nlogC+2<M), A),
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and that S contains only elements of size at most A. Let L = n—Fk, then Q(n, N, D, k, X,Y,S)

15 at most
loglog B F
N oo

k 1
+0 (log2(N)A_1/8 + log(N)log™“~ @) <10g logB) ) .
=0

a

Note that we will wish to apply this Lemma with n about loglog N, D a constant, A
polylog N, X polylog N, M = N, Y = DA", and B its minimum possible value.

Proof. We proceed by induction on k, using Lemma 16 to bound (). Our base case is when
Q(n,N,D,k, X Y,S) is bounded by

N (0 (%)k + O(log(N)log=“72(M)) ki 0, (%)j

a=

(which must happen if £ = 0). In this case, our bound clearly holds.
Otherwise, Q(n, N, D, k, X,Y,S) is bounded by

2
O(Nlog*(N)A™%) + =% Q(n—1,N/p, Dp.k —1,X,Y,S U {p})
p<A

1

— —-2,N D k—2,X,Y,SU .
+n(n_1>ppZ<AQ(n , N/p1p2, Dp1p2, TR {p1,p2})

Notice that the parameters of () in the above also satisfy our hypothesis, so we may bound
them inductively. Note also that for the above values of () that the value of L is the same.
Letting U and E be sufficiently large multiples of 22225 and (log?(N)A~Y® + log(N) log“~2(M)),
the above is easily seen to be at most

N (E +U (O(U)’“l - Eg O(U)“) + U? (O(U)’“Q - E§ O(U)“)) :

a=0 a=0

Suppose that we wish to prove our final statement where the O(U) terms hide a constant of
Z. By the above, we could complete the inductive step if we could show that

E+U <(ZU)’“‘1 +E Z(ZU)“) + U? ((ZU)’“‘Z - EZ(ZU)“)
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was at most
k—1

(ZU)F+EY (ZU)"
a=0
On the other hand, by comparing terms, this follows trivially as long as Z > 2. This
completes our inductive step and proves our Lemma. O

We are finally prepared to prove Proposition 9.

Proof. The basic idea will be to compare the sum in question to the quantity Q(n, N, D, k, X, Y, ()
for appropriate settings of the parameters. We begin by fixing the constant ¢ in the
Proposition statement. We let C' be a constant large enough that ¢ > log~“(N) (re-
call that n was O(loglog N)). We set A to log®“*'%(N), X to log®(N) and Y to DA™ =
exp(Op(C(loglog N)?)). We let M = N.

We note that 5 comes from either the worst Siegel zero of modulus less that X, or the
second worst Siegel zero of modulus less than Y. By Theorem 5.28 of [24], 8 is at most
O.(X°¢) in the former case, and at most O(log(Y)) in the latter case. Hence (changing e by
a factor of C'), we have unconditionally, that 5 = O.(log®(N)) for any ¢ > 0. We next let

B = max(e(CJrZ)BloglogM’ eK(C’+2)2(logY)Q(loglog(YM))z n 1()gC‘+2<]\4)7 A)
Hence for sufficiently large N (in terms of epsilon and D),
loglog B < eloglog N.

Finally we pick k so that n/2 > k > m/2. Thus L =n—k > n/2 = Q(loglog N). Noting
that we satisfy the hypothesis of Lemma 16, we have that for N sufficiently large relative to
e and D that Q(n, N, D, k, X, Y, () is at most

N (O(e)m/2 + O (log*(N) log"“72(N) + log(N) log_c_l(N)) Z O(e)“) :

a=0

If € is small enough that the term O(e) is at most 1/2, this is at most
N (O(e)™? +1og™“(N)) .
If additionally the O(€) term is less than ¢?; this is
O(Nc™).
Hence for N sufficiently large relative to ¢ and D,

Q(n,N,D,k, X,Y,0) = O(Nc™).
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Therefore unequivocally,
Q(n7 Na D7 ka X7 Y" ®) = Oc,D(Ncm)-

Finally, we note that the difference between Q(n, N, D,k, X,Y,)) and the term that
we are trying to bound is exactly the sum over such terms where p; ---p, is divisible by

%. Since ¢(X,Y) > X, there are only Op(N log~“(N)) such products. Since each

product can be obtained in at most n! ways, each contributing at most %, this difference is at
most Op(Nlog"®(N)) = O(N¢™). Therefore the thing we wish to bound is O, p(Nc™). O

4 Average Sizes of Selmer Groups

Here we use the results from the previous section to prove the following Proposition:

Proposition 18. Let E be an elliptic curve as described above (full two torsion defined over
Q, no cyclic 4-isogeny defined over Q). Let S be a finite set of places containing 2,00 and
all of the places where E has bad reduction. Let x be either —1 or a power of 2. Let w(m)
denote the number of prime factors of m. Say that (m,S) =1 if m is an integer not divisible
by any of the finite places in S. For positive integers N, let Sy denote the set of integers
b < N squarefree with |w(b) — loglog N| < (loglog N)/4, and (b,S) = 1. Then

This says that the k' moment of |Sy(F})| averaged over b < N with |w(b) — loglog N| <
(loglog N)3/* is what you would expect it to be by Theorem 2, and that averaged over the
same b’s that the rank of the Selmer group is odd half of the time. The latter part of the
Proposition follows from Lemma 1, which we prove now:

Proof of Lemma 1. First we replace ' by a twist so that ¢; — ¢; are pairwise relatively
prime integers. It is now the case that F has everywhere good or multiplicative reduction,
and we are now concerned with dim(Sy(Eg)) for some constant d|D. By [44] Theorem
2.3, and [38] Corollary 1 we have that dim(Sy(Epq)) = dim(S2(E)) (mod 2) if and only if
(—1)"xpa(—N) = 1 where z = w(d), N is the product of the primes not dividing d at which
E has bad reduction, and x,q is the quadratic character corresponding to the extension
Q(+/bd). From this, the Lemma follows immediately. O

In order to prove the rest of Proposition 18, we will need a concrete description of the
Selmer groups of twists of E. We follow the treatment given in [58]. Let b = p; - - - p,, where
p; are distinct primes relatively prime to S (we leave which primes unspecified for now). Let
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B = SU{pi,...,pn}. For v € B let V, be the subspace of (uy,us,u3) € (Q*/(Q%)?)? so
that wjuous = 1. Note that V, has a symplectic form given by (uq,ug, us) - (v1,ve,v3) =
H?Zl(ui,vi),,, where (u;,v;), is the Hilbert Symbol. Let V' = [],.5zV, be a symplectic
[Fo-vector space of dimension 2M.

There are two important Lagrangian subspaces of V. The first, which we call U, is the
image in V of (Z%/(Z%)?*)3. The other, which we call W, is given as the product of W, over
v € B, where W, consists of points of the form (x — bey, © — beg, x — beg) for (z,y) € Ey. Note
that we can write W = Wg x W, where Wg = [[ .o W, and W}, = HVV, W,. The Selmer

group is given by

ves

So(Ey) = UNW.

Let U’ be the Fo-vector space generated by the symbols v,/ for v € S and p;,p, for
1 < i < n. There is an isomorphism f : U" — U given by f(oco) = (—1,—1,1), f(od') =
(L, =1,-1), f(p) = (2, 1), f(P') = (L, p, p).

Note also that W), is generated by ((c1 — c2)(c1 — ¢3),b(c1 — ¢2),b(c1 — ¢3)) and (b(cz —
c1),b(es — ¢2), (c3 — c1)(es — ¢2)). If we define W’ to be the Fy-vector space generated by
the symbols p;,p; for 1 < i < n, then there is an isomorphism g : W' — W, given by
9(pi) = ((c1 —e2)(c1 — ¢3),b(c1 — c2), b(er — ¢3)) € W)y, and g(p;) = (b(cz —c1), b(ez — ¢2), (3 —
c1)(es — c2)) € W,

Let G =[] cq\00 0% /(0%)? (here o} are the units in the ring of integers of k,). Note that
if b is positive, Wy is determined by the restriction of b to G. So for ¢ € G let Wg . be Wg
for such b. Let W) = Wg,. x W'. Then we have a natural map g. : W, — V that is an
isomorphism between W/ and W if b restricts to c.

We are now ready to prove Proposition 18.

Proof. For x = —1 this Proposition just says that the parity is odd half of the time, which
follows from Lemma 1. For 2 = 2* this says something about the expected value of | Sy (Ej)|".
For 2 = 2* we will show that for each n € (loglog N — (loglog N)*/4 loglog N+ (loglog N)3/%)
that

S 1Su(m)

b<N

b square-free
w(b)=n
(b,5)=1

B o N (logloglog N)?
- Yoo (;am@) +5(n:N))+0E,k< loglog N :

b<N

b square-free
w(b)=n
(b,5)=1
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Where §(n, N) is some function so that limy_, 6(n, N) = 0. Summing over n and noting
that there are Q(N) values of b < N square-free with |w(b) —loglog N| < (loglog N)**, and
(b, S) =1 gives us our desired result.

In order to do this we need to better understand [Sa(Ep)| = |UNW/|. For v € V we have
since U is Lagrangian of size 2,

1 " lifve Ut
Q—MZ(—U = {

par’ 0 else

_{1ifveU

0 else

Hence
52(Ep)| = [UNW|
=#{weW: :welU}

=3 g

weWw uelU

ZQLM Z (1)

S S (—p)fmn
>

uelU’ , weW}

- 2LM Z |_Cl¥| Z x(be) Z (—1)f(Wge(w)
ceG

xeG uelU’ weW/

1 u)- w
- 2M—|G| Z x(be)(—1)7(Wgew),
ceG xeCG

uel’ weWw/

If we extend f and g. to f*: (U)* — U*, ¢* : (W!)* — V¥ and extend the inner product
on V to an inner product on V¥, we have that

1 k k
k_ ___— _ 1)/ (w9 (w)

ceG,xeG

ue(U")k we(W))k
Notice that once we fix values of ¢, x, u, w in Equation 7 the summand (when treated as a
function of py,...,p,) is of the same form as the “characters” studied in Section 3.

We want to take the sum over all b < N square-free, w(b) = n, (b, S) = 1, of |Sy(Ey)|*. If

we let D be 8 times the product of the finite odd primes in .S, we note that each such b can
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be expressed exactly n! ways as a product py, ..., p, with p; distinct, (p;, D) = 1. Therefore
this sum equals

g W > IIxmx(e=n/ s,

" P1y--Pn

ot ; G, x€G i
distinct primes eelnx
(D7pi):]_ ue(Ul)kvwe(Wé)k

Hi Pi<N

Interchanging the order of summation gives us

DV DY (Hx@») (1)),

=~ P1,--sPn 7
CGGQfEkG Nk distinct primes
ue(U")* ,we(WY) (D,ps)=1

Hi pi<N

Now the inner sum is exactly of the form studied in Proposition 9.
We first wish to bound the contribution from terms where this inner sum has terms of the

form % , or in the terminology of Proposition 9 for which not all of the e; ; are 0. In order
J

to do this, we will need to determine how many of these terms there are and how large their
values of m are. Notice that terms of the form (%) show up here when we are evaluating
the Hilbert symbols of the form (p, b(c, — ¢b))p, (P, b(ca — ¢b))qs (¢, b(ca — b)) ps (¢, b(ca — b))q
and in no other places.

Let U; C U’ be the subspace generated by p; = (p;, pi, 1) and p;, = (1,p;, p1). For u € U’
let u; be its component in U; in the obvious way. Let W; C W’ be W,,. For w € W/ let w;
be its component in W;. Let Uy be the Fo-vector space with formal generators p and p’. We
have a natural isomorphism between Uy and U; sending p to p; and p’ to pi. We will hence
often think of u; as an element of Uy. Similarly let W}, be the Fo-vector space with formal
generators ((¢; —ca) (¢ —c3),b(c1 —¢2),b(c1 —c3)) and (b(cz — 1), b(cs —c2), (3 —c1)(c3—c2)).
We similarly have natural isomorphisms between W; and W, and will often consider w; as
an element of W, instead of W;.

Additionally, we have a bilinear form Uy x Wy — Fy defined by:

p((c1 — e2)(er — ¢3),b(cr — ¢2),b(er — ¢3))
=p' - (b(es — 1), b(es — ¢2), (c3 — ¢1)(c3 — ¢2))

p((er — e2)(er — ¢e3),b(c1 — ¢2),b(c1 — ¢3))
=p- (b(cs — c1),b(ez — ¢2), (c3 — 1)(c3 — c2))
=0.
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We notice that if u € U" and w € W/, then the exponent of (5—) that appears in (—1)f(®-9:(w)
J

is (u; +uj) - (w; +wj). Similarly if u € (U')*,w € (W/)*, the exponent of (5—) that appears

in (—1)/" 9@ s (u; 4 u;) - (w; + w;), where u,, w, are thought of as elements of U¥ and
W§.

We define a symplectic form on T = U} x W} by (u,w) - (v/,w') = u-w' + v - w.
Also define a quadratic form ¢ on T by ¢(u,w) = u - w. We claim that given some set of
ti = (u;, w;)ier € T that (u; +u;) - (w; +w;) = 0 for all pairs ¢, j € I only if all of the (u;, w;)
lie in a translate of a Lagrangian subspace of T'. First note that for t = (u,w),t = (u/,w’)
that (v +u') - (w+w') =t -t +q(t) + q(t'). We need to show that for all 4,5,k € I that
(ti+1t;) - (t; +tx) = 0. This is true because

(t + 1) - (ti + 1)
=ttt b4ttty
=t tp+t; -ttt
=ti-tp bttt + 2q(t) + 2q(t;) + 2q(t)
= (ti -t +q(ts) +q(ty) + (ti - te + q(ts) + q(tr)) + (t -t + q(te) +q(ty))
=0.

So suppose that we have some u € [\, UF and w € []l_, WF, and suppose that we
have a set of ¢ indices in {1,2,...,n}, which we call active indices, so that (—1)fk(“)'9k(w)

has terms of the form (5—;) only if 4, 7 are both active, and suppose furthermore that each

active index shows up as either ¢ or j in at least one such term. Let t; = (u;, w;) € T. We
claim that ¢; takes fewer than 2% different values on non-active indices, i. We note that our
notion of active indices is similar to the notion in [22] of linked indices.

Since ¢; - t; + q(t;) + q(t;) = 0 for any two non-active indices ¢; and t;, all of these must
lie in a translate of some Lagrangian subspace of T. Therefore ¢; can take at most 2* values
on non-active indices. Suppose for sake of contradiction that all of these values are actually
assumed by some non-active index. Then consider ¢; for j an active index. The ¢; for 7 either
non-active or equal to j must similarly lie in a translate of a Lagrangian subspace. Since
such a space is already determined by the non-active indices and since all elements of this
affine subspace are already occupied, ¢; must equal ¢; for some non-active 7. But this means
that every t; is assumed by some non-active index which implies that no terms of the form

<£—;> survive, yielding a contradiction.

Now consider the number of such u,w so that there are at most ¢ active indices and so
that at least one of these terms survive. Once we fix the values ¢; that are allowed to be
taken by the non-active indices (which can only be done in finitely many ways), there are
(’;) ways to choose the active indices, at most 2¥ — 1 ways to pick t; for each non-active
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index, and at most 2% ways for each active index. Hence the total number of such u,w with

exactly ¢ active indices is
n E 1\t (92k\!
0<(£)(2 ) (2)).

By Proposition 9, the value of the inner sum for such a (u,w) is at most Op, (N (27%#71)¢).
Hence summing over all £ > 0 and recalling the 2% out front we get a contribution of at
most

LT —

= NOgy (1 =271

= NOgy <(log N)*z_k_Q) )

Therefore we may safely ignore all of the terms in which a (%) shows up. This is our
J

analogue of Lemma 6 in [22].
Notice that by the above analysis, that the number of remaining terms must be O(2*).

Additionally, for these terms we may apply Proposition 10. Therefore because of the 2%
factor out front we have that up to an error of Op (%) that the sum over b =
E

P1- - Pn, square free, at most N, relatively prime to D, of |S3(E})|* is the number of such

b times the average over all possible values of p; € G, ( J) of |Sy(Ey)|*. Furthermore, our

work shows that this average is bounded in terms of £ and E independently of n.
On the other hand, recalling the notation from Theorem 2, this average is just

Z a(n)2k.

Using the fact that this is bounded for k + 1 independently of n, we find that my(n) =
Ok,E(Z_(k“)d). In order to complete the proof of our Proposition, we need to show that

: _ kd _
nh_)nolo zd:(wd(n) Q)2 0.

But this follows from the fact that

Z(ﬂ-d(n)_ad —OEk (22 ) OEk 2_ )

a>X d>X

and that m4(n) — «aq4 for all d by Theorem 2.
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5 From Sizes to Ranks

In this Section, we turn Proposition 18 into a proof of Theorem 3. This Section is analogous
to Section 8 of [22], although our techniques are significantly different. We begin by doing
some computations with the ;.

Note that
1 n
Opyo = ) 1 — 27 ]
()OI

Now H?Zl(l — 277)7! is the sum over partitions, P, into parts of size at most n of 27171,
Equivalently, taking the transpose, it is the sum over partitions P with at most n parts of

2-IP1 Multiplying by 2_@), we get the sum over partitions P with n distinct parts (possibly
a part of size 0) of 27PI. Therefore, we have that

ad ooa? [152(1+ 2771)
=) aa" = = —.
2 (17 2)

Since the 29+2 coefficient of F(x) is also the sum over partitions, P into exactly d distinct
parts (perhaps one of which is 0) of 2—| P| divided by [[;Z,(1+277). This implies in particular
that y > o, equals 1 as it should.

Let T be the set of square-free b < N with (b,D) = 1, and |w(b) — loglog N| <
(loglog N)3/%. Let Cy(N) be

#{b € TN : dlm(SQ(Eb)) == d}
7| '

Let C(N) = (Co(N),C1(N),...) € [0,1]“. Theorem 3 is equivalent to showing that

lim C(N) = (ap, a1, . ..).

N—o0

Lemma 19. Suppose that some subsequence of the C(N) converges to some sequence (Bg, b1, - - -

0, 1] 4n the product topology. Let G(x) =Y Bna™. Then G(zx) has infinite radius of con-
vergence and F(x) = G(x) for x = —1 or x equals a power of 2. Also py = p1 = 0.

This Lemma says that if the C(NN) have some limit that the naive attempt to compute
moments of the Selmer groups from this limit would succeed.

Proof. The last claim follows from the fact that since Ej has full 2-torsion, its 2-Selmer group
always has rank at least 2. Notice that Y, C4(N)2? is equal to the average size of zdm(52(Eb))
over b < N square-free, relatively prime to D with |w(b) — loglog N| < (loglog N)3/4. This
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has limit F'(z) as N — oo by Proposition 18 if z is —1 or a power of 2. In particular it is
bounded. Therefore there exists an R so that

> Cu(N)2H < Ry
d

for all N. Therefore Cy(N) < R;27%¢ for all d, N. Therefore 34 < R;27*¢. Therefore G has
infinite radius of convergence.

Furthermore if we pick a subsequence, N; — oo so that Cy(N;) — 4 for all d, we have
that

F(2%) = lim Z Ca(N;)2%

:ILmZC 2d’“+O<ZRk+12 )

d>X

= lim Z Cd Qdk + O(Rk_HZ X)

d<X
=Y B2% + O(Re27Y).
d<X
So
: dk _
fim, 3 pit =
d<X
Thus G(2%) = F(2%). For x = —1 the argument is similar but comes from the equidistribution
of parity rather than expectation of size. O]

Lemma 20. Suppose that G(xz) =), B,a" is a Taylor series with infinite radius of conver-
gence. Suppose also that B, € [0,1] for all n and that G(x) = F(x) for x equal to —1 or a
power of 2. Suppose also that By = 1 = 0. Then B3, = «, for all n.

Proof. First we wish to prove a bound on the size of the coefficients of G. Note that

22k(1+2k)(1+2k ... :

F(2F) = _ (1 2k 22k+k(k+1)/2 ‘
) =—armar 1:[ + )
Now

Therefore

ﬁn -0 (22k+k(k+1)/27kn) )



CHAPTER C. 2-SELMER GROUPS 74

Setting k = n we find that
B=0 (272m2) — 0 (27037).

The same can be said for . Now consider F' — . This is an entire function whose z"
n—2
2

coefficient is bounded by O <2_( )> . Furthermore I’ — GG vanishes to order at least 2 at 0,

and order at least 1 at -1 and at powers of 2. The bounds on coefficients imply that

|F(z) — G(z)| <O <Z 2-(”;2>yx\n> :

The terms in the above sum clearly decay rapidly for n on either side of log,(|z|). Hence
2
IF(z) — G(z)| = O <2<—log2(|x|>2+5log2<|m|>>/2+1og2<\xl>2)
-0 (2<log2<|x\>2+5log2<|x\>)/2> _

In particular F' — G is a function of order less than 1. Hence it must equal
Ca* [ [(1—=/p),
P

where the product is over non-zero roots p of F'— G, and t is some non-negative integer. On
the other hand, Jensen’s Theorem tells us that if C' # 0 the average value of log,(|F — G|)
on a circle of radius R is

logy [C] + (2 + 1) log, R + Z logy(R/pl)-

lp|<R
Setting R = 2* and noting the contributions from p = —1 and p = 2/ for j < k we have
P P

kE+1 k2 4+ Tk k%24 5k
2)—0(1)+ 5 T

O(l)+3k+2(k—j):0(1)+3k+(

j<k
which is larger than log,(|F' — G|) can be at this radius. This provides a contradiction. [
We now prove Theorem 3.

Proof. Suppose that C'(N) does not have limit (g, o, ...). Then there is some subsequence
N; so that C'(IV;) avoid some neighborhood of (ag, a1, .. .). By compactness, C'(N;) must have
some subsequence with a limit (fy, 81, . . .). By Lemmas 19 and 20, (ag, a1, ...) = (Bo, 1, - - -)-
This is a contradiction.

Therefore limy o, C(N) = (ap,aq,...). Hence limy_,o Cy(N) = a4 for all d. The
Theorem follows immediately from this and the fact the fraction of b < N square-free with
(b, D) = 1 that have |w(b) — loglog N| < (loglog N)3/* approaches 1 as N — oo. O
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It should be noted that our bounds on the rate of convergence in Theorem 3 are non-
effective in two places. One is our treatment in this last Section. We assume that we do not
have an appropriate limit and proceed to find a contradiction. This is not a serious obstacle
and if techniques similar to those of [22] were used instead, it could be overcome. The more
serious problem comes in our proof of Proposition 9, where we make use of non-effective
bounds on the size of Siegel zeroes. This latter problem may well be fundamental to our
approach.



Chapter D

Projective Embeddings of the
Deligne-Lusztig Curves

1 Introduction

There are four (twisted) Chevalley groups of rank 1. The associated Deligne-Lusztig varieties
for the Coxeter classes of these groups all give affine algebraic curves. The completions of
these curves have several applications including the representation theory of the associated
group ([9, 42]), coding theory ([20]) and the construction of potentially interesting covers of
P ([17)).

In this Chapter, we consider these curves associated to the groups G' = 2A4,, 2B, and *Gs.
The remaining curve is associated to G = A; and is P!, but we do not cover this case as
it is easy and doesn’t follow many of the patterns found in the analysis of the other three
cases. For each of these curves, we explicitly construct an embedding C' — P(W) where W
is a representation of GG of dimension 3,5, or 14 respectively, and provide an explicit system
of equations cutting out C. The curve associated to A, is the Fermat curve. The curve
associated to 2B, is also well-known though not immediately isomorphic to our embedding.
As far as I know there is no standard embedding of the curve associated to %Gy, although
in [52] they construct an explicit curve with the correct genus, symmetry group and number
points, which is likely the correct curve.

For each case, let d be the Coxeter number of the associated group, namely d = 3,4, 6 for
Ay, 2By, %Gy, respectively. In [17], Gross proved that for each of these curves C, that C'//G? =
P!, with the corresponding map C' — P! ramified over only three points corresponding to the
images of the F,-points, the F «-points and the F a+1-points. In all cases, we write this map
explicitly by finding the homogenous polynomials on C' that correspond to the pullbacks of
the degree-1 functions on P! vanishing at each of these points, and demonstrating a linear
relation between these functions.

76
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In all cases we attempt to make our constructions canonical. We define the algebraic
group G as the group of automorphisms of some vector space V' preserving some additional
structure. We define the Frobenius map on G by picking an isomorphism between V' and
some other space V' constructed functorially from V (for example, for 2A,, we get the
Frobenius map defining SU(3) by picking a Frobenius-linear map between V' and its dual).
From V we construct W, another representation of G, given as a quotient of A2V, In each
case we define our map C' — P(IW) by sending a Borel, B, of G to the 2-form corresponding
to the line in V' that B fixes. The construction of the functions giving our map from C' to
P! are all given by linear algebraic constructions.

There are a number of similarities in our techniques for the three different cases, sug-
gesting that there may be a more general way to deal with all three at once, although we
were unable to find such a technique. In addition to the similarity of overall approach, much
of the feel of these constructions should be the same although they differ in the details.
Additionally in all three cases we compute the degree of the embedding and find that it is
given by % (here T' is a Coxeter torus of G).

In Section 2, we describe some of the basic theory along with an outline of our general
approach. In Section 3, we deal with the case of 24,; in Section 4, the case of 2By; and
in Section 5, we deal with 2G5. Much of the exposition in Section 2 is somewhat abstract
and corresponds to relatively simple computations in Section 3, so if you are having trouble
following in Section 2, it is suggested that you look at Section 3 in parallel to get a concrete

example of what is going on.

2 Preliminaries

Here we provide an overview of the techniques and notation that will be common to our
treatment of all three cases. In Section 2.1, we review the definition and basic theory of
Deligne-Lusztig curves. In Section 2.2, we discuss some representations of G which will
prove useful in our later constructions. In Section 2.3, we give a more complete overview
of the common techniques to our different cases and describe a general category-theoretic
construction that will provide us with the necessary Frobenius maps in each case. Finally
in Section 2.4, we fix a couple of points of notation for the rest of the Chapter.

2.1 Basic Theory of the Deligne-Lusztig Curve

Let G be an algebraic group of type Ay, By or Gy, defined over a finite field F, with ¢ equal
to q3,2q3 or 3q3 respectively. Let FR be the F,-Frobenius of G, and let o be a Frobenius
map so that FR = o%. We pick a an element w of the Weyl group of G of height 1. The
Deligne-Lusztig variety is then defined to be the subvariety of the flag variety of G' consisting
of the Borel subgroups B so that B and o(B) are in relative position either w or 1 (actually
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it is usually defined to be just the B where B and o(B) are in position w, but we use this
definition, which constructs the completed curve). The resulting variety has an obvious G
action and in all of these cases is a smooth, complete algebraic curve.

In each of these cases, let B a Borel subgroup of G. Let T be a twisted Coxeter torus
of G, that is a o-invariant maximal torus such that the action of o on 7' is conjugate to the
action of wo on a split torus. Let d be 3,4, 6 for Ay, By, G5 respectively. We will later make
use of several facts about the points on the Deligne-Lusztig curve, C, defined over various
fields and their behavior under the action of G°.

Here and throughout the rest of the Chapter we will use the phrase Fy»-point to mean a
point defined over F,» but not defined over any smaller extension of F,. We make use of the
following theorem of Lusztig:

Theorem 1. 1. G7 acts transitively on the F,-points of C' with stabilizer B°.
2. C has no Fyn-points for 1 <n < d.
3. G acts transitively on the Fa-points of C' with stabilizer T
4. G acts simply transitively on the Fa1-points of C.
5. G acts freely on the Fn-points of C forn > d+ 1.

Recall that C'/G° = P! with the points of ramification given by the three points corre-
sponding to the orbit of F-points, the orbit of Fa-points, and the orbit of F a+1-points.
We also make use of some basic counts (given in [17]). In particular, for As:

d=3
G| = q5(q5 + 1)(g — 1)
|B?| =q3(qg— 1)

T°|=q—qo+1
#{F, — points of C} = q¢ + 1
#{F ;s — points of C'} = QS(QO +1)(g—1)
#{F,» — points of C'} = qg’(qg +1)(g —1).
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For Bs:
d=14
G7l = ¢*(¢* + 1)(g — 1)
1B7] = ¢*(qg - 1)
T =q—2q0+ 1
#{F, — points of C} = ¢* + 1
#{F .+ — points of C} = ¢*(q+ 20+ 1)(q — 1)
#{F,s — points of C} = ¢*(¢* + 1)(¢ — 1).
For G:
d=06
G| =¢’(¢’ +1)(g — 1)
Bl = g~ 1)

T =q—3q +1
#{F, — points of C} = ¢* + 1
#{F s — points of C} = ¢*(q + 30+ 1)(¢* — 1)
#{F,» — points of C} = ¢*(¢* + 1)(¢ — 1).

2.2 Representation Theory

Let G be as above. Fix a Borel subgroup B. B is contained in two maximal parabolic
subgroups, P; and P,, corresponding to the short root and the long root respectively. There
exists a representation V' of G so that B fixes the complete lagO0C L Cc M CScC...CV
and so that P, is the subgroup of G fixing L, and P, the subgroup fixing M. If G is Ay, By
or Gg, the dimension of V' is 3,4 or 7 respectively.

Inside of A2V is the representation W of G given by W C A%V is the subrepresentation
containing A2M. In our three cases, A2V/W equals 0,1 or V respectively. If we are in any
characteristic for A,, characteristic 2 for By, or characteristic 3 for G5, W has a quotient
representation, V' of the same dimension as V' so that the image of G — End(V”) is isomor-
phic to G. Picking an isomorphism between G and its image provides an endomorphism of
G. If G = Ay, this is its outer automorphism. For G equal to By or (G5 in characteristic 2 or
3 respectively, this endomorphism squares to the Frobenius endomorphism over the relevant
prime field, giving a definition of o.
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2.3 Basic Techniques

Our basic techniques will be similar in all three cases and are as follows. For p a prime, let
go = p™, and ¢ = p*™ or ¢ = p*™*! as appropriate. Let C be the groupoid where an object
of C is a representation of an algebraic group abstractly isomorphic to the representation
V of G, and a morphism of C is an isomorphism of representations. In each case, we will
reinterpret C as a groupoid whose objects are merely vector spaces with some additional
structure (for example in the case of A, an object of C will be a three dimensional vector
space with a volume form). This reinterpretation will allow us to work more concretely with
C in each individual case, but as these structures are specific to which case we are in, we will
ignore them for now.

In each case there will be two functors of interest from C to itself. The first is the Frobenius
functor, Fr : C — C. This functor should be thought of as abstractly applying F,-Frobenius
to each element. In particular there should be a natural Frobenius-linear transformation from
V to Fr(V). In particular each of our C will have objects that are vector spaces, perhaps
with some extra structure. As a vector space we will define Fr(V') as {[v] : v € V'} where
addition and multiplication are defined by [v] + [w] = [v + w] and k[v] = [Frobenius ™" (k)v].
The morphisms are unchanged by Fr. This should all be compatible with the extra structure
accorded to an object of C, except for inner products which must also be twisted by Frobenius.
Note that giving a morphism 7" : V' — Fr"(W) is the same as giving a Frobenius™"-linear
map S : V — W that respects the additional C-structure. Note therefore that a morphism
T:V — F"(V) gives V an Fjn-structure. By abuse of notation, we will also use Fr to
denote that natural Frobenius-linear map V' — Fr(V') defined by v — [v].

The other functor of importance is ' : C — C. This is the functor that takes V' and gives
V' as a subquotient of A?V. The exact construction of / will vary from case to case. For
2 Ay, V' will be the dual of V. It will be clear in all cases that there is a natural equivalence
between Fro’ and ’ o Fr.

Define a to be 0 or 1 so that ¢ = p In each case, we will also find a natural
transformation p from Fr® to ” (again the details vary by case and we will not go into them
here, though for 24, it is the obvious isomorphism between a vector space and the dual of
its dual). Lastly we pick a V' € C and a morphism F : V' — Fr (V).

