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Abstract

This work initiates a systematic investigation of testimgh-dimensionaktructured distributions
by focusing on testin@@ayesian networks the prototypical family of directed graphical models. A
Bayesian network is defined by a directed acyclic graph, &/er associate a random variable with
each node. The value at any particular node is conditiomadigpendent of all the other non-descendant
nodes once its parents are fixed. Specifically, we study thpeapties of identity testing and closeness
testing of Bayesian networks. Our main contribution is thet fion-trivial efficient testing algorithms for
these problems and corresponding information-theoretiet bounds. For a wide range of parameter
settings, our testing algorithms have sample complexitylinearin the dimension and are sample-
optimal, up to constant factors.

1 Introduction

1.1 Background Distribution testing has its roots in statistical hypoibdesting [NP33, LR05] and was
initiated in [GRO0O| BFR 0Q]. The paradigmatic problem in this area is the followigiyen sample access
to an arbitrary distribution” over a domain of sizeV, determine whetheP has some global property
or is “far” from any distribution having the property. A naall way to solve this problem would be to
learn the distribution in question to good accuracy, and tdtesck if the corresponding hypothesis is close
to one with the desired property. However, this testingleaning approach requiré3(N) samples and

is typically suboptimal. The main goal in this area is to abtsample-optimatesters — ideally, testers
that drawo(IN') samples from the underlying distribution. During the pagh ecades, a wide range of
properties have been studied, and we now have sample-optistars for many of these properties [Pan08,
CDVV14,VV14,DK16,DGPP16].

We remark that even for the simplest properties, e.g., ijetgsting, at leasf2(v/N) many samples
are required for arbitrary distributions ovaratoms. While this is an improvement over theN ) samples
required to learn the distribution, a sample upper bound(@f V) is still impractical if NV is very large. For
example, suppose that the unknown distribution is supganmg0, 1}™. For this high-dimensional setting, a
sample complexity bound @(2"/2) quickly becomes prohibitive, when the dimension increabiegably,
the aforementione€@(v/N) sample lower bound characterizes worst-case instancésh whmany cases
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are unlikely to arise in real-world data. This observatiastivates the study of testirgiructureddistribution
families, where significantly improved testers may be gaesiHence, the following natural question arises:
Can we exploit the structure of the data to perform the dddiesting task more efficiently?

A natural formalization of this question involves viewirtetdata as samples fronpebabilistic model
— a model that we believe represents the random processagjegethe samples. The usual assumption
is that there exists a known family of probabilistic modeldescribing a set of probability distributions —
and that the data are random samples drawn from an unknowibaii®n in the family. In this context,
the distribution testing problem is the following: Létbe a family of probabilistic models. Thesting

algorithm has access to independent samples from an unkd®wnC, and its goal is to output “yes” iP

has some propert?, and output “no” if the total variation distancéry (P, Q) o (1/2)|P - Qll,, where

|| - |1 denotes thd.;-norm, is at least to every@ € C that has propertfP. The sample complexity of this
structured testing problem depends on the underlying fafhibnd we are interested in obtaining efficient
algorithms that areample optimafor C.

More than a decade ago, Batu, Kumar, and Rubinfeld [BKROAicered a specific instantiation of
this broad question — testing the equivalence between twoawn discrete monotone distributions — and
obtained a tester whose sample complexity is poly-logaiithin the domain size. A recent sequence
of works [DDS"13,[DKN15b,DKN154a] developed a framework to obtain sanggémal estimators for
testing the identity of structured distributionger total orderge.g., univariate multi-modal or log-concave
distributions). The main lesson of these works is that, unel@sonable structural assumptions, the sample
complexity of testing may dramatically improve — becomindp$ogarithmic or even independent of the
support size. Moreover, in all studied cases, one obtagterewithsub-learningsample complexity.

1.2 This Work: Testing High-Dimensional Structured Distributions This paper initiates a systematic

investigation of testing properties bigh-dimensionalkstructured distributions. One of the most general
formalisms to succinctly represent such distributionsraged by probabilistic graphical models [WJ08,

KFQ9]. Graphical models compactly encode joint probabiiistributions in high dimensions. Formally, a

graphical model is a graph where we associate a random leanadth each node. The key property is that
the edge-structure of the graph determines the dependelatiem between the nodes.

The general problem of inference in graphical models is nflmental importance and arises in many
applications across several scientific disciplines, isegd8Yand references therein. In particular, the task
of learning graphical models has been extensively studish(03,[ DSAI1]. A range of information-
theoretic and algorithmic results have been developedhdhe past five decades in various settings, see,
e.g., [CL68[ Das97, FY96, FGGA7, FLN0O, CGB2,/Chi02] Mar0B, AKNO6, WRL06, AHHK12, SW12,
LW12, IDKS16b] for a few references. In contrast, the genguadstion oftestinggraphical models has
received less attention. We propose the following broadfsgtiestions:

Question 1.1.LetC be a family of high-dimensional graphical models ghde a property of. What is
thesample complexityf testing whether an unknowh € C has propertyP? Can we develop testers f&r
with sub-learningsample complexity? Can we desgpgmple-optimaandcomputationally efficientesters?

We believe that Questidn 1.1 points to a fundamental rekadirection that warrants study for its own
sake. Moreover, as we explain in the following paragrapbsh £stimation tasks arise directly in various
practical applications across the data sciences, wherplsaefiiciency is of critical importance. Hence,
improved estimators for these tasks may have implicationthe analysis of datasets in these areas.

For concreteness, Question]1.1 refers to a single unknaostrikdition that we have sample access to.
We are also naturally interested in the broader settingsbifig properties focollectionsof distributions in
C. Before we proceed to describe our contributions, a few ceniaare in order: As previously mentioned,
for all global properties of interest (e.g., identity, ipg@dence, etc.), the sample complexity of testing
the property is bounded from above by the sample compleXitgarning an arbitrary distribution from
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C. Hence, the overarching goal is to obtain testers that ugerfeamples than are required to actually
learn the model — or to prove that this is impossible. On ae&dlaote, in the well-studied setting of testing
arbitrary discrete distributions, the main challenge heenito devise sample-optimal testers; the algorithmic
aspects are typically straightforward. This is no longerdhse in the high-dimensional setting, where the
combinatorial structure of the underlying model may pose-tivial algorithmic challenges.

In this work, we start this line of inquiry by focusing on test Bayesian networkfPea88] Bayes
netsor BN for brevity), the prototypical family oflirectedgraphical models. Bayesian networks are used
for modeling beliefs in many fields including robotics, camgr vision, computational biology, natural
language processing, and medicine [JNO7, KF09]. FormalBayesian network is defined by a directed
acyclic graph (DAG)S = (V, E), where we associate a random variable with each node. Merethe
value at any particular node is conditionally independdralbthe other non-descendant nodes once its
parents are fixed. Hence, for a fixed topology, it suffices éxsp the conditional distribution for each node
for each configuration of values for its parents.

The main problems that we study in this setting are the rkasks of testingdentityandclosenessin
identity testing, we are given samples from an unknown Bawgt$®> and we want to distinguish between
the case that it is equal to versus significantly differeabrfran explicitly given Bayes né). In closeness
testing, we want to test whether two unknown Bayes #&t3 are identical versus significantly different.
We believe that our techniques can be naturally adaptedtotieer related properties (e.g., independence),
but we have not pursued this direction in the current papereldted testing problem that we consider is
that of structure testing given samples from an unknown Bayes fi&twe want to test whether it can be
represented with a given graph struct$rer is far from any Bayes net with this structure.