This is enough to give a more explicit definition of 0. We construct a Frobenius map for
G = Aut(V'). We note the morphisms

2m—+a

Fr=(py): V — Fr=*(V"),
Fe~(F") : Fr= (V") — Fe= = (V7),
Fr ™ %(F) : Fr ™ (V') — Fr 2™ %(V).
The composition

§ =R (F) o (R (F) o Fr(py) : V = B 2" (V)
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defines an [ -structure on V.
This gives us a Frobenius endomorphism FR : G — G defined by the equation Fr—2™~*(FR(g))o
§ =F og. We define 0 : G — G by the equation Fr ™ (0(g)) o F' = F o ¢’. We have that:

a(o(g)) = Fr™(F) o Fx™ (0 (g')) o X" (F )
= Fr"™(F) o Fr®™(F") o Fr*™(¢") o Fr*™(F'"Y) o FY™(F 1)
= Fr?" M (F o Fr(pyt) o Fr(g") o Fr “(py) o )
(Fofr(py og"opy)oF )
Fr?m(F o Fr*(Fr*(g)) o §1)
= Fer*“(S ogoF )
= FR(g).

_ Fer—i—a

The third to last step above comes from the fact that p is a natural transformation. This
gives us an endomorphism o : G — G so that o2 = FR.

We note that this technique for defining o works most conveniently when by “algebraic
group” we mean “group object in the category of varieties over F,”, since then G can be
associated with Aute(V), and we have an action of ¢ on G. On the other hand if you
want “algebraic group” to mean “group object in the category of schemes”, then the same
technique should still work as long as we consider C as a category enriched in schemes.

We may pick our element w so that two Borels of G are in relative position w if they
fix the same line in V. We then define a projective embedding C' < P(W) sending a Borel
B to the two-form defined by the plane it fixes in V. In each case we will provide explicit
polynomials that cut out the image of C'. We will compute the degree of this embedding by
finding a polynomial that vanishes exactly at the F -points of C. In each case this degree
will be %. In each case for each F,-point, there is a hyperplane that intersects C' only
at that point but with large multiplicity. We also compute polynomials that cut out the
IF ,a-points and the F a+1-points. Lastly we find a linear relation between appropriate powers
of these polynomials.

2.4 Notes

Throughout this Chapter, by an Fg»-point of a curve defined over F,, we will mean a point
defined over F,» but not over any smaller extension of F,. Also throughout this Chapter,
a Frobenius"-linear map will always refer to the n'” power of the Frobenius map over the
corresponding prime field.
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3 The Curve Associated to 24,

3.1 The Group A, and its Representations

One of the groups associated to the Lie Algebra A, is the group G = SL3. This group acts
naturally on a three dimensional vector space V. The Borels of G are defined by picking an
arbitrary flag 0 € L ¢ M C V. As we range over Borel subgroups A2M will span all of
A%V, so our representation W will be given by W = A2V,

3.2 A Canonical Definition of 24,

The group A, is just SLs. The group 2A, will turn out to be simply the special unitary group.
Although this would be simple to derive directly, we will attempt to use the same basic
technique as we will for the more complicated groups. Let V3 be the groupoid consisting
of all three dimensional vector spaces over F := F, with a volume form, Q. We define
Fr: V3 — V3 as above. We define ’ : V3 — V3 by letting V' equal Hom(V,TF), the dual of
V. Note that V' is naturally A*V with the pairing (v,w) = %2. We use these definitions
interchangeably.

We have the obvious natural transformation p : Id =" so that py(v) is the functional
eV — ¢(v). Given Ve V3and F: V' — Fr™(V), we can define o by Fr ™" (c(g)) o F =
Fog'. It is not hard to see that I defines a hermitian inner product on V' and that o(g) is
simply the adjoint of g with respect to this hermitian form.

3.3 The Deligne-Lusztig Curve

Let B be the Borel fixing the line L = (v) and the plane M = (v,w) = ker(¢), where
v € V,¢p € V'. Note that we may think of ¢ as w := v Aw € A?V. Now for g € B, since ¢
fixes M, ¢’ must fix the line in V' containing w. Similarly, since g fixes L, ¢’ must fix the
plane L AV in V’. Hence if B is defined by L = (v) and M = (v, w) and if u is some other
linearly independent vector, then o(B) is defined by (F(v A w)) and (F(v Aw), F(v Auw)).
Now for B to correspond to a point on the Deligne-Lusztig curve, it must therefore be
the case that L = (F(v A w)). We define the embedding of the Deligne-Lusztig curve C' to
P(A2V) by sending B to the line containing w = v A w. We note that this is an embedding
since given w, we know that (v) = (F'(w)). This is a smooth embedding since the coordinates
of C' can be written as polynomials on P(A?V). For simplicity of notation we denote the
pairing between V' and V’ as (—, —). We note that the image of C'is cut out by the equation:

(w, F(w)) = 0.

Thinking of F' as defining a hermitian form on V', this just says that the norm of w with
respect to this hermitian form is 0. Hence C' is just the Fermat curve of degree qo + 1.
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3.4 Divisors of Note

We first compute a divisor that vanishes exactly on the F,-points. We note that a Borel B
corresponds to a point over F, if and only if o(0(B)) = B. We claim that this holds if and
only if o(B) = B. One direction holds trivially. For the other direction, if o(c(B)) = B, then
o(o(B)) and fixes the same line as B and o(B). But the line fixed by o(B) is determined
by the plane fixed by B. Hence B and o(B) fix both the same line and the same plane and
hence are equal. Hence B corresponds to an F-point if and only if F/((vAw,vAw)) = (v, w).
Since F'(v A w) o v, this happens exactly when F(v A u) € (v, w).
Letting u be some vector not in M we consider

(F(F(w) Au) Aw) @ Q8@
(w A u)®%0 -

(1)

Note that both numerator and denominator are multiples of Q%% so the fraction makes
sense. Note also that numerator and denominator are homogeneous of degree ¢y in u as an
element of VV/M. Hence the resulting expression is independent of u and hence a polynomial
of degree ¢ — qo + 1 in w. It should be noted that this polynomial vanishes exactly when
(F(F(w) Au) ANw) o< F(v Au) Av A w does, or in other words exactly at the F,-points.
We could show that it vanishes simply at these points merely be a computation of degrees
(knowing that we have the Fermat curve), but instead we will show it directly as that will
be useful in our later examples, thus giving us another way of computing the degree of C'.

Considering an analytic neighborhood of an F,-point in C, we may compute the poly-
nomial in Equation 1 with u held constant. We would like to show that the derivative is
non-zero. This is clearly equivalent to showing that the derivative of (F(F(w) A u) A w) is
non-zero. Suppose for sake of contradiction that it were zero. It is clear that F(w) A w is
identically 0. Note also that the derivatives of F'(F(w)Au) and F'(w) are both 0. Hence this
would mean that (F(F(w) A u) Adw = F(w) Adw = 0. But since F(w) and F(F(w) A u)
span M, this can only happen if dw is proportional to w, which means dw = 0 since we are
in a projective space. Hence the polynomial in 1 vanishes exactly at the F,-points of C' and
with multiplicity 1. This proves that C' is of degree gy + 1.

Recall that the polynomial (w, F'(w)) is identically 0 on C. Consider the polynomial
(w, F(§(w))). This polynomial is clearly G” invariant. Since the divisor it defines has
degree (qo + 1)(¢3 + 1), it cannot vanish on any G orbit other than the orbit of F -points.
Furthermore near an F,-point, wp, this divisor agrees with (w, F(F(wp))) to order ¢3. Since
the former vanishes to order at most gy + 1, (w, F(§(w))) cannot vanish identically, and
hence defines the divisor that vanishes to degree gy + 1 on each of the F,-points. Note also
that since this divisor agrees with (w, F/(§(wp))) to order g3, the linear divisor (w, F'(F(wo)))
vanishes only at w = wy and to degree gy + 1 and nowhere else.

Next, consider the divisor f = (w, F(F*(w))). Note that if w is defined over F s that
5(f) = Bw), F(w)) = (F(w),w) = 0. Hence the divisor defined by f vanishes on the F -



CHAPTER D. DELIGNE-LUSZTIG CURVES 84

points of C. Additionally f agrees with (w, F(F(w))) to order g5 on any F,-point. Therefore
f vanishes to order 1 on the F s-points, and order ¢o + 1 on the F,-points. This accounts for
the entirety of the degree of the divisor so it therefore vanishes nowhere else.

Finally, consider the divisor defined by (w, F(F*(w))). Similarly to above this must vanish
on the Fp4-points of C' and to order exactly ¢o + 1 on the F,-points. The remaining degree
unaccounted for is

(g6 +1)(q0+1) = (g5 + (g0 + 1) — g5 (g5 + 1) (g0 — 1)(q0 + 1) = 5 (g0 + 1) (g — q0)-

Since the remainder of the divisor is G-invariant and cannot vanish on F,-points, the only
orbit small enough is that of the F -points. Hence the remainder of the divisor must be
qo times the sum of the Fs-points. Hence (w, F(F*(w))) vanishes to degree gy + 1 on the
F,-points, to order gy on the F s-points, to order 1 on the F «-points, and nowhere else.

We now introduce several important polynomials. Let F3 = (w, F(F(w))), F5 = (w, F(F*(w))) , Fr =
(w, F(Z*(w))). Let P, = F;/(QOH). We know that such a root exists since the (go + 1) root
of the divisor of F3 is the sum of the F,-points of C', and we know of polynomials with that

divisor. Hence P, is a polynomial whose divisor is the sum of the F,-points of C'. Let P = %
and let Py = 7. We know that these are polynomials (instead of just rational functions)

FypPJ0-
because their associated divisors are the sum of the IF s-points and the sum of the F-points
respectively.
We claim that the following relation holds:

Py — Pyt 4 pple g, (2)

Although the proof of Equation 2 is somewhat complicated we can much more easily prove
that ,

P, — Pél-‘lo-i-l + aquO(q_l) -0 (3)
for some (qo + 1)** root of unity a. We do this by showing that for a properly chosen the
above vanishes on the F -points of C' and the F,-points of C'. Since this is more points

3 (00—
than allowed by the degree of the polynomial, it implies that P, — P{~%* 4 aquO(qo Y must
vanish identically. To show that it vanishes on the F «-points we show that for () € C' an
[F ;s-point that

PR (Q) = PR ) — R ().

This is obviously equivalent to showing that

FS7Y(Q) = FEH(Q).
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If @ corresponds to a vector w € V' defined over F 4, we have that

FOHQ) = (w, F(3* (W) - (FEW)), §(w))
= (W, F(E(w))) - (0, F(§(w))
= (W, F(EW))) - (FF(w)),§"(w))
= Q)

Next, we consider the F ,-point. We need to show that if Q) € C'(F,) that

Py(Q) = P{™""H(Q).
Equivalently, we will show that
FFd — Fgt!

vanishes to degree more than (¢4 1)(go+ 1) at (). This is easy since if we use our parameter
w with w = wy at Q (where wy = F(wp)) than up to order ¢3 + q(go + 1) the above is

(w, F(w0)) - (W, F(w0))" = (w, Flwo))" = 0.

This completes our proof of Equation 3.

4 The Curve Associated to %B;

4.1 The Group B, and its Representations

A form of By is Sp,. It has a natural representation on a four-dimensional symplectic vector
space V. The Borels of G correspond to complete flags 0 C L C M C L+ C V where M is a
lagrangian plane. We have another representation W C A2V given as the kernel of the map
A%V — F defined by the alternating form on V. Equivalently, W is the subset consisting the
2-forms « so that o Aw = 0, where w is the 2-form corresponding to the alternating form on
V. In characteristic 2, w is contained in W, so we can take the quotient V' = W/(w).

4.2 A Canonical Definition of ?B,

We define the groupoid SymSp, whose objects are symplectic spaces of dimension 4 over
F = TF,, and whose morphisms are symplectic linear transformations. We will write objects
of SymSp, either as V' or as (V,w), where V' is underlying vector space and w is the 2-form
associated to the symplectic form.
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To each object (V,w) in SymSp,, we can pick a symplectic basis eg, e1, fo, f1 of V so that
(eise;) = (fi, f;) = 0,(es, fj) = 0;j. We next note that there is a canonical volume form
i € A*V. In any characteristic other than 2, we could use u = w A w, but here w A w = 0.
We instead use = eg A ey A fo A f1. We have to prove:

Lemma 2. y=-e¢y Aey A fo A fi is independent of the choice of symplectic basis.

Proof. Any two symplectic bases can be interchanged by some symplectic transformation
A:V — V. We need only show that det(A) = 1. Writing A in the basis of our first
symplectic basis and letting

J:

o O = O
SO O
_— o O O
o = O O

the statement that A is symplectic becomes J = AJAT. Therefore taking determinants we
find det(A)? =1 so det(A) = 1 (since we are in characteristic 2). O

Next we note that for (V,w) € SymSp,, that we have a bilinear form on A?V given by
(o, B) = QT/\ﬁ We note that this pairing is alternating since if e; is a wedge of two 1-forms
then clearly (er,er) =0 and if « =), cser then

(o, ) = ZC[CJ (er,e5) = Zc? (er,er) —|—QZCICJ (er,es) = 0.
,J I

I<J

This alternating form is inherited by the subquotient V' = w/(w) of A?V. Lastly we note
that the pairing on V' is non-degenerate. This can be seen by picking a symplectic basis,
ei, [i, and noting that ey A ey, eq A f1, fo A f1,e1 A fi is a symplectic basis for V. This allows
us to define a functor ' : SymSp, — SymSp, by V' — V’ as above.

We also have the functor Fr : SymSp, — SymSp, as in Section 2.

We next define a natural transformation:

p "= Fr.

To do this we must produce a Frobenius™'-linear map py : V/ — V for V € SymSp,. We
provide this by producing a (linear,Frobenius-linear), pairing V" x V' — F. We define this
pairing on (a A 3,v) (for a, 3 € A*V,v € V) by

(@A Bv) = (iv(a),in(B)) - (4)

We note that the function in Equation 4 thought of as a map from A2V x A2V x V — F is
clearly linear and anti-symmetric in o and [, and clearly homogeneous of degree 2 in v. In
order to show that it is well defined on V" x V we need to demonstrate that it vanishes if
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either v or 3 is a multiple of w, that the map on A%V’ x V vanishes on the symplectic form
of V', and that it is additive in v. The first of these is true since

(1o(w),ip(@)) = (v,ip(a)) = a(vk,vx) = 0.

Where vx is the dual of v, and the last equation holds since « is alternating. Let e;, f; be a
symplectic basis of V.
Note that we have a basis

{(eo Aer) Aleo A f1), (e Aer) Aler A fo), (e A fo) A (fo A fr), (eo A fi) A (fo A f1)}

of V. To prove that our function is additive in v, notice that it suffices to check that

(iu(a), iu(B)) = (in(@), iu(B))

for all u,v € V. Hence it suffices to check the above for « =a A b, =a A c for a,b,c € V
and (a,b) = (a,c) = 0. In this case

(tu(@),iu(B)) = (iu(a AD),iv(a A c))

(@) b+ (4, b) 0, (v, ) ¢ + (v, ) @)
= (a,u) (a,v) (b, c).

Since this is symmetric in v and v, the operator is additive.

Hence, we have a (linear, Frobenius — linear) function A?V’ x V' — F. To show that it
descends to a function V" x V' — [, it suffices to check that our form vanishes on

(eo Aer) A(fo A fi) + (eo A f1) A (fo Aer),

which is clear from checking on basis vectors (in fact our form vanishes on each term in the
above sum) and by additivity.

Finally, we need to show that py is symplectic. This can be done by picking a symplectic
basis and noting that by the above:

pv((eo Aer) Aleo A f1)) = e
pv((eo Aer) A(er A fo)) =€
pv((ex A fo) A(fo A f1)) = fo
pv((eo A f1) A (fo A f1)) = fr.

It is clear that p defines a natural transformation.
Now given an F': V' — Fr™"(V), we get an F -Frobenius § on V', and we can now define
o : G — G as in Section 2 so that o = FR.
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4.3 The Deligne-Lusztig Curve

For simplicity, from here on out we will think of F" as a Frobenius™-linear map from V' — V
rather than a linear one from V' — Fr™™ (V).

We recall that for V' € SymSp, that G = Sp,(V') has Borel subgroups that correspond
to the data of a line L. C V and a Lagrangian subspace M C V so that L € M. The
corresponding Borel, B is the set of elements g that fix both L and M. The Deligne-Lusztig
curve can be thought of as the set of Borel subgroups, B, in the flag variety so that B and
o(B) fix the same line.

Consider the Borel subgroup B fixing the line (v) and the plane (v, w) with (v,w) = 0.
Notice that since (v,w) = 0 that w A v Aw = 0, and thus v A w can be thought of as a
(necessarily non-zero) element of V'. If ¢ fixes (v, w), then ¢’ clearly fixes the line of v A w.
Hence F(v A w) must be the line fixed by o(B).

Given V' and F' as above, we define the Deligne-Lusztig curve C' and produce an embed-
ding C < P(W) by sending B to the line containing & = v A w (recall W C A%V was the
orthogonal compliment of w). This is an embedding since if we pick a point in the image we
have fixed both the plane fixed by B and the line fixed by ¢(B) (and hence also the line fixed
by B since they are the same). This embedding is smooth since all of the other coordinates
of B,o(B) can be written as polynomials in «. Furthermore this embedding is given by a
few simple equations. Namely:

e The quadratic relation equivalent to « being a pure wedge of two vectors (i.e. that it
lies on the Grassmannian).

e The span of a, F'(a) AV must have dimension at most 3.

The first condition guarantees that F'(a) # 0. The second condition implies that if we set
v = F(«a) that a = [v A w] for some w. The fact that « € W implies that (v,w) = 0.
Together these imply that we have a point of the image.

These equations also cut out the curve scheme-theoretically. We show this for m > 0 by
showing that the tangent space to the scheme defined by these equations is one dimensional
at every F-point. If we are at some point a, we note that the derivative of F(a) is 0, so
along any tangent line, da must lie in F'(a) A V. This restricts da to a three-dimensional
subspace of A%V, Additionally, (w, da) must be zero, restricting to two dimensions. Finally,
we are reduced to one dimension when we project onto A?V/{«), which is the tangent space
to projective space at .

4.4 Divisors of Note

Let ¢ = 22" Let gy = 2™. We wish to compute the degree of the above embedding of
C. We do this by producing a polynomial that exactly cuts out the Fj-points of C' and thus
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must be a divisor of degree ¢> + 1. The F,-points are the points corresponding to Borel
subgroups B so that B = o(o(B)). First, we claim that these are exactly the Borels for
which B = o(B). This is because B and o(B) automatically fix the same line (v). If o(B)
and o(o(B)) fix the same line then the 2-forms corresponding to the planes fixed by B and
o(B) must by multiples of each-other modulo w. But since w cannot be written as a pure
wedge of v with any vector, this implies that B and ¢(B) must fix the same plane, and hence
be equal.

For any Borel B in C, we can pick v,w,u € V so that B fixes the line L = (v), the
Lagrangian plane M = (v, w) and the space S = (v)* = (v, w, u). Notice that for g € B that
¢’ fixes the Lagrangian plane (v Aw,v Au). Hence o(B) fixes the plane (F(vAw), F(vAu)).
Since F'(v A w) is parallel to v, B = ¢(B) if and only if F'(v A u) lies in M. Note that since
vAw LvAuwin V' that F(v Aw) must lie in S. We can then consider:

v AW v

Note that the value in Expression 5 is independent of our choice of v, w, u, is never infinite,
is zero exactly when B = o(B), and is homogenous of degree ¢ — 2¢o + 1 in a. Therefore
it defines a polynomial of degree ¢ — 2qp + 1 in our embedding that vanishes exactly on the
F,-points. We have left to show that it vanishes to order 1 at these points. Consider picking
a local coordinate around an Fj-point of C' and computing the derivative of Expression 5
with respect to this local coordinate. Clearly this derivative is some non-zero multiple of the

derivative of
F(v ANu)/M
(),
This can be rewritten as
FvANu) AN«
uNa
So in addition to picking a local coordinate, z, for a we can pick a local coordinate for v, u
as well. We can let v = F/(a), and let u be a fixed vector perpendicular to both v and dv/dz.
Then for m > 0 we have that dF(v A u)/dz = 0. Note that a must always be a pure wedge
of F(«a) with some perpendicular vector. Since dF'(«) = 0, da must lie in (v A w,v Au). It
cannot be parallel to v A w though since this is parallel to «. But, since F(v Aw) is in (v, w)
and not parallel to v, this means that F'(v A u) A da is non-zero. Hence the derivative of
Expression 5 with respect to z at an [Fy-point is non-zero, and hence Expression 5 defines a
divisor that is exactly the sum of the IF -points of C'. Therefore the degree of our embedding
must be: )
¢ +1
q—2q+1

Note that the divisor («, «) is identically 0, where the pairing is as elements of V.

:q+2q0—|—1.
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Next consider the polynomial (a,§(«)). We claim that this function is identically zero
on C. We prove this by contradiction. If it were non-zero it would define a divisor of degree
(¢ + 1)(g + 2go + 1) that would be clearly invariant under the action of G on C. On the
other hand, the only orbit small enough to be covered by this is the orbit of the F,-points,
whose number does not divide the necessary degree.

Next consider the polynomial (o, §*(«)). We claim that the divisor of this polynomial
is simply ¢ + 2¢p + 1 times the sum of the F,-points of C. Again the divisor must be G“
invariant, and again the only orbit of small enough order is the orbit of [F;-points. Hence if the
polynomial is not uniquely zero it must be the divisor specified. On the other hand, consider
a local coordinate a(z) around an Fy-point. Then this divisor is equal to (a,ag) + O(27)
(g = a(0)). (a, ) cannot vanish to degree more than ¢ + 2¢go + 1 since it is a degree 1
polynomial. Hence («, §*(v)) vanishes to degree exactly g + 2¢o + 1 on each F,-point and
nowhere else. Furthermore if 3 is the coordinate of an F,-point, then the degree 1 polynomial
(cv, B) vanishes at this point to degree ¢ + 2¢o + 1 and nowhere else.

Next consider the polynomial (c, §(«)). This corresponds to a divisor of degree (¢ +
1)(g+2go+1). Note that if 3 is the coordinate vector for an F a-point of C that (3,F1(8)) =
0. Since 8 = F4(B), this implies that (3,§3(8)) = 0. Therefore this divisor contains each of
the F 4 points. Also by the above this divisor vanishes to degree exactly ¢ + 2¢go + 1 on the
[F,-points (and is hence non-zero). We have just accounted for a total degree of

(q+2g0+1)(g—1)+ (" +1)(g+2g +1) = (¢ + 20 + 1)(¢* + 1),

thus accounting for all of the vanishing of the polynomial. Hence this polynomial defines the
divisor given by the sum of the F,a-points plus (¢ 4 2¢o + 1) times the sum of the F,-points.

Lastly, consider the divisor (a, §*(«)). By the arguments above it vanishes on the F -
points and to degree exactly ¢ 4+ 2¢gp + 1 on the F,-points. We have so far accounted for a
divisor of total degree

@+ 1) (=1 +(g+290+ 1) +1) = (g4 2g0 + 1)(¢" — 290¢” + 2q0¢” + 1).

We are missing a divisor of degree (q+2qo+1)q?(q¢—1)2qo. This divisor must be G?-invariant
and cannot contain the orbit of F,-points. Hence the only orbit small enough is that of the
IF,s-points, which can be taken 2¢y times. Hence this polynomial defines the divisor equal
to the sum of the Fys-points plus 2¢q times the sum of the F s-points, plus ¢ + 2¢go + 1 times
the sum of the IF -points.

Note that above we demonstrated that there was a polynomial that vanished to degree
1 exactly on the F -points. Call this polynomial P;. Note that we can choose P; so that

Pttt — (o §%(a)). We also have polynomials Py = % that vanishes to degree 1 on

(2:54()

the F,« points and nowhere else. Finally we have P5 = PP (a5 ()
(8 (a

that vanishes exactly on
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the F s-points. We claim that if the correct root P; is chosen that:
PIQQ(Q*D + Pf_2q0+1 1+ Py =0.

We do this by demonstrating that this polynomial vanishes on all of the F-points and all
of the F,-points, which is more than a polynomial of its degree should be able to. In fact
since everything can actually be defined over 5, the correct choice of P; will have to be the
one given in Expression 5.

We begin by showing vanishing on the Fs-points. We first show that (o, 32(04))‘12(‘1_1) =

PZZH on the [Fs-points. We then note that by taking P to be an appropriate root of

(o, F*(a)) we can cause Pra=D 4 pi=20+l ¢4 vanish on some F,s-point. But then we note
that P is a multiple of the quantity in Expression 5, which is clearly G invariant, and hence

qu2(q—1) + P{7*®*! must vanish on all Fs-points.

Let o be an Fs-point. We wish to show that (a,%Q(a))qZ(q_l) = P*(q). This is
equivalent to asking that

(a,32(a))q3+1 _ (a,gg(a))qQH,

But this is clear since

(a 32 )q S+1 (a 32(04))‘1 (a 8,2 a))
= (§(0), 8" (a ) ( §(a))
= (2. F(a)) (@), F°(a))
= (@ 8(@) (o, 33 ()"
(a,33(a)) 2+1

Next, we need to show that at an F,-point that Py(«)?2®0+! = P5(«). This is equivalent
to showing that

Equivalently, we will show that

(oz,%‘r)’(oz))qJr1 + (oz,34(oz)) (a,SQ(a))q

vanishes to degree more than (¢ + 1)(¢ + 2¢o + 1) on an F,-point. The above is equal to

(3(@),3(@) (. F (@) + (2, F"()) (F(a), F(a)) -
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Setting o = 8 4 z, where (3 is defined over F,

(3(0).5"(a)) (. 3°(a) + (2. 5" () (§(0), ()
=(B+2%8) (B+28)+ (B+2B)(B+27,8) +0(")
=(27,8) (2, 8) + (2, 8) (27, B) + O(=*")
:O(zq ).

This completes the proof of our identity.

5 The Curve Associated to 2G5

5.1 Description of 2G5 and its Representations

We begin by describing the group G5. G5 can be thought of as the group of automorphisms of
an octonian algebra. This non-associative algebra can be given by generators a; for i € Z/7
where the multiplication for a;,a;1,a;.3 is given by the relations for the quaternions for
1,7, k. The octonians have a natural conjugation which sends a; to —a; and 1 to 1. Instead
of thinking of the automorphisms of the entire octonian algebra, we will think about the
automorphisms of the space of pure imaginary octonians (which must be preserved by any
automorphism since they are the non-central elements whose squares are central). There are
two pieces of structure on the pure imaginary octonians that allow one to reconstruct the
full algebra. Firstly, there is a non-degenerate, symmetric pairing (z,y) given by the real
part of - y. Also there is an anti-symmetric, bilinear operator x * y which is the imaginary
part of x -y. There is also an anti-symmetric cubic form given by (z,y, z) is the real part of
x-(y-2),or (z,y*z).

These pieces of structure are not unrelated. In particular, since any two octonians x,y
satisfy z(xy) = (xz)y we have for x and y pure imaginary that

(r,2)y =2 (r*y) +x(2,y)

rx(vxy)=(z,2)y — (z,9)x

Therefore (x,x) is the eigenvalue of y — x * (z*y) on a dimension 6 subspace. Hence (—, —)
is determined by x*.

Hence G has a 7 dimensional representation on V', the pure imaginary octonians. The
Borels of G fix aflag0 Cc L C M Cc S C S+ c M+ c L+ C V. Where here we have that
(M,M) =0, MM =0,S = L** L. Also A’V has a subrepresentation W of dimension
14 given by the kernel of x : A2V — V. As we shall see, in characteristic 3, W O W+ thus
giving a 7 dimensional representation V' = W/W=.
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5.2 Definition of o

A property of note is that in characteristic 3, * makes the pure imaginary octonians into a
Lie Algebra. The Jacobi identity is easily checked on generators. We now let F = F5. We
define O to be the groupoid of Lie Algebras isomorphic to the pure imaginary octonians over
F with the operation *. We claim that for V' € O that the Lie Algebra of outer derivations
of V' is another Lie Algebra in O (this is not too hard to check using the standard basis).
This obviously defines a functor ' : O — Q.

We will discuss a little bit of the structure of these outer derivations. First note that
since a derivation is a differential automorphism, and since an automorphism must preserve
(—,—), that these derivations must be alternating linear operators. This means that we
can think of the derivations of V as lying inside of A?V. It is not hard to check that
ag A a1 + as A as defines a derivation. From symmetry and the fact that the dimension of
the space of derivations is the dimension of G5, which is 14, we find that the space of all
derivations must be W = ker(x : A2V — V). It is not hard to see that the space of inner
derivations is equal to W+ C W. Hence V' = W/W+ is isomorphic to the space of outer
derivations.

We will need to know something about the structure of the operator ad(z) : V — V
when z € V has (z,z) = 0 in characteristic 3. Since ad(z)(ad(z)(y)) = = (x,y) we know
that ad(z)? has a kernel of dimension 6. Therefore ad(x) has a kernel of dimension at least
3. We claim that the dimension of this kernel is exactly 3. Suppose that x xy = 0. By the
above this implies that (z,y) = 0. Hence, as octonians, it must be the case that x -y = 0.
This means that if Nm is the multiplicative norm on the octonians and if we take lifts =,y
of x and y to the rational octonians, that Nm(Z - ) is a multiple of 9. Since we can choose
T so that Nm(7) is not a multiple of 9, Nm(%) is a multiple of 3. Hence (y,y) = 0. Hence
ker(ad(z)) is a null-plane for (—, —), and hence cannot have dimension more than 3. Notice
that this implies that ker(ad(x)) = ad(z)((z)"1).

As before we have a functor Fr: O — Q.

Once again our definition of 2G5 will depend upon finding a natural transformation
between ” and Fr. This time, we will find a natural equivalence in the other direction (since
the inverse will be easier to write down). We will find a natural transformation p : Fr =".
This amounts to finding a Frobenius-linear isomorphism from V' to V”. The basic idea will be
to think of derivations of V' as differential automorphisms. In particular, given a derivation
d, we can find an element 1 + ed + O(€*) of End(V)[[e]] that is an automorphism of V.

Let x € V and let d be a derivation of V. We let e, be an automorphism of the form
1+ ead(z) + €2/2ad(z)? + O(€®), and let eg be an automorphism of the form 1+ dd + O(6?).
We claim that the commutator of e, and eg4 is 1+ (inner derivations) + €3dr + O(e*d) where
the O assumes that § < € and where r is some derivation of V. We claim that this defines a
map (pv(z))(d) = r so that py(x) gives a well-defined outer automorphism of V', and that
pv : V. — V" is Frobenius-linear. We prove this in a number of steps below.
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Claim 1. The commutator [e,,eq] is of the form specified, namely
1 + (inner derivations) + €0r + O(e*9)

for some derivation r.

Proof. We note that any pure € or pure ¢ terms must vanish from the commutator, leaving
only terms involving both € and 6. To compute the terms of size at least €26, we compute

(1+ ead(z) + €2/2ad*(x))(1 4 6d) - (1 — ead(z) + €2/2ad*(x))(1 — 6d)
=1+ edad(d(x)) + €6(ad(z * (d(x))/2)) + O(*)).

So the €d and €25 terms are inner derivations. The €36 term must also be a derivation since
if we write this automorphism as 1+ a(e)d + O(6?) it follows that a(€) must be a derivation,
and in particular that the € term of a is a derivation. O

Claim 2. Given e, and d, r does not depend on the choice of eq. In particular, given a
derivation d of V' and an automorphism e, € End(V)[[¢]], we obtain a well-defined r € V.

Proof. d defines e4 up to O(6?), and therefore [e,, e4] is defined up to O(6?). O

Claim 3. For fized e, € End(V)][e]], the corresponding map d — r descends to a well defined
linear map V' — V',

Proof. 1t is clear that this produces a linear map from Der(V) — V’. If d is an inner
derivation, ad(y) then the resulting product is

exp(dad(e,(y))) exp(—dad(y)) + O(6*) = 1 + dad(e,(y) — y) + O(5?).
So r is an inner derivation. Hence this descends to a map from V' to V. O]

Claim 4. If x € V and e, e, € End(V)|[¢]] are two possible automorphisms of the form
specified, then e, and el define maps V' — V' that differ by an inner derivation of V'.
Hence we have a well-defined map p : V — End(V')/InDer(V").

Proof. Note that e, — ¢/, must be of the form €f + O(e?) for some derivation f. It is
then not hard to check that the corresponding maps V' — V’ differ by the inner derivation
d — [ad(f),d]. O

Claim 5. Let x € V, e, € End(V)[[]] as above, y € V[[e/"]] with y = o(e), and e, =
1+ ad(y) + ad*(y)/2 + o(€?) an automorphism. Then if we compute the above map V' — V'
by taking the commutator of eq with eye, instead of e,, we obtain the same element of

End(V").
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Proof. This is because

eyeatacy e, eyt = (ey(eqeaey ey Ve ) (eyeae, eg ).

The first term above is 1 + €6r + 0(e3d) up to inner derivations, and the latter is 1 + o(€3§)
up to inner derivations. O

Claim 6. The map p:V — End(V')/InDer(V") is Frobenius-linear.

Proof. 1t is clear that the map z,d — r is homogeneous of degree 3 in x. We need to
show that it is additive in x. By the previous claim, we may substitute eze, for e;4, when
computing the image of x + y. Additivity follows immediately from the identity

eyeatacy e, eyt = (ey(eqeaey ey Ve ) (eyeae, eg ).

Claim 7. For x € V with (z,z) =0, (p(z))(d) = ad(x)ad(d(x))ad(x).

Proof. First we claim that we may perform our computation using e, of the form e, = 1+
ead(z )+62 /2ad?(x)+O(e*). To show this, it suffices to check that this e, in an automorphism
modulo e*. This holds because

(y+exsxy—Ex*(zxy))*(z+erxz—xx (T%2))

=(y+evxy— € (v,y) ) * (2 +evxz— € (v,2) )
=(y*xz+e((xxy)*xz+yx*(vx*2))
+E(—(r*(mxy)) sz + (mxy)*(x*2) —yx* (v (zx2)))
+ (= (2,2) (wxy) ¥z — (2,y) x % (% 2)) + O())
=(y*z+e(r*(y*2) =z (2x(yx*2))
+E((z,2) (x,y) x — (2,y) (2, 2) x) + O(e"))
=(y* 2z +e(w* (y*2)) — (@ * (wx (y *2))) + O(e")).

Using the e, above, we get that

ezedexlegl
=(1+ ead(z) — ?ad?(x) + O("))(1 + 6d + O(6%))
(1 — ead(z) — ad®(z) + O(e*) (1 — 6d + O(5?))
=1+ edad(d(x)) + €20(—ad(z * d(x)))
+ 3§(—ad(x)dad®(z) + ad?(x)dad(z)) + o(e36).
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Hence,

r = —ad(x)dad?(z) + ad?(z)dad(x)
= ad(z)[ad(x), d]ad(z)

= ad(z)ad(d(z))ad(z).
[
Claim 8. For xz € V with (z,x) = 0, the above map p(x) : V' — V' defined by
d — ad(x)ad(d(z))ad(x)
s a derivation.
Proof. Note that for d,e € V,
[(p(2))(d), €] + [d, (p(z))(e)]
= — ad(e(x))ad(d(z))ad(x) — ad(z)ad(e(d(z)))ad(x)
— ad(x)ad(d(z))ad(e(x)) + ad(d(x))ad(e(z))ad(z)
+ ad(z)ad(d(e(x)))ad(z) + ad(x)ad(e(x))ad(d(x))
=ad(x)ad([d, e](z))ad(z)
+ [ad(d(2)), ad(e(x))]ad(z) — ad(z)[ad(d(x)), ad(e(x))]
=(p(x))([d, €]) + [ad([d(x), e(x)]), ad(x)]
=(p(x))([d, €]) + ad([[d(z), e(x)], z])
Which is (p(x))([d, €]) up to an inner derivation. O

Claim 9. The map p: V — End(V")/InDer(V') gives a Frobenius linear map V- — V.

Proof. We already have that the map is Frobenius-linear. Furthermore the above claim

implies that the image is a derivation of V' as long as (z,2) = 0. Since such vectors
span V' we have by linearity that the image lies entirely in Der(V'). Hence we have a map
V' — Der(V')/InDer (V') = V". O

Claim 10. The map p:V — V" is a map of Lie Algebras.

Proof. We need to show that p(xz x y) = p(z) * p(y). We note that by Claim 5 that we
may substitute [e,,e,] (with € replaced by €/2) for e,., in our computation of p(z * y).
Equivalently, we map compute (p(z * y))(d) as the %0 term of [[e., €,], eq]. We note that

e, ey, ea] = €, '€, e eneae, e, eney eyt



CHAPTER D. DELIGNE-LUSZTIG CURVES 97

Is conjugate to

eyexedegley’leﬁeyegle;le;1
This conjugation by e,e, should not effect our final output since it should send inner deriva-
tions to inner derivations and not modify our € term by more than O(e’d). The above

equals
-1 -1 -1 -1
Cy(a(d)) Cy(d) C2(d) €dCy(y(d)) Ca(d) Cy(a)Cd

where
1 -1
6x(d) = €z€4€, €4

_ -1 -1
Cy(d) = €y€aCy g

1 -1
Caly(d) = CxCy(d)Cr )
-1 -1
Cy(z(d)) = CyCa(d)Cy Cy(q)-

Since these are each 1+ O(d), they commute modulo §%, and hence modulo 6%, the above is

-1
Cy(2(d)) Ca(y(d))-

Up to inner derivations this is

L+ %8 ((pv (1)) ((pv(2))(d)) — (pv () ((pv ())(d))) + o(e°3).

Hence py(x * y) = pv(x) x py(y) as desired. O

As in the previous case, if we have a V € O and a Frobenius”-linear map F : V' — V,
we can define § : V — V a Frobenius®™-linear map thus giving V a Fsem+1-structure. We
can then construct an endomorphism o of Go(V') = Aut(V) by Fr " (0(g)) o F = F o ¢, so
that 0% = §.

5.3 The Deligne-Lusztig Curve

Before we can construct the Deligne-Lusztig curve we need to understand the Borel subgroups
of G. Given V € O we can consider the algebraic group G = Aut(V). We consider B a
Borel subgroup of G. B is determined by a line L = (x) and a plane M = (z,y) D L
that are fixed by it. These have the property that both (—, —) and * are trivial on both L
and M. So (z,z) = (z,y) = (y,y) = 0,z xy = 0. B will also fix a 3 dimensional space
S = (z,y, z) = ker(ad(x)) D M. Given a Borel B of G, there should be a corresponding Borel
B’ of G’ = Aut(V") by applying ’ to each element of B. Letting W = ker(* : A’V — V), we
recall that V' = W/W+=. We note that if g € B that ¢’ must fix the line containing Ay € W.
Note that (x A y,z Ay) = 0. Furthermore x A y cannot be an inner automorphism because
ad(a) has rank 6 if (a,a) # 0 and rank 4 if (a,a) = 0 while A y has rank 2. Therefore ¢’
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fixes the line generated by x Ay in V'. B’ also fixes the plane (z A y,x A z). This is of the
type described because (z A y) * (z A z)(a) = 0 since (z A z)(a) € (x,z) and both z and y
are perpendicular to z and z. This means that if B is the Borel fixing L and M, then o(B)
is the Borel fixing F/({(x A y)) and F({x Ay, z A z)).

The Deligne-Lusztig curve C is the set of Borels B so that B and o(B) fix the same line.
We can produce an explicit embedding C' — P(A%(V)) by sending B to the line of w = z Ay.
We claim that this embedding gives the curve defined by the following relations:

e The linear relations that tell us that *(w) = 0.

e The relations that tell us that w is a rank 2 tensor, and hence a pure wedge of two
elements of V. Note that these are the relations used to define the Plucker embedding
of a Grassmannian.

e The relation (w,w) =0
e The relations that tell us that (w, F(w) A V) has dimension at most 6.

These are clearly satisfied for points in the image of our embedding. They also cut them
out set-theoretically. The first and second relations guarantee that w represents a non-zero
element of V'. Let x = F(w) # 0. The fourth relation guarantees that w = = Ay for some
y. The first relation says that 2« y = 0. The third relation implies that (z,z) = 0. Hence
we have the Borel B that fixes (z) and (x,y) the unique Borel subgroup so that = A y is
parallel to w. This embedding is smooth because the coordinates of the flag variety can all
be written as polynomials in w for points on C.

These equations also cut out the curve scheme-theoretically. We show this for m > 0
by showing that the tangent space to the scheme defined by these equations is one dimen-
sional at every F-point. Suppose that we are at some point on C' with projective coordi-
nate w. We wish to consider the space of possible vectors dw in the tangent space. Note
that dF'(w) = 0 and that therefore, dw must lie in the six dimensional space defined by
F(w) A V. We must also have *(dw) = 0 so dw must lie in F'(w) A (ker(ad(F(w)))). Since
(F(w), F(w)) = 0, (ker(ad(F(w)))) is three dimensional. Since (ker(ad(F(w)))) contains
F(w), F(w) A (ker(ad(F(w)))) is two dimensional. Finally when we project down to the tan-
gent space to P(A2V) at this point (which is A%(V')/{w)), we are left with a one-dimensional
tangent space.

5.4 Divisors of Note

We begin with some preliminaries. Let C' be the Deligne-Lusztig curve corresponding to G
defined over the field Fsem+1. Let go = 3™. Let ¢ = 3¢3 = 3*™"!. Let ¢ = ¢ — 3¢y + 1 and
g+ = q+3qgo + 1. Note that g_qy = ¢*> — ¢+ 1. We let G = G5 with an endomorphism o.
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We note that C' admits a natural G? action. We will be considering the projective model of
C' described above with parameter w.

We first want to compute the degree of this embedding. We do this by finding a polyno-
mial that vanishes exactly at the F, points. We will think of F' as a Frobenius™-linear map
V' — V. If B is the Borel fixing the line, plane and space L = (z), P = (x,y), S = (z,y, 2),
o(B) fixes the line and plane (F(z Avy)), (F(z Ay),F(z A z)). For B to correspond to a
point on C, then we must have that F(x A y) is a multiple of z. B is defined over F, if and
only if B = o(0(B)). We claim that this happens if and only if B = ¢(B). The if direction
is clear. For only if, note that if B = o(0(B)), B, 0(B) and o(o(B)) must all fix the same
line. Therefore F(x A y) is a multiple of F(F(x A y) A F(z A z)), which is a multiple of
F(x N F(x A z)). This happens if and only if F'(x A z) is in the span of x and y, which in
turn implies that B = o(B). So in fact, B € C'is an F -point if and only if F(x A z) is in
the plane of x and y.

Notice that since (zAy)*(zAz) = 0that 0 = F(zAy)*xF(xAz) = xx F(xAz). Therefore
F(z A z) is in the span of z,y, z. Therefore we have that (F(x A z) A z) A (z Ay) is always
a multiple of (x A y) A (z A z) in V”. Furthermore this multiple is 0 if and only if the point
is defined over F,. We next claim that py(x) is a (non-zero) multiple of (z A y) A (x A 2).
This is equivalent to saying that (py(x))(V’) is in the span of 2 Ay and x A z. This in turn
is equivalent to saying that the image ((pv(z))(V’))(V) is contained in the span of z,y and
z. But note that (x,y, z) = ker(ad(z)). Furthermore, by claim 7,

zx ((pv(2))(d))(a) =z (x + (d(z) * (z * a))) = (z,d(z) * (2 a)) z.

We need to show that (z,d(x) % (x x a)) = 0. This is the cubic form applied to z, d(z), (z*a).
Hence this is — (d(z),z * (x x a)) = — (d(x), (z,a) x) = — (z,a) (d(z),x) = 0 since d must be
an anti-symmetric linear operator. Hence py (z) is a multiple of (z A y) A (z A 2).

We now consider the polynomial

[(F() A (F(F() A ) Al & [py (F))=@
[w A (F(w) A 2)]®@0 :

(6)

Both numerator and denominator are elements of the ¢¥* tensor power of the space of mul-
tiples of (x Ay) A (x A z). Note that each of numerator and denominator are proportional to
the ¢ power of z as an element of S/M. Therefore the number produced is independent of
the choice of z. The w-degree of the above is:

[0+ a5+ 1]+ (90— 1)[3q] —@leo+1]=q+q +1+q¢—30 — ¢ —q=q—3q + 1.

The polynomial in Equation 6 clearly vanishes exactly when F'(x A z) is in M, or on points
defined over F,. We claim that it vanishes to degree 1 on such points (at least for m > 0).
Consider an analytic coordinate around such a point. Since m > 0 the derivative of F(w)
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is 0. Hence we can consider the above with z so that dz = 0. We wish to show that the
derivative of the above polynomial is non-zero at such a point. To do so it suffices to show
that the derivative of (F'(w) A (F(F(w) A z))) A w is non-zero. But it should be noted that
the derivative of (F(w) A (F(F(w) A z))) is 0. Hence as w varies, the wedge has non-zero
derivative. This completes the proof. Therefore this polynomial of degree ¢_ defines a divisor
of degree ¢> 4+ 1. Hence our embedding must be of degree ¢, (q+ 1).

We next consider the divisor defined by the polynomial (w,§(w)). This defines a divisor
of degree (q + 1)?q,. This divisor is clearly G-invariant. On the other hand the degree is
too small to contain any orbits except for the orbit of F,-points. Unfortunately, the size of
this orbit does not divide the degree of this divisor. Therefore (w,§(w)) must vanish on C.
Similarly (w,§*(w)) must vanish on C'.

Consider the polynomial (w, §(w)). We claim that this vanishes to degree exactly ¢, (q+
1) on the F -points of C' and nowhere else. For the former, consider an IF-point w = wy. Then
near this point (w, §(w)) agrees with (w,wp) to degree ¢3. Since the latter cannot vanish to
degree more than ¢, (¢ + 1), being a degree 1 polynomial, this means that (w,§*(w)) cannot
vanish identically. Since it is G?-invariant, but of too small a degree to contain any orbit but
that of the F,-points, it must vanish to degree n on each IF -point for some n and nowhere
else. Comparing degrees yields n = ¢, (¢+1). Note also that this implies that the polynomial
(w,wp) vanishes at the point defined by wy with multiplicity ¢4 (¢ + 1) and nowhere else.

Next, consider the polynomial (w,§*(w)). This vanishes on the F s-points of C'. This is
because for such points,

F((w §'W) = (@), 3 W) = (F(w),w) =0.

Furthermore, this polynomial agrees with (w,§*(w)) to order ¢* on the F,-points. Therefore
this polynomial vanishes to degree 1 on the F s-points and degree ¢4 (g+ 1) on the Fy-points.
By degree counting, it vanishes nowhere else.

Lastly, consider the polynomial (w,§>(w)). Analogously to the above this vanishes on
the F,7-points and to degree exactly ¢4 (¢ + 1) on the F -points. The remaining degree is

¢+ (@+ D@ +1) —Plg+1D)giqg-(g—1) — (¢*+ 1)g (¢ + 1)
= (q+1)(°+1—¢*—1—¢" +3q0q" — 30" + ¢°)
=¢+(q¢+ 1)(3¢0q" — 390¢°).

Since the remainder of this divisor is G?-invariant and the only orbit small enough to fit is
the orbit of [Fs-points, this polynomial must vanish to degree 1 on the F 7-points, to degree
3qo on the F-points, and to degree ¢, (¢ + 1) on the Fy-points.
There are several polynomials of interest. Let Fy := (w,§(w)), Fy = (w,§*(w)), Fs =
(w,3°(w)). We also have the polynomials that vanish exactly at the F-points. P :=
1

F3q+(q+1), Py = %, P = F;; zgqo. We note that these are all polynomials (P, as above is
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st

defined only up to a ¢; (g + 1)* root of unity but could be taken, for example, to be the
Polynomial in Equation 6). We claim that if the correct root is taken in the choice of P,
then we have that \
Pl L P — P =0 (7)
Or unequivocally,
F:;f’(q—l) — (PI- — py)arlat),

We prove Equation 7 by showing that for proper choice of P;, that this polynomial
vanishes at all of the F 7-points and all of the F,-points. Since this will be more points than
the degree of the polynomial would allow, the polynomial must vanish on C.

For the F7-points, it will suffice to show that

F4(Q)>q3“
Q)

for @ a Fr-point. For this it suffices to show that F§4+1(Q) = FfaH(Q). But we have that

R =@ -

4

F{HYQ) =

For the F,-points we show that P (Q) = P»(Q) = — BQ) g @ and F_-point of C.
e 6 F3(Q)P;™(Q) I

This is equivalent to showing that

<F4(Q))q+1 _ PI(Q) = £5(Q)

F3(Q) F3(Q)
To do this we will show that the polynomials
Ff+1
and
F5FY

agree to order more than ¢, (q + 1)?. But this follows immediately from the fact that each
of these polynomials is a product of ¢ 4+ 1 of the F; which are in turn polynomials that

e Vanish to order ¢, (¢+ 1) at @
e Agree with F3 to order ¢* at Q

This completes our proof of Equation 7.
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Chapter E

Designs for Path Connected Spaces

1 Introduction

Given a measure space (X, ) and a set fi,..., f, : X — R, [55] defines an averaging set to
be a finite set of points, p1,...,pxy € X so that

1 — 1
N H0) = oy [ S (1)

for all 1 < 7 < m. They show that if X is a path-connected topological space, pu has full
support, and the f; are continuous that such sets necessarily exist. In this Chapter, we
study the problem of how small such averaging sets can be. In particular, we define a design
problem to be the data of X, ;1 and the vector space of functions on X spanned by the f;.
For a design problem, D, we show that there exist averaging sets (we call them designs) for
D with N relatively small.

Perhaps the best studied case of the above is that of spherical designs, introduced in [10].
A spherical design on S? of strength n is defined to be an averaging set for X = S? (with the
standard measure) where the set of f; is a basis for the polynomials of degree at most n on
the sphere. It is not hard to show that such a design must have size at least {y(n?) (proved
for example in [10]). It was conjectured by Korevaar and Meyers that designs of size Oy(n?)
existed. There has been much work towards this Conjecture. Wagner proved in [18] that
there were designs of size Oy(n'?*"). This was improved by Korevaar and Meyers in [37] to
Oa(n'®+4/2) by Bondarenko, and Viazovska in [5] to Og(n2¥@+D/(@+2)) In [6], Bondarenko,
Radchenko, and Viazovska recently announced a proof of the full conjecture.

In this Chapter, we develop techniques to prove the existence of small designs in a number
of contexts. In greatest generality, we prove that on a path-connected topological space there
exist designs to fool any set of continuous functions on X of size roughly M K, where M
is the number of linearly independent functions, and K is a measure of how badly behaved
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these functions are. We also show that if in addition X is a homogeneous space and the
linear span of functions we wish to fool is preserved under the symmetry group of X that
K < M. For example, this immediately implies strength-n designs of size O(n?¢/(d!)?) on
S?. Tt also implies the existence of small Grassmannian designs (see [1] for the definition).
Generally, this result proves the existence of designs whose size is roughly the square of what
we expect the optimal size should be.

With a slight modification of our technique, we can also achieve better bounds in some
more specialized contexts. In particular, in Section 6 we produce designs of nearly optimal
size for beta distributions on the unit interval, and in Section 7 we prove the existence of
strength-n designs on S¢ of size O4(n?log(n)?=1) for d > 2, which is optimal up to a polylog
factor.

In Section 2, we describe the most general setting of our work and some of the fun-
damental ideas behind our technique. In Section 3, we handle our most general case of
path-connected spaces. In Section 4, we produce an example in which the upper bound for
sizes of designs in the previous section is essentially tight. In Section 5, we study the special
case of homogeneous spaces. In Section 6, we provide nearly optimal bounds for the size of
designs for beta distributions on the interval. In Section 7, we prove our bounds on the size
of spherical designs.

2 Basic Concepts

We begin by defining the most general notion of a design that we deal with in this Chapter.

Definition. A design-problem is a triple (X, u, W) where X is a measure space with a
positive measure j, normalized so that u(X) = 1, and W is a vector space of L' functions
on X.

Given a design-problem (X, u, W), a design of size N is a list of N points (not necessarily
distinct) p1,pa, ..., py € X so that for every f € W,

[ @duta) = 53 1) ®)

A weighted design of size N is a set of points p1,p2,...,pn € X and a list of weights
wy, Wy, ..., wy € [0,1] so that Zfil w; = 1 and so that for each f € W,

[ r@uta) = 3wt v ®)

For example, if (X, p) is the d-sphere with its standard (normalized) measure, and W
is the space of polynomials of total degree at most n restricted to X, then our notion of a
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design (resp. weighted design) corresponds exactly to the standard notion of a design (resp.
weighted design) of strength n on the d-sphere.
Note that a design is the same thing as a weighted design in which all the weights are %
Notice that if we set f(x) to be any constant function that the formulas in Equations 2 and
3 will hold automatically. Hence for a design problem it is natural to define the Vector space

V of functions on X to be the space of functions, f, in W + (1) so that [, f(z)du(z) = 0.

Lemma 1. For a design-problem (X, pu, W) with V' as defined above, pi,pa, ...,pn 1S a
design (resp. p1,Pa, ..., PN, W1, Wa, ..., Wx IS a weighted design) if and only if for all f € V,

SN ) =0, (resp. SN wif(pi) =0).

Proof. Since any design can be thought of as a weighted design, it suffices to prove the
version of this Lemma for weighted designs First assume that val w; f(p;) = 0 for each
f € V. For every g € W, letting f(x — [ 9y ), f € V. Hence

(ot - [ g(y)du(y))
1 w;ig(p;) — (il wz-) (/X g(y)du(y))

wig(ps) — /X o) du(z).

ORI

~.
Il

WE

1

<.
Il

Hence p;, w; is a weighted design.
If on the other hand, p;, w; is a weighted design and f € V, then flz) = g( ) + ¢ for
some g € W and constant c. Furthermore 0 = fX g(x) + cdp(z fXg w(x) + ¢ so

¢ =— [y g(x)du(z). Hence
Zwif(pi) = Zwi(g(m) +¢)
= Zwig(pz‘) + (Z wi) ¢

- /X 9(x)dpu() + ¢

=0.
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It will also be convenient to associate with the design problem (X, pu, W) the number
M = dim(V'). We note that there is a natural map E : X — V* where V* is the dual space
of V. This is defined by (E(p))(f) = f(p). This function allows us to rephrase the idea of a
design in the following useful way:

Lemma 2. Given a design problem (X, u, W) along with V' and E as described above, p; is a
design (resp. ps,w; is a weighted design) if and only if S-n | E(p;) = 0 (resp. So wiE(p;) =

0).

Proof. Again it suffices to prove only the version of this Lemma for weighted designs. Note
that for f € V, that

ZU)if(pi) = sz(E(pl))(f) = (Z wiE(pi)> (f).

This is 0 for all f € V' if and only if ZZ]\LI w; E(p;) = 0. This, along with Lemma 1, completes
the proof. O

To demonstrate the utility of this geometric formulation, we present the following Lemma:

Lemma 3. Given a design problem (X, u, W) with V, M, E as above, if M < oo, there exists
a weighted design for this problem of size at most M + 1.

Proof. Note that for f € V that

(/X E<x>du<ﬂf>) (1) = [ fauta) <o

Therefore [, E(x)dp(x) = 0. Therefore 0 is in the convex hull of E(X). Therefore 0 can be
written as a positive affine linear combination of at most M + 1 points in E(X). By Lemma
2, this gives us a weighted design of size at most M + 1. O]

Unfortunately, our notion of a design problem is too general to prove many useful results
about. We will therefore work instead with the following more restricted notion:

Definition. A topological design problem is a design problem, (X, u, W) in which X is a
topological space, the o-algebra associated to j is Borel, the functions in W are bounded and
continuous, and W is finite dimensional.

We call a topological design problem path-connected if the topology on X makes it a
path-connected topological space.

We call a topological design problem homogeneous if for every x,y € X there is a
measure-preserving homeomorphism f: X — X so that f*(W) =W and f(x) =y.
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We will also want a measure on the complexity of the functions in W for such a design
problem.

Definition. Let (X, i, W) be a topological design problem. Associate to it the number
swlf) gy SN
revigoy IE(F)L pevqoy [inf(—=f)]

o I sun(lf)
revi\{o} sup(f) Fev\{o} sup(f)

K =

Notice that since % is invariant under scaling of f by positive numbers, and since

V\{0} modulo such scalings is compact, that K will be finite unless there is some f € V\{0}
so that f(x) > 0 for all z. Since [, f(x)du(z) = 0 this can only be the case if f is 0 on the
support of .

Throughout the rest of the Chapter, to each topological design problem, (X, u, W) we
will associate V| E, M, K as described above.

3 The Bound for Path Connected Spaces

In this Section, we prove the following Theorem, which will also be the basis some of our
later results.

Theorem 4. Let (X, u, W) be a path-connected topological design problem. If M > 0, then
for every integer N > (M —1)(K +1) there exists a design of size N for this design problem.

Throughout the rest of this Section, we use X, u, W, V, E, M, K, N to refer to the cor-
responding objects in the statement of Theorem 4. Our proof technique will be as follows.
First, we construct a polytope P, that is spanned by points of E(X), and contains the origin.
Next, we construct a continuous function F' : P — V* so that every point in the image of
Fis a sum of N points in E(X), and so that for each facet, T', of P, F'(T) lies on the same
side of the hyperplane through the origin parallel the one defining 7" as T" does. Lastly, we
show, using topological considerations, that 0 must be in the image of F'. We begin with the
construction of P.

Proposition 5. For every e > 0, there exists a polytope P C V* spanned by points in E(X)
such that for every linear inequality satisfied by the points of P of the form

(x,f) <c

for some f € V\{0}, we have

sgg\f(p)! < (K +e).
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Proof. Suppose that P is the polytope spanned by E(p;) for some p; € X. Then it is the
case that (z, f) < ¢ for all z € P if and only if this holds for all x = E(p;), or if f(p;) < ¢
for all . Hence it suffices to find some finite set of p; € X so that for each f € V\{0},
sup(|f]) < sup, f(pi)(K + €). Notice that this condition is invariant under scaling f by a
positive constant, so it suffices to check for f on the unit sphere of V.

Notice that by the definition of K, that for each such f, there is a p € X so that
sup(|f]) < f(p)K. Notice that for such a p, sup(|lg|]) < g(p)(K + €) for ¢g in some open
neighborhood of f. Hence these p define an open cover of the unit ball of V', and by
compactness there must exist a finite set of p; so that for each such f, sup(|f]) < f(pi)(K +e¢)
for some ¢. This completes our proof. O

Throughout the rest of this section we will use € and P to refer to a positive real number
and a polytope in V* satisfying the conditions from Proposition 5. We now construct our
function F.

Proposition 6. Ife < % — K — 1, there exists a continuous function F': P — V* so that
e For each x € P there are points qi,...,qy € X so that F(z) = Zf\il E(g)

e For each facet, T, defined by the equation L(x) = ¢ for some linear function L on V*
and some c € R*, L(F(T)) C Rf

Proof. For a real number z, let [z] denote the greatest integer less than x and let {x} =
x — | x| denote the fractional part of x.

Let p; be points in X so that P, = E(p;) are the vertices of P. Let py be some particular
point in X. Since X is path-connected we can produce continuous paths ~; : [0,1] — X so
that v;(0) = pp and ~;(1) = p;. For r € [0, 1] a real number, we use [rP;] to denote E(v;(r)).
We let [0] = E(po) = [0F;]. We also note that [P;] := [1P;] = P; and that [rP;] is continuous
in r.

Next pick a triangulation of P. Our basic idea will be as follows: for any Q) € P, if Q)
is in the simplex in our triangulation defined by P, P,,, ..., P,, for some n; and d < M.
We can write Q uniquely as Y0 a;[P,,] for z; € [0,1] with 3, 2; = 1 (here we think of
the sum as being a sum of points in V*). The idea is that F'(Q) should be approximately
NQ = Ef:o Nuxz;|P,,]. If the Nx; are all integers, this is just a sum of N points. Otherwise,
we need to smooth things out some.

Let S be the set of i € {0,...,d} so that {Nx;} > 1—1/(3M). Define

F(z):= Y (INw]) [Po] + Y [(1=3M(1— {Nz;})) - P

1=0 €S

+ (N = Vai) - |S|) [0].

7
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We have several things to check. First, we need to check that F' is well defined. Next,
we need to check that F'is continuous. Finally, we need to check that F' has the desired
properties.

We must first show that F' is well defined. We have defined it on each simplex of our
triangulation, but we must show that these definitions agree on the intersection of two
simplices. It will be enough to check that if @) is in the simplex defined by B, ..., P,, and
the simplex defined by P, ..., Py, Py,.,, that our two definitions of F'(Q)) agree (because
then all definitions of F(Q) agree with the definition coming from the minimal simplex
containing )). In this case, if we write ) = Z?:o z; P, = Zfiol y; P,,,, then it must be the
case that x; = y; for 1 < d and y4.1 = 0. It is easy to check that our two definitions of F' on
this intersection agree on Q).

For continuity, we need to deal with several things. Firstly, by the above, since F' can
be defined independently on each simplex in our decomposition of P in such a way that
they glue on the boundaries, we only need to check that F' is continuous on any given

simplex. In this case, we may write F'(Q) = F(zo,...,zq). We also note that we can write

F(Q) = N[0] + XL, Fi(Nx;) where F(y) is

{(LyJ) - ([Bn] = [0]) if {y} <1-1/(3M)
(Ly]) - ([P, ] = [01) +[(1 = 3M (1 = {y})) - Po,]  —[0] else

We now have the check continuity of F;. Note that F; is clearly continuous except where vy is
either an integer or an integer minus 1/(3M). For integer n, as y approaches n from below,
Fiy) = (n— D([Pu] = [0]) + [(1 = 3M(n — ) - Po] — [0] > n([P] — [0)) = Fi(n). Also as
y approaches n — 1/(3M) from below, F;(y) = (n — 1)([P,,] — [0]) = F;(n —1/(3M)). Hence
F' is continuous.

Next we need to check that for any @) that F'(Q)) is a sum of N elements of E(X). From
the definition it is clear that F(Q) is sum of elements of F(X) with integer coefficients that
add up to N. Hence, we just need to check that all of these coefficients are positive. This is
obvious for all of the coefficients except for N — [S| — S°% | Na;|. Hence, we need to show
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that N > |S| + 3%, [ Nz;]. Since Y27, ; = 1 by assumption,
d
N=> Nz
i=0

= Z | Na;] + {Nw;}

> Z |Nz;| + Z{N%}
> Z [N +[S|(1 - 1/(3M))
=S|+ ) [Na;| —[S]/(3M).

=0

Since N and |S| + 3%, [N, are both integers and |S|/(3M) < (M +1)/(3M) < 1, this
implies that N > |S| + 320, [ Na;).

Finally, suppose that 7" is some facet of P defined by L(z) = ¢ > 0 and that @ lies on T
Since (V*)* =V there is a function f € V so that L(z) = (x, f) for all x € V*. Let @ be in
the simplex defined by P,,..., P,, where P,, € T'and d < M — 1. We need to show that
L(F(Q)) > 0. Recall by the construction of P that for any p € X that |f(p)| < ¢(K + ¢€).
Equivalently |L(E(p))| < ¢(K + ¢€). Note also that since the P,, are on T that L(P,,) = c.
Now if Q = > x;P,,, F(Q) is a sum of N points of E(X) at least ), [ Nx;] of which are one
of the P,,. Note that N — 3, | Nz;| = 3, {Nz;} < 3¢ 1 =d+ 1 < M. Therefore since
this term is an integer, N — > . [Nz;] < M — 1. Hence F(Q) is a sum of N — M + 1 of the
P,, (with multiplicity) plus the sum of M — 1 other points in E(X). Hence

LIFQ)>(N—-M+1)c—(M—-1)(K+ec>c[N—(M—-1)(K+1+¢€)]>0.
This completes our proof. O
To finish the proof of Theorem 4 we will use the following:

Proposition 7. Let QQ be a polytope in a finite dimensional vector space U with 0 in the
interior of Q). Let F: QQ — U be a continuous function so that for any facet T of Q) defined
by the linear equation L(x) = ¢, with ¢ > 0, L(F(T)) C RT, then 0 € F(Q).

Proof. Suppose without loss of generality that ) spans U = R". Suppose for sake of con-
tradiction that 0 ¢ F(Q). Consider the map f : B" — @ defined by letting f(0) = 0 and

otherwise f(z) = m,x where m, is the unique positive real number so that "r;f” € 0Q). Next
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consider g : Q — S"! defined by g(z) = \F(x)| Composing we get a map go f : B" — S™71,

Since the map extends to the whole ball, go f : S*~! — S7~! must be contractible. We use
our hypothesis on F' to show that this map is actually degree 1 and reach a contradiction.

First, we claim that for no z € S" ! is g(f(z)) = —xz. This is because f(z) € Q. Let
f(z) land in a facet, T, defined by L(y) = ¢ > 0. We have that L(z) > 0, because f(z)
is a positive multiple of x. We also have that L(g(f(x))) > 0 because g(f(x)) is a positive
multiple of a point in F'(T"). This proves the claim.