In the prior work on testinginstructureddiscrete distributions, the natural complexity measurs tha
domain size of the unknown distributions. For the case oféBayets, the natural complexity measures are
the number of variables (nodes of the DAG) — denoted bythe maximum in-degree of the DAG — denoted
by d — and the alphabet size of the discrete distributions on titkest To avoid clutter in the expressions,
we focus on the natural setting that the random variablescadsd with each node are Bernoulli’s, i.e.,
the domain of the underlying distributions {8, 1}". (As we will point out, our bounds straightforwardly
extend to the case of general alphabets with a necessanygmoigl dependence on the alphabet size.)

We note that Bayes nets are a universal representation schemy distribution over{0,1}" can be
presented as a BN, if the maximum in-degtkef the graph is unbounded. (Indeed, tbe= n — 1, one
can encode all distributions ovéf, 1}™.) In fact, as we will see, the sample complexity of testinglas
exponentially withd. Therefore, an upper bound on the maximum in-degreeecessaryto obtain non-
trivial upper bounds. Indeed, the most interesting regisnthé settting where the number of nodes
large and the degreéis small. In applications of interest, this assumption Wwél automatically satisfied.
In fact, as we explain in the following subsection, in mangvant applications the maximum in-degree is
either1 (i.e., the graph is a tree) or bounded by a small constant.

1.3 Related Work We partition the related work intro three groups corresjpamdo research efforts by
different communities.

Computer Science. A large body of work in computer science has focused on demjgstatistically
and computationally efficient algorithms for learning stared distributions in both low and high dimen-
sions [Das99, FM29, AKO1, VW02, CGG0Z, MR05, MV 10, BS10, O2&/DDS124, CDSS13, DDA 3,
CDSS14a, CDSS14b, HP15, ADLS15, DDS15, DDKIT16, DK$15, D&310n the other hand, the vast
majority of the literature in distribution property tesiimluring the past two decades focused on arbitrary
discrete distributions, where the main complexity measuae the domain size. See [BFBJ, BFF 01,
Bat01, BDKR02/ BKR04, Pan08, VV11, DD33,/ADJ"11,[LRRI1[ILR12[ CDVV14, VV14, ADK15,
CDGR16/ DK16] for a sample of works, or [Rub12, Can15] foveys.



Aline of work [BKR04, DDS"13,DKN15b[ DKN154a] studied properties of one-dimensiatalctured
distribution families under various “shape restrictiomsi the underlying density. In the high-dimensional
setting, Rubinfeld and Servedio [RS05] studied the idgm¢isting problem for monotone distributions over
{0,1}™. It was shown in[[RS05] thapoly(n) samples suffice for the case of uniformity testing, but the
more general problems of identity testing and independéesting require22(™) samples. Subsequently,
Adamaszek, Cjumaj, and Sohler [ACS$10] generalized thesdtseto continuous monotone distributions
over [0, 1]™. A related, yet distinct, line of work studied the problemtetingwhethera probability dis-
tribution has a certain structure [BKR04, BFRV11, ADKL5, GR16]. The sample complexity bounds in
these works scale exponentially with the dimension.

Statistics. The area of hypothesis testing for high-dimensional maaig$sa long history in statistics and is
currently an active topic of study. A sequence of early acemeworks, starting with [Wei60, Bic69, LS93],
has studied the problem of testing the equivalence betweemonparametric high-dimensional distribu-
tions in the asymptotic regime. In the parametric settingteing’s T-squared statisti¢c [Hot31] is the
classical test for the equivalence of two high-dimensidbalissians (with known and identical covariance).
However, Hotelling’s test has the serious defect that i$ fahen the sample size is smaller than the dimen-
sion of the data [BS96]. Recent work has obtained testetsuhder a high-dimensional Gaussian model
(with known covariance), succeed in the sub-linear regonésisting identity[[SD08] and closeness [CQ10].
A number of more recent works study properties of covarianegrices [CM13], regression [JM14], and
linear independence testing_[RISW16].

Applications. The problems of testing identity and closeness of Bayesswarks arise in a number of
applications where sample efficiency is critidal [FLNDOO, G808, SKO03| AIm10, NLR11, RESG14, SM15,
YGM™15]. In bioinformatics applications (e.g., gene set ang)ygach sample corresponds to an exper-
iment that may be costly or ethically questionable [YGM]. Specifically, [YGM™15] emphasizes the
need of making accurate inferencestme structuredBayesian networks, using an extremely small sample
size — significantly smaller than the number of variablesd@s). [AIm10] studies the problem of testing
closeness between two unknown Bayesian network modelsindhtext of a biology application, where
Bayes nets are used to model gene expression data. The tiootiva[AIm10] comes from the need to
compare network models for a common set of genes under gapyianotypes, which can be formulated as
the problem of testing closeness between two unknown Bagtss As argued in [AIm10], due to the small
sample size available, it is not feasible to directly leaanheBN separately.

Basic Notation and Definitions. Consider a directed acyclic graph (DAG, with n vertices that are

topologically sorted, i.e., labelled from the get def {1,2,...,n} so that all directed edges &f point
from vertices with smaller label to vertices with largeréabA probability distributionP over {0,1}" is
defined to be @ayesian networor Bayes net) with dependency graghif for eachi € [n], we have
thatPrx.p [X; = 1| X1,...,X;_1] depends only on the values;, where; is a parent of in S. Such a
distribution P can be specified by itsonditional probability tablei.e., the vector of conditional probabilities
of X; = 1 conditioned on every possible combination of values to tterdinates ofX at the parents af.

To formalize the above description, we use the followingnieology. We will denote byParents(i)
the set of parents of nodein S. For a vectorX = (X1,...,X,) and a subsel C [n], we useX 4 to
denote the vectorX;);c4. We can now give the following definition:

Definition 1.1. Let S be the sef(i,a) : i € [n],a € {0,1}Perts@} andm = |S|. For(i,a) € S,
the parental configurationll; , is defined to be the event th¥p,,..s;) = a. OnceS is fixed, we
may associate to a Bayesian netwdpkthe conditional probability table € [0,1]° given by Dia =
Pry.p[X;=1|1I;,], for (i,a) € S. We note that the distributiof? is determined by.

We will frequently indexp as a vector. That is, we will use the notatipp for 1 < & < m, and the
associated evenis;,, where eaclt stands for arfi, a) € S lexicographically ordered.



2 Our Results and Technigues

The structure of this section is as follows: In Secfiod 2.&,povide the statements of our main results in
tandem with a brief explanation of their context and thetiefes between them. In Sectibn .2, we give a
detailed outline of our algorithmic and lower bound teclueis;

2.1 Main Results The focus of this paper is on the propertiesidéntity testingand closeness testing
of Bayes nets. We give the first non-trivial efficient testaigorithms and matching information-theoretic
lower bounds for these problems. For a wide range of paranseténgs, our algorithms achieve sub-
learning sample complexity and are sample-optimal (up tstamt factors).

For concreteness, we consider Bayes nets over Bernoutlorarvariables. We note that our upper
bounds straightforwardly extend to general alphabets witlolynomial dependence on the alphabet size
(see Remark5.11). L&N,, ; denote the family of Bernoulli Bayes nets orvariables such that the corre-
sponding DAG has maximum in-degree at méstor most of our results, we will think of the dimension
n as being large and the maximum degreas being comparably small (say, bounded from above by a
constant or at most logarithmic ).