Finally, we claim that any map h : S"~' — S™~! that sends no point to its antipodal
point is degree 1. This is because there is a homotopy from h to the identity by moving each
h(x) at a constant rate along the arc from —z to h(z) to x. O

Finally, we can prove Theorem 4

Proof. We construct the polytope P as in Proposition 5 with € < % — K —1,and F as
in Proposition 6. Then by Proposition 7 we have that 0 is in the image of F'. Since every
point in the image of F'is a sum of N points of F(X), we have a design of size N by Lemma
2. O

4 Tightness of the Bound

In this Section, we demonstrate that in the generality in which it is stated, the lower bound
for N in Theorem 4 is tight. First off, we note that although it is possible that K is infinite,
this might be indicative of the non-existence of designs of any size.

Proposition 8. Let o € (0,1) be an irrational number. Consider the topological design
problem

(X, 1, W) =([0,1],a-0(x — 1) + (1 — «) - §(x), Polynomials of degree at most 4).
Then there is no unweighted design for (X, u, W) of any size.

Proof. Note that for f(z) = 2*(1 — z)?, [ f( = 0. Note that for this f, sup(f) >0
and inf(f) = 0, so K = 0. If we have a de&gn pl, ...,pn then it must be the case that
>: f(pi) = 0. Therefore, since f(z) > 0 for all € X, this implies that f(p;) = 0 for all 7.
Therefore p; € {0,1} for all i. Next consider g(z) = z. [, g(x)du(x) = o. Therefore, we
must have that + > g(p;) = a. But for each ¢ we must have g(p;) is either 0 or 1. Therefore
this sum is a ratlonal number and cannot be «, which is irrational. O]

We show that even when K is finite that a path-connected topological design problem
may require that its designs be nearly the size mentioned in Theorem 4. In particular, we
show
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Proposition 9. Let m > 1 be an integer and k > 1, € > 0 real numbers. Then there exists a
path-connected topological design problem with M = m and K < k+ € that admits no design
of size (m — 1)(k+ 1) or less.

Proof. First note that by increasing the value of k by €/2 and decreasing € by a factor of
2, it suffices to construct such a design problem that admits no design of size less than
(m —1)(k 4+ 1). We construct such a design problem as follows.

Let X = [0,1] and let p be the Lebesgue measure. Let F' : X — R be a continuous
function with the following properties:

o F(z) =k for z € [0,1/(2k)]
o F(z)=—1forz € [1/2,1]
o F(z)e [-1,k]forz e X

o Jy f@)du(x) =0

Notice that such F' are not difficult to construct. Next pick § > 0 a sufficiently small real
number (we will discuss how small later). Let ¢; for 1 < i < m—1 be continuous real-valued
function on X so that

o ¢;(x) >0 for all =
e supp(¢;) C [0,1/(4k)]

e The supports of ¢; and ¢; are distinct for ¢ # j
o sup(s,) = 1
o [ dila)dp(z) = 26

It is not hard to see that this is possible to arrange as long as ¢ is sufficiently small. Let
filx) =6 = ¢i(x) + ¢i(2(1 — z)).

It is easy to see that [, fi(x)du(x) = 0. We let W be the span of F' and the f;.

Since all elements of W already have 0 integral, we have that V =W so M = dim(W).
The F' and the f; are clearly linearly independent, and hence M = m.

We now need to bound K. Consider an element of V' of the form G = aF' + > a;f;. It is
easy to see that G’s values on [1/(2k),1 — 1/(4k)] are sandwiched between its values on the
rest of X. Hence G attains its sup and inf on [0,1/(2k)] U [1 —1/(4k),1]. Let s = >, a;. We
then have that G(z) = ak+sd—>_ a;¢;(z) on [0,1/(2k)] and G(z) = —a+s6+Y_ a;p;(2(1—x))
on [1/2,1]. Therefore,

sup(G) = max(ak + s6 — min(a;,0), —a + s + max(a;,0)),
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inf(G) = min(ak + s6 — max(a;,0), —a + s + min(a;, 0)).

Suppose for sake of contradiction that ii‘;((g))‘ > k + €. This means that sup(G) + (k +

€)inf(G) > 0. If sup(G) = ak + s6 — min(a;,0) this is at most

ak + s — min(a;,0) + (k + (k/(k + 1))e)(—a + sd + min(a;, 0))
+¢/(k+1)(ak + s — max(a;,0))
(k+1)s0 —¢/(k + 1) max(a;, 0)

<
<(k+ 1)(m — 1) max(a;,0)d — €¢/(k + 1) max(a;, 0)

which is negative for ¢ sufficiently small.
If on the other hand, sup(G) = —a + sé + max(a;,0), then sup(G) + (k + ¢€) inf(G) is at
most

—a+ sd +max(a;,0) + (1 +¢/(k+1))(ak + s6 — max(a;,0))
+(k—1+ke/(k+1))(—a+ s0 + min(a;,0))
(k+1+€)sd — emax(a;,0)/(k+ 1)

<
<(k+1+¢€)(m — 1) max(a;) — emax(a;,0)/(k + 1)

which is negative for § sufficiently small, yielding a contradiction.

Hence, if we picked § sufficiently small E‘fg((g))‘ <k+eforal GeV,so K <k-+e.

Next suppose that we have a design 1, ...,z for this design problem. Since ) f;(z;) =
0 and since f; is negative only on the support of ¢;, we must have at least m — 1 of the z;
each in a support of one of the ¢;, and hence there must be at least m — 1 z; in [0, 1/(2k)].
Next we note that we must also have > F(x;) = 0. At least m — 1 of these x; are in
0,1/(2k)] and therefore F' of these z; equals k. Therefore since F(z;) > —1 for each other
J, there must be at least k(m — 1) other points in our design. Hence N must be at least
km—=1)+(m—1)=(m—1)(k+1). O

5 The Bound for Homogeneous Spaces

In this Section, we show that there is a much nicer bound on the size of designs if we have
a homogenous, path-connected, topological design problem.

Theorem 10. Let (X, u, W) be a homogeneous topological design problem with M > 1. Then
for any N > M(M — 1), there exists a design for X of size N. Furthermore, there ezists a
design for X of size at most M (M — 1).

We will show that K < (M — 1) where the equality is strict unless X has a design of size
M. An application of Theorem 4 then yields our result.
We begin with a Lemma
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Lemma 11. If X is a homogenous topological design problem, and if p;,w; is a weighted
design for X, then K < i-maxwi

max(w;)
Proof. WLOG w; = max(w;). Suppose for sake of contradiction that K > =% This means

that there is an f € V so that |Su1;(( ))| > lwll”l. This means that there is a p € X so that
wy f(p) + (1 —wyp)inf(f) > 0. Since X is homogenous, there is a g : X — X preserving all
properties of the design problem so that g(p;) = p. Since g preserves u and W, g(p;), w;
must also be a weighted design for X. Therefore, >, w; f(g(p;)) = 0. But on the other hand

this is

wif(p) + Y _wif(g(pi)) = wif(p) + (1 — wy)inf(f) > 0.
1>1
Hence we arrive at a contradiction. O

We note the following interesting pair of Corollaries.

Corollary 12. If X is a homogeneous topological design problem, and p;,w; a weighted

design for X, then max(w;) < KLH

Corollary 13. If X is a homogeneous topological design problem, X admits no weighted
design of size less than K + 1.

We will also need one more Lemma

Lemma 14. If X is a path-connected topological design problem and M > 0, X has a
weighted design of size at most M.

Proof. Suppose for sake of contradiction that there is no such weighted design. Then it must
be the case that there are no p; € X and w; > 0 for 1 <7 < M so that ), w; E(p;) = 0. This
means that whenever a non-negative linear combination of M + 1 values of E(p;) equals 0,
the weights must be all 0 or all positive. By Lemma 3 there must be some M + 1 points with
a non-negative linear combination equals 0. As we deform our set of points, it will always
be the case that some linear combination equals 0 by a dimension count. Furthermore,
the coefficients of this combination will vary continuously. Since by assumption it is never
possible to write 0 as a non-negative linear combination with at least one coefficient equal to
0, it must be the case that no matter how we deform the p;, there will always exist a linear
combination equal to 0 with strictly positive coefficients. But this is clearly not the case if
all of the p; are equal to some point p on which not all of the functions in V' vanish. O

We can now prove Theorem 10.

Proof. By Lemma 14, there is a weighted design for X of size at most M. If all of the
weights are equal, this is a design of size M, and by Lemma 11 K < 2 /l/M = M — 1 and the
remainder of the result follows from Theorem 4. If the weights of this design are not equal,
some weight is larger than 57, and hence K < 11/1](4M = M — 1, and again our result follows
from Theorem 4. O]
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5.1 Examples

We provide several Corollaries of Theorem 10.

Corollary 15. There exists a spherical design of strength n on the d — 1-dimensional sphere

of size O(n*2/((d — 1)!%)).

Corollary 16. There exists a design of strength n on the Grassmannian, G(m, k) of size
Om,k(nmﬁ(mik))-

5.2 Conjectures

Although we prove a bound of size O(M?) for homogeneous path-connected topological de-
sign problems, it feels like the correct result should be O(M), since that is roughly the
number of degrees of freedom that you would need. We can rephrase the problem for ho-
mogeneous path-connected spaces a little though. First, we may replace X by E(X), which
is a bounded subset of VV*. Next, we note that the L? measure on V is preserved by the
symmetries of X. Hence, the symmetry group G of X (which is transitive by assumption) is
a subgroup of O(V*), and hence compact. Since X is a quotient of the identity component
Gy of G we may pull our design problem back to one on Gq (using the pullbacks of p and
W). Since the pullback of u to Gy is clearly the Haar measure, and is also finite, Gy must
be compact. Since Gy is also a path-connected subgroup of O(V*), it must be a Lie group.
Hence we have reduced the problem of finding a design in a path-connected homogenous
topological design problem to finding one in a design problem of the following form:

X = (G is a compact Lie Group. g is the normalized Haar measure for G. W is a
finite dimensional space of left-invariant functions on G. Since L?*(G) decomposes as a sum
D,.cc ® @ &7, W must be a sum of the form P, .4 pi ® W; where W; is a subspace of p;
and all but finitely many p; are 0.

Note that although we have all this structure to work with, proving better bounds even
for the circle seems to be non-trivial. This Conjecture applied to S! says that given any M
distinct non-zero integers n; that there exist O(M) complex numbers z; with |z;| = 1 so that

>z =0 for all i.

6 Designs on the Interval

Let I be the interval [—1,1]. For a, 8 > —1 let o5 be the measure (éaf)ﬁ ff;}?_if)(ﬁ(;ﬁg)dx

on I. Let P, be space of polynomials of degree at most n on I. We will prove the followmg
Theorem:

Theorem 17. The size of the smallest design for (X, pia.5, Pn) is of size O, g(n2max(@8)+2),
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In order to prove this Theorem, we will first need to review some basic facts about Jacobi
polynomials. We will use [59] as a guide.

Definition. We define the Jacobi polynomials inductively as follows: For n a non-negative
integer and o, 3 > —%, P,ﬁ‘“ﬁ)(x) 15 the unique degree n polynomial with

Plad)(1) = <n4—a)

n

and so that PP is orthogonal to Pk(a’ﬁ) for k < n with respect to the inner product (f,g) =
Jr f(@)g(x)dpas(z).

Hence the P\*” are a set of orthogonal polynomials for the measure ji, 3. The normal-
ization is given by [59] Equation (4.3.3)
JIGRRRT
I

F'n+a+1)I'(n+ 8+ (a+5+2)
Cn+a+p+DI'(n+D)I(n+a+ B+ D (a+1)I(B+1)
= Oas(n"). (4)

Hence we define the normalized orthogonal polynomials

Rgla,ﬁ)

_ pla) Cn+a+p+ )T (n+)In+a+ 4+ 1) (a+ DHI(B+1)
o Pn+a+1I'(n+ B+ (a+8+2)

= P70, 5(V/n).

We will also need some more precise results on the size of these polynomials. In particular
we have Theorem 8.21.12 of [59] which states that

& B -
(Sing) (g> P (cos) = N Lot [ 95 g

n! sin 6
{91/20(n—3/2) ifenl<O<rm—e -

6°+20(n>) if0<6<ecnt
for any positive constants ¢ and € and where N = n + (a+ 8+ 1)/2, and J, is the Bessel
function.

We will also want some bounds on the size of the Bessel functions. From [59] (1.71.10)
and (1.71.11) we have that for a > —1

Jo(x) ~co(z¥) as z — 0
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and
Jo(x) = O (x71/?).

The first of these along with Equation 5 implies that P has no roots within Oap(n™?)

of 1. Noting that P{*"” (x) and pY ’a)(—x) are constant multiples of each other, P\*”(z)
also has no roots within O, g(n"?) of -1. Applying Theorem (8.21.13) of [59], we also find

that P{? has roots within Oap(n™?) of either endpoint. Applying the second equation
above we find that for z €

REP(2) = Oup (1 — ) 27 V4 (1 + 2) 70271 (6)

Lemma 18. Let p be a normalized measure on I. Let RY be the sequence of orthogonal poly-

nomials for pu. (i.e. RY is a polynomial of degree n, and {Rg‘, RY, ..., R"} is an orthonormal

basts for Py, with the inner product (f,g), = [, f( du(x).) Let r; be the roots of RF(x).

Let w; = W Then (w;,r;) is a wezghted deszgn for (I, p, Pan—1). (Note that this is
j=0

Just Gauss- Jacobz Quadrature)

Proof. First, note that if f € Py, vanishes on all of the r; that [, f( ; f(x)dp = 0. This is
because f must be of the form RF(z)g(z) for some g € P,_;. Since R* is orthogonal to
Py—1, this is 0. Therefore, the map Ps,—1 — R given by f — [, fdu factors through the
map Po,—1 — R™ given by f — (f(7;))1<i<n- Therefore, there exist some weights w; so that

for any f € Pan-1,
[ rdn =3 uisr)
I i=1

Let f; € P,—1 be the unique polynomial of degree n — 1 so that f;(r;) = d; ;. Writing f; in

terms of the R’s we find that
n—1
=S w6 ([ roR )
=0
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Evaluating at x = r; we find that

n—1 n
1= Ri(r) (Z w;(si,kRy(rk))
Jj=0 k=1

Thus w, = w;, completing out proof. O]
We are now prepared to show that all designs for (I, f14. 5, Py) are reasonably large.
Proposition 19. If o, § > —1 then all unweighted designs for (I, pia,, Py) have size Qg 5(n**2).
Proof. We increase n by a factor of 2, and instead prove bounds on the size of designs for
(L, a8, Pan).
@)’

1 (avﬁ) 3 <R
Let 7, be the biggest root of Ry,"”’. Since p(x) = =

mial of degree less than n, [, pdua s = 0. Since p(z) is positive outside of [r,, 1], any design
must have a point in this interval. Therefore any design must have at least one point in
[1— O45(n™?),1]. If such a point is written as cosf then § = O, 5(n™'). For ¢ a sufficiently
small constant (depending on « and f3), define

(xR (@)

cn

is Réa’ﬁ)(m) times a polyno-

fx) =

It is clear that f(z) > 0 for all z, and clear from the orthonormality that | ;Jdpas=1. On
the other hand, for ¢ sufficiently small and c¢n <17 < 2cn, Equation 5 tells us that

R@(a,ﬁ)<x> _ Qa,ﬁ(na+1/2>
on [1 —r,,1]. Therefore
f@) = Qa p(n**?)
on [1 —r,,1]. Therefore if py,...,py is a design for (I, pa3, Pn), we may assume that
p1 € [1 — 1y, 1] and we have that

|
1:N;f(pi)
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Therefore N = Q(n?*+2). O

In order to prove the upper bound, we will use a slightly more sophisticated version of
our previous techniques. First, we will need to define some terminology.

Definition. Let f : [0,1] — R we define Var(f) to be the total variation of f on [0,1]. For
v:00,1] = X and f: X — R, we define Var,(f) = Var(f o).

Definition. For a design problem (X, u, W) and a map v : [0,1] — X we define
Vi
K= sup [V )
fevi\{o} SUPV([OJ])(f)

SUP~([0,1]) i
sup~([0,1]) (f)

and Var, (g) = —2=2U)__ Hence we have the alternative definition
7 SUP-([0,11) (f)

We note that replacing f by g = , we have that g > 0 on v([0,1]), [, g =1,

K, = sup Var,(g).
geWoe1
9>0 on ~([0,1])

Jx gdp=1

Or equivalently, scaling g by an arbitrary positive constant,

V.
K, = sup ar,y(g).
gewel [y gdu
g>0 on ~([0,1])

Proposition 20. Let (X, u, W) be a topological design problem with M > 0. Let ~ :[0,1] —

X be a continuous function with K., finite. Then for any integer N > K. /2 there ezists a
design for (X, pu, W) of size N.

Proof. Let 32X —1 > ¢ > 0. For every f € V\{0}, there exists an z € [0,1] so that

S
K, f(v(z))(1+€) > Var,(f). Since this property is invariant under scaling of f by positive
real numbers, and since it must also hold for some open neighborhood of f, by compactness,
we may pick finitely many z; so that for any f € V\{0},

K, max f(v(z)) > (1 — ¢)Var, (f).

Let P be the polytope in V* spanned by the points E(vy(x;)). We will define a function
F: P — V* with the following properties:

e F'is continuous

e For cach = € P, F(x) can be written as S~ | E(y(y;)) for some y; € [0, 1]
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e For each facet T of P defined by L(z) = ¢ >0, L(F(T)) C R*"

Once we construct such an F'; we will be done by Proposition 7.

Suppose that our set of x; is x1 < x5 < ... < xr. We first define a continuous function
C : P — RF whose image consists of points with non-negative coordinates that add to 1.
This is defined as follows. First, we triangulate P. Then for y € P in the simplex spanned
by, say, {E(v(zi,)), ..., E(y(x;,))}. We can then write y uniquely as Z;‘le w; E(y(z;,)) for
w; > 0 and Zj w; = 1. We then define C(y) to be w; on its ¢; coordinate for 1 < j < k,
and 0 on all other coordinates. This map is clearly continuous within a simplex and its
definitions on two simplices agree on their intersection. Therefore, C' is continuous.

For w € R® with w; > 0 and >, w; =1, we call w; a set of weights for the x;. Given such
a set of weights define u,, : [0,1] — [0, N 4 1] to be the increasing, upper semi-continuous
function

For integers 1 < i < N define

pi(w) = inf{z : u,(z) > j}.

Note that p;(w) is continuous in w. This is because if [w — w’| < ¢ (in the L' norm) then
|t () — uy ()] < § for all x. Therefore, since u, (z + ) > uy(xz) + § we have that
|pi(w) — ( )| < 6. We now define F' by

_ ZE(V(pi(C(y))))-

This function clearly satisfies the first two of our properties, we need now to verify the
third. Suppose that we have a face of P defined by the equation (f,y) = 1 for some f € V.
We then have that sup,(f(v(z;))) = 1. Therefore Var,(f) < K,(1 + €). Let this face of P
be spanned by E(v(z;,)),..., E(y(xi,,)) for iy < iy < ... < ip. It is then the case that
f(y(z;;)) =1 for each j. Letting w = C(y), it is also the case that wy, is 0 unless & is one of

Note that lim_, - uw( ) < 1 and u(x;,,) > N. This implies that none of the p;(w) are
in [0,z;,) or (z;,, ] Addltlonally, note that

lim  w(z) —u(in) = 2, — i, < 1.

T—x,;
tn41

This implies that there is at most one p; in (w;,,%;,,,) for each n. For a point z in this
interval we have that |f(v(x)) — 1] is at most half of the total variation of f o~ on [i,, iy11]-
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All other p;(w) must be one of the x;,. Therefore summing over all p;(w), we get that

[N = F(E@) = [N = f(pi(w)))

‘ N
i=1

SE:H—fW@MWM

which is at most half of the variation of fo~y on [x;,, z;,,]. This in turn is at most M < N.
Therefore f(F(y)) > 0. This proves that I’ has the last of the required properties and
completes our proof. O

In order to prove the upper bound for Theorem 17, we will apply this proposition to
v :[0,1] = I defined by y(z) = 2z — 1. We begin with the case of a« = f = —3.

Lemma 21. For (I, pi_1/2,-1/2, Pn) and 7y as described above, K, = O(n).

Proof. We will use the alternative definition of K. If f > 0on~([0,1]) = I'and [ fdp_1/9,-1/2 =
1, then f must be a sum of squares of polynomials of degree at most n/2 + 1 plus (1 — 2?)
times a sum of such polynomials. Since [ ; fdp is linear and Var,(f) sublinear, it suffices
to check for f = g? or f = (1 — 2?)g*. Note that p_1/5 1/ is the projected measure from
the circle to the interval. Therefore, we can pull f back to a function on the circle either
of the form g(cos#)® or (sinfg(cos#))?. In either case, [, f(#)df = 1 and f(#) = h(6)* for
some polynomial h of degree O(n). It suffices to bound the variation of f on the circle. In
particular it suffices to show that [, [f'(6)|df = O(n).
We note that

B2 :/ 20yao = | F(0)ao = 1.
S1 St
We also note that
/ (Ol =2 / Ih(O)H(6)[d8 < 2|hs |,
S S

Hence it suffices to prove that for h a polynomial of degree m that |h'|s = O(m)|h|2. This fol-
lows immediately after noting that the orthogonal polynomials e?*? diagonalize the derivative
operator. O

We now relate functions for arbitrary o and  to this

Lemma 22. Let o, 3 > —%. Let f € P,, f >0 onI. Then

/ Flbtas = Qap(n2max@91) / it 1n
I I
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Proof. We rescale f so that f] fdp_1/2,-12 = 1. We let 7; be the roots of P,Eﬂ/Q’_l/Q). By
Lemma 18, there are weights w; making this a design for (I, pi_1/2 12, P2y). By Equation
6, we have that
w; = Q(nil).
We have that ) w; f(r;) = 1. Therefore, since f(r;) > 0, we have that

> wif () < = Ofn).

This equals [, fdu_1/2,-1/2. Let R C I be R = [l —cen 2, 1] U [-1,—1 4 en™?] for c a
sufficiently small positive constant. Let I be the indicator function of the set R. Then

/[Jzzdu—l/z—lm = / d,u—1/2,—1/2
I R

=0 (/1_cn2(1 — x)—l/de>

— o(v/en ™).

Therefore
/ fdp—1/2,-1/2 = /fRfdu—l/z,—l/z < |fl2lrl2 = O(Vo).
R I

Hence for ¢ sufficiently small, [, fdu_1/s 172 < 3. Therefore,

1
fdp_1/2,-1/2 > <.
I\R 2
Since the ratio of the measures % = (1—2)*/2(142)P+1/2 is at least , g(n—2max(@f)~1)

on I\ R we have that

[ Fnes= [ fdtos = Qa0 [ i,
I I\R I\R

— Qa 8 (n—2 max(a,ﬁ)—l) )

We can now extend Lemma 21 to our other measures
Lemma 23. For (I, i, Pn) and 7y as above, K., = O, g(n?max(@f)+2),
Proof. We use the alternative description of K. Let f € P, with f > 0 on I and f] fdpapg =
1. By Lemma 22, fI fdp_1/2,-1/2 = Oag(n® max(a,f)+1) " Therefore using Lemma 21,
Var, (f) < O(n)0g p(n2mex @Ay = O, 5(p2max(@f)+2),
Therefore since this holds for all such f, K, = O, g(n?max(@f)+2), O

Theorem 17 now follows from Proposition 19, Proposition 20 and Lemma 23.
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7 Spherical Designs

In this Section, we will focus on the problem of designs on a sphere. In particular for integers
d,n > 0let D¢ denote the design problem given by the d-sphere with its standard, normalized
measure, and W the space of polynomials of total degree at most n. We begin by proving
lower bounds:

Theorem 24. Any weighted design for D2 is of size Qq(n?).

Proof. Let U be the space of polynomials of degree at most n/2 on S?. Note that dim(U) =
Q4(n?). We claim that K > M’ := dim(U). Pick z € S%. Let ¢y,..., ¢y be an orthonormal
basis of U. Let f(y) = (3, ¢i(y)¢i(x))*. It is clear that [y, fdu = M'. Also f(z) =
(> di(x)?)2 Let g(y) = Y., ¢i(y)* g is clearly invariant under the action of SO(d + 1),
and is therefore constant. Furthermore, [o, gdu = M’. Therefore g(x) = M’. Therefore

f(z) = (M")2. Since f >0 on S, K > L& — ),

fsd fd/‘
Therefore since the action of SO(d) makes D? a homogeneous design problem Corollary
13 implies that any weighted design for D¢ must have size at least M’ = Qy(n?). O]

We also prove a nearly matching lower bound. Namely:
Theorem 25. For N = Qu(n?log(n)?1), there exists a design for D% of size N.

The proof of Theorem 25 again uses Proposition 20, but the choice of ~ is far less ob-
vious than it is when applied in Theorem 17. In fact, we will want to introduce a slight
generalization of the terminology first.

Definition. Let G be a topological graph. If v : G — X and f : X — R are functions,
define Var,(f) as follows. For each edge e of G let 7. : [0,1] — X be the map v restricted to

e. Then
Var,(f) = Z Var., (f).

e€E(G)
Note that for an embedded graph G, we will often simply refer to Varg(f).
Definition. For (X, pu, M) a design problem, G a graph, and v : G — X a function, define

Var,(f)
K, = — e
"7 renioy (SHPV(G)(f ))

Note that we have alternative definitions of K., in the same way as we did before. We
will often ignore the function v and simply define K for G and embedded graph in X. We
note the following version of Proposition 20:
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Proposition 26. Let (X, u, W) be a topological design problem. Let G be a connected graph
and v : G — X a continuous function. If Kg is finite, and N > Kg is an integer, then
(X, 1, W) admits a design of size N.

Proof. Note that if we double all of the edges of G that the resulting multigraph admits
an Eulerian circuit. This gives us a continuous map 7' : [0,1] — X that covers each edge
of G exactly twice. Therefore for every function f, supg(f) = sup, o 1)(f) and Var,(f) =
2Varg(f). Hence K, = 2K, and the result follows from Proposition 20. O

We will now need to prove the following:

Proposition 27. For d,n > 1, there exists a connected graph G for the design problem D2
so that Kg = Og(n®log(n)®'). Furthermore this can be done is such a way that the total
length of all the edges of G is n94(1)

The basic idea of the proof of Proposition 27 is as follows. First, by projecting S¢ down
onto its first d — 1 coordinates, we can think of it as a circle bundle over B%~!. We construct
our graphs by induction on d. We pick a number of radii r;, and place our graphs for various
strength designs on the spheres of radius r; in B?~'. We also add the loops over the points
on these graphs given by the corresponding designs. The first step is to show that average
value of f over our loops in G is roughly the average value over the sphere (see Lemma 33).
Naively, this should hold since the average value of f on the sphere of radius 7; in B4~ should
equal the average value of f over the appropriate loops (because the loops are arranged in
a design). Our radii will themselves by arranged in an appropriate design, so that the value
of f on the sphere will equal the average of the values at there radii. Unfortunately, our
component designs will be of insufficient strength for this to hold. This is fixed by showing
that the component of f corresponding to high degree spherical harmonics at small radius
r; in B4 is small (this is shown in Lemma 29). The bound on K comes from noting that
the variation of f along G is given by the sum of variations on the subgraphs. These in turn
are bounded by the size of f on these subgraphs, and the appropriate sum of variations is
bounded by the size of f on the whole sphere.

Before we proceed, we will need the following technical results:

Lemma 28. Let f € P,,. Then

sup(f) = O(n?)|flo,  sup|f'| = O )| fl,.
gd Sd

Proof. Let ¢; (1 < i < M) be an orthonormal basis of the polynomials of degree at most
n on S% so that each of the ¢; is a spherical harmonic. Note that M = O(n?). Write
fu) =3 aigi(u). Forv e 5% f(v) = 3 aidi(v) < /33, ai\/ 32 4i(v)* = [flan/22; 4i(v)?.
Now by symmetry, Y. ¢;(u)? is a constant function of w. Since its average value is M,

S #i(v)? = M. Therefore, f(v) <V M|f]a.
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We also have that

£ < Y aléi(o) < \/Z “?\/Z G = 17l [ Ik

Now Y, [¢i(u)]? is a constant function of u. Its average value is
[ S lspdu=3" [ 16iwPau
=> / 6i(w) A (uw)du.

So A¢;(u) = k*¢;(u) for some k < n. Therefore, this is at most n?M. Hence, |f'(v)] =
O(nd/2+1). 0

Lemma 29. Forn > d, k > 1 integers and f a polynomial of degree at most n on the d-disk,
. k— dr _ _ 2 n (d+k—1)/2

D, with [, f*(r)(1—=r2)t D2y = Lthensup_yy f = O (\/ dﬁ(d/zk/z)) O (g7 :

Proof. Notice that

dr !
1 — 2\(k=2)/2 _ d/ d-1(1 _ ,2\(k=2)/2
1
= d/2/ s@2/2(1 — 5)k=2/2
0
=dp(d/2,k/2)/2.

Let i be the measure WW. Note that p is the projected measure from the d+k—1-
sphere onto the d-disk. We have that [, f*(r)du =

m. Rescaling f so that

/ F(r)2dp =1

we need to show that for such f, sup;_y 3 f = O (d+’;71)(d+k_1)/2.

Pulling f back onto the (d + k — 1)-sphere, we get that [y, , f*(z)dz = 1, where
dz is the normalized measure on S¥*~1. We need to show that for x € S that f(z) =
O (ﬁ)(d%*w2 . Let ¢; (1 <1i < M) be an orthonormal basis of the space of polynomials

of degree at most n on ST 1. We can write f(y) = >, a;¢i(y). It must be the case

that 3, a2 = 1 and f(z) = 3, a;¢:(z). By Cauchy-Schwarz this is at most />, ¢2(x).

Consider the polynomial S, ¢?(y). This is clearly invariant under SO(d + k) (since it is
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independent of the choice of basis ¢;). Therefore this function is constant. Furthermore its
average value on S'd + k — 1) is clearly M. Therefore f(z) < /M.
On the other hand we have that

nd+d+k—1 ndd+k—2 n k=l
M= + o1 .
d+k—1 d+k—1 d+k—1

This completes our proof. O

Lemma 30. Let f be a real-valued polynomial of degree at most n on S*. Suppose that f > 0
on St. Write f(6) = f(cos(6),sin(f)). We can write f in terms of a Fourier Series as

f(0) = Z ape™?.

k=—n
Then aq is real and ag > |ay| for all k.

Proof. The fact that f can be written in such a way comes from noting that e*™? are the

spherical harmonics of degree k on S!. Since f is real valued it follows that a_; = a;, for all

k. We have that
1 27 1 27

00:% ; f(e)dgzg ;

. 1 [ .
00 > | [ sy w000 = o)

]

Lemma 31. If f is a polynomial of degree at most n that is non-negative on S, then
Varg:(f) = O(n) [ f.
Proof. Consider f = f(f) as above. For an angle ¢, let

96(0) = f(@+0) + f(¢—0).
Clearly g, is non-negative, and | g1 96 =2 | g1 /- Furthermore, we have that

21 o o
/0 Varsl(g¢)d¢_/0 /O 1f'(¢+0) — f'(¢p— 0)|dodo
2T 27
- [ ] @ - sl

2
>or [ |F @)y
0
= 2nVarg (f).
Where above we use the fact that fOQﬂ f'(p)dp = 0 and that the absolute value function is
convex. Hence for some ¢, Vargi(g,) > Vargi(f). Therefore, we may consider g, instead

of f. Noting that ¢,(6) = g4(—0), we find that g, can be written as p(cosf) for some
polynomial p of degree at most n. Our result then follows from Lemma 21. m
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Lemma 32. Let d > 0 be an integer. Consider the design problem given by X = [0,1],
p=rdr/(d+1), and W the set of polynomials of degree at most n in 2. Then there exists
a weighted design for this problem, (w;, r;) where w; = Qg(réy/1 —r’n=1), min(r;) = Q(n1),
and max(r;) = 1 — Q(n=2).

Proof. For any such polynomial p(r?) we have that

/0 p(rH)rd/(d + 1)dr = —2(di— 1 /0 p(s)s(d’l)/st.

Therefore, if we have a weighted design (w;, s;) for the design problem

S(d_l)/QdS

([07 1]7 M;Pn)a

then (w;, \/s;) will be a weighted design for our original problem. We use the design implied
by Lemma 18. The bound on the w; is implied by Equation 6. The bounds on the endpoints
are implied by our observation that there are no roots of P{*""/*% within O4(n™?) of either
endpoint. O

We are now ready to prove Proposition 26. We will construct graphs G¢ that for the
design problem D¢ have Kga = Og(n®log(n)*'). We will work by induction on d. For
d =1, welet G¢ = St. This suffices by Lemma 31. From this point on, all of our asymptotic
notation will potentially depend on d.

In order to construct these graphs for larger d, we will want to pick a convenient
parametrization of the d-sphere. Consider S C R as {z : |z| = 1}. We let r be

the coordinate on the sphere 25;11 2. We let u € S92 be the coordinate so that
(x1,22,...,24-1) = ru. We let 6 be the coordinate so that (x4, z41) = V1 — r?(cos @, sin ).
Note that u is defined except where r = 0 and 6 is defined except where r = 1. Note that

. . . . . d—2
in these coordinates, the normalized measure on S? is given by %. We also note

that if ¢!" are an orthonormal basis for the degree m spherical harmonics on S?~2, that an
orthonormal basis for the polynomials of degree at most n on S? is given by

(1 . 7‘2)k/26ik97“m¢1m(U)Pék’m’d<7‘2)

Where k,m, { are integers with m, ¢ > 0 and |k| +m + 2¢ < n and where the PF"™%(r?) are
orthogonal polynomials for the measure

P21 — )R 24 (d - 1)

on [0,1] and functions in r?, or, equivalently, Pf’m’d(s) are the orthogonal polynomials for

the measure s(m+4=3)/2(1 — 5)*/2ds/(2(d — 1)) on [0, 1].
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We construct G¢ as follows. This construction should work as stated for d > 2, and
with only slight modification for d = 2 (which we shall deal with after giving the rest of our
argument).

Let (w;,r;) (1 < ¢ < h) be the design for the measure r%2dr/(d — 1) on [0,1] for
polynomials of degree at most 2n in r? as described in Lemma 32.

Let N = An?2(log(n))?2 for A a sufficiently large constant. For each r;, let N; = [r¢=2N]

and k; = | Drinlos(n) , where B is a sufficiently large constant that is still a sufficiently small
log(nrlog(n))

multiple of A. We inductively construct G; = GZ;Q. By the inductive hypothesis for the
design problem Dgi_Q, Kg, < (IV;) if A was sufficiently large compared to B. Therefore, by
Proposition 26 there is a design u; ;, 1 < 7 < N; for the design problem DZ:Q so that each of
the w; ; lies on G;. Let 7 be the smallest of the r;. By rotating G;, u; ; if necessary we can
guarantee that ru; 1 = (r1,\/r? —r%,0,...,0) for all 7.

We now define our graph G = G¢ as follows in (r,u, #) coordinates. First we define H to
be the union of:

e The circles (r;,u;;,0) for § € [0,27] for 1 <i<hand1<j<N;
e The graphs (r;,u,0) for u € G; for 1 <i < h

We note that H is not connected. Its connected components correspond to the r;, since each
G, connects all of the circles at the corresponding u; ;. We let G = H U H', where H' is
the image of H under the reflection that swaps the coordinates x, and x4. We note that H
union the circle in H' corresponding to u;; is connected. Since this circle is parameterized
as (r1,/1—r#sinh,0,0,...,0,1/1 —r? cos ) intersects each of the w;; in H. Similarly H’
union the circle over u;; in H is connected. Hence G is connected. It is also clear that
the total length of all the edges of G is n®Y. We now only need to prove that Kg =
O(n%log(n)?=1). We note that it suffices to prove that Ky = O(n?log(n)¢!) since Kg <
Ky+ Ky =2Kg.

Let v; = ¥-. We note that v; = Q(n~'N~'y/1 —r?). We claim that the circles in H with

weights given lby v; form an approximate design in the following sense.

Lemma 33. Let C' be any real number. Then if B is sufficiently large, and f € Py, we have

that
1 2
/Sd f— Zvi%/o f(ri wi g, 0)do

i?j

= 0(n™)|fl2. (7)

Proof. We note that after increasing C' by a constant, it suffices to check our Lemma for f
in an orthonormal basis of Ps,,. Hence we consider

fru,8) = (L= ) 2™ g (u) PE™ (%),
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Note that unless £ = 0, both of the terms on the left hand side of Equation 7 are 0. Hence
we can assume that £ = 0 and

FOru,0) = f(r,u) = r"¢™ ()P (r?).
We need to show that

drdu
m+d—2 m m,d/ 2 m pm,d /. 2\ .m
[ rmam @t = S P e )
17]

=0(n™9).

First we note that if m = 0, ¢ (u) = 1. In this case
Zvir{”med )" (i 4) ZN’ ZPmd 2)
2
= Z w; P (r2)
1
= / ri=2 P () dr /(d — 1)
0
f
Sd
Where we use above the fact that w;, r; is a weighted design. Hence we are done for the case
m = 0.

For m > 0, the integral of f over S?is 0. Furthermore for k; > m, > 0™ (uiy) = 0 (since
the u; j are a design). Therefore in this case, the left hand side of Equation 7 is

> viTTPZ”’d(T?)Z¢m(Uz’,j)

ki<m

By results in the proof of Lemma 29, we have that ¢™(u, ;) = n°1). Furthermore v; = O(1)
and there are n®" many pairs of ¢, j in the sum. Therefore, this is at most

noW max [rm P ().

The fact that |f|o = 1 implies that
1
L= [ e d - 1)
0
1
= [ s ps) s 2(d - 1)
0

1 ! ot
2\ m(d=3)/2( prd g, 12
> S/ — 1) /1(1 x%) (P, (22 — 1))*dx.
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Therefore, since the degree of P is at most n, by Lemma 29 on the 1-disc we have that

m+(d—1)/2 m
max Pgn’d =0 <£> =n°Mo <ﬁ>
[0,1] m m

This means that if m > k; that 7™ P;"*(r2) is at most

]

no(l)O (n?"z>m '
m

Since for B sufficiently large, O (””) would be less than %, this is at most

k;
nr; \ i
O(l)O i )

Hence we need to know that for B sufficiently large,

nWo <7Z)k = 0(n°). (8)

This is because if nr; < log(n) the left hand size of Equation 8 is at most

nO(l)O(log(n)fl/Q)Q(Blog(n)/loglog(n)) — nO(l)fﬂ(B).

Where we use the fact that nr; = Q(1). If on the other hand nr; > log(n), then k; =
2(Blog(n)) and the left hand side of Equation 8 is

nOWO(B~1)2Blos(m) — ,,0—B)

This completes our proof. O

For f a polynomial on S¢ let
1 s
A(f) = 2%2—/ f(riyui g, 0)do.
i T Jo

Let
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Lemma 34. For f € Py,, f >0 on H,
A(f?) =n?WA(f)?

Proof. Since f(r;,u;;,0) is a non-negative polynomial of degree at most 2n on the circle,

% F(riugs, 0)%d8 = O(n) (

So A@j(fQ) = O(n)Az,]<f)2

1

2
%f('f’i, ui,j7 9)d9) .

A(f) = ZUin,j(f)
A(f*) = O(n) ZUiAi,j(f)2 <O(n )Z i(A(f)/vi)? = n®WA(f)*.
Where the last equality holds since v; = Q(n 1N V1—=7r%),and 1 —r? = Q(n~?) for all
i. [l

We now prove a more useful version of Lemma 33.

Lemma 35. If B is sufficiently large, and if f is a polynomial of degree at most 2n on S¢
that is non-negative on H then

[ A< 2D
gd

Proof. By Lemma 33 applied to f?, we have that
|fI3 = n?WAf)? + O )| f?].
On the other hand, we have that supga(|f|) = n°M|f|,. Therefore,
1F25 < I£13 Sup(|f|) < nW|fl;.
Hence, we have that

[F3 = nPWA(f)? +n=C 13,
For C sufficiently large, this implies that

|[fI3 = n?WA(f)?,

or that
|fl2 = n®WA(f).
Therefore, for C' sufficiently large, we have that
A
’/Sd f—=A() < O(ch)‘fb < nO(l)ch(f) < (2f)
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Corollary 36. Assuming B is sufficiently large, if f is a polynomial of degree at most 2n
on S and f is non-negative on H then

Sd

A(fy<2 [ f.

We will now try to bound Ky based on a variant of one of our existing criteria. In
particular, we would like to show that if f is a degree n polynomial with [ f =1and f >0

on H that Varg(f) = O(n¢log(n)¢~!). Replacing f by % and noting by Corollary 36

that A(f + 1) <4, we can assume instead that f > 1 on H and that A(f) = 1.
We first bound the variation of f on the circles over u; ;. Define

fij(0) == f(ri,ui;,0).
We will prove the following;:

Proposition 37. Let B be sufficiently large. Let f be a degree n polynomials with f > 1/4
on H and A(f) =1. Then

Vars f; j = O(n® log(n)d_l)Aiyj(f).

This would follow immediately if f; ; was degree at most nlog(n)v/1 — r2. We will show
that the contribution from higher degree harmonics is negligible.

We define for integers k ax(r,u) to be the e*® component of f at (r,u,#). We note that
ap(r,u) = (1 — r?)¥/2 P (7), where ¥ = ru is a coordinate on the (d — 1)-disc.

We first show that |ax(r,u)| is small for £ > nlog(n)v1 — r2.

Lemma 38. Let C be a real number and B sufficiently large compared to C. Let f be a
degree m polynomial with f > 0 on H and A(f) = 1. Then for |k| > nlog(n)\/1 —r?,
|ar(ri, u)] = O(n=°).

Proof. We have that |ag|s < |f]2 = n°Y) by Lemma 34. Therefore,

/ (1 — ¥ P2(F)dr = n°W.
pd—1

Applying Lemma 29, we find that

o\ K172
|Pe(7)] < n°MO <W> :

Therefore,

|kl/2
/ 2 |kl/2
law(ri, w)| < nPDO (nl——n> < nPWQ ( 1 ) ‘

14 log(n)
Since |k| = Q(log(n)) (because y/1 —r? = Q(n~1)), this is O(n=%). O
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Proof of Proposition 37. Let filjj(ﬁ) be the component of f; ;(#) coming from Fourier coethi-

cients of absolute value at most nlog(n)y/1 — r?. By Lemmas 28 and 38, we have that for
B sufficiently large, f;; — f!, is less than 1/8 everywhere and has Variation O(1). But since
! is non-negative and has bounded Fourier coefficients, we have by Lemma 31 that

¥
Varslfi{j =0 <n10g(n)\/1 — 7’3) /S1 lej =0 (n log(n)y/1 — rf) . fij-

This means that

(%

— 2
Var51 (fi,j) = O nlog(n) ! Tl ) Az,](f)

wy

_0 Ninlog(n)y/1 — rf) A(f)

B (rinlog(n))?2nlog(n)/1 — r’n N
=0 T2 2 ) Ai(f)

= O (n®log(n)™") A;;(f).

We now bound the variation of f on the GG; in H.

Proposition 39. Suppose that B is sufficiently large. For f € P, [ > %1 on H, A(f) =1,
Varg,(f) < Ai(f)O(n?log(n)?1).

Again this would be easy if we knew that the restriction of f to the appropriate sphere
was low degree. Our proof will show that the contribution from higher degree harmonics is
small.

Let fi(u) = f(ri,u,0) be f restricted to the (d — 2)-sphere on which G; lies. We claim
that the contribution to f from harmonics of degree more than k; is small. In particular we
show that:

Lemma 40. Let C be a real number. Suppose that B s sufficiently large. For f € P,,
f>0o0nH, A(f) =1. Let fi(u) be the component of f; coming from spherical harmonics
of degree more than k;. Then |fI's = O(n=%).

Proof. Perhaps increasing C' by a constant, it suffices to show that for ¢ a spherical harmonic
of degree m > k; that the component of ¢ in f; is O(n~%). We will want to use slightly
different coordinates on S? than usual here. Let s = (24, 7441) be a coordinate with values
lying in the 2-disc. The component of f corresponding to the harmonic ¢(u) is given by

o(u)(1 — 5%)"*Q(s)
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for Q some polynomial of degree at most n. Considering the L? norm of f, we find that
/ (1= s))"Q*(s)ds < 7| fl3 < n®WA(f)? = n°W.
D2

Applying Lemma 29 to Q(s), we find that |Q(s)| = n°VO (%)m/g. Hence the component of
¢ at r; is r;n/QQ(ri, 0), which is at most

Since m > k;, 2 < , the above is at most

ki/2
OO (k) — O(n )

by Equation 8. [
We can now prove Proposition 39.

Proof of Proposition 39. Let f!(u) be the component of f;(u) coming from spherical har-
monics of degree at most k;. By Lemmas 40 and 28, we have that for B sufficiently large,
fl'> 0 on G; and that |Varg,(f) — Varg, (f!)] < v;/4 < A;(f). Hence it suffices to prove
that Varg,(f!) = A;(f)O(n?log(n)?1). Since for polynomials of degree at most k; on S%~2
Kea, = O(k{?log(k;)*~?), we have that Varg,(f!) = O(k{*log(k;)*?) [4a_» f!. Since the
u;; form a spherical design this is

O(k{"*log(k; Zfl Uij)-
Again, for B sufficiently large, this is
1
O(k{~?log (k)™ Q)Ni ;f(ri,ui,j,o).

Now consider F(0) = - > i [(ri,u;j,0). We have that F is a polynomial of degree at most

n and that I > 1/4. Let F' be the component of F consisting of Fourier coefficients with
|k] < nlog(n)y/1 —r?. By Lemmas 28 and 38, if B is sufficiently large, |F' — F!| < 1/8. Tt
is clear that

Ay(f) = w% " F(0)d0 = @(wi)% /0% F1(6)d6.
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Note that by Lemma 31
F(0) = O(1) + F'(0)
< mf( " + Varg: (F! i;llf(Fl))

— O(nlog(n)\/1 —rg)/l P

S

= O(nlog(n)4/1 —rf)/lF.

S

Therefore, we have that

Varg, (f) = O(k{~* log(k;)*~*) F (0)

O(nlog(n)\/1 — r2k¥ 2 log (k)3 A(f) Jw;
:A(f)0<nlog n)y/1 Zk logk’l )

= A(H)O <n10g< >m(”"1°g<n>>d_2>

ri2n=1/1 —r?

— A(f)O(n" og(n)").

We can finally prove Proposition 27.

Proof. We proceed by induction on d. For d = 1 the S! suffices as discussed. Assuming that
we have the graph for d — 2 we construct G as described above. Clearly G is connected and
has total length n®®. We need to show that Ky = O(n%log(n)?!). To do so it suffices to
show that for any f € P, with f > 1/4 on H and A(f) = 1 that Varg(f) = O(n%log(n)?1).
We have that

Varg(f) = Y Varsai(fi;) + ) Varg,fi

= O(n"log(n)"™") (Z Aig(f) + Z A,(f))

= O(nlog(n)™ V) (A(f) + A(f))
= O(n%log(n)?™1).

This completes the proof.
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For d = 2, there is obviously no connected graph on the S%~2-sphere, so we need to modify
our construction slightly. Fortunately, there are strength n designs on S92 of size O(n4=2).
Hence we can still define w;, r;, u; ; as before. We now ignore the G; from our construction.
Notice that all of our assumptions that f was non-negative on H except for those used in
Proposition 39 could have been replaced by the assumption that f was non-negative on the
u; ;. Furthermore, for each 7 there are only two j, both of whose circles can be made to
intersect the w1 circle from H’, and so we no longer need to the G; to maintain connectivity
of G. O

Theorem 25 now follows from Proposition 27 and Proposition 26.
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1 Introduction

This Part consists of three Chapters on polynomial threshold functions (abbreviated PTFs).
We call a function, f, a polynomial threshold function if it is of the form f(z) = sgn(p(x))
for some polynomial p. We say that f is a degree-d polynomial threshold function if the
degree of p is at most d. Polynomial threshold functions are a natural generalization of
linear threshold functions (the d = 1 case). Polynomial threshold functions find application
in fields such as circuit complexity [3], communication complexity [56], and learning theory
[36].

Much of the study of polynomial threshold functions involves studying their average
behavior over some probability distribution, or in finding ways to approximate this average
behavior. There are two natural probability distributions that show up in this context. The
first is that of the hypercube or Bernoulli distribution, namely the uniform distribution over
{0,1}". The second is the Gaussian distribution. The Bernoulli distribution is perhaps
more useful from a computer science context, though the Gaussian distribution is arguably
more natural and is almost certainly easier to work with. In fact the Gaussian distribution
can often be thought of as a special case of the Bernoulli distribution, as the central limit
theorem tells us that one can approximate a Gaussian as an average of a large number of
Bernoulli variables.

The Gaussian distribution is usually easier to work with for several reasons. For one
thing, the Gaussian distribution is continuous. Importantly this means that polynomials of
Gaussians are never too likely to have values concentrated in some small range. In particular,
for Gaussians we have the following anticoncentration result:

Theorem (Carbery and Wright). Let p be a degree d polynomial, andY a standard Gaussian.
Suppose that E[p(Y)?] = 1. Then, for e > 0,

Pr([p(Y)| <€) = O(de'’).

This clearly does not hold for the Bernoulli distribution, although there are recent tech-
niques to work around it. In particular the invariance principle of [47] states that for low-
influence polynomials (i.e. those for which no one coordinate has significant impact on the
final value) that Bernoulli and Gaussian inputs behave similarly. For polynomials of high
influence, there are a number of regularity Lemmas (for example the one in [15] or [?])
that after fixing several of the influential variables, allow one to approximate a polynomial
threshold function by a regular one.

The Gaussian setting also has much greater symmetry than the Bernoulli case. We will
talk more about how to take advantage of this shortly. For these reasons, all of the work
done in this Part is for the Gaussian case. Perhaps another project would be to translate
some of these results into the Bernoulli case.
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One advantage of the Gaussian setting is that there are convenient notions of perturbing
the input value. In the Bernoulli setting, there are the operations of negating a random
coordinate, or negating each coordinate with probability €, but neither of these operations
is terribly well behaved. In the Gaussian setting, there is the possibility of taking actual
derivatives. Additionally, one can replace a random Gaussian X with another random Gaus-
sian Z having high correlation with X in each coordinate. In doing so, Z can be thought
of as a noisy version of X. One way of producing such Z is to let Y be an independent

Gaussian and to let
Z=(1-eX+V2—eY

for some parameter €. Note that the coefficients are chosen so that Z is properly normalized.
This is very important since p(X) does not necessarily behave very much like p(X + €Y)
as the latter will likely have a noticeably larger norm. This issue shows up in Corollary
7 of Chapter G, where it should be noted that the difference of normalization leads to a
dependence on the dimension of the underlying space as well as €. Given this normalization,
a more suggestive way to write the above equation would be

Z = cos(0)X +sin(0)Y

for an appropriate value of §. This formula suggests that Z is somehow a rotation of X, and
this idea provides a powerful technique for proving things about the expected relationship
between Z and X. In particular, define X, := cos(¢)X + sin(¢)Y so that X = X, and
Z = Xy. Suppose that we wish to bound some probability:

Pry y ((Something involving X and Z)).

It should be noted that this probability will be the same if X and Y are replaced by any
two independent Gaussians. In particular, we can replace them with Xy and Xy, /0. This
makes our new X and Z equal to X, and X4,9. Hence we can instead compute:

Pry y ((Something involving X, and Xy4)).

(Note that X4 and X9 depend on X and Y'). The trick here is to fix the values of X and YV’
and to average the above over ¢. If you can obtain a bound that holds for any initial X and
Y, then this will hold as a bound on the original probability. This technique proves to be
the key insight used in Chapter G as well as a key component of the proof in Chapter H. In
particular, to see examples of this technique we direct the reader to the proofs of Theorem
1 in Chapter G and of Lemma 9 in Chapter H.

When considering the use of this trick, I like to consider the XY-plane whose points
consist of random variables which are linear combinations of X and Y. X and Z are unit
vectors in this plane separated by an angle of 8, and the X, trace out the unit circle in this
plane. Once we fix the values of X and Y, we can restrict a degree-d polynomial of R" to
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a degree-d polynomial on the XY-plane. So our question about some polynomial applied
to X and Z becomes a question about a polynomial evaluated at two points of this plane.
Typically just looking at these points is not very useful, but the trick above allows us to
average over rotations of the XY-plane. This often reduces our problem to proving general
statements about polynomials defined on a circle.

Another idea that I have found useful in this work is something I like to call strong
anticoncentration. Although the anticoncentration result of Carbery and Wright above is
very useful in a number of contexts, it has an unfortunate dependence on the degree of the
polynomial. In some sense, this dependence is a necessary evil, since the polynomial X is in
fact somewhat concentrated around 0. On the other hand, we can still say something useful
about when such a polynomial is small. In particular p(X) = X is small only when its
derivative is also nearly as small. In particular, I use the heuristic that for any polynomial p,
it should be the case that |p(X)| < €|p’(X)| with probability not much bigger than e. This
should hold because changing the value of X by e should adjust the value of p(X) by roughly
e|p’(X)|. This idea allows me to state a strong version of anticoncentration. In particular,
with probability roughly 1 — € it should hold that

Ip(X)| = elp/(X)| = EPp"(X)] > ... = epD (X))

So [p(X)| > €¥|p'@(X)]|. It should be noted that |p®(X)| is independent of X and can be
thought of as a rough approximation to |p|y. This idea is one of the key technical tools hidden
in the proof of Lemma 9 of Chapter G, and a rigorous formulation of the above appears as
Corollary 10 of Chapter H.

Another topic that will be discussed in Chapters F and H is that of k-independent
families of random variables. We say that a collection of random variables X;,..., X, is k-
independent if any k of the X; are independent of each other. k-independence is frequently
useful in that k-independent families can be constructed to have much smaller entropy than
the corresponding fully-independent family of random variables would have. In particular,
this allows us to generate a k-independent family from a small seed in a computationally
efficient manner. Additionally, k-independent families of random variables will often share
many of the important properties of the fully independent family making them an important
tool.



Chapter F

k-Independence Fools Polynomial
Threshold Functions

1 Introduction

In this Chapter, we study the problem of fooling polynomial threshold functions by means
of limited independence.

We say that a random variables X fools a family of functions with respect to some
distribution Y if for every function, f, in the family

[ELf(X)] = Ef ()] = O(e).

In this paper we will be interested in the case where the family is of all degree-d polynomial
threshold functions in n-variables, and Y is either an n-dimension Gaussian distribution,
and in particular the case where X is an arbitrary family of k-independent Gaussian random
variables. In particular, we prove that

Theorem 1. Let d > 0 be an integer and € > 0 a real number, then there exists a
k= Oy (6*20(@), so that for any degree d polynomial p and any k-independent family of
Gaussians X and fully independent family of Gaussians Y

| E[sgn(p(X))] — Elsgn(p(Y))]| = O(e).

There has been a significant amount of recent work on the problem of fooling low degree
polynomial threshold functions of Gaussian or Bernoulli random variables, especially via
limited independence. It was shown in [11] that O(e 2)-independence is sufficient to fool
degree-1 polynomial threshold functions of Bernoulli random variables, and show that this is
tight up to polylogarithmic factors. In [13] it was shown that O(e~?)-independence sufficed
for degree-2 polynomial threshold functions of Bernoullis and that O(e=2) and O(¢~8) suffices

141
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for degree 1 and 2 polynomial threshold functions of Gaussians. The degree 1 case was also
extended by [4], who show that limited independence fools threshold functions of polynomials
that can be written in terms of a small number of linear polynomials. Finally, in [45] a
more complicated pseudorandom generator for degree-d polynomial threshold functions of
Bernoulli variables is developed with seed length 2°(9) log(n)e %43, As far as we are aware,
our result is the first result to show that degree-d polynomial threshold functions are fooled
by k-independence for any k depending only on € and d for any d > 3.

2 Overview

We prove Theorem 1 first by proving our result for multilinear polynomials, and then finding
a reduction to the general case. In particular we prove

Proposition 2. Let d > 0 be an integer and ¢ > 0 a real number, then there exists a
k= Oy (e‘QO(d)), so that for any degree d multilinear polynomial p : R™ — R and any
k-independent family of Gaussians X and fully independent family of Gaussians'Y

| Elsgn(p(X))] — Elsgn(p(Y))]] = O(e).

We define the notation A ~, B to mean |A — B| = O(e).

This result is proven using the FT-Mollification method which I have been developing
along with Jelani Nelson and Ilias Diakonikolas. This technique first appeared in [33] as
a way to show that k-independence fooled linear threshold functions of sums of p-stable
random variables. FT-Mollification is a general method for showing that k-independence
fools various functions. The idea is as follows. Suppose that we are trying to show that for
some function f, and a family of independent random variables Y that for any k-independent
family, X, with the same individual distributions as Y we have that

If f were a polynomial of degree at most k, our work would be done (and in fact the
expectations would be the same). In the general case, this problem is closely related to that
of approximation f by such a polynomial. If f happens to be a smooth function, we can
often do this by approximating f by one of its Taylor polynomials. Furthermore, the Taylor
error is bounded above by a polynomial, allowing us to deal with it conveniently. If f is not
smooth, the idea is to approximate it by a smooth f . The basic strategy is then to show
that

E[f(Y)] = E[f(Y)] = E[f(X)] ~ E[f(X)].
The middle equality will be proved by approximation f by one of its Taylor polynomials.
The first approximation will hold because f is a good approximation of f. This will typically
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depend on proving some anticoncentration result. If f is discontinuous, there will necessarily
be a large error between f and f near the discontinuity, and we instead must show that Y
is not near this discontinuity with much probability. The final approximation follows from
similar considerations, only with the added twist that we must now show anticoncentration
for k-independent families.

The method used for obtaining f is an important part of this technique. We need to ap-
proximate f by a smooth function f. Furthermore, in order to keep the Taylor error is small,
we need f to have sharp bounds on its higher derivatives. To produce an approximation, we
use the standard method of mollification. Namely, we let f be a convolution of f with some
smooth function p. To get our derivative bounds, we need that p have sharp bounds on its
derivatives. To obtain this, we use the Fourier transform of a compactly supported function.

This technique seems to work best when f can be written as some relatively simple
function of a small number of polynomials of X. Convolving in a large number of dimensions
tends to introduce error, so instead if we can write f = g(P(X)), it is useful to produce f
as g(P(X)). In its original incarnation in [33], ¢ was a function of one variable. Later when
FT-Mollification was used in [13], g was a function of four variables. In this Chapter, g is a
function of some large number of variables. There is still ongoing work with this technique
to figure out how to effectively deal with multidimensional FT-Mollification.

The idea of smoothing a function by convolving it with the Fourier transform of a com-
pactly supported function is not new. It is used for example in several proofs of Jackson’s
Theorem (for example as in [41]). As far as I know, the idea of taking a Taylor polynomial of
the resulting function to get a polynomial that approximates f for x not near a discontinuity
and with |z| small is new, as is the application to questions of k-independence.

The structure of this Chapter is as follows.

In Section 3 we prove bounds on the moments of multilinear Gaussian polynomials. These
results are essentially a reworking of the main result of [39).

In Section 4, we use these bounds to prove a structure Theorem for multilinear polynomi-
als. In particular, we prove that we can write p(X) in the form h(P;(X), P (X), ..., Py(X))
where h is a polynomial and P;(X) are multilinear polynomials with relatively small higher
moments. More specifically, the polynomials P; will be split into d different classes, with
the i*" class consisting of n; polynomials each of whose m!* moments are O4(m;)™/2. This
decomposition allows us to write f(X) = sgn(P(X)) as sgn(h(P1(X),..., Pv(X))).

From here we make use of the F'T-Mollification method. We deal with the error coming
from Taylor approximation in Section 6, and the errors from anticoncentration in Section 7.

Our application of FT-Mollification is complicated by the fact that our moment bounds
on the P; are not uniform in j. To deal with this, we will construct h to have different
degrees of smoothness in different directions, and the parameter C; will describe the amount
of smoothness along the i set of coordinates (corresponding the the i class of the P;).
This forces us to come up with modified techniques for producing h and dealing with the
Taylor polynomial and Taylor error.
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In Section 8, we reduce the general case to the case of multilinear polynomials by ap-
proximating p(X) by a multilinear polynomial in some larger number of variables.

Finally, in Section 9, we discuss the actual requirements for k£ and the possibility of
extended our results to the Bernoulli setting.

3 Moment Bounds

In this Section, we prove a bound on the moments of arbitrary degree-d multilinear polyno-
mials of Gaussians. Our bound is essentially a version of the main Theorem of [39] readapted
to work in a slightly more general context. It should be noted that this result is the only rea-
son that we restrict ourselves for most of this Chapter to the case of multilinear polynomials,
as it will make our bound easier to state and work with.

The bound, which we shall state shortly, will tell us that a polynomial, p, will have small
higher moments (growing like £*/2) unless it has some large correlation with a product of
smaller degree polynomials.

Throughout this Section, we will refer to two slightly different notions that of a multilinear
polynomial and that of a multilinear form. For our purposes, a multilinear polynomial
p(X) (X has n coordinates) will be a polynomial so that the degree of p with respect
to any of the coordinates of X is at most 1. A multilinear form will be a polynomial
q(X, X2, ..., X™) (here each of the X’ may themselves have several coordinates) so that
q is linear (homogeneous degree 1) in each of the X*. We call such a ¢ symmetric if it is
symmetric with respect to interchanging the X*. Finally, we note that to every homogeneous
multilinear polynomial p of degree d, there is an associated multilinear form q(X*, ..., X9),
which is the unique symmetric multilinear form so that p(X) = ¢(X, ..., X).

Before we can state our results we need a few more definitions.

Definition. Let p : R" — R be a homogeneous degree-d multilinear polynomial. Let
X;,1 < i < n be independent standard Gaussians. For integers 1 < ¢ < d define My(p)
in the following way. Consider all possible choices of: a partition of {1,...,n} into sets
S1,59,...,50; a sequence of integers d; > 1,1 < ¢ < { so that d = Zle d;; a sequence of
multilinear polynomials p;, 1 < i < £ so that p; depends only on the coordinates in S;, p;
is homogeneous of degree d;, and Elp;(X)?] = 1. We let My(p) be the supremum over all
choices of S;,d;, p; as above of
<E

Note that by Cauchy-Schwarz we have that M,(p) < E[p(X)?*/2. M, can be thought of as
a measure of the largest possible correlation that p can have with a product of ¢ polynomials

' 1/2
p(X)sz-(X)D :

i=1




CHAPTER F. FOOLING PTFS 145

of smaller degree and total degree d. We now define a similar quantity more closely related
to what is used in [39].

Definition. Let ¢ : (R*)? — R by a degree-d multilinear form. Let X' 1 < i < d be
independent standard n-dimensional Gaussians. For integers 1 < { < d define My(q) in

the following way. Consider all possible choices of: a partition of {1,...,d} into non-empty
subsets Sy, ..., Se, with S; = {ci1,...,¢ia,}; and a set of multilinear forms q; of degree-d;
with

Elgi(Xer, ..., X%4)?] < 1.
We define My(q) to be the supremum over all such choices of S; and q; of

<E )/

We now state the moment bound whose proof will take up the rest of this Section.

L
Q(Xl, R ,Xd) HQi(XCi’l, o 7Xcivdi)

=1

Proposition 3. Let p be a homogenous, degree-d, multilinear polynomial, and X a family
of independent standard Gaussians, and k > 2. Then

Ellp(X)|*] = 4 (Z Me(ﬁ)’f”) :

This is essentially a version of Theorem 1 of [39] for multilinear polynomials rather than
multilinear forms. We state said Theorem below:

Theorem ([39] Theorem 1). For q a degree-d, multilinear form and X' independent standard
n-dimensional Gaussians and k an integer at least 2,

Ellg(XY, ..., XY =0, (Z Me(q)W) .