For the inference problems of learning and testing Bayes, mie¢re are two versions of the problem:
The first version corresponds to the setting where the sir@icif the graph is fixed (and known a priori to the
algorithm). In the second version, both the graph and thampeters are unknown to the algorithm. We note
that both versions of the problem are interesting, basedhe@mpplication. Theinknown structuresetting
is clearly at least as hard, and typically includes an allgorifor thefixed structurecase plus additional
algorithmic ingredients.

Before we give the statements of our main testing resultseaerd a nearly tight bound on the sample
complexity of learning3/\V,, 4. This bound will be used as a baseline to compare againstfaiest testers:

Fact 2.1. The sample complexity of learning\,, 4, within total variation distance:, with confidence
probability 9/10, is: (i) ©(2%¢ - n/e?), for all d < n/2, in the fixed structure setting, and (#(2¢ - n/€?) in
the unknown structure setting.

We give a proof of this fact in Append A. Fdct P.1 charaatesi the sample complexity of learning
Bayes nets (up to logarithmic factors). We remark that ofarination-theoretic upper bound for the fixed
structure case also yields a simple computationally efftcédgorithm. The unknown structure regime is
much more challenging computationally. For this setting, provide a nearly tight information-theoretic
upper bound that is non-constructive. (The correspondiggrighm runs in exponential time.) In fact, we
note that no sample-optimal computationally efficient &t is known for unknown structure Bayes nets.

Our first main result concerns the fixed structure regime té@inical reasons, we focus on Bayes nets
that satisfy a natural balancedness condition. Roughlglspg, our balancedness condition ensures that
the conditional probabilities are bounded away fromnd 1, and that each parental configuration happens
with some minimum probability. Formally, we have:

Definition 2.2. A Bayes netP over{0, 1}" with structureS is called(c, C')-balancedif, for all k, we have
that (i) px. € [c,1 — ¢, and (i) Prp [1I ] > C.

Under a mild condition on the balancedness, we give samgieiral and computationally efficient
algorithms for testing identity and closeness of Bayes. f&pecifically, for the problem of identity testing
against an explicit distribution, we require that the esiptiistribution be balanced (no assumption is needed
for the unknown Bayes net). For the problem of closenesmtgste require that one of the two unknown
distributions be balanced. We are now ready to state oumnfiagt theorem:



Theorem 2.3(Testing Identity and Closeness of Fixed—Structure Bayas)NFor testing identity and close-
ness of fixed structure Bayes n&t<) withn nodes and maximum in-degrégethere is an efficient algorithm
that usesO (24/2,/n/e?) samples and, assuming that oneRfQ is (c, C)-balanced withe = Q (1//n)
andC = Q (de?/\/n), correctly distinguishes between the cases fat Q versus||P — Q||; > e, with
probability at least2/3. Moreover, this sample size is information-theoreticaljytimal, up to constant
factors, for alld < n/2, even for the case of uniformity testing.

The conceptual message of Theoren] 2.3 is that, for the cafigedf structure, testing is information-
theoretically easier than learning. Specifically, our lesstablishes a quadratic gap between learning and
identity testing, reminiscent of the analogous gap in th8rgeof unstructured discrete distributions. We
remark here that the information-theoretic lower boundsauft2.1 (i) hold even for Bayes nets with constant
balancedness.

We now turn our attention to the case of unknown structuretivdted by Theorer@.S, it would be
tempting to conjecture that one can obtain testers withlsaimning sample complexity in this setting as
well. Our first main result for unknown structure testing siaformation-theoretic lower bound, showing
that this is not the case. Specifically, even for the mosichzase of tree-structured Bays Nefs= 1) with
unknown structure, uniformity testing requir@$n/e?) samples. It should be noted that our lower bound
applies even for Bayes nets witbnstantbalancedness. Formally, we have:

Theorem 2.4(Sample Lower Bound for Uniformity Testing of Unknown Tr8¢&uctured Bayes Netspny

algorithm that, given sample access to a balanced treesstrad Bayes neP over {0, 1}", distinguishes
between the casd? = U and|| P — U||; > € (whereU denotes the uniform distribution ovéo, 1}"), with

probability 2/3, requiresQ(n /%) samples fronP.

At the conceptual level, our above lower bound implies thdhe unknown topology case — even for the
simplest non-trivial case of degréeBayes nets — identity testing is information-theoreticaésentially as
hard as learning. That is, in some cases, no tester withearbihg sample complexity exists. We view this
fact as an interesting phenomenon that is absent from twvéopsty studied setting of testing unstructured
discrete distributions.

Theorem 2J4 shows that testing Bayes nets can be as hardrasideaHowever, it is still possible
that testing is easier than learningrivostnatural situations. For the sake of intuition, let us exaonr
aforementioned lower bound more carefully. We note thatdiffeculty of the problem originates from
the fact that the explicit distribution is the uniform dibtrtion, which can be thought of as having any of
a large number of possible structures. We claim that thistitpent can be circumvented if the explicit
distribution satisfies some non-degeneracy conditiortgitively, we want these conditions to ensuobust
identifiability of the structure: that is, that any (unknown) Bayes net sefiity close to a non-degenerate
Bayes net) must also share the same structure.

For tree structures, there is a very simple non-degene@uyitton. Namely, that for each node, the two
conditional probabilities for that node (depending on thkig of its parent) are non-trivially far from each
other. For Bayes nets of degree more than one, our non-deggreondition is somewhat more complicated
to state, but the intuition is still simple: By definition, m@quivalent Bayesian network structures satisfy
different conditional independence constraints. Our degeneracy condition rules out some of these pos-
sible new conditional independence constraintdaafom being satisfied by the non-degenerate Bayesian
network. Lety > 0 be a parameter quantifying non-degeneracy. Under our egergeracy condition, we
can design atructure testewith the following performance guarantee:

Theorem 2.5(Structure Testing for Non-Degenerate Bayes Neigf S be a structure of degree at mast
and P be a degree at most Bayes net ovef0, 1}" with structureS’ whose underlying undirected graph
has no more edges tha®. There is an algorithm that use3 ((2d + dlog n)/72) samples fromP, runs



in time O (n?3/+?), and distinguishes between the following two cases withalility at least2/3: (i)
P can be expressed as a degw&ayes net with structur§ that isy-non-degenerate; or (ii)? cannot be
expressed as a Bayes net with structfire

By invoking the structure test of the above theorem, we cdoae the identity testing with unknown
structure to the case of known structure, obtaining the¥adhg:

Theorem 2.6(Testing Identity of Non-Degenerate Unknown Structure &alets) There exists an algo-
rithm with the following guarantees. Given the descriptaira degreed Bayes net) over {0, 1}", which
is (c,C) balanced andy-non-degenerate for = Q(1//n) andC = Q (de?/\/n), ¢ > 0, and sample
access to a distributior?, promised to be a degregBayes net with no more edges th@n the algo-
rithm takesO (2%/2/n/e* + (2 + dlogn)/~?) samples fronP, runs in timeO (n)**3(1 /42 +1/¢%), and
distinguishes with probability at leagy/'3 between ()P = Q and (i) |[P — Q||, > .

We remark that we can obtain an analogous result for the @mobf testing closeness. See Section 7.

We have shown that, without any assumptions, testing isstlahard as learning for the case of trees.
An interesting question is whether this holds for high degras well. We show that for the case of high
degree sub-learning sample complexity is possible. Weagnidentity testing algorithm for degreeBayes
nets with unknown structurayithout balancedness or degeneracy assumptions. While the demende
the number of nodes of this tester is suboptimal, it does essentially achieee'tight” dependence on the
degreed, that is2%/2:

Theorem 2.7(Sample Complexity Upper Bound of Identity Testin@jiven the description of a degrek-
Bayes net) over{0,1}", ¢ > 0, and sample access to a deg@8ayes nef’, we can distinguish between
the cases thaP = Q and ||P — Q||; > e, with probability at leas®/3, using2%/?poly(n, 1/¢) samples
from P.