Proof of Proposition 3. The basic idea of the proof is the relate M,(p) to M,(q) and E[|p|¥]
to E[|¢|*] for ¢ the symmetric multilinear form associated to a multilinear polynomial p.
Let ¢ be the associated symmetric multilinear form associated to p. We claim that for each
¢ that M,(p) = ©4(M,(q)). Suppose that p; and p, are degree d multilinear polynomials, and
¢ and g, the associated symmetric multilinear forms. It is easy to see (by using the standard
basis of coefficients) that E[p;(X)pa(X)] = d'E[q1 (X, ..., X¥)g(X?, ..., X9)]. Similarly, it
is easy to see that if p is a homogeneous, degree-d, multilinear polynomial, and p; are
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homogeneous, degree-d;, multilinear polynomials on distinct sets of coordinates, and gq, g;
their associated symmetric multilinear forms we have

E [p(x) [Twi(X)]

1

= ar® (XY, X [Tttt et

This means that M,(p) = O4(M,(q)) since given the appropriate S;,d;, p; we can use the
symmetrizations of the p; to get as good a bound for M,(q) up to a constant factor. To show
the other direction we need to show that M,(q) is not changed by more than a constant
factor if we require that the ¢; are supported on disjoint sets of coordinates. But we note
that if you randomly assign each coordinate to a ¢; and take the part that only depends on
those coordinates, you lose a factor of at most d? on average.

Hence we have that

Ellg(X',..., X" = 64 (Z Mg(p)kjﬂ) :

We just need to show that the moments of p and the moments of ¢ are the same up to a
factor of ©4(1)%. This can be shown using the main Theorem of [8], which in our case states
that there is some constant C,, depending only on d, so that for any such p, ¢ and x,

Pr(|p(X)| > z) < CyPr(|g(X', ..., XY > 2/Cy)

and
Pr(|g(X?', ..., XY)| > 2) < CyPr(|p(X)] > 2/Cy).

Our result follows from noting that for any random variable Y that

E[|Y "] —/0 kx"1Pr(|Y| > z)dw.

4 Structure

In this Section, we prove the following structure theorem for degree-d multilinear polynomi-
als.

Proposition 4. Let p be a degree-d multilinear polynomial where the sum of the squares of
its coefficients is at most 1. Let mqy < my < ... < my be integers. Then there exist integers
ni,Na, ..., Ng, Ny = Og(mima---m;_1) and multilinear polynomials hy, ... ha, Pj,1 <i <
d,1 <75 <n; so that:
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L p(Y) = 3L ha(Pa(Y), Pa(Y), .. P, (V).
P ; 1s homogeneous

h; is homogeneous degree 1

> e

If P, o, -+ Pa, appears as a term in h;(P;;), then the sum of the degrees of the P, is
at most d

The sum of the squares of the coefficients of h; is Og(1)
The sum of the squares of the coefficients of P;; is at most 1

Fach variable occurs in at most one monomial in h;

NS =

IfY is a standard Gaussian and k < my, then E[|P;;(Y)|*] = Oq(VE)*.

This will allow us to write p in terms of other polynomials each with smaller moments.
In particular, we already know just from the fact that p has degree at most d that its k"
moment is at most O(k)kd/ 2. The above proposition allows us to write p in terms of P ;
which have moments on the order of O(k)*/2, at least for & which are not too large.

The basic idea of the proof follows from a proper interpretation of Proposition 3. Es-
sentially Proposition 3 says that the higher moments of p will be small unless p has some
significant component consisting of a product of polynomials P, ..., P, of lower degree. The
basic idea is that if such polynomials exist, we can split off these P; as new polynomials in
our decomposition, leaving p — P - - - P, with smaller size than p. We repeatedly apply this
procedure to p and all of the other polynomials that show up in our decomposition. Since
each step decreases the size of the polynomial being decomposed, and produces only new
polynomials of smaller degree, this process will eventually terminate. Beyond these ideas,
the proof consists largely of bookkeeping to ensure that we have the correct number of P’s
and that they have an appropriate number of small moments.

Proof. We define a dot product on the space of multilinear polynomials (P, Q) = E[P(Y)Q(Y)]
where Y is a standard Gaussian. Note that the square of the corresponding norm is just
| P|?, which equals the sum of the squares of the coefficients of P.

We will prove our Proposition by coming up with a sequence of such decompositions of P
as Y h;(P; ;) satisfying the necessary conditions except for having a slightly relaxed version
of the moment bounds on the P; ;. In particular, we show by induction on s there exists a
decomposition satisfying properties 1-7 above and satisfying 8 so long as i < s.

The base case of s = 0 is can be trivially proven by setting P, = P, and hy = P;; and
letting all of the other relevant polynomials be 0. We now consider the inductive step. We
begin with a decomposition of P into polynomials F; ; so that all of the F; ; with ¢ < s have
moments that are sufficiently small. If the moments of the P, ; are sufficiently small, then
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we are done. If this is not the case, we describe a procedure by which our decomposition is
replaced by a sequence of new decompositions, eventually terminating in one in which the
moments of the P; ; are not too large. Our procedure will consist of repeatedly applying the
following operation:

Suppose that for some j < n; and k < m, that E[| P, ;(X)[¥] > Qu(VE)*. By Proposition
3 this implies that for some 1 < ¢ < d+1—s that k*/2M, > k'/2, or that M, > mi~972 Note
that this implies that ¢ > 2. By the definition of M,, this implies that there are homogeneous,
multilinear, polynomials Q)+, ..., Q, of norm 1, so that Zle deg(Q;) = deg(Ps ;) and so that
c:=(P;,Q1--- Q) > m{ 92 The idea now is to replace P ; by P’ := Py ; — cQ1- - Qy,
and replace occurrences of P ; in our decomposition by P+ ¢Q; - - - Q.

To be concrete about what this does to our decomposition, suppose that F;; appears
in the monomial bP, ;P ;, -+ Psj,_, of hs. We then replace P,; by P’. We also intro-
duce a number of new P, ;s equal to Pyj,...,Pj_,,Q1,...,Qr and add the term
bePsj, -+ Psj, Q1+ Qp to hype—y. This gives us a new decomposition of P with Oy4(1) new
Pl , ;s and with | P, ;|* decreased by an additive ¢ > m!~*. Note that this process never
introduces any new P, ; for ¢ < s and that each time it decreases the sum of the squares of
the norms of the P, ; by at least ml=? Therefore, this procedure must eventually terminate.

It is clear that the resulting decomposition will have sufficiently small moments for its
P, ; for all i,7 with ¢ < s (as this is the termination condition for the above procedure).
It is also clear that the resulting decomposition will satisfy all of the desired properties,
except perhaps that it might have n; too big for some ¢ > s, or the sum of the square of the
coefficients of h; might be too big for some i > s.

To deal with the former concern, note that whenever we add new P, ; in this procedure,
we add Og4(1) such new terms and decrease the sum of the squares of the norms of the
P, ; by at least m5~*. Therefore, this can happen at most nym’ * many times. But n; =
Oa(my -+ -mg_1), so this is Og(my - - -ms_1m-*) < Og(my - --m;_1), as desired.

To deal with the latter concern, when we add a new monomial to h; whose coefficient is
be, we have taken a monomial in hg with leading coefficient b and decreased the sum of the
squares of the norms of the P;; in that monomial by ¢. Hence to increase the sum of the
squares of the coefficients of h; by b?c?, we need to have decreased the sum over monomials
of hs of the square of the leading coefficient times the sum of the squares of the norms of
the corresponding P ; by the same amount. Since the latter quantity was originally at most
O4(1) by the inductive hypothesis, we increase the sum of the squares of the coefficients of
h; by at most Oy(1).

O
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5 FT-Mollification

We let F' be a degree-d polynomial threshold function, F' = sgn(p), where p is a degree-d
multilinear polynomial in n variables whose sum of squares of coefficients equals 1. We
pick positive integers my,...,my (their exact sizes will be determined later). For later
convenience, we assume the m; are all even. We then have a decomposition of F' given by
Proposition 4 as

F(X) =sgn (Z hi(P;1(X), ... 7Pi,77«i(X))>

= f(P(X), P(X), ..., Fa(X))
f(P(X))

where P;(X) is the vector-valued polynomial (P, ;(X),..., P, (X)), P is the vector of all of
them, and f is the function f(P,..., P;) = sgn(>_ h;(P;)). Furthermore, we have that for
k < dm;, the k" moment of any coordinate of any coordinate of P, is O4(v/k)* (giving up an
additional v/d factor in the O4). We also have that h; is a degree ¢ multilinear polynomial
the sum of the squares of whose coefficients is at most 1.

Our basic strategy is to approximate f by a smooth function f, and letting F (X) =
f(P(X)). We will then proceed to prove:

E[F(Y)] = EIF(Y)] m¢ B[F(X)] ~ E[F(X)]. (1)

We will produce f from f using the technique of mollification. Namely we will have f = fxp
for an appropriately chosen smooth function p. However, we will need this p to have several
other properties so we will go into some depth here to construct it. Note: the following
Lemma is very similar to Theorem IV.1 of [13].

Lemma 5. Given an integer n > 0 and a constant C', there is a function pc : R® = R so
that

1. pc = 0.

2. Jon po(z)de = 1.

3. For any unit vector v € R™, and any non-negative integer k,
Jen |DEpe(x)|de < C*, where DY is the k™ directional derivative in the direction v.

E

. For D >0, [ ,lp(z)|dz =0 <(%)2)
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Proof. pc is obtained by taking the square of the Fourier transform of a compactly supported,
continuous function of width approximately C.

We prove our result C' = 2 and we note that we can obtain other values of C' by setting
pc(x) = (C/2)"pa(Cz/2). We begin by defining

B(e) = {1 e flel <1

0 else

We then define (letting |B|, be the L? norm of B)

by the Plancherel Theorem.
For the third property we note that

~

. A

Dhp— L ‘k <k)D;(B)D1’f‘i(B).
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For the last property we note that it is enough to prove that

[z|*p(z)dz = O(n?).

Rn

We have that

1 — .
z|*p(z)de = —5 > |@:Bl3
. By 2 B

2
oB

2 im

9 |
B3

Now g—g is 2¢; on the unit ball and 0 outside. Hence the sum of the squares of these is 2|¢|?
on |¢] < 1 and 0 outside. Hence since both numerator and denominator above are integrals

of spherically symmetric functions, their ratio is equal to

2 fol rHdr

/n = pla)de = fl rn=1(1 — r2)2dr

0

Using integration by parts, the denominator is

1 4 [l
/ "1 — ) dr = —/ "1 —r?)dr
0 n Jo
3 1
= —/ r"3dr
n(n+2) Jo
B 8
T n(n+2)(n+4)
Hence A
o pla)dr = "D — o),
Rn

]

We are now prepared to define f . We pick constants C1, ..., Cy (to be determined later).
We let
p(Pr, ..., Pa) = pc,(P1) - poy(Pa) - - - pe,(Pa)- (2)

Above the pc, is defined on R™. We let f be the convolution f = fxp.
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6 Taylor Error

In this Section, we prove the middle approximation of Equation 1 for appropriately large
k. The basic idea will be to approximate f by its Taylor series, T. T(P(X)) will be a
polynomial of degree at most k£ and hence E[T(P(Y))] = E[T(P(X))]. Furthermore, we will
bound the Taylor error by some polynomial R and show that E[R(P(Y))] = E[R(P(X))] is
O(e) for appropriate choices of m;, C;. In particular, we let T' be the polynomial consisting
of all of the terms of the Taylor expansion of f whose total degree in the P; coordinates is
less than m; for all . Note that a polynomial of this form is about the best we can do since
we only have control over the size of moments up to the m!" moment on the i’ block of
coordinates. Our error bound will be the following

Proposition 6. For f, P;, C;,m; and T as given above, then for any value of P,

- d omi PZ m;
(P - fo < IT (1+ S ) -1
i=1 v

First we prove a Lemma.

Lemma 7. If g is a multivariate function, g = g * pc and T is the polynomial consisting of
all terms in the Taylor expansion of g of degree less than m, then
9]0 C"" |2|™

m/!

9(z) = T(x)| <

for all x.

Proof. This bound is essentially the standard bound on Taylor error applied to the restriction
of g to the line between 0 and .

Let v be the unit vector in the direction of z. Let L be the line through 0 and z. We
note that the restriction of T to L is the same as the first m — 1 terms of the Taylor series
for g|;. Using standard error bounds for Taylor polynomials, we find that

D lscla]

But

1D Gloe = |9 * Dy pe|so
< |9lee| Dy pcli
< |g|oocm~

Plugging this into the above yields our result. O]
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Proof of Proposition 6. he basic idea of the proof will be to repeatedly apply Lemma 7 to
one batch of coordinates at a time. We begin by defining some operators on the space of
bounded functions on R™ x R™ x --. x R™. For such g, define ¢* to be the convolution of
g with pc, along the i'" set of coordinates. Define ¢’ to be the Taylor polynomial in the i
set of variables of ¢’ obtained by taking all terms of total degree less than m;. Note that
for i # j the operations 7 and T} commute with the operations j and Tj since they operate

on disjoint sets of coordinates. Note that f = f12 and T = fhtz- Td For 1 <i < d let

S Pml)
— 1.

fz f12 R and Tz fT1T2 T'
We prove by induction on s that
C™ P,
7.7~ 1P < [T (1+ S
i=1 !
As a base case, we note that the s = 0 case of this is trivial.

Assume that
(1L CrE
LTS ) (R
i=1

7.

We have that
To1(P) — forr(P)| < |TJ+(P) = T (P)| + |T2HH(P) — f2H1(P)].

Note that . . —
TH(P) = f7H(P) = (T, — f.)7 (P).

Therefore since s + 1 involves only convolution with a function of L! norm 1 we have that
| T3H(P) = [P < |To(P) = fo(P)oos+1

where the subscript denotes the L* norm over just the s + 1% set of coordinates. By the
inductive hypothesis this is at most

H<1+Cm;nfiimi)_1.

=1

On the other hand, applying Lemma 7 we have that

CL [P

ms+1!

T+ (P) — TSH(P)| <

By the inductive hypothesis

|TS|oo,s+1 S |f8|00,s+1 + |Ts - f8|00,8+1 S H <1 + m—Z') .

=1
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Combining the above bounds, we find that

‘Ts+1 - ferl’ SH (1 + #) -1
i=1 v
M Ps ms41 S i Pz m;
+ s+1 | +1| (1 4 " )
m;
1

ms-i—l!

i=

s+1 . )
sz PL m;
(s
=1

We can now prove the desired approximation result

Proposition 8. If F, P,T as above with m; = Q(n;C?), m; > log(2¢/€) for all i, and if
k > dm; for all i, and if X and Y are k-independent families of standard Gaussians then

E[F(Y)] = E[F(X)).

Proof. We note that since T'oP is a polynomial of degree at most k we have that E[T'(P(X))] =
E[T(P(Y))]. Hence we just need to show that

B[[F = T|(P(X))]E[|F = T|(P(Y))] = O(e).
We will show this only for X as the proof for Y is analogous. By Proposition 6 we have that

| — T'| is bounded by
d .
My P.|mi
H (1 + CZ—Z) _1.

=1

This is a sum over non-empty subsets S C {1,2,...,d} of
P;

€S

Since there are only 2¢ — 1 such S, it is enough to show that each term individually has
expectation O(€/2%). On the other hand, we have by AM-GM that this term is at most

EZ( m;! ) '

€S

Now the expectation of | P;|™%! is at most nzni‘s‘/ ? times the average of the m;| S| moments of
the coordinates of P;. Since these moments are given by the expectations of polynomials (m;
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is even) of degree at most k, the are determined by the k-independence of X. By assumption
these moments are at most Og(+/m;|S|)™!5. Therefore, the m;|S|" the moment of || is

at most Og(+/n;m;|S])™ 5. Hence the error is at most

02 max {Od (@)m} = 0(2% max {Od (C\/n_>m}

my; my;

S O(Zd)€_ min; m;
= O(e).

7 Approximation Error

In this Section, we will prove the first and third approximations in Equation 1. We begin
with the first, namely

Our basic strategy will be to bound
[E[F(Y)] = E[F(Y)]| <E[|[F(Y) = F(Y)]l.

In order to get a bound on this we will first show that F' — F is small except where p(Y) is
small, and then use anti-concentration results to show that this happens with small proba-
bility. This will be true because p is small away from 0. We begin by proving a Lemma to
this effect.

Lemma 9. Let p be the function defined in Equation 2. Then for any D > 0 we have that
z)|dr = O(D™?)

Ji:|x;|>DniV/d/C;
This will hold essentially because of the concentration property held by each pc,.

Proof. We integrate over the region where |z;| > DnZ\/c_l/ C; for each i. This is a product
over j # i of [on; pe, () times f|a:\>Dn-\/3/C’- |p(z)|dz. By Lemma 5, the former integrals are
all 1, and the latter is O(D~2/d). Summing over all possible i yields O(D™2). O

Recall that f was sgnoh, where h = } _ h; given in the decomposition of p from Proposition
4. Recall that f = fx p. We want to bound the error in approximating f by f. The following,
is a direct consequence of Lemma 9.
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Lemma 10. Suppose x = (x1,...,24) € R™ x --- x R™. Suppose also that for some D >0
and for all y = (y1,...,yn) € R™ x -« x R™ s0 that |z; — y;| < Dnsv/d/C; that h(z) and
h(y) have the same sign, then

/() = f(2)| = O (min{1, D7*}).

Proof. To show that the error is O(1), we note that p > 0 and [ p(z)dx = 1. Hence,
f(x) = (f = p)(x) € [nf(f),sup(f)] Q [—1.1]. Therefore, |f = F1 < 1f1+ 1] S 2.
For the latter, we note that f(x f fly)p(z — y)dy. We note that since the total

integral of p is 1 that

fla) = Fe) = [ (1) = F)ola = .

Y

We note that by assumption unless |z; — y;| > Dnl\/;l/ C; for some 7 that the integrand is
0. But outside of this, the integrand is at most 2p(z — y). By Lemma 9 the total integral of
this is O(D72). O

We now know that f is near f at points x not near the boundary between the +1 and
—1 regions. Since we cannot directly control the size of these regions, we want to relate this
to the region where |h(x)| is small. This should work since unless z is very large, h will have
derivatives that aren’t too big. In particular, we prove the following.

Lemma 11. Let x € R". Suppose that we have B; > 0 so that |P, j(x)| < B; for all i,j.
Then we have that

|[F(z) = F(z)] <

) .
Oy | min ¢ 1, max y |p(x)| _max (Bi0i>
S niBIC; i n;

Proof. The bound of O(1) follows immediately from Lemma 10. For the other bound, let

D= min{dzdzz “j( l)JBZ e mm{%}}

By Lemma 10, it suffices to show that for any Q = (Q1,...,Q,) € R™ x --- x R™ so that
1Q; — Pi(z)| < Dni\/d/C; for all i, that h(P(z)) = p(z) and h(Q) have the same sign. To
do this we write h = hy + - -+ + hy and we note that

d

A(P(z)) = h(@)] < > |Pi(x) — Qil[i(2)].

i=1
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Where h(z) is the directional derivative of h; in the direction from P;(x) to @Q;, and z is
some point along this line. First, note that |Q; — P;(z)| < B;. Therefore, each coordinate
of z is at most 2B;. Now note that h; is a sum of at most n; monomials of degree ¢ with
coefficients at most 1. The derivative of each monomial at z is at most v/d22B:~'. Therefore
|hi(2)] < Vd2%n;Bi~'. Therefore

d

[h(P(z)) — (@) < ) [Pi(x) — Qil|hi(2)]

()

(Dmf /C)(Vd2%n; BiTY)

‘M&

S i 2d QBz 1/0
< (P,

Therefore, h(P(x)) and h(Q) have the same sign, so our bound follows by Lemma 10. [

We take this bound on the approximation error and prove the following Lemma on the
error of expectations.

Lemma 12. Let Z be a random variable valued in R™. Let B; > 1 be real numbers. Let
M =4 n2Bi7t/C;. Then

|E[F(Z)] - E[F(Z)]| <
Ou(Pr(|P,;(Z)| > B; for some i,3) + M + Pr(|p(Z)] < V'M)).

Furthermore, E[F(Z)] is bounded above by

E[F(Z)] + O4(Pr(|P,;(Z)| > B; for some i,j) + M) +2Pr(—/M < p(Z) < 0),
and below by

E[F(2)] + Og(Pr(|P,;(Z)| > B; for some i,5) + M) — 2Pr(0 < p(Z) < VM).

Proof. We note that |F(Z) — F(Z)| = O(1). Also note that L < B for all i. The first
inequality follows by noting that Lemma 11 implies that unless |P, ;(Z)| > B; for some i, j
that the following hold:

1. If |p(2)| < VM, |F(Z) — F(Z)] < 2.
2. It [p(2)| > VM, |[F(Z) = F(Z)| = Ou(M).
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The other two inequalities follow from noting that if p(z) < 0, then F(Z) < F(Z) and if
p(Z) > 0 then F(Z) > F(2). O

We are almost ready to prove the first of our approximation results, but we first need a

theorem on the anticoncentration of Gaussian polynomials. In particular a consequence of
[7] Theorem 8 is:

Theorem 13 (Carbery and Wright). Let p be a degree d polynomial, and Y a standard
Gaussian. Suppose that E[p(Y)?] = 1. Then, for e > 0,

Pr([p(Y)] <€) = O(de'/?).
We are now prepared to prove our approximation result.

Proposition 14. Let p, F, F, h, m;, n;, C; be as above and let e > 0. Let B; = Qq(y/log(ni/€))
be some real numbers. Suppose that m; > B2 and that C; = Qq(n?B! " e~2) for all i. Then,
if the implied constants for the bounds on B; and C; are large enough,

[EIF(Y)] = EIF(Y)]| = OCe).

Proof. We bound the error using Lemma 12. We note that the probability that | P, ;(Y")| >
B; can be bounded by looking at the log(dn;/¢) = ¢ moment, yielding a probability of
Odg/Z)f < et = ﬁ Taking a union bound over all j gives a probability of at most §
Takmg a union bound over ¢ yields a probability of at most e.

Next we note that .
M =) n!B/Ci = Oq4(™).
i=1

Hence if our constants were chosen to be large enough, by Theorem 13
Pr(lp(Y)| < VM) = O(e).
This proves our result. O]

If we could prove Proposition 14 for X instead of Y, we would be done. Unfortunately,
Theorem 13 does not immediately apply for families that are merely k-independent. For-
tunately, we can work around this to prove Proposition 2. In particular, we will use the
inequality versions of Lemma 12 to obtain upper and lower bounds on E[F(X)] in terms of
E[sgn(p(Y) + ¢)], and make use of anticoncentration for p(Y").

Proof of Proposition 2. Let B; = Qd log( 1 / €)) with sufficiently large constants. Define m;
and C; so that C; = Q) (<H211 m; BZ le 2d) and m; > €y ((HJ 1 m]> C’2> ,log(2%/¢), B?
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all with sufficiently large constants. Note that this is achievable by setting C; = Q4 (e_m),
m; = Qy <€_3'7id>. Let k = dmax; m;. Note k can be as small as Og(e*47"). Using these

parameters, define n;, h;, P; j, f, f, F as described above. Note that since n; = Oy (H;;ll mi),

that C; = Qu(n?B! e ) and m; = Qq(n;C?). Let Y be a family of independent standard
Gaussians and X a family of k-independent standard Gaussians.
Propositions 6 and 14 imply that

E[F(Y)] = E[F(Y)] ~. E[F(X)].

We note that the M in Lemma 12 is O4(e*?) with sufficiently small constant. Also note that
by looking at the log(dn;/e) moments of the P ; that the last probability is O(e). Therefore,
combining the later parts of Lemma 12 with the above fact that E[F(Y)] ~, E[f(X)], we
obtain that

E[F(X)] = E[F(Y)] + O(e) — 2Pr(0 < p(X) < Oq(e")),

and
E[F(X)] < E[F(Y)] + O(e) + 2Pr(—04(?) < p(X) < 0).

But this implies that

Elsgn(p(X) — Oa(e”))] < E[F(Y)] + O(e),
and

Elsgn(p(X) + Oa(e?))] = E[F(Y)] + O(e).
On the other hand, applying to above to the polynomials p 4= Og(e?),

Efsgn(p(Y) — Oa(e))] + O(e) < E[F(X)] < Elsgn(p(Y) + Oa(e”))] + O(e).
But we have that
Efsgn(p(Y) — Ou(e”))] < E[F(Y)] < E[sgn(p(Y) + Oa(e))].

Furthermore, sgn(p(Y) — Oq(e?)) and sgn(p(Y) + Ogy(e?)) differ by at most 2, and only
when |p(Y)| = Oq4(¢?). By Theorem 13 this happens with probability Oy(€). Therefore we
have that all of the expectations above are within Oy(e) of E[F(Y')], and hence E[F(X)] =
E[F(Y)] 4 Oq(e€). Decreasing the value of € by a factor depending only on d (and increasing
k by a corresponding factor) yields our result. O]



CHAPTER F. FOOLING PTFS 160

8 General Polynomials

We have proved our Theorem for multilinear polynomials, but would like to extend it to gen-
eral polynomials. Our basic idea will be to show that a general polynomial is approximated
by a multilinear polynomial in perhaps more variables.

Lemma 15. Let p be a degree-d polynomial and 6 > 0. Then there exists a multilin-
ear, degree-d polynomial ps (in perhaps a greater number of variables) so that for every
k-independent family of random Gaussians X, there is a (correlated) k-independent family
of random Gaussians X so that

Pr(|p(X) — ps(X)| > ) < 6.

Proof. The basic idea of the proof is to let each coordinate X; of X be written as a sum
\/LN Z;VZI X, ;. Expanding our the polynomial p(X), and approximating terms of the form

% Zﬁvzl Xf’j by 1, we are left with a multilinear polynomial, plus a polynomial which is likely
small.

We will pick some large integer N (how large we will say later). If X = (X1,...,X,,), we
let X = (Xi;),1 <i<n,1<j<N. For fixed i we let the collection of X;; be the stan-
dard collection of N standard Gaussians subject to the condition that X; = \/—% Zj\[:l Xij
Equivalently, X;; = \/LNXZ- + Y, ; where the Y;; are Gaussians with variance 1 — 1/N and
covariance —1/N with each other.

X is k-independent because given any 41, ..., %, Ji,- - -, jr We can obtain the X, ;, by first
picking the X;, randomly and independently, and picking the Yj, ;, independently of those.
We note that this yields the same distribution we would get by setting all of the X, , to be
random independent Gaussians, and letting X; = \/LN Zjvzl Xij

We now need to construct ps with the appropriate property. The idea will be to replace
each term X7¥ in each monomial in p with some degree-k, multilinear polynomial in the Xij
This will yield a multilinear, degree-d polynomial in X. We will want this new polynomial
to be within & of XF with probability 1 — ¢’ for §' some small positive number depending
on p and §. This will be enough since if 6’ < 6/(2dn) the approximation will hold for all 4, k
with probability at least 1 —6/2. Furthermore, with probability 1 —4§/2, each of the |.X;| will
be at most O(log(n/d)). Therefore, if this holds and each of the replacement polynomials is
off by at most &', then the value of the full polynomial will be off by at most O(log?(n/8)d")
times the sum of the coefficients of p. Hence if we can achieve this for ¢’ small enough we
are done.

Hence we have reduced our problem to the case of p(X) = p(X;) = X{. For simplicity
of notation, we use X instead of X; and X instead of X; ;. We note that

N d
X4 — N—d/2 (Z Xi> .
=1



CHAPTER F. FOOLING PTFS 161

Unfortunately, this is not a multilinear polynomial in the X;. Fortunately, it almost is.
Expanding it out and grouping terms based on the multiset of exponents occurring in them
we find that

) d .
X4 — Nd/2 Z (ah%m’ak) Z HXij'

a1<...Zag 115eees ike{l ----- N} j:1
Z (li:d ij distinct
i]‘<ij+1 if a;=aj+1

Letting b, be the number of a; that are equal to ¢ we find that this is

k

_ d 1 .
N2 Z (al,az, .,ak)Hb_z! Z HXZ.J,.

a1<...<ap e L i1yeemii€{1,...,N} j=1
>Sai=d ij distinct

Or rewriting slightly, this is

S (el )W 3 H(R)

a1<...<ag
S a;=d ij distinct

Now, with probability 1 —9,
to 1 as N goes to infinity,

> % = O(log(1/6)). Furthermore, with probability tending

)

X\ ol
(Z () ) = 14006/ 108(1/9),

and <Zl (%)CL) = 0(6/log?(1/6)) for each 3 < a < d. If all of these events hold, then

each term in the above with some a; > 2 will be O(9), and any terms with some a; = 2 will
be within O(0) of

Tlyeeny i;CE{l ..... N} j=1
i; distinct

where k' is the largest j so that a; = 1. This gives a multilinear polynomial, that with
probability 1 — ¢ is within Oy4(d) of p(X). Perhaps decreasing 0 to deal with the constant in
the Oy yields our result. O

We can now prove Theorem 1 by applying Proposition 2 to p;.



CHAPTER F. FOOLING PTFS 162

Proof of Theorem 1. Let p be a normalized, degree-d polynomial. Let k be as required by
Proposition 2. Let Y be a family of independent standard Gaussians and X a k-independent
family of standard Gaussians. Fix § = (¢/d)?. Let ps, X,Y be as given by Lemma 15. We
need to show that Pr(p(X) > 0) = Pr(p(Y) > 0) +O(e). By the specification of ps in Lemma
15,

Pr(p(X) > 0) > Pr(ps(X) > 0) — 6.

Applying Proposition 2, to the multilinear polynomial ps — 9, this is at least
Pr(p;(Y) > 6) + O(e).

Since Y is (-independent for all ¢ (since Y is), it is actually an independent family of Gaus-
sians. Therefore by Theorem 13, Pr(|p(Y)| < §) = O(d6*/?) = O(¢). Hence

Pr(p(X) > 0) > Pr(ps(Y) > —0) + O(e).

Noting that with probability 1 — ¢ that ps(Y’) is at most § less than p(Y’), this is at least
Pr(p(Y) > 0) 4+ O(e).
So
Pr(p(X) > 0) > Pr(p(Y) > 0) + O(e).
Similarly
Pr(p(X) < 0) > Pr(p(Y) < 0) + O(e).

Combining these we clearly have
Pr(p(X) > 0) = Pr(p(Y) > 0) + O(e)

as desired. ]

9 Conclusion

The bounds on k presented in this Chapter are far from tight. At the very least the argument
in Lemma 12 could be strengthened by considering a larger range of cases of |p(x)| rather
than just whether or not it is larger than v/M. At very least, this would give us bounds on &
of the form Od(e_””d) for some x less than 7. I suspect that the correct value of £ is actually
O(d*¢™?), and in fact such large k will actually be required for p(z) = H?:1<Z§:1 z;;). On
the other hand, this bound is at the moment somewhat beyond our means. It would be nice
at least to see if a bound of the form k = Oy(e7P°Y(@) can be proven. The main contribution
of this work is prove that there is some sufficient k& that depends on only d and e.
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An interesting question is whether or not this result generalizes the the Bernoulli setting.
All of our arguments should carry over trivially with two exceptions. Firstly, our anticon-
centration bounds will not hold in general for polynomials of Bernoulli random variables.
Fortunately, there are standard techniques in place for dealing with this problem. The in-
variance principle of [47] implies similar anticoncentration results for low-influence Bernoulli
polynomials. For general polynomials, the regularity Lemma of [15] allows one to write the
polynomial threshold function as a bounded depth decision tree followed by either an almost
certainly constant function, or a threshold function for a regular polynomial. The second
problem is more difficult to get around. In particular, to obtain an analogous structure
Theorem for polynomials of Bernoulli variables, it would first be necessary to find an ap-
propriate version of [39] Theorem 1, although with such a result in hand, I see no further
trouble generalizing the results of this Chapter.



Chapter G

Noise Sensitivity of Polynomial
Threshold Functions

1 Introduction

1.1 Background

One property of interest for a Boolean function is that of sensitivity. That is some measure
of how stable the value of the function is under small changes to its input. Various notions of
sensitivity have found applications in a number of areas including hardness of approximation
[34], hardness amplification [51], quantum complexity [57], and learning theory [35]. We will
discuss the last of these in more detail shortly. In this Chapter, we discuss bounds on the
sensitivity of polynomial threshold functions.

1.2 Measures of Sensitivity

We will concern ourselves with four different measures of sensitivity of a Boolean function;
two for Bernoulli inputs, and two for Gaussian inputs. Our results shall focus only on the
latter two measures, but the first two are useful for motivational purposes.

Perhaps the most natural notion of sensitivity is that of average sensitivity. This measures
the probability that flipping a randomly chosen bit of a random Bernoulli input changes the
value of the function. In particular we define AS(f) to be

E.[Number of bits of z that when flipped would change the value of f].

A slightly less focused notion is that of noise sensitivity. This is a measure of the prob-
ability that randomly changing some fraction of the bits will change the value of f. In
particular we define the noise sensitivity with noise rate € to be

NS(f) = Pro.(f(2) # f(2))

164
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where x is Bernoulli and z is obtained from x by flipping each bit independently with
probability e.

The concept of noise sensitivity translates naturally into the Gaussian setting. In partic-
ular we define the Gaussian noise sensitivity with noise rate € to be

GNS.(f) == Pr(f(X) # f(2))

where X is an n-dimensional Gaussian random variable, and Z = (1 — €)X + v/2¢ — €2Y for
Y an independent n-dimensional Gaussian. Notice that Z is chosen here to be a standard
Gaussian whose covariance with X is 1 —e€ in each coordinate, agreing with the noise sensitiv-
ity in the Bernoulli case. In fact, we can think of the Gaussian noise sensitivity as a special
case of the Bernoulli noise sensitivity by approximating each Gaussian random variable as a
properly scaled average of a large number of Bernoulli random variables.

There is a closely related concept called the Gaussian surface area, which, instead of
directly measuring the sensitivity of a function, measures the boundary between its +1 and
—1 regions. We define the Gaussian surface area of a set A to be

i 1 As\A
I(A) = liminf GaussianVolume(A;\A)

6—0 0 ’

where the Gaussian volume of a region R is Pr(X € R) for X a Gaussian random variable,
and where Ay is the set of points z so that d(z, A) < ¢ (under the Euclidean metric). We
note that if A is a sufficiently nice region with a smooth boundary, then its Gaussian surface
area should be equal to

o(x)do.
24

Here ¢(z) is the Gaussian density, and do is the surface measure on 0A. This formulation
justifies the name of “surface area”. Furthermore, if A is such a region, then its Gaussian
surface area should be equal to

. GaussianVolume((0A)s)
lim
6—0 20

The factor of 2 above comes from the fact that (0A)s; has volume both inside and outside
of A. These equalities are proven for the case of A the set of positive values of a square-free
polynomial threshold function in Proposition 10.

For f a Boolean function, we define

The concepts of Gaussian noise sensitivity and surface area are related to each other by
noting that the noise sensitivity is roughly the probability that X is close enough to the
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boundary that wiggling it will push it over the boundary. In particular it is proved in [40]
that for any Boolean function, f,

GNS.(f) < arccos(1l — ¢)
2 - V2T

We essentially prove an asymptotic converse to this statement for f a polynomial threshold
function in Section 3.

().

1.3 Previous Work

In this Chapter, we study the sensitivity of polynomial threshold functions. Before stating
our major results, we will provide a brief overview of the previous work in this area.

The most ambitious Conjecture in this field is the Gotsman-Linial conjecture [16], which
states that the largest average sensitivity of a degree-d polynomial threshold function is
obtained by taking the product of linear threshold functions slicing through the middle d
layers of hypercube. This would imply that

AS(f) < d\/%.

This would in turn imply optimal or nearly optimal bounds for our other measures. In
particular, by [14] Theorem 7.1, it would imply that

NS.(f) < d\/§.

Furthermore, this bound would be asymptotically correct for small € and properly chosen f.
Treating Gaussian random variables as averages of Bernoulli random variables, we could
use this to obtain a bound on the Gaussian noise sensitivity. In particular, by [14] Proposition

9.2, this would imply
2
GNS.(f) < dy/ =
™

As we shall see, this is larger than the correct asymptotic by a factor of /7. T believe that
this discrepancy comes from the fact that in the Bernoulli case things can be arranged so
that the boundary makes particular angles with edges of the hypercube, while the Gaussian
case is necessarily isotropic.

As we shall see in Section 3, this bound would imply a bound on the Gaussian surface

area of
d

I'(f) < N
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which is again off from the optimal by a factor of /7.

Unfortunately, we are far from proving these conjectures. The Gotsman-Linial Conjecture
is known for d = 1, but is much more difficult for larger degrees. Non-trivial bounds on
the average sensitivity were proved independently by [14] and [21] (these papers were later
merged and appeared as [12]). They each proved bounds of O(n!='/9@) on the average
sensitivity and Oy(e!=1/9@) on the Gaussian and Bernoulli noise sensitivity. These results
are proved by obtaining results in the Gaussian setting in such a way that they can be carried
over to the Bernoulli setting. The proofs involve a number of advanced techniques including
the invariance principle, and concentration and anti-concentration results for polynomials of
Gaussians.

Much less was previously known about Gaussian surface area. For d = 1, a simple
computation yields the optimal bound of \/%7 [35] proved a bound of 1 for the Gaussian
surface area of balls, and more recently, [48] proved a bound of O(1) for centrally symmetric,
degree 2 polynomial threshold functions. Essentially nothing was known about the Gaussian
surface area of higher degree polynomial threshold functions.

1.4 Statement of Results
We focus on proving two main results.

Theorem 1. If f is a degree-d polynomial threshold function, then

< darcsin(v/2e — €2)  dv/2¢

GNS.(f) = = 0(dVe).

(0

Furthermore, this bound is asymptotically tight as € — 0 for f the threshold function of any
square-free product of homogeneous linear functions.

Theorem 2. If f is a degree-d polynomial threshold function then I'(f) < \/LQ?. This bound is
again optimal for f the threshold function of any square-free product of homogeneous linear
functions.

1.5 Application to Agnostic Learning

We briefly describe one of the applications of our work to agnostic learning algorithms for
polynomial threshold functions.

1.5.1 Overview of Agnostic Learning

Agnostic learning is a model for machine learning. Suppose that there is an unknown dis-
tribution D on X x {—1,1} (for some set X) with known marginal distribution Dx on X.
We think of X as the observable data about some object and the element of {—1,1} as a
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bit we are trying to predict. We would like an algorithm that, given a number of samples
from D, outputs a function h : X — {—1,1} so that for (z,y) ~ D, h(z) = y with high
probability. In other words, h allows us to predict y given x for (z,y) taken from D. For
arbitrary D, there is little hope of success as we have no way to predict what value of y
should correspond to values of x that we have not seen in our training data. To repose
this is a potentially solvable problem, the agnostic learning model requires merely that A is
competitive against some class of predictors. We define a concept class to be some set C' of
functions X — {—1,1}. We let opt = infscc Prizy)~n(f(z) # y). In the agnostic learning
model, the objective is to find an h so that Pr,).p(h(z) # y) < opt + €.

1.5.2 Connection to Gaussian Surface Area

The connection with Gaussian surface was discovered by [35]. In particular they prove:

Theorem ([35] Theorem 25). Let C' be a collection of Borel sets in R™ each of which has
Gaussian surface area at most s. Suppose furthermore that C' s invariant under affine
transformations. Then C' is agnostically learnable with respect to any Gaussian distribution

in time nOG*/<).

Hence our results imply that:

Corollary 3. The concept class of degree-d polynomial threshold functions is agnostically
learnable with respect to any Gaussian distribution in time nO@ /")

1.6 Outline

Section 2 will be devoted to the proof of Theorem 1, Section 3 to the proof of Theorem
2, and Section 4 will provide some closing notes. The proof of Theorem 2 requires several
technical results whose proofs are not very enlightening and are put in the Appendix so as
not to interfere with the flow of the Chapter.

2 Proof of the Noise Sensitivity Bound

Proof of Theorem 1. Our basic strategy will be to use the symmetrization trick discussed
in the Introduction to this Part. From these ideas, and a few facts about polynomials, the
result will fall out.

We begin by letting # = arcsin(v/2¢ — €2). We need to bound

p = GNS,(f) = Pr(f(X) # f(cos(6)X + sin(6)Y)). (1)

In general, we let
X, = cos(¢)X + sin(¢)Y.
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Hence, GNS.(f) = Pr(f(Xo) # f(Xa)).

We note that the value of p given in Equation 1 remains the same if X and Y are replaced
by any X’ and Y that are i.i.d. standard Gaussian distributions. Note that X4 and Xy, /2
are such i.i.d. Gaussians. Additionally, we note that for any ¢

cos(0) Xy + sin(0) Xy /2 = cos(#) cos(¢) X — sin() sin(¢) X+
cos(0) sin(¢)Y + sin(f) cos(¢)Y
=cos(0 + @)X +sin(0 + ¢)Y
=Xo1¢-

Therefore, we have that for any ¢,

GNS.(f) = Pr(f(X,) # f(Xss0)).

Averaging over ¢, we find that

GNS.(1) = 5= [ Pr(F(X) # F(Xora))do, 2)

:27'['

We define the random function F': R — {—1,1} by
F(¢) = f(Xs).
(F' depends on X and Y as well as ¢). Hence

ONS.(f) = o / PrH(F(9) £ F(o+0))do

1 21
= —F 1 do| .
S Xy [ /O F(¢)#F(6+6)d0

Here 1p(4)r(¢+0) is the indicator function of the event that F'(¢) # F(¢ + ). We may now
consider the value of the integral above for fixed X and Y and then take the expectation.
In such a case, F' is some Boolean function. We note that F(¢) can only be different from
F(¢+0) if F has a sign change in [¢, ¢+ 0] (with these values taken modulo 27). This means
that F'(¢) # F(¢ + 0) only on a union of intervals of length 6 preceding each sign change of
F'. Therefore, the value of the above integral is at most 6 times the number of sign changes
of F on [0,27). Hence,

0Ex y [number of sign changes of F' on [0, 27)] )
27 '

We now make use of the fact that f is a degree d polynomial threshold function. In
particular, we will show that for any X and Y, F' changes signs at most 2d times on [0, 27).

GNS(f) <
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We let f = sgn(g) for some degree-d polynomial g. We note that the number of sign changes
of F is at most the number of zeroes of the function g(cos(¢) X +sin(¢)Y") (unless this function
is identically 0, in which case there are no sign changes). Note that g(cos(¢)X +sin(¢)Y) =0
if and only if z = €' is a root of the degree-2d polynomial

()0 (57

Since such a polynomial can have at most 2d roots, the expectation in Equation 3 is at most
2d.

As an alternative proof, note that sign changes of F' correspond to joint solutions to the
equations g(aX +bY) = 0 and a* 4+ b? = 1. By Bezout’s Theorem, there are at most 2d such
roots.

Given this bound on the number of sign changes, we have that

240 df

o 7w

GNS.(f) <

as desired.

We also note the ways in which the above bound can fail to be tight. Firstly, there may
be some probability that F' changes signs less than 2d times on a full circle. Secondly, the
integral of 1p(4)£r(¢+6) Mmay be less than 6 times number of times I changes signs if two of
these sign changes are within 6 of each other. On the other hand, if f is the threshold function
for a product of d homogeneous linear functions, no two of which are scalar multiples of each
other, the first case happens with probability 0, and the probability of the second goes to 0
as € does. Therefore, for such functions our bound is asymptotically tight as e — 0. O

3 Proof of the Gaussian Surface Area Bounds

The basic idea for our proof of Theorem 2 is to relate the Gaussian surface area of f to its
noise sensitivity. In particular we claim that:

Lemma 4. If f is a polynomial threshold function, and if X and Y are independent Gaus-

sians then,
Pr(f(X)=—1and f(X +€Y) =1 r
PHA(X) = —Land (X V) = 1) _T(f) "
e—0 € \/ﬁ
The basic idea here is that the surface area determines how likely it is that X will lie

within some distance of the boundary between the +1 and —1 regions of f. In particular, we
expect that the probability that X is distance ¢ from the boundary (and on the appropriate
side) to be roughly I'( f)dt.
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Consider the above probability for X fixed. We may assume that X is close to the
boundary (since otherwise the probability that X + €Y lies on the other side is negligible).
Since the boundary is smooth (at most points anyway) it is approximately linear at small
scales. Therefore, the probability that X + €Y is on the opposite side of the boundary
is roughly the probability that the projection of €Y onto the direction perpendicular to the
boundary is more than the distance from X to the boundary. Since the size of this projection
is just a Gaussian, the probability on the left hand side of Equation 4 is roughly

> I'(f)e
r = r = :
/ O(y)T(f)dtdy / T(ity)y =~
The actual proof of this Lemma is technical and not terribly enlightening, and so is put off
until the Appendix.
We note that the Pr(f(X) = —1 and f(X +€Y) = 1) term in Lemma 4 is very nearly
a noise sensitivity. Unfortunately, it fails to be for two reasons. Firstly, we require that
f(X)=—1and f(X + €Y) = 1 rather than merely asking that they are unequal. Secondly,
X and X + €Y are normalized differently. We solve the first of these problems by noting that
the asymptotic probability that f(X) = —1 and f(X +€Y’) = 1 should equal the asymptotic
probability that f(X) =1 and f(X + €Y) = —1 (which follows from Lemma 4 and Lemma
5 below). The second difficulty is overcome by showing that f(X + €Y') is very likely equal

to f (%), which is properly normalized. This follows from Lemma 6 below.
Lemma 5. For f a polynomial threshold function, I'(f) = T'(—f).

The idea is that they both measure the surface area of the same boundary between f~!(1)
and f~1(—1). We put off the proof until the Appendix.

Lemma 6. If f is a degree d polynomial threshold function in n dimensions, € > 0 and X
a random Gaussian variable, then

PrHF(X) # F(X(1+¢))) < de\/g.

Proof. Note that by conditioning on the line through the origin that X lies on, we may reduce
this problem to the case of a one dimensional distribution. Note that f changes sign at most
d times along this line. We need to bound the probability that at least one of these sign
changes is in between X and (1+¢)X. It therefore suffices to prove that for any one of these
sign changes, that it lies between X and (1 + €)X with probability at most e,/;=. Note that

the probability that X is on the same side of the origin as this sign change is % Beyond that,

| X'|? satisfies the x? distribution with n degrees of freedom, namely mx"/ le= 2y,
Letting y = In(z) = 2In(]X|) we find that that y has distribution
1

ny/2 —ey/2d
on2T(nj2)¢ ¢ WY
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We want the probability that y is within a particular interval of width 21In(1 + €). This is at
most 2¢ times the maximum value of the density function. The maximum is achieved when
ny — ¥ is maximal, or when y = In(n). Then the density is

1 w2 —mj2 D (n/2)"2e=m/2, /21 (n/2)
n/z)”/e / _\/%

2n/2T( (n/2)!

Multiplying this by d, 2¢ and % (the probability that X is on the same side of 0 as the sign
change), we get our bound. O

Notice that this bound should be nearly sharp if the polynomial giving f is a product of
terms of the form | X |* — r; for r; approximately n and spaced apart by factors of (1 + €)%
We can now prove a bound on a quantity more relevant to Gaussian surface area:

Corollary 7. If f is an n dimensional, degree-d polynomial threshold function, ¢ > 0 and
X and Y independent Gaussians, then

PHF(X) # F(X +ev)) < 4 92 1

Proof. We let r = v/1+ €2, 0 = arctan(e), and let Z = cos(#)X + sin(d)Y be a normal
random variable. Note that X + €Y = rZ. We then have that

Pr(f(X) #f(X + €Y))
< Pr(f(X) # f(2)) + Pr(f(2) # [(rZ)).

By Theorem 1 and Lemma 6, this is at most

dé [n de de*® [n
- _ A QP Bl
T —|—d(7“ D) AT — 7 + 4 T

(since § < tan(f) = e and V1 + €2 < 1+ €2/2) O
We are now ready to prove Theorem 2.

Proof of Theorem 2. The result follows immediately from Lemma 4 (for both f and —f),
Lemma 5, and Corollary 7 after noting that

Pr(f(X)=—1,f(X+e¥)=1)~ = =
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and thus
T PO £ f(X+eY))

d
2 e—0 € \/ﬁ

4 Conclusion

We have shown nearly tight bounds on the Gaussian surface area and noise sensitivity of
polynomial threshold functions. One might hope to generalize these results to work for other
distributions, such as the uniform distribution on vertices of the hypercube. Unfortunately,
several aspects of this proof are difficult to generalize. Perhaps most significantly, we lose the
symmetry that allowed us to prove our original result on noise sensitivity. Another difficulty
would be in the relation between noise sensitivity and surface area. In the Gaussian case, the
two are essentially equivalent quantities of study. On the other hand, [35] defined a notion
of surface area for the hypercube distribution and proved that for even linear threshold
functions there could be a gap between noise sensitivity and surface area of as much as
O(/log(n)).

On the other hand, our results still provide hope for a proof of the full Gotsman-Linial
Conjecture. For one, we have proved what can be considered to be an important special case
of this Conjecture. Secondly, many of the results for average sensitivity and Bernoulli noise
sensitivity come from generalizing results in the Gaussian setting, and hence there is hope
that our results might be a starting point for proofs in these more difficult contexts.

Appendix

Here we prove some technical results about the Gaussian surface area for polynomial thresh-
old functions. In the following, u denotes the Gaussian measure. Throughout we consider p
a non-zero degree d polynomial, with f = sgn(p).

Lemma 8. Let p be a non-constant, degree-d polynomial. For € > 0, the probability that
Ip(X)| < € for X a random Gaussian is O(e'/?), where the implied constant depends on p.

It should be noted that this is a rather weak anticoncentration result compared to say,
the Theorem of Carbery and Wright as we do little to control the dependence of our constant
on p. On the other hand, we present a proof for completeness and because the ideas used
will be in the same spirit as in the more difficult proofs to follow.

Proof. The Lemma follows easily for a monic polynomial of one-variable. This is because
p will only be small if x is near at least one of the roots of p. Our basic idea is to make a
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change of variables and consider our polynomial as a function of just one variable to reduce
to this case.

By making a generic orthogonal change of variables, we may assume that the leading
coefficient of p in terms of x; is a constant. By rescaling, we may assume that p is a
degree d monic polynomial in z = z; whose coefficients are polynomials in y = (zo,...,z,)
(rescaling changes € by a factor that depends on p but nothing else). We have that p(z) =
(x —r(y))(x —12(y)) - -+ (& — rq(y)) (here r;(y) are the complex roots of p(z,y) thought of
as a polynomial in x for fixed y). Therefore, if |p(z, y)| < €, then 2 must be within €*/¢ of at
least one of the r;(y) (i.e. |z — r;| must be less than €'/¢ for some 7). Hence after fixing v,

p{a: p(e,y)] < }) = O,
Integrating with respect to y proves the Lemma. O]

Lemma 9. Let p be a non-zero, degree-d polynomial in n variables such that p is not divisible
by the square of any polynomial. Let S = {z : p(x) =0}. Fore > >0, let S*={x € S:
|Vp(x)| < €}. Then

1((5%)s) = O(e"/"5).

Here (S€)s is the set of points within 6 of some point of S¢ (again the asymptotic constant
here and those throughout the proof depend on p).

Proof. This proof is considerably more difficult than the previous one. The basic idea is
as follows. First, ignoring the condition on €, we would like to show that u(Ss) = O(9).

Consider the set of points ' within ¢ of some point z with p(z) = 0 and %p—a(f) reasonably

large. For such 2/, it follows that ‘%fll) /p(a’ )‘ = Q(671). Considering p as a function of x;

(whose coefficients are polynomials in the other z;), it is not hard to see that the probability
of this happening is O(¢) (since if the derivative is constant sized, you leave the region where
p is small after 0(5) distance). If @ is small, but 8—21’ is reasonably large we can apply the

same trick with 22 B L instead of p. In general we spht S into subsets Si,; where £k indexes the
first degree of derivative for which p is not small at x, and 7 indexes a direction at which the
kt" derivative is reasonably large and apply the above ideas to an appropriate derivative of
p.

We deal with € by noting that if both p and p’ are small, then their resolvent polynomial
is also small, and use Lemma 8 to get the ¢ dependence.

We begin by partitioning S¢ into parts. First we pick a large constant C' (we will specify
how large later). For k < d and = € R” we let [p®)(z)| be the sum of the absolute values
of the k' order mixed partial derivatives of p at z. We let S§ be the set of x € S¢ so that
(COEp® ()| > (C8)|p® (x)| for all 1 < i < d.

We pick some finite number of orthonormal bases, B; = (z1;,...,%,;) so that:
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1. When written in basis B;, p has non-zero x¢ coefficient.

) .

2. For each k there exists a Cj, > 0 so that for any z, |p® (z)] is at most Cj, max; 86 ,5

1
The first condition holds as long as the B; are chosen generically. The second condition will
hold as long as the B; are chosen generically and there are sufficiently many of them. We
claim that if sufficiently many B, are chosen generically then there is no non-zero degree-

k polynomial, ¢, so that 8 Q(O) = 0 for all 7. Omnce we have that (%,50) is non-zero for
1,2

all ¢, we claim that it is enough to find a O} so that |¢*)(0)| < Cpmax; 8;",50)

arbitrary normalized (for example by making the sum of squares of coefﬁcients,equal to 1)
homogeneous degree k polynomial. This is because for any x, we can use this result with ¢
equal to the normalized version of the degree k part of the Taylor expansion of p about z,

recentered around 0, to show that [p®*)(z)| < O} max; 355 (@) | For normalized, homogeneous,
1,i
q of degree k we have that max; 8;9?,50) is non-zero. Hence for any value of ¢, there is some
1,4

value of ('} that works for ¢ in some open neighborhood of that value. Hence, since the
set of normalized degree k polynomials is compact, there is a C} that works for all such
polynomials. Note that the Cj used here will likely depend on n.

Having picked the B;, we ensure that C' > 3CY for each k. We then further partition S°

by letting S ; be the subset of Sf so that [p®)(z)| < Cy ‘8 2| We will show that

i ((S5.);) = O ™)

for each i, k. In what follows, we consider this problem for fixed ¢ and k.
We use the coordinates = x1,; and y = (224, ..., x,;). We rescale p so that it is a monic,
degree-d polynomial in x with coefficients that are polynomials in y. Consider (z,y) € S ;.

We have that

oFp(z, k|
% > [p®) ()| > (COY*[pD)(z, ).

(the inequality on the left holds because (z,y) € S, ; and the one on the right holds because
(x,y) € S5.) In particular, if (2, y’) is within 0 of (x y) then by Taylor’s Theorem:

o

O p(a'y) <
] o \ Z H49) (g, )
d—k
CJ ,Y)
S( ? ) )
1
<

_2‘ axk ‘
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oFp(a’y) | ~ 1|9 p(@y)
Ozk = 2 Ozk

Similarly, we have that

Hence ‘

O p(,y)| 4
‘% = Z F|P(k lﬂ)(%y)’
j=0 "
d—k+1
C 9" p(x,y)
<
co JZ_; J! oz
9 p(z,y)
<2
&) Dk |

Therefore for (z',y’) € (S§;)s we have that

oFp(a’ )
Ox'k 1
> .
(ak—lp(x',y») — 406

ax/k— 1

Letting g(z,y) = %, we have that )gg/((;,/)) > ﬁ. On the other hand if we let g(z,y) =
ag(x—r1(y)) -+ (x —ra—r+1(y)), we have that gg(f)) = o sttt m Hence for the

above to hold, # must be within 4Cdd of at least one of the r;(y). Therefore, the measure
of the intersection of (S ;)5 with the line defined by fixing the value of y is at most 4Cd%5.

Note that if (z,y) € S€ and if (2, ) is within 6 of (x,y) that |p(z',y')| < €5+O0(r46?), and
1P/ (', )| < e+0(0r?), where r = |(z,y)|+1. Considering p(x,y) = (z—7r1(y)) - (x—74(y))
again as a function of x consider its discriminant R(y). R(y) is a non-zero polynomial of
degree at most d(d — 1) in y. Furthermore, R(y) can be written as pg; + p'qa for some
polynomials ¢; and ¢, of degrees d(d —2) and d(d —2) + 1. Therefore, if (z/,y') € (5¢);, then
R(y)| < er

Now the measure of the set of points with » > ¢/ is small enough to ignore. Throwing
away this region, we find that if we project (S,iz) 5 onto its y-coordinate, it covers only points
where |R(y)| < €'/, which by Lemma 8 has measure at most, O(e(@+D/(@*(@-1)y — O(¢l/4*),
Furthermore, by the above, once we fix such a y the measure over z of this set is O(9).
Therefore, for each k,i, u((Sg;)s) = O(e"/#5). Hence, summing over all k and i,

u((5%5) = O(e"/"3).

1/d3

O
Proposition 10. Let p be a non-zero polynomial. Let A = {z : p(x) < 0}. Let S = OA.

Then
AN (S
T(A) = lim =202 = Jim —56 = /9¢(x)da(:c).

6—0 1) 5—0 2
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Proof. The idea here is that we can use Lemma 9 to bound the contribution to the volume
from z near singular points of S. Away from these points, we can parameterize As\A by
S x [0,0] using © — (nearest point of S to x,d(x,S)). Avoiding the singular set, it is easy
to see that this converges to our desired integral.

First, we note that we can remove any square factors from p (as removing them only
changes As \ A by a set of measure 0 and does not change S), and thus assume that p is
a square-free polynomial. By Lemma 9, when calculating p(As\A) in the computation of
I'(A), we may ignore points in (5‘51/6)5. We may also ignore points with absolute value more
than 7 = log(6~!) since the total measure of the set of such points goes rapidly to 0 as § — 0.
Let Sp = S\S90"°.

We begin with the following claim. Suppose that |a| < r and that b is the closest point in
S to a (such a point exists since S is closed and non-empty). Suppose also that d(a,b) < &
and that b € Sy. Then for ¢ sufficiently small, b is the only point of S within ¢ of a for which
d(a,b") obtains a local minimum.

To prove this claim, we may begin by assuming that b = 0 and p a polynomial of degree
d with coefficients of size at most O(r?). Let us pick a coordinate system where we describe
points as (x,y) where z is the distance from the origin in the direction of p(0), and y is a
coordinate in the orthogonal plane. Hence p/'(0) = (¢,0) for some ¢ > 6'/%. Furthermore,
since b attains a local minimum on S of distance to a, it must be the case that a = (s,0) for
some § > s > 0.

We have that for ¢ = (x,y) within § of a that p(c) = tx + O(r?|c|?) and that p'(c) =
(t,0) + O(r?|c|). If such a point were to be a local minimum of distance to a on S we would
need that p(c) = 0 and p/(c) is parallel to @ — c¢. The first implies that z = O(r?5~1/%4?).
The latter implies that

O(rlyl) _ t+0Gly))
|yl 5

But this is impossible since t > srd + |y|r?.
For x € Sy let n(z) = % be the outward pointing normal vector to z. The above claim

along with Lemma 9 says that p(As\A) is 0o(d) plus the volume of the region parameterized
by = + tn(x) for x € Sp,t € [0, 6]. Hence, we have that

1(As\A)

_ /S /0 6z + tn(2))] det(J (2, £))|dtdo(x) + o(5)

where J(z,t) is the Jacobian of our parametrization (x,t) — x + tn(z). We first claim
that J(z,t) is O(r*?§'/2) plus the matrix sending a tangent vector to S to itself and send-
ing dt to n(z). This is because the ¢ derivative is exactly n(z), and the derivative with
respect to x is [ + tg—;. But |t| < ¢ and g—; is a degree 3d polynomial divided by [p/|?, and
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therefore is O(r3?9~1/2). Hence, multiplying by ¢, we get an error of size O(r3?§'/2). Hence
|det(J(z,t))] = 1+ O(r326/2). Furthermore, ¢(x 4 tn) = ¢(z)(1 4+ O(rs)). Hence, we have
that:

i) = [ [ o0+ 05 o) + of0)
_ /S /0 o(x)dtdo(x)(1+ O(r*5Y2)) + o(5)
6(x)do(x) + o(6).

So

g%/gb )do(x /¢ )do(x

proves the first two equalities.
The last equality follows from this after noting that if B = {x : p(x) > 0}, then

Finally noting that

S5 = (A:\A) U (B5\B).

Lemma 5 now follows immediately

Proof of Lemma 5. Let f = sgn(p(r)). Let A = {z : p(z) > 0}, A" = {z : p(r) < 0} and
S=0A=ANA =0A’. Then by Proposition 10 we have that

(A5\A)

]

Proof of Lemma 4. Again we use Lemma 9 to show we can afford to ignore the case where
X is near singular points of p. We use a parametrization of X near the zero set of p similar
to that in the proof of Proposition 10, and derive a rigorous version of the intuition we had
before.
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Recall that if A= f~1(1), then

_(ANA)
M) ===
Next note that since the probability that |¢Y| > €!71/12¢° goes rapidly to 0 as € — 0, we can
throw away all cases where X is not within e!=2/12¢ of S = 9A from the left hand side of
Equation 4.
Define Sy as in the proof of Proposition 10. By Lemma 9 we have that X is within
e =1/128 of (S\Sy) with probability at most O(e!'+1/12¢°) and so we may throw these events
away. Hence we may restrict ourselves to considering only X whose nearest neighbor in S
lies in Sy and is at distance at most e!~/12¢° We may also assume that |X| < log(e™?!).
Letting n be the derivative of p at the point of S nearest to X, we have that p(X +€Y') =
p(X) +en-Y + O(r%e®Y?). For Y in the range we are considering, O(r%e?Y?) = O(r?e*/?).
Hence p(X) = d(X, S)|n|+O(e¥/?). Hence p(X +¢€Y) = |n| (d(X, S) +e <ﬂ> : Y) +0(e%/?).

n]
Note that up to O(e*?), the sign of this only depends on the dot product of ¥ with a unit
vector and on d(X,S). On the other hand since |n|e > €¥/2, the probability that p(X + €Y)

is negative is within €'/? of the probability that a random one dimensional normal is more

than 459

Hence

Pr(f(X)=—-1land f(X +€Y)=1)
=o(e) + O(e*Pr(d(X, S) < '~ 1/128)

+ Pr(f(X)=—1and d(X,S) < eN)
=o(e) + Pr(f(X) = —1 and d(X,S) < eN).

where NV is a random normal variable.
After fixing the value of N this probability is just u(Acnv\A). Hence integrating we get

1
0o Vor
= Ooie_:”z/2 €T 0 T
- / =PI (fea(1 + o(1)d

_ I(f)e
= an + o(e).

This completes our proof. n

—22 Ay \A)da




Chapter H

A PRG for Polynomial Threshold
Functions

1 Introduction

We discuss the issue of pseudorandom generators for polynomial threshold functions of
bounded degree. Namely for some known probability distribution D on R", we would like
to find an explicit, easily computable function G : {0,1}° — R" so that for any degree-d
polynomial threshold function, f,

By ~olf(Y)] — Exe, o135/ (G(X))]| <e.

This problem could be studied for D any probability distribution, though most work has
been done with either the Bernoulli or Gaussian case. In this Chapter, we construct an
explicit PRG for the Gaussian case. In particular, for any real numbers ¢, e > 0 and integer
d > 0 we construct a PRG that fools degree-d PTFs of Gaussians to within € and has seed
length log(n)29@e=4=¢, In particular we show that

Theorem 1. Let ¢ > 0 be a constant. Fore > 0, and d a positive integer, let N = 25%(d)=4=¢
and k = Q.(d) be integers. Let X; 1 < i < N be independently sampled from k-independent
famalies of standard Gaussians. Let X = \/—% Zf\il X;. Let'Y be a fully independent family
of standard Gaussians. Then for any degree-d polynomial threshold function, f,

|ELf(X)] = E[f(YV)]] <e.
Note that the constants in the §2.’s will get large as ¢ — 0. From this we can construct
an efficient PRG for PTF's of Gaussians. In particular

Corollary 2. For every ¢ > 0, there exists a PRG that e-fools degree-d PTFs of Gaussians

with seed length
log(n)29@e4=c,

180



CHAPTER H. PRG FOR PTFS 181

Much of the previous work in constructing pseudo-random generators involves the use
of functions of limited independence. It was shown in [11] that O(e~?)-independence fools
degree-1 PTFs. The degree-2 case was later dealt with in [13], in which it was shown that
O(e9)-independence sufficed (and that O(e~®) sufficed for Gaussians). The author showed
that limited independence suffices to fool arbitrary degree PTFs of Gaussians (Chapter F),
but the amount of independence required was Od(e*2o(d)). In terms of PRGs that do not
rely solely on limited independence, [45] found a PRG for degree-d PTFs on the hypercube
distribution of size log(n)2°@e~84=3, Hence for d more than constant sized, and ¢ less than
some constant, our PRG will always beat the other known examples.

The basic idea of the proof of Theorem 1 will be to show that X fools a function g which
is a smooth approximation of f. This is done using the replacement method. In particular,
we replace the X; by fully independent families of Gaussians one at a time and show that
at each step a small error is introduced. This is done by replacing g by its Taylor expansion
and noting that small degree moments of the X; are identical to the corresponding moments
of a fully independent family.