The message of this result is that when the dedrieereases, specifically fat = Q(log n), the sample
complexity of testing becomes lower than the sample conitglex learning. We also show an analogue
of Theoreni 2.7 for closeness testing of two unknown Bayes, mgider the additional assumption that we
know the topological ordering of the unknown DAGS.

2.2 Overview of Algorithmic and Lower Bound TechniquesIn this section, we provide a high-level
outline of the main ideas that come into our testing algorgrand our information-theoretic lower bounds.

Finding the Right Parameter Distance. In order to design sample-efficient testing algorithms, wech
to devise a statistic that can accurately detect when our-diigensional distributions are non-trivially
separated in total variation distance. The first obstactlisoattempt is that of actually understanding the
behavior of the variational distance between our distitimg We remark that this difficulty does not appear
in the one-dimensional unstructured case, and is a consegad the structured high-dimensional setting.
Unfortunately, it seems difficult to find an exact closedafoexpression for the variational distance
between two Bayes nets in terms of their parameters, evée ifinderlying graph structures are the same
and explicitly known. To make things manageable, we hardéeigsue by finding an appropriate proxy for
the total variation distance. A natural candidate is thdid&adk—Leibler (KL) Divergence for the following
reasons: (1) it can be used to bound from above the variaistante, and (2) it is relatively easy to compute
for a pair of Bayesian networks with the same underlyingcstme. However, the KL-Divergence has the
disadvantage that it depends on logarithms of the relevamdittonal probabilities, which are hard to take
advantage of. To deal with this, we bound from above the KieRjence by a “chi-squared-like quantity”.
For the sake of intuition, let us first consider the basidrsgtthat the underlying Bayes nets (Q have
no edges, i.e., they correspondptoductdistributions ove{0, 1}™. It turns out that this case captures some

7



of the core difficulties of the high-dimensional settingdainis instructive to understand as a first step. For
product distributions,P and (Q with mean vector®, ¢, we bound from above the variational distance in
terms of the chi-squared distance between the mean veotrely> . (p; — ¢:)?/(q:(1 — ¢;)) (Lemma{i]ﬁl
and Corollar@S). For the case of general Bayes nets, wamus@propriate generalization of this bound
(Lemmﬁb) involving instead the conditional probalakti where additionally, each term is weighted by
the probability of seeing that particular parental confegion.

Relation to Unstructured Discrete Setting and Tolerant Tesing. In this paragraph, we take a moment
to point out a very useful analogy between (i) a special casesting Bayes nets, and (ii) testing discrete
unstructured distributions. In particular, we again cdasithe special case of testing (identity or closeness)
of product distributions or{0,1}". It turns out that this setting is quite similar to testingstractured
distributions orn|.

Specifically, in both cases, the underlying distributiorp&sameterized by a set of parametgysn
[0,1], and in both cases the variational distance between two disttibutions can be bounded by an
identical-looking chi-squared quantity. Moreover, infboases, taking samples allows us to come up with
independent estimates of tipgs (for discrete distributions we need to employ Poissdiora while for
products the samples from different coordinates are autoatlg independent).

This analogy becomes even stronger when one considersqgpmidtributions where the sum of thgs
is approximatelyl. In this setting, there is a formal correspondence betweetwo problems. Specifically,
to each discrete distribution we can associate the prodstthdition obtained by taking PEl) samples
from P and noting the bins that received at least one sample. Theradtion turns out to give a reduction of
testing discrete distributions to testing “light” proddistributions that nearly preserves variational distance
This reduction can be formalized, which allows us to port sdover bounds from one setting to the other,
specifically for the question dbleranttesting.

Warm-up: Testing Identity and Closeness of Product Distritutions. Our first set of results (see Sec-
tion[4) involves sample-optimal testers and matching mfation-theoretic lower bounds for testing identity
and closeness of product distributions oyer1}™. Our results for this setting can be viewed as discrete
analogues of testing identity and closeness of high-dilnaakspherical Gaussians, that have been studied
in the statistics literature [Hot31, BS96, SD08, CQ10]. Vdtenthat the Gaussian setting is simpler since
the total variation distance can be bounded by the Euclidéesance between the mean vectors, instead of
the chi-squared distance.

We start with the problem of testing the identity of an unkngevoductP with mean vectop against
an explicit product distributiod) with mean vector;. Our tester relies on a statistic providing an unbiased
estimator of>_.(p; — ¢:)%/(¢:(1 — ¢;)). Essentially, every draw fron? gives us an independent sample
from each of the coordinate random variables. In order tateebur tester more easily to the analogous
testers for unstructured distributions over finite domawms consider P@¢in) samples from each of these
coordinate distributions. From there, we construct a remdariableZ that provides an unbiased estimator
of our chi-squared statistic, and a careful analysis of tréance ofZ shows that withO(/n/€?) samples
we can distinguish betwedh = ) and P beinge-far from Q.

Testing closeness between two unknown product distribsti® somewhat more complicated. As is the
case when comparing unknown discrete distributiong:grwe have the difficulty that we do not know how
to scale our approximations to theg — ¢;)? terms. We are forced to end up rescaling using the total numbe
of samples drawn withy; = 1 as a proxy forl /(¢;). This leaves us with a statistic reminiscent of that used
in [CDVV14], which can be shown to work with a similar anakysiUnfortunately, in our setting, it is no
longer the case that the sum of thés is O(1), and this ends up affecting the analysis making our sample
complexity depend on3/%, instead of22/3 as in the unstructured case.



Perhaps surprisingly, we show that this added complexity fact necessary: we show that both our
identity tester and our closeness tester are sample-dptfiria constant factors. To prove our lower bounds,
we use the information-theoretic technique from [DK16]v&i a candidate hard instance, we proceed by
bounding from above the mutual information between appateprandom variables. More specifically, we
construct an appropriate family of hard instances (digtidms) and show that a set bsamples taken from
a distribution from the chosen family has small shared miaiion with whether or not the distributions are
the same.

Recall that the hard family of instances for distinguishdigcrete distributions oven| had (a) many
“light” bins (domain elements) of probability mass approgiely 1/n, where eithep; = ¢; on each bin
or p; = ¢;(1 = €) in each bin, and (b) a number of “heavy” bins where= ¢; ~ 1/k (wherek was the
number of samples taken). The goal of the heavy bins was thriatse” and hide the signal from the light
bins. In the case of discrete distributions oy}, we could only have: such heavy bins. In the case of
product distributions, there is no such restriction, andcae have:/2 of them in our hard instance. The
added noise leads to an increased sample complexity aigedtiseness in the high-dimensional setting.

An interesting difference with the unstructured discragtribution setting is that our identity tester is
in fact tolerant for a wide range of settings — in particular whénuniform or more generallypalanced
i.e., has mean vecterwith coordinates bounded away frairand1 (see Remark 417). Tolerant testing is
the (harder) problem of distinguishing betwelgR — Q||, > ¢ and||P — Q||, < ¢/2. Unlike the case of
unstructured discrete distributions oyef, for product distributions there exists a tolerant unifiyntester
with strongly sublinear sample complexity. This is ess@iytidue to the fact that the variational distance
from the uniform distribution is proportional to thg distance between the mean vectors, which can be
accurately approximated with(,/n/e?) samples. The same holds when the explicit product distoibis
balanced or when we want to test closeness of two unknowmdediaproducts. On the other hand, when
the distributions are unbalanced, tolerant testing regu(n/ log n) samples, via the foregoing reduction
from the case of discrete distributions 1} (Theore 8).

In the following paragraphs, we describe how to generalizepcevious results for product distributions
to testing general Bayes nets. The case of known structuns twt to be manageable, and at a technical
level a generalization of our testers for product distidmg. The case of unknown structure poses various
complications and requires a number of non-trivial new $dea

Testing Identity and Closeness of Fixed Structure Bayes Nget Our testers and matching lower bounds
for the fixed structure regime are given in Sectidns 5larld 7.1.

For concreteness, let us consider the case of testing tig@fta tree-structuredd(= 1) Bayes netP
against an explicit tree-structured Bayes Qeawith the same structure. Recall that we are using as a proxy
for the distance| P — Q||, an appropriate chi-squared-like quantity. A major difftguh generalizing our
identity tester for products is that the chi-squared dtatdepends not on the probabilities of the various
coordinates, but on the conditional probabilities of theserdinates based on all possible parental config-
urations. This fact produces a major wrinkle in our analysighe following reason: while in the product
distribution case each sample provides information abacit €oordinate probability, in the Bayes net case
a sample only provides information about conditional philitees for parental configurations that actually
occurred in that sample.

This issue can be especially problematic to handle if thex&iacommon parental configurations about
which we will have difficulty gathering much information (hia small sized sample). Fortunately, the
probabilities conditioned on such parental configuratrishave a correspondingly smaller effect on the
final distribution and thus, we will not need to know them tdatgithe same accuracy. So while this issue can
be essentially avoided, we will require some technical mgtions aboubalancednesso let us know that
none of the parental configurations are too rare. Using tlkeses, we develop an identity tester for tree-



structured Bayes nets that uses an opti®@l/n/<2) samples. For known structure Bayes nets of degree
d > 1, the sample complexity will also depend exponentially andkgreel. Specifically, each coordinate
will have as many ag¢ parental configurations. Thus, instead of having onloordinate probabilities to
worry about, we will need to keep track 2fn conditional probabilities. This will require that our saleap
complexity also scale lik€%/2. The final complexity of our identity and closeness testeits thus be
0242 /n/e).

We now briefly comment on our matching lower bounds. Our sangpimplexity lower bound of
Q(y/n/e?) for the product case can be generalized in a black-box maongield a tight lower bound
Q(2%/2,/n /%) for testing uniformity of degreé-Bayes nets. The basic idea is to consider degrBayes
nets with the following structure: The firgthodes are all independent (with marginal probabilitg each),
and will form in some sense a “pointer” to one 2§f arbitrary product distributions. The remaining— d
nodes will each depend on all of the fitst The resulting distribution is now an (evenly weighted)alig
mixture of 2¢ product distributions on thén — d)-dimensional hypercube. In other words, there 2re
product distribution®, . . . , p,a, and our distribution returns a randantencoded in binary) followed by a
random sample formp;. By using the fact that thg;’s can be arbitrary product distributions, we obtain our
desired sample complexity lower bound.

Testing ldentity and Closeness of Unknown Structure Bayes &is. As we show in Sectiorld 6 a@.z,
this situation changes substantially when we do not knowitigerlying structure of the nets involved. In
particular, we show that even for Bayes nets of degreeiformity testing require§(n/e?) samples.

The lower bound construction for this case is actually geitaple: The adversarial distributiof
will be developed by taking esndom matchingf the vertices and making each matched pair of vertices
randomlyl + ¢/+/n correlated. If the matching were known by the algorithm, tésting procedure could
proceed by approximating theag¢2 correlations. However, not knowing the structure, our atgm would
be forced to consider a(lg) pairwise correlations, substantially increasing the am@dfi noise involved.

To actually prove this lower bound, we consider the distrdsu X obtained by taking: samples from a
randomly choser® andY from taking & samples from the uniform distribution. Roughly speaking w
wish to show that?(X,Y) is approximatelyl. This amounts to showing that for a randomly chosen pair
of distributionsP and P’ from this family, we have thak[P* (z) P’* ()] is approximatelyl. Intuitively, we
show that this expectation is only largefffand P’ share many edges in common. In fact, this expectation
can be computed exactly in terms of the lengths of the cyolesdd by the graph obtained taking the union
of the edges fron and P’. Noting thatP and P’ typically share only about edge, this allows us to prove
our desired lower bound.

However, the hardness of the situation described abovet igam@ric and can be avoided if the explicit
distribution ) satisfies some non-degeneracy assumptions. Morally, asB#ts( is non-degenerate if
it is not close in variational distance to any other Bayesafeato greater complexity and non-equivalent
underlying structure. For tree structures, our conditgtmat for each node the two conditional probabilities
for that node (depending on the value of its parent) are anfeach other.

If this is the case, even knowing approximately what thewag distributions of coordinates are will
suffice to determine the structure. One way to see this isdhewing: the analysis of the Chow-Liu
algorithm [CL68] shows that the tree-structure férs the maximum spanning tree of the graph whose edge
weights are given by the shared information of the nodesiiedbo This tree will have the property that
each edgez, has higher weight than any other edge connecting the twebalf the tree. We show that our
non-degeneracy assumption implies that this edge hasrhigdight by a noticeable margin, and thus that
it is possible to verify that we have the correct tree withyarugh approximations to the pairwise shared
information of variables.

For Bayes nets of higher degree, the analysis is somewhat difficult. We need a slightly more
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complicated notion of non-degeneracy, essentially bpitiown to a sizeable number of not-approximately-
conditionally-independent assumptions. For examplejragb@odes can be positively identified as having
an edge between them in the underlying graph if they are nuditonally independent upon any set of
d other nodes. By requiring that for each edge the relevantdamate variables are not close to being
conditionally independent, we can verify the identity of #dges o with relatively few samples. Unfor-
tunately, this is not quite enough, as with higher degreeeBi@ay networks, simply knowing the underlying
undirected graph is not sufficient to determine its struecti/e must also be able to correctly identify the
so-calledv-structures. To do this, we will need to impose more notefasconditionally-independent
assumptions that allow us to robustly determine these ds wel

Assuming that) satisfies such a non-degeneracy condition, testing igieotit is actually quite easy.
First one verifies that the distributioR has all of its pairwise (ofd + 2)-wise) probabilities close to the
corresponding probabilities f@p. By non-degeneracy, this will imply th@& must have the same (or at least
an equivalent) structure & Once this has been established, the testing algorithnikdédmown structure
can be employed.

Sample Complexity of Testing High-Degree Bayes Nets.One further direction of research is that of
understanding the dependence on degree of the sample cttympietesting identity and closeness for
degreed Bayes nets without additional assumptions. Eoe 1, we showed that these problems can be
as hard as learning the distribution. For the general casggive an algorithm with sample complexity
2%/2poly(n, 1/€) for identity testing (and2?#/3poly(n, 1/¢) for closeness testing). The conceptual mes-
sage of this result is that, when the degree increasesndelséicomes easier than learning information-
theoretically. It is a plausible conjecture that the careetswer for identity testing i®(2d/ 2n/e?) and for
closeness testing 8(22¢/3n /¢2). We suspect that our lower bound techniques can be geregtatiznatch
these quantities, but the constructions will likely be sabsally more intricate.