Naively, if f = sgn(p(z)), we might try to let ¢ = p(p(x)) for some smooth function p
so that p(x) = sgn(x) for |z| > 6. If we Taylor expand g to order 7" — 1, we find that the
error in replacing X; by a fully random Gaussian is roughly the size of the T derivative
of g times the T" moment of p(X) — p(X’), where X’ is the new random variable we get
after replacing X;. We expect the former to be roughly =7 and the latter to be roughly
Ip|T N=T/2. Hence, for this to work, we will need N > (|p|»6~*)%. On the other hand, for
g to be a good approximation of f, we will need that the probability that |p(Y)| < d to be
small. Using standard anticoncentration bounds, this requires [p|od~! to be roughly e~¢, and
hence N will be required to be at least =27

To fix this, we instead use the idea of strong anticoncentration discussed in the Introduc-
tion to this Part. Heuristically, with probability roughly 1 — € it should hold that

p(X)] > elp' (X)] = Ep"(X)| = ... = elp' (X)), (1)

In our analysis we will use a g that is a function not only of p(X), but also of [p(™ (X)]| for
1 < m < d. Instead of forcing g to be a good approximation to f whenever |p(X)| > €,
we will only require it to be a good approximation to f at X where Equation 1 holds. This
gives us significant leeway, since although the derivative to g with respect to p(X) will still
be large at places, this will only happen when |p/(X)| is small, and this in turn will imply
that the variance in p(X) achieved by replacing X; is comparably small.

In Section 2, we will review some basic properties of polynomial threshold functions. In
Section 3, we in introduce the notion of the derivative (which we call the noisy derivative) that
will be useful for our purposes. We then prove a number of Lemmas about this derivative
and in particular prove a rigorous version of Equation 1. In Section 4, we discuss some
averaging operators that will be useful in analyzing what happens when one of the Xj; is
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changed. In Section 5, we use these results and the above ideas to prove Theorem 1. In
Section 6, we use this result to prove Corollary 2.

2 Definitions and Basic Properties

We are concerned with polynomial threshold functions, so for completeness we give a defini-
tion

Definition. A degree-d polynomial threshold function (PTF) is a function of the form
f = sgn(p(z))
where p is a polynomial of degree at most d.

We are also concerned with the idea of fooling functions so we define

Definition. Let f : R" — R we say that a random variable X with values in R™ e-fools f if
[ELf(X)] = E[f(V)]| <€

where Y s a standard n-dimensional Gaussian.

For convenience we define the notation:
Definition. We use
to denote that

|A — B| = O(e).
For a function on R™ we define its L* norm by

Definition. For p: R" — R define
Iplk = Ex(lp(X)[F]".
Where the above expectation is over X a standard n-dimensional Gaussian.

We will make use of the hypercontractive inequality. The proof follows from Theorem 2
of [49].

Lemma 3. If p is a degree-d polynomial and t > 2, then

d
|p|t <vit-—-1 |p|2.
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In particular this implies the following Corollary:

Corollary 4. Let p be a degree-d polynomial in n variables. Let X be a family of standard
Gaussians. Then
Pr(|p(X)] > |pl2/2) = 977/2.

Proof. This follows immediately from the PaleyZygmund inequality applied to p?. O
We also obtain:
Corollary 5. Let p be a degree-d polynomial, t > 1 a real number, then
ple < 29 Wp|y

Proof. By Lemma 3, it suffices to prove this for ¢ = 2. This in turn follows from Corollary
4, which implies that |p|; > 97¢/4|ps. O

And

Corollary 6. If p(X,Y),q(X,Y) are degree-d polynomials in standard Gaussians X andY
then

Pry(Ip(X,Y)|ax < €lg(X,Y)]ax) <4-9Prxy(Ip(X,Y)| < 4-3%|q(X,Y)]).

Where |r(X,Y)|2.x denotes the L* norm over X, namely (Ex[r(X, Y)Q])1/2.

Proof. GivenY so that [p(X,Y)|o.x < €|q(X,Y)|2.x, by Corollary 4 we have that |¢(X,Y")| >
1(X,Y)|2.x/2 with probability at least 97?/2. Furthermore, [p(X,Y)] < 2-3%p(X,Y)|a.x
with probability at least 1 —97¢/4. Hence with probability at least 97¢/4 we have that

|p(X7 Y)| <2 3d|p(X7 Y)|2,X <2- 3d€|q(X7 Y)|2,X <4 3d€|Q(X7 Y>|

So

9—d
Pryy([p(X,Y)] < 4-3%|q(X,Y)|) > TPTY(|P(X> Y)lox < €lq(X,Y)|2,x).
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3 Noisy Derivatives

In this section we define our notion of the noisy derivative and obtain some of its basic
properties.

Definition. Let X and Y be n-dimensional vectors and 0 a real number. Then we let
NE(X) := cos(0)X +sin(0)Y.

If X and Y are independent Gaussians, Y can be thought of as a noisy version of X with
f a noise parameter. We next define the noisy derivative.

Definition. Let XY, 7 be n-dimensional vectors, f : R" — R a function, and 0 a real
number. We define the noisy derivative of f at X with parameter § in directions Y and Z

to be
D 0x) o= TOE0) = SN0

It should be noted that if XY, Z are held constant and 6 goes to 0, the noisy derivative
approaches the difference of the directional derivatives of f at X in the directions Y and Z.
The noisy derivative for positive # can be thought of as sort of a large scale derivative that
covers slightly more than just a differential distance.

We also require a notion of the average size of the ¢ derivative. In particular we define:

Definition. For X an n-dimensional vector, f : R® — R a function, £ a non-negative
integer, and 0 a real number, we define

¢
157X = Bvi 2y |1DY 2, D%, 7, DY, S (X)),
where the expectation is taken over independent, standard Gaussians Y;, Z;.
Lemma 7. For p a degree-d polynomaial, and 6 a real number
d
25" (Ol
15 independent of X.
Proof. This follows from the fact that for fixed Y;, Z; that
Dgfl,leg/g,ZQ T D%,ng<X)

is independent of X. This in turn follows from the fact that for any degree-d polynomial ¢
and any V,Z, DY, ,q(X) is a degree-(d — 1) polynomial in X. O
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We now prove our version of the statement that the value of a polynomial is probably
not too much smaller than its derivative.

Proposition 8. Let €,0 > 0 be real numbers with § = O(e). Let p be a degree-d polynomial
and let XY, Z be standard independent Gaussians. Then

Prxyz(Ip(X)| < €[DY.zp(X)]) = O(d%).
To prove this we use the following Lemma:

Lemma 9. Let€,0,p,d, X,Y be as above. Then
€
Pryy (Ip(X)] < 5Ip(X) = p(NL(X))]) = O(c).

Proof. The basic idea of the proof will be the averaging argument discussed in the Introduc-
tion to this Part. We note that the above probability should be the same for any independent
Gaussians, X and Y. We let X, := Nfﬁ(X). Note that Xy and X4, /2 are independent of
each other. Furthermore, NS’%H/Q (Xy) = Xpt9. Hence for any ¢, the above probability
equals

Prxy (Ip(Xo)l < 51p(Xe) = p(Xos0)])

We claim that for any values of X and Y, that the average value over ¢ € [0,27] of the
above is O(d%).

Notice that with X and Y fixed, p(X,) is a degree-d polynomial in cos(¢) and sin(¢).
Letting z = €' we have that cos(¢) = %,sin(gb) = z_;;l. Hence p(Xy) = 27%(z) for
some polynomial ¢ of degree at most 2d.

We wish to bound the probability that

0 _ l27%(z) — =% q(ze”)] _ |q(z) — e"Pq(ze”)]

¢ [274q(2)| N la(2)]

For g sufficiently small, we may instead bound the probability that

—idf 10 4

q(z) 2¢

On the other hand, we may factor ¢(z) as a [[-%,(z — r;) where r; are the roots of . The
left hand side of the above is then at most

2d i0 d
ze” —r;
i=1
2d
1
<do+0 :
<030 (5

zetl —

Z—=T;
i=1 v
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Hence it suffices to bound the probability that
2d
1 1
d O > —.
* ; (|z — m|) 2¢

If 4¢ > d~!, there is nothing to prove. Otherwise, the above holds only if

2d
1 1
ZO<|z—n|> v

i=1

This in turn only occurs when z is within O(de) of some r;. For each r; this happens with
probability O(de) over ¢, and hence by the union bound, the above holds with probability
O(d%e). O

Note that a tighter analysis could be used to prove the bound O(dlog(d)e), but we will
not need this stronger result.

Proposition 8 now follows immediately by noting that [p(X)]| is less than e|Df, ,p(X)]
only when either [p(X)]/2 < §|p(X) — p(N{(X))] or [p(X)]/2 < §Ip(X) — p(NZ(X))|. This

allows us to prove our version of Equation 1.

Corollary 10. For p a degree-d polynomial, X a standard Gaussian, €,0 > 0 with 6 = O(e),
and ¢ a non-negative integer,

Prsc(Ip$”(X)]s < elpy T (X)]o) < 29D

Proof. LetY;, Z; be standard Gaussians independent of each other and of X for 1 <17 < /+1.
Applying Proposition 8 to DY, , - foul,zﬂlp(){), we find that

Proviz (ID%z DYz PO S 4-3%| D8, 4 DY,y p(X))
= O(d*3%).
Noting that
S (X2 = DY, 2, DY, 70 DX oVs 21 Vs Zos)
and
Py (X2 = DY, 2, DY, 2 P 200 Vi 20

Corollary 6 tells us that

pex (197 ()1 < e (1) = 027
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4 Averaging Operators

A key ingredient of our proof will be to show that if we replace X by X’ by replacing one
of the X; by a random Gaussian, that the variance of [p¥(X’)| is bounded in terms of
[p“*D(X)| (see Proposition 12). Unfortunately, for our argument to work nicely we would
want it bounded in terms of the expectation of [p*"(X")|. In order to deal with this issue,
we will need to study the behavior of the expectation of ¢(X’) for polynomials ¢, and in
particular when it is close to ¢(X). To get started on this project, we define the following
averaging operator:

Definition. Let X be an n-dimensional vector, f : R™ — R a function, and 6 a real number.
Define
A"f(X) == By [f(N}(X))].

Where the expectation is over Y a standard Gaussian.

Note that the A? form the Ornstein-Uhlenbeck semigroup with A% = T; where cos(f) =
et. The composition law becomes T}, Ty, = Ty, 14, We express this operator in terms of 6
rather than ¢, since it fits in with our N? notation, which makes it more convenient for our
purposes.

We also define averaged versions of our derivatives

Definition. For p a polynomial, £, m non-negative integers, X a vector, and 0 a real number
let

.....

We claim that for X a standard Gaussian, that with fairly high probability |p((f)’m(X )| is
close to \pg) (X)|. In particular:

Lemma 11. If p is a degree-d polynomial, and ¢ and m are non-negative integers, X a
standard Gaussian, and €,60 > 0, then

£),m £)m 0,m _
Pry (1™ (X = " (X) Bl > elp ™ (X)1) < 2706,

Proof. 1f ||pé€)’m+1(X)|§ — |péé)’m(X)|%| > e|péﬁ)’m(X)|%, then by Corollary 4 with probability
20 over a standard normal Y we have that

£),m £),m £),m
1Py (NE(X))3 — [y ™ (X) 3] > elpy ™™ (X)2.

By Lemma 9, this happens with probability O(d?@e~!), and hence our original event happens
with probability at most 20(@ge~1. O
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We bound the variance of these polynomials as X changes.

Proposition 12. Let p be a degree-d polynomial, and 6 > 0, £, m non-negative integers, then
for X any vector and Y a standard Gaussian

0),m J4 ,m 0),m
Vary |[p" (NEX) | < 29@01p ™ ()1 ().

We begin by proving a Lemma:

Lemma 13. Let q(X,Y) be a degree-d polynomial and let X, Y and Z be independent
standard Gaussians. Then

Vary [Ex [q(X,Y)?]] <2°DExy, [(0(X.Y) — ¢(X, 2))*] Exy [a(X,Y)?].

Proof. Recall that if A, B are i.i.d. random variables, then Var[A] = 1E[(A — B)?]. We have
that

1
Vary [Ex [q(X,Y)?]] = SEyz [(EX [4(X,Y)?] — Ex[q(X, 2)2])2}
< 2°9By; [[Exla(X.Y)’ - a(X, 2)’]]]7
<299Exy 2 [J9(X,Y) — ¢(X, 2)[|g(X,Y) + ¢(X, Z)|?
< 2O(d)EX,Y,Z [(CI(X; Y) —q(X, Z))2] Exy,z [(Q(X, Y) +q(X, Z))Z]
S 2O(d)EX,Y,Z [(Q(Xa Y) - Q(X7 Z))z] EX,Y [Q<X’ Y>2] :
The second line above is due to Corollary 5. The fourth line is due to Cauchy-Schwarz. [
Proof of Proposition 12. For fixed X, consider the polynomial
q((Yv% Z27 s 7n+17 Z€+17 Wla SRR Wm)? Y)
= D%Q,ZZ T D€Q+1,Zg+1p(N€V1 T Ng[/m Ng(X>>
Let V = (Y5, Zs, ..., Yoi1, Zos1, Wi, ..., W,,). Notice that
£),m
pg " (VY X)I3 = Bv [a(V.Y)?].
Ol ™(X)|3 = Evyz [(a(V,Y) = a(V, 2))7]
[ps” " (X)[3 = Evy [a(V.Y)?].
Our result follows immediately upon applying the above Lemma to ¢(V,Y). ]

We also prove a relation between the higher averages
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Lemma 14. Let d be an integer and 6 = O(d™') a real number. Then there exist constants
oy vy Coarr With |cp| = 299 and Efji& ¢m = 0 so that for any degree-d polynomial p and

any vector X,
2d+1

> (A" p(X) = 0.

m=0
Proof. First note that (A%)™p(X) = A% p(X) where cos(f,,) = cos(#)™. We note that it
suffices to find such ¢’s so that for any Y

2d+1

Z cnp(Ny™ (X)) = 0.

Note that cos®(6,,) = 1 — mb? + O(d6*). Hence sin(6,,) = /mb + O(d6?).

Recall that once X and Y are fixed, there is a degree-2d polynomial ¢ so that for z,, =
efm =14 iy/mb + O(d6?), p(Ne™ (X)) = 2,%(2,,). Hence we just need to pick c,, so that
for any degree-2d polynomial ¢ we have that

2d+1

Z Cmznq(zm) = 0.

m=0

Such c¢ exist by standard interpolation results. In particular, it is sufficient to pick

2d+1 0
en =201/ 2d) ] P
i=1,i#m
For this choice of ¢ we have that
2d+1 2d+1
lem| = v/ (2d)! =+/(2d)! © ( )
= lrl‘?[ém 1= lrfLA;[ém |\/_ \/_|

For 1 < i < 2m we have that [vi — /m| = O(]i — m|/\/m). For i > 2m, we have that
Vi — y/m| = ©(i). We evaluate |c,,| based upon whether or not 2m > 2d + 1. If
2m > 2d + 1, then

2d+1
S
lem| = 1/(2d)! ) gm@ (h_m'

md

(m—1)1(2d + 1 — m)!

\/ded (mdl)
(2d!)

= 20, /(24)!

=20,
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If 2m < 2d + 1,
2m 2d+1
vm 1
lem] = v/ (2d)! © ( _ O—
z:Eﬁm [0 —m] i !:n[+1 Vi
m 2m)!
— 20 /(24)! o (
(2d) (m—1!(m -1\ (2d+ 1)!
_ 50 m™y\/(2m)!
(m—1)!(m —1)!
_ 90(d) m™y/(2m)! (7777)
(2m — 2)!
=200,
Considering ¢(X) = 1, we find that Zifi& cm = 0. O

Applying this to the polynomial | pée) (X)|, we find that

Corollary 15. Let d be an integer and 6 = O(d™') a sufficiently small real number (as a
function of d). Then there exist constants cq, ..., C4qs1 With || = Oq(1) and Zif:ol Cm =0
so that for any degree-d polynomial p, any vector X, and any non-negative integer {,

4d+1

Y calp ()2 = 0.

m=0
Furthermore Ziﬁ(} cm =0 and |c,,| = 209,
In particular,

Corollary 16. There erists some absolute constant a, so that if 6 = O(d™1) and if

£),m
o [P OB
8 | T Omt1, o 2
oy ()13

for some ¢ and all 1 < m < 4d, then all of the ]pgz)’m(X)@ for that £ and all0 < m < 4d+1
are within constant multiples of each other.
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Proof. Tt is clear that |p§"™(X)|2 are within 1 4+ O(da?) of each other for 1 < m < 4d + 1.
By Corollary 15, we have that

4d
0),0 —Cm | (0),m
P77 (08 = D — e " (X0l
m=1
a
—Ctm £),1
=>_ I (Xl (1+0(da)
Co
m=1
a ad_
—Cm | ()1 0,1 m
=D = (Xl + I (X0 (dadz o )
m=1 ‘o m=1 o
= |py " (X)3 (1 + O (d?a®20)) .
Hence for a sufficiently small, [p}°(X)|2 is within a constant multiple of [py"'(X)[2. O

5 Proof of Theorem 1

We now fix ¢, €,d, N, k,p as in Theorem 1. Namely c,e > 0, d is a positive integer, N an

integer bigger than B(c)%~*¢ and k an integer bigger than B(c)d for B(c) some sufficiently

large number depending only on ¢, and p a degree-d polynomial. We fix § = arcsin \/—%

B(C)d/2€—2—c/2‘

Let p: R — [0, 1] be a smooth function so that p(z) =0if x < —1 and p(z) = 1 if x > 0.
Let 0 : R — [0, 1] a smooth function so that o(z) = 1 if |z| < 1/3 and o(x) =0 if |z > 1/2.
Let a be the constant given in Corollary 16.

For 0 < ¢ <d, 0<m<4d+ 1, let go,,(X) be the degree-2d polynomial [pi"™(X)[2.
Recall by Lemma 7 that ¢g,, is constant. We let g4 (X) be

1(0,oo>(ip(X))Ep (log (623201—%)) ﬁ 7 (a_d e (qi;—ii()z))) '

Where (o) (x) above is the indicator function of the set (0,00). Namely it is 1 for z > 0
and 0 otherwise.

g+ approximates the indicator functions of the sets where p(X) is positive or negative.
To make this intuitive statement useful we prove:

Lemma 17. The following hold:
e gr :R" —[0,1]
o g+ (X)+g-(X)<1 foral X
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e ForY a standard Gaussian FEy[l — g, (Y) — g_(Y)] < 20,

Proof. The first two statements follow immediately from the definition. The third state-
ment follows by noting that g, (Y) + ¢g_(Y) = 1 unless q,0(Y) < €2qry1,0(X) for some ¢ or
Gemi1(X) = qrm(X)| < Q(a?)|qem(X)| for some £, m. By Corollary 10 and Lemma 11, this
happens with probability at most 20@e. O

We also want to know that the derivatives of g, are relatively small.

Lemma 18. Consider g+ as a function of qum(X) (consider sgn(p(X)) to be constant).

Then the t' partial derivative of g+, . mlaqzjw Pa o s at most O,(1)201) H§:1 ﬁ

Proof. The bound follows easily after considering g as a function of the log(gs.m). Noting
that the ' partial derivatives of ¢ in terms of these logs are at most O;(a™), the result
follows easily. O

Lemma 19. Gwen c < 4, let X be any vector and let' Y and Z be k-independent families of
Gaussians with k > 512c¢7'd, N = ¢ *7¢ and 0 = O(d~?). Then

By (9 (NL(X))] = Bz g4 (NG(X))]] < 20-@en,
And the analogous statement holds for g_.

Proof. First note that €20 = O(e”/?), and hence that (¢20)'6/¢ = O(eN~'). Let T be an even
integer between 32/c and 64/c.

First we deal with the case where |log(qom(X)/qrmi1(X))| > a for some 0 < £ <
d,1 <m < 4d, or qo1(X) < €2/10gs;1,1(X) for some ¢. We claim that in either case the
E [9+(N?(X))] = Oq(eN~') and a similar bound holds for Z. If there is such an occurrence,
find one with the largest possible ¢ and of the second type if possible for the same value of ¢.

Suppose that we had an occurrence of the first type. Namely that for some ¢, m,

[ 10g(qe,m(X)/qem+1(X))| > al.

Pick such a one with ¢ maximal, and with m minimal for this value of /. Consider then the
random variables g, 1 (NY (X)) and gg,, (NY(X)). They have means g, (X) and ggn1(X),
respectively. By Proposition 12, their variances are bounded by

DOgs1m1(X)gem(X), and 2°DOgy 1 1 (X)qrmi1(X),

respectively. Since we chose the smallest such ¢, all of the gpi1,,(X) for 1 < m < 4d +1
are close to gy11(X) with multiplicative error at most a?. By Corollary 16, this implies
that guy10(X) is also close. Hence, the variances of qy,—1(NY(X)) and qp ., (NE (X)) are

Oa(0qr+1.1(X)qem (X)) and Og(0qe41.1(X)qem+1(X)). Since there was no smaller m to choose,
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qe.m(X) is within a constant multiple of gy 1 (X). Since we could not have picked an occurrence
of the second type with the same ¢, we have that g, 1(X) > €2qp1.1(X)/10. Hence both of
these variances are at most

20(d) =2 InaX(Qz,m(X)a qe,m+1 (X))Q)

Hence by Corollary 5, for either of the random variables @ = gp.m(NY(X)), or Qo =
Qoms1(N%(X)) with means iy, po the T moment of |Q; — p;| (using the fact that Y is
at least 4T'd-independent) is at most 29¢De N~ max(u;)”. Hence, with probability at least
1 —20:DeN=11Q; — ) < a?max(p;)/10. But if this is the case, then |log(Q1/Q,)| will be
more than a?/2, and g, will be 0.

Suppose that we had an occurrence of the second type for some ¢. Again by Corollary
16, we have that gs110(X) is within a constant multiple of gpy11(X) and gey20(X) within
a constant multiple of g421(X). Let Qy be the random variable g o(N°(Y)) and Q; the
variable o 10(NY(Y)). We note that they have means equal to g,1(X) and qppq(X),
respectively. By Proposition 12, their variances are at most 2°@0q,.;1(X)ge1(X) and
QO(d)9q5+271(X )qe+1.1(X). Since we had an occurrence at this ¢ but not the larger one, these
are at most 2°@0e2q,, 1 1(X)? and 2°D0e2q,, 1 1(X)?, respectively. Considering the T
moment of (J; minus its mean, x4, we find that with probability at least 1 — 29« eN~1 that
|Q1 — qe+11] < qe+1,1/20. Considering the T moment of @y minus its mean, we find that
with probability at least 1 — 29:eN~! that |Qp — qe1| < €2qes1.1/20. Together these imply
that log(Qo/(€2Q1)) < —1 and hence that g, (N2 (X)) = 0.

Finally, we assume that neither of these cases occur. We note by Corollary 16 that for each
m and £ that gy, (X) is within a constant multiple of g, 1(X). We define Q. = qo.m (N (X))
and note by Proposition 12 that Var(Qy,,) is at most 2°90e2E[Qy,,]?>. We wish to show
that this along with the k-independence of Y is enough to determine Ey [g1(Qy,,)] to within
20:eN-1 " We do this by approximating g, by its Taylor series to degree T'— 1 about
(E[Qr.m]). The expectation of the Taylor polynomial is determined by the 47'd-independence
of Y. We have left to show that the expectation of the Taylor error is small. We split this
error into cases based on whether @)y, differs from its mean value by more than a constant
multiple.

If no Q¢ varies by this much, the Taylor error is at most the sum over sequences

Oy bpymy, . mp of TTey 1Qem: — ElQem,)
Note that by Lemma 18 this derivative has size at most Oy <HZT:1 m> Noting that
there are at most 29¢(® such terms and that we can bound the expectation above as

T T
|Q£¢,mi - E[Q&,mi] )

i=1
Since T is even, the above is a polynomial in Y of degree 47'd. Since Y is 4Td-independent,
the expectation of the above is the same as it would be for Y fully independent. By Corollary

times an appropriate partial derivative.
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5 this is at most

T
2Oc(d) Z vaI"Y[Q&‘,mi] e < QOc(d)(Qe_Q)T/2 < QOc(d)GN_l
E[Q¢;m|? B B '

7/:1 Z?ml

If some @y, differs from its mean by a factor of more than 2, the Taylor error is at
most 1 plus the size of our original Taylor term. By Cauchy-Schwarz, the contribution to
the error is at most the square root of the expectation of the square of the error term times
the square root of the probability that one of the (), varies by too much. By an argument
similar to the above, the former is 29¢¥. To bound the latter, we consider the probability
that a particular )y, varies by too much. For this to happen @, would need to differ
from its mean by 2°(%) (96_2)71/ ? times its standard deviation. Using Corollary 5 and the
8T'd-independence of Y, we bound this by considering the 27" moment of Q;,, minus its
mean value, and obtain a probability of 29¢(¥ (e N=1)2. Hence this term produces a total
error of 20¢(@eN-1,

The argument for g_ is analogous. ]

Corollary 20. Ife,c > 0, X is the random variable described in Theorem 1 with N > e=4=¢,
N =0(d™?), k> 512c7'd and Y is a fully independent family of random Gaussians then

| Elg+(X)] = Elg+(Y)]] < 29 Pe.
The same also holds for g_.

Proof. We let Y; be independent random standard Gaussians and let Y = \/Lﬁ Zf\il Y;. We

lot 27 = i (X, Yi + 22,41 ;). Note that ZY =Y and Z° = X. We claim that

|Elg (Z7)] = Elg4(2711)]| = 20 @eN T,

from which our result would follow. Let Z; := \/% ( le Y + vazj 42 Xi), then this is

[Bz,v,19+ (N, (Z)] = Bz,.x, 19+ (N, (Z;))]]

J

< Bz, [[By,l9- (N, (Z))] - Bx g (N, (Z)]]]

J

which by Lemma 19 is at most 20<@e N1, O
We can now prove Theorem 1.

Proof. We prove that for X as given with N > ¢ *~¢and k > 512¢"'d, and Y fully indepen-
dent that
[E[f(X)] = E[f(Y)]] < 29De.
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The rest will follow by replacing € by € = €/2°<(9. We note that f is sandwiched between
294 —1 and 1 — 2g_. Now X fools both of these functions to within 29¢(Ye. Furthermore
by Lemma 17, they have expectations that differ by 20(@¢. Therefore

E[f(X)] < E[l = 29_(X)] =ooca E[l = 29-(Y)] o0, E[f(Y)].

We also have a similar lower bound. This proves the Theorem. O]

6 Finite Entropy Version

The random variable X described in the previous sections, although it does fool PTFs, has
infinite entropy and hence cannot be used directly to make a PRG. We fix this by instead
using a finite entropy random variable that approximates X. In order to make this work, we
will need the following Lemma.

Lemma 21. Let X; be a k-independent family of Gaussians for 1 < i < N, so that the X;
are independent of each other and k, N satisfy the hypothesis in Theorem 1 for some c,€,d.
Let 6 > 0. Suppose that Z; ; are any random variables so that for each i,j, | X;; — Z; ;| < ¢
with probability 1 — 6. Then the family of random variables Z; = \%N Zf\il Z;; fools degree
d polynomial threshold functions up to € + O(nNG + dv/nN log(6~1)6Y/4).

The basic idea is that with probability 1 — nNd, we will have that |X;; — Z; ;| < ¢ for

all 4, j. If that is the case, then for any polynomial p it should be the case that p(X) is close
to p(Z). In particular, we show:

Lemma 22. Let p(X) be a polynomial of degree d in n variables. Let X € R™ be a vector
with | X|e < B (B > 1). Let X' be another vector, so that | X — X'|o <0 < 1. Then

p(X) = p(X")| < dlplan®*O(B)*
Proof. We begin by writing p in terms of Hermite polynomials. We can write
p(X) = a;hi(X).
i€s

Here S is a set of size less than n?, h;(X) is a Hermite polynomial of degree d and Y ics a? =
[p|2. The Hermite polynomial h; has 2°@ coefficients each of size 2°Y. Hence any of its
partial derivatives at a point of L norm at most B is at most O(B)?. Hence by the interme-
diate value theorem, |h;(X) — h;(X')| = 60(B)*. Hence |p(X) —p(X")| < 6Y,cq]a:]O(B)%
But ), ¢ |ai| < [pl2y/|S| by Cauchy-Schwarz. Hence

p(X) — p(X)| < d|plan®?0O(B)?.
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We also need to know that it is unlikely that changing the value of p by a little will
change its sign. In particular we have the following anticoncentration result, which is an
easy consequence of [7] Theorem 8:

Lemma 23 (Carbery and Wright). If p is a degree-d polynomial then
Pr(|p(X)] < e[pla) = O(de'/?).
Where the probability is over X, a standard n-dimensional Gaussian.

We are now ready to prove Lemma 21.

Proof. Note that with probability 1 — § that |X;;| = O(logd~—'). Hence with probability

1 — O(nN¢) we have that | X; j| = O(logd™') and | X;; — Z; j|cc < 8. Let p be a degree d

polynomial normalized so that |p|]s = 1. We may think of p as a function of n/N variables

rather than just N, by thinking of p(X) instead as p <\/LN Zf\il XZ-) . Applying Lemma 22, we

have therefore that with probability 1 — O(nN§) that [p(X) — p(Z)| < dO(v/nN log(671))4.
We therefore have that if Y is a standard family of Gaussians that

Pr(p(Z) < 0) < O(nN§) + Pr(p(X) < 6O(vnN log(571))?
< e+ O(nNS) + Pr(p(Y) < 60(vnN log(671))%)
< e+ O(nNS + dvVnN log(61)8"%) + Pr(p(Y) < 0).

The last step above following from Lemma 23. We similarly get a bound in the other
direction, completing the proof. O]

We are now prepared to prove Corollary 2.

Proof. Given e,¢ > 0, let k, N be as required in the statement of Theorem 1. We will
attempt to produce an effectively computable family of random variables Z; ; so that for
some k-independent families of Gaussians X; we have that | X; ; — Z; ;| < ¢ with probability
1 — 6 for each i, j and ¢ sufficiently small. Our result will then follow from Lemma 21.
Firstly, it is clear that in order to do this we need to understand how to actually effectively
compute Gaussian random variables. Note that if v and v are independent uniform [0, 1]
random variables, then /—2log(u) cos(2mv) is a Gaussian. Hence we can let our X, ; be

given by
Xi; =1/ —2log(u; ;) cos(2mv; ;),

where u; and v; are k-independent families of uniform [0, 1] random variables. We let u; ;, v; ;

be M-bit approximations to u; j, v; ; (i.e. u;] is u; j rounded up to the nearest multiple of 27

/

and similarly for v; ;), and let Z; ; = , / —2log(u; ;) cos(27v; ;). Note that we can equivalently



compute Z;; be letting u}, v, be k-independent families of variables taken uniformly from
{27 2.27M .. 1}. Hence, the Z, ; are effectively computable from a random seed of size
O(kNM).
We now need to show that |X;; — Z; ;| is small with high probability. Let a(u,v) =
—2log(u) cos(2wv). Note that for u,v € [0,1] that |a/| = O + u™' + (1 — u)~Y2).
Therefore, (unless u; ; = 1) we have that since X;; = a(u;;,vi;) and Z;; = a(uj ;,v; ;), and
since |u;; — uj |, [vi; — vj ;| <27, we have that

X — Zijl =02 MA+ut +(1— w)~Y2)),

Now letting 6 = Q(27M/2), we have that 27" (1 + u~' + (1 — u)~"/2) < § with probabil-
ity more than 1 — 9. Hence for such ¢, we can apply Lemma 21 and find that Z fools
degree d polynomial threshold functions to within € + O(nN§ + dv/nN log(6=")6'/?). 1f
§ < €(dnN)=3¢ then this is O(e) (since for x > d*!, we have that zlog %(z) > z'/3).
Hence with k = Q.(d), N = 2%@e=4=¢ and M = Q.(dlog(dne™1)), this gives us a PRG that
e-fools degree d polynomial threshold functions and has seed length O(kNM). Changing c
by a bit to absorb the loge™! into the e~*~¢, and absorbing the dlogd into the 29¢(@ this
seed length is log(n)20«(@e=4c,

O
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