The basic idea of ou2%/?poly(n, 1/¢) sample upper bound for identity testing is this: We enuneerat
over all possible structures fdp, running a different tester for each of them by comparing redevant
conditional probabilities. Unfortunately, in this domadur simple formula for the KL-Divergence between
the two distributions will no longer hold. However, we catatthat using the old formula will be sufficient
by showing that if there are large discrepancies when camptlie KL-divergence, then there must be large
gap between the entropiés(P) and H (Q) in a particular direction. As the gap cannot exist both wéyis,
suffices for our purposes.

2.3 Organization This paper is organized as follows: In Sectibn 3, we give tmeensary definitions and
tools we will require. Section 4 gives our matching upper lamger bounds for identity and closeness testing
of product distributions. In Sectidh 5 we study the ident&gting for Bayes nets with known structure: We
give an identity tester that works under a mild balancednesdition on the explicit Bayes net distribution,
and also show that the sample complexity of our algorithnptswal, up to constant factors. In Sectldn 6, we
study the identity testing for unknown structure Bayes :néits start by proving a sample complexity lower
bound showing that, for the unknown structure regime, umifty testing is information-theoretically as
hard as learning — even for the case of trees. We then shoththddwer bound can be circumvented under
a natural non-degeneracy condition on the explicit Bayesliséribution. Specifically, we give an identity
tester with sub-learning sample complexity for all low-teEgnon-degenerate Bayes nets. Our identity tester
for unknown structure non-degenerate Bayes nets reliesnome structure tester that may be of interest in
its own right. Sectiofl 7 studies the corresponding closetesgting problems for both known and unknown
structure Bayes nets. Finally, in Sectlon 8 we consider dse of high-degree Bayes nets and obtain testers
for identity and closeness of unknown-structure Bayes. n@is testers in this section have optimal (and
sub-learning) sample complexity as a function of the maxmir+degreal and polynomial dependence in
the dimensiom.
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3 Preliminaries
In this section, we record the basic definitions and techiicds that will be used throughout this paper.

Basic Notation and Definitions. The L;-distance between two discrete probability distributidhs)
supported on asetis defined a§ P — Q|| = >__ 4| P(z)—Q(z)|. Our arguments will make essential use
of related distance measures, specifically the KL-divergedefined a® (P|Q) = > .4 P(z) log %,
and the Hellinger distance, definedds(P, Q) = (1/v2) - /3, 4(v/P(x) — /Q(@)).

We write log andIn for the binary and natural logarithms, respectively, anddyX ) the (Shannon)
entropy of a discrete random variah} (as well as, by extensior#{ (P) for the entropy of a discrete
distribution P). We denote by (X;Y') the mutual information between two random variab¥ésndY,

defined ad (X;Y) =3, Pr[(X.Y) = (z,y)]log %. For a probability distributiorP, we

write X ~ P to indicate thatX is distributed according t&. For probability distributionsP, 9, we will
useP ® @ to denote the product distribution with margind&tsand@.

Identity and Closeness Testing. We now formally define the testing problems that we study.

Definition 3.1 (Identity testing) An identity testing algorithm of distributions belonging tockassC is

a randomized algorithm which satisfies the following. Giweparameted < ¢ < 1 and the explicit
description of a reference distributi@gp € C, as well as access to independent samples from an unknown
distribution P € C, the algorithm outputs eithe@ccept or reject such that the following holds:

e (Completeness) iP = @, then the algorithm outputsccept with probability at leas®/3;
e (Soundness) if P — Q||; > e, then the algorithm outputeject with probability at leas®/3.

Note that by the above definition the algorithm is allowedreveer arbitrarily if neither the complete-
ness nor the soundness cases hold. The closeness testtenpis similar, except that now both @ are
unknown and are only available through independent samples

Definition 3.2 (Closeness testingA closeness testing algorithm of distributions belonging tassC is a
randomized algorithm which satisfies the following. Givgreaametef) < ¢ < 1 and access to independent
samples from two unknown distributior3 @) € C, the algorithm outputs eithexrccept or reject such that
the following holds:

e (Completeness) iP = @, then the algorithm outputsccept with probability at leas®/3;
e (Soundness) if P — Q||, > ¢, then the algorithm outputeject with probability at leasg/3.
Finally, we also consider a third related question, thatafcture testing

Definition 3.3 (Structure testing)Let C be a family of Bayes nets. Atructure testing algorithm of Bayes
nets belonging t@ is a randomized algorithm which satisfies the following. €iva parametedy < e < 1
and the explicit description of a DAG, as well as access to independent samples from an unkiRow@,
the algorithm outputs eitherccept or reject such that the following holds:

e (Completeness) iP can be expressed as a Bayes net with strucfyrthen the algorithm outputs
accept with probability at leas/3;

e (Soundness) iflP — Q||; > e for every@ € C with structureS, then the algorithm output®ject
with probability at leas/3.
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In all cases the two relevant complexity measures aredhgle complexity, i.e., the number of samples
drawn by the algorithm, and th@me complexity of the algorithm. The golden standard isdbieve sample
complexity that is information-theoretically optimal atiche-complexity linear in the sample complexity.

In this work, the familyC will correspond to the family of Bayes nets ovf, 1}, where we will
impose an upper boundlon the maximum in-degree of each node. Fot 0, i.e., when the underlying
graph has no edges, we obtain the family of product distobstover{0, 1}".

Relations between Distances. We will require a number of inequalities relating the-distance, the KL-
divergence, and the Hellinger distance between distohbati We state a number of inequalities relating these
guantities that we will use extensively in our argumentse $imple proofs are deferred to Appenﬁix B.

A binary product distribution is a distribution ové¢6, 1}"* whose coordinates are independent. Note
that such a distribution is determined by its mean vectorhde the following:

Lemma 3.4. Let P, @ be binary product distributions with mean vecters € (0,1)". We have that
22 2 <D(P)Q) < Z (pi=g)” W
— (1 — )

In particular, if there existgy > 0 such thaty € [«, 1 — «]™, we obtain

2lp — al} < DIPIQ) < sl —al} @

a(l

Recall that for any pair of distributionB, ), Pinsker’s inequality states thiaP — QH% < 2D(P||Q). This
directly implies the following:

Corollary 3.5. Let P, @ be binary product distributions with mean vectgrs; € (0,1)". We have that

IP -l <23 e

The following lemma states an incomparable and symmetgpeupound on thd.;-distance, as well as a
lower bound.

Lemma 3.6. Let P, @ be binary product distributions with mean vecters; € (0,1)". Then it holds that

. 4 pz - %’)2
min (c, p—q > <|[|P-QJ; <8 .
Ip— ally) < 1P - QI3 E T D

for some absolute constante (0,1). (Moreover, one can take= 4(1 — e~%/2) ~ 3.11.)

While the above is specific to product distributions, we wéljuire analogous inequalities for Bayes nets.
We start with the following simple lemma:

Lemma 3.7. Let P and ) be Bayes nets with the same dependency graph. In terms obmlggional
probability tablesp and¢ of P and (), we have:

2N " Pr(T ] (pr — a)® < D(P|Q) < 7.
kZ:lP[ k] (o — qi)? | Z:: le—Qk)
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Finally, we state an alternative bound, expressed withewsip the Hellinger distance between two
Bayes nets:

Lemma 3.8([DKS16L, Lemma 4]) Let P and Q be Bayes nets with the same dependency graph. In terms
of the conditional probability tables and¢ of P and (), we have:

dH(P,Q)2S2Z\/F;r[Hk]%T[Hk] (pk’_Qk)Q
k=1

(Pk +ar)(2 —pr — qr)

4 Testing Identity and Closeness of Product Distributions

The structure of this section is as follows: In Section 4.% gwe an identity testing algorithm fot-
dimensional binary product distributions with sample ctewipy O(y/n/€?). In Sectior 4.2, we show that
this sample bound is information-theoretically optimakecong 4.B and 414 contain matching upper and
lower bounds respectively for the task of closeness testitgyeen product distributions.

4.1 Identity Testing Algorithm In this section, we prove the following theorem:

Theorem 4.1. There exists a computationally efficient algorithm whidkieg an explicit product distribu-
tion @ (via its mean vector), and sample access to an unknown praliktabution P over{0,1}", has the
following guarantees: For any > 0, the algorithm take®) (,/n/e?) samples fromP, and distinguishes
with probability 2/3 between the cases th&t= Q) versus||P — Q||; > .

Let@ = Q1 ® --- ® @, be a known product distribution ové¢f, 1}" with mean vectog, and P =
P ® ---® P, be an unknown product distribution ¢, 1} with unknown mean vectas. The goal is to
distinguish, given independent samples fréirbetweenP = Q, and||P — Q| > e.

Let0 < v < 1/2. We say that a product distributiaR over{0,1}" is v-balanced if its mean vector

p satisfieg; € [y,1 —+] for all « € [n]. To prove Theorern 411, we can assume without loss of getyerali

that P, () are~yy-balanced fory, def 16+ Indeed, given sample access to a product distribuktpve can

simulate access to thg-balanced product distributioR’ by re-randomizing independently each coordinate
with probability 2+, choosing it then to be uniform if0, 1}. The resulting product distributioR”’ is ~o-
balanced, and satisfi)” — P'||, < n -~y < 7. Therefore, to test the identity of a product distribution
P against a product distributio@ with parametee, it is sufficient to test the identity of the,-balanced
product distributions”’, Q" (with parametes).

Preprocessing. We also note that by flipping the coordinatesuch thatg; > 1/2, we can assume that

€ [y,1/2] for all i € [n]. This can be done without loss of generality,¢ais explicitly given. For
any+¢ such thaty; > % we replacey; by 1 — ¢; and work with the corresponding distributi@pf instead.
By flipping thei-th bit of all samples we receive fromR, it only remains to test identity of the resulting
distribution P’ to (0’, as all distances are preserved.

Proof of Correctness. Letm > 2716@, and letM;, ..., M, be i.i.d.Poi(m) random variables. We set
M = max;cp,,) M; and note thatl/ < 2m with probability 1 — e~2(m) (by a union bound). We condition
hereafter on\/ < 2m (our tester will reject otherwise) and také¢ samplesx™@, ..., X®) drawn from
P. We define the following statistic:

W mQZ Wi
W =
Zz; QZ 1 - QZ) ’
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Input Error tolerancee, dimensionn, balancedness parameter > 167, Mmean vectorq =
(q1,---,qn) € [7,1/2]™ of an explicit product distributiord) over{0, 1}", and sampling access
to a product distributiorP over{0,1}".

- Setr « 462 — {—271562\/5—‘.
- Draw My, ..., M,, ~ Poi(m) independently, and ¥/ < max;c,) M;.
If M > 2m setW = rm?

Else TakeM samplesX® ..., X() from P, and define

W qu - W;
W= Z QZ 1 - QZ)

wherelV; « Y1) XY fori € [n].
If W > m? returnreject.

Otherwise returnaccept.

Figure 1: Identity testing of an unknown product distributiP against a given product distributi@p.

where we writel; % Z X(J) for all i € [n]. We note that théV;’s are independent, &3 is a product

distribution and thel;’s are mdependent The pseudocode for our algorithm isngiweFigure[1. Our
identity tester is reminiscent of the “chi-squared typestées that have been designed for the unstructured
univariate discrete setting [CDVV14, DKN15b, ADK15].

We start with a simple formula for the expected value of oatistic:

Lemma4.2. EW]=m2Y ", q’:zl q;Z

Proof. SincelV; ~ Poi(mp;) for all i, we can write

E[(W, — mq,-)z] = E[WZZ] — 2mGE[W;] + m2q? = mp; + m2(ps — ¢;)?

and therefor&[W] = 37" | E{(Wi;:?fi_):})_mm] m? 3 Ef;ﬁ q;Z =

As a corollary we obtain:

Claim 4.3. If P = Q thenE[W] = 0. Moreover, wheneve[P — Q||, > ¢ we haveE[W] > Im?e2.

Proof. The first part is immediate from the expressiorEfV]. The second follows from Corolla@.S, as

m?| P = Q|} < 2m? T, Btk — oR[w]. O

We now proceed to bound from above the variance of our stati§the completeness case is quite
simple:

Claim 4.4. If P = Q, thenVar[W] < 8m?n.
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Proof. Suppose thaP = Q, i.e.,p = . From independence, we have that|Vet = -7, Var[(vgg(_l"_“gf;z_wﬂ.

Using the fact thall [ (W; — mg;)? — W;] = 0, we get Vaf(W;—mg;)?—W;] = E[(W; — mg;)* — W;)?] =
2m?2q¢?, where the last equality follows from standard computaiamolving the moments of a Pois-
son random variable. From there, recalling thate (0,1/2] for all i € [n], we obtain VafiV| =
2m2 Y0, ﬁ < 8m?n. O

1=

For the soundness case, the following lemma bounds theneariaf our statistic from above. We note
that the upper bound depends on the balancedness parameter

Lemma 4.5. We have thavar[IV] < 16nm?2 + <§y—2 +16 2nm> E[W] + %E[W]?’/z.
Proof. For generap, ¢, we have that
Var(W; — mg;)? — Wi] = E[(W; — mg;)? — W;)?] — m*(p; — @;)* = 2m®p? + 4mpi(p; — @:)*

where as before the last equality follows from standard agatons involving the moments of a Poisson
random variable. This leads to

n 2 2 n 2
2 3\ Pilpi — qi) 2% P 3\ Pi(pi — qi)
Var[W] = 2m Z(fl—q +4m 272(1_qi)2§8m Z—;+16m 272 .
=1 1 = j— P

We handle the two terms separately, in a fashion similar t®KAS, Lemma 2]. For the first term, we can
write:

pz . = 2szz z . = Di 2% Di QZ + qz
Sr oy oal Z = 2 4 Z
i

zlq’ i=1
n

_n+z pz z Z _n+z _q2 4 3 2(pz‘q:%‘)
< n—l—Z _% +Z<1+ )>—2n—|—2

(AM-GM)

1
(pi — q;)?

)

n
2

_ 9

1=1

4
<o+ Zp’ %) <2n—|——E[W]

We bound the second term from above as follows:

sz [ <sz pz ) z)

< Zn:p_? iM (by the Cauchy—Schwarz inequality)
< " p y y quality
=1 =1 4

(from the monotonicity of,,-norms)

< (er%ﬁ E[W]) ‘

2
L (\/% s VEIVT) - EDV).
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Overall, we obtain

, 32 2

£l

E[W]?/2 .
Nal

2
= 16nm? + <37 + 16V 2nm> E[W]+

We are now ready to prove correctness.

Lemma 4.6. Setr %. Then we have the following:

o If [P —Q], =0,thenPr[W > rm?] < 1.
o If |[P—Ql; > e thenPr[W < rm?] < 1.
Proof. We start with the soundness case, i.e., assuriifg- Q||; > €. In this case, Clairh 4.3 implies

E[W] > 2rm?. Sincey > 1& and form > 181/2n, Lemmd4.b implies that

Var[W] < 16nm? + 32v2nmE[W] + 32 - 4\/EE[W]3/ Z,

€

By Chebyshev’s inequality, we have that

Pr[W <7tm?®] <Pr|EW]-W > lE[W]] < M
2 E[W]
2 .
< 64nm2 128v/2nm n 4 128\1/7;/6 3)
EW]"  E[W] E[W]"
4-64n  2-128v2n  44/2-128/n 2 52
< < i i
~ m2éet me2 * me3/2 = 128 <C2 + C ’ @)

which is at mostl /3 as long ag” > 2716, that ism > 2716%?.

Turning to the completeness, we supppse— @||; = 0. Then, by Chebyshev's inequality, and Clain 4.4
we have that

var[iw] _ 128n

Pr[W > rm?] =Pr[W > E[W 21 < <

r[ —Tm] r[ > E[ ]+Tm}— 2mA = 2

which is no more than /3 as long asn > 8\/€§. O

Remark 4.7. We observe that the aforementioned analysis — specificdﬂim@ and Lemm@.G) —can
be adapted to provide some tolerance guarantees in the emm@ss case, that is it implies a tester that
distinguishes betweeh? — Q||, < ¢ and||P — Q||;, > ¢, where¢’ = O(¢?). This extension, however,
requires the assumption th@tbe balanced: indeed, the exact dependence betwiaene? will depend on

this balancedness parameter, leading to a tradeoff bettodsnance and balancedness. Further, as shown
in Sectio, this tradeoff is in fact necessary, as toleiesting of arbitrary product distributions requires
Q(n/logn) samples.
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4.2 Sample Complexity Lower Bound for Identity Testing In this section, we prove our matching
information-theoretic lower bound for identity testingn Theoreni_ 418, we give a lower bound for uni-
formity testing of a product distribution, while TheoréniZ shows a quantitatively similar lower bound for
identity testing against the product distribution with meactorq = (1/n,...,1/n).

Theorem 4.8. There exists an absolute constapt> 0 such that, for any) < e < ¢y, the following holds:
Any algorithm that has sample access to an unknown prodstritaition P over {0, 1}" and distinguishes
between the cases th&t= U and|| P — U||, > e with probability 2/3 requiresQ(,/n/e*) samples.

Proof. We follow the information-theoretic framework df [DKI16] fgroving distribution testing lower
bounds, first defining two distributions over product disitions)’, V:

e Vs the distribution that puts probability mas®n the uniform distribution/ = Bern(1/2)®";

e M is the uniform distribution over the set

- 1 €
Bern( = + (—1)%— ) : (b1,...,b,) € {0,1}" 3 .
{ ?53 (2 ﬁ) 1 }

Lemma 4.9. NV is supported on distributions that afe(e)-far from U.

Proof. By symmetry, it is sufficient to consider the distributioh® ®;‘:1 Bern(% + Ln) We explicitly
bound from below the expression |pP — U]|;:

1 e/ el
oo Y |(es) ()
BRI

RO 303

) )

vV
2

I M 1=

|

VRN
>~ 3

5+2vn k n—k
c ’ < 2¢ ) ( 2¢ >
> 2 1+ =) (1- = —1l,
NG k_;ﬁ NG NG
-2

whereC > 0is an absolute constant. We bound from below each summaadaely: fixingk, and writing

(=k—1clym2ym,
(o3 (-5 ()

2 2e\ V7
> <1 — 4_62>n/ <1 + ﬁ) 646—252
- n _ 2e n—oo !
vn

so that each summand is bounded by a quantity that converjesit, — oc) to €462 —1 > 4e—2¢2 > 2¢,
implying that each i$2(¢). Combining the above gives

Q+2\/ﬁ
C 2
[P —=Ul; > 7 > Q>e) =Q(e)
k=24
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as claimed. O

We will make a further simplification, namely that insteaddoéwing k£ samples fromP = P; ®

.-+ ® P,, the algorithm is giverk; samples from eacR;, wherek, . .., k,, are independeritoi(k) random
variables. This does not affect the lower bound, as thisiea@ lower bound on algorithms takirg def
max(ky, ..., k,) samples fromP (where thek;’s are as above), and® > £ with probability 1 — 2.

We now consider the following process: lettidg ~ Bern(1/2) be a uniformly random bit, we choose a
distribution P over{0, 1}" by

e DrawingP ~ Y if X =0, and;
e DrawingP ~ N if X = 1;
e Drawingky, ..., k, ~ Poi(k), and returning:; samples fron¥P,, ..., k, samples fromp,.

Fori € [n], we let N; denote the number of's among thek; samples drawn fronP;, and write
N = (Ny,...,N,) € N". We will rely on the standard fact, as stated(in [DK16]:

Fact 4.10. Let X be a uniform random bit an&” a random variable taking value in some set If there
exists a functiory: S — {0,1} such thatPr[ f(Y) = X | > 0.51, thenI (X;Y) = Q(1).

Proof. By Fano’s inequality, lettingy = Pr[ f(Y) # X ], we haveh(q) = h(q) + qlog(]{0,1}| — 1) >
H (X |Y). ThisimpliesI (X;Y)=H (X)—H(X|Y)=1—H(X|Y)>1—h(q) >1—h(0.49) >
2-1071, O

The next step is then to bound from abdveX; V), in order to conclude that it will be(1) unlessk is
taken big enough and invoke Fact 4.10. By the foregoing dision and the relaxation on thkgs, we have
that the conditioned oX the N; are independent (withV; ~ Poi(kp;)). Recall now that ifX, Y7, Y> are
random variables such th&t andY; are independent conditioned éh by the chain rule we have that

H(N.Y2) | X)=HMY | X)+H(Y2 [ X,Y1))=HMY | X)+ H (Y2 | X) ,
where the second equality follows from conditional indegerce, and therefore
I(X;(Y1,Y2)) = H((Y1,Y2)) — H((Y1,Y2) | X) = H(V1) + H (Y1 | Y2) — (H (V1 | X) + H (Y2 | X))
SHWM)+HM)-(HM[X)+H(Y2|X))=HM)-HM | X))+ (H(Yz) - H (Y2 | X))
=1(X;Y1) +1(X5Y3).
This implies that
I(X;N) éfjf(x;zvn, (5)
=1
so that it suffices to bound eaél{ X ; N;) separately.
Lemma 4.11. Fix anyi € [n], and letX, N; be as above. Theh(X; N;) = O(k%¢* /n?).
Proof. By symmetry it suffices to consider only the case ef 1, so that we letd = Vy.
The first step is to bound from abové X '; A) by a more manageable quantity:
Fact 4.12. We have that

J(X;A)gipr[A:a](1—Pr[AZZ‘X:)]>2. (6)

a=0
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The proof of this fact is given in Append@ C.
Since A ~ Poi(kp;) with p; = 1/2 if X = 0 and uniformly$ + —~ if X =1, a simple computation

i NG
yields that
¢
PrlA=(]X =0]= e_k/Q(ké?)
—ke/v/n e 0 Jke/\m(1 _ o e \L
PrlA=(|X=1]= e—k/2(k/2)€ e (1+25=)" +e (1-27)
0! B )
Writing out p(e, £) = % as a function ot//n, we see that it is even. Thus, expanding it as a

. . def . .
Taylor series it = ¢/,/n, the odd degree terms will cancel. Moreover, we can write

D Pr[A=1(](1—¢(e, A)> =E,4 [(1 — (e, A))Q]
(=0

1

= SEacpoik/) [(1 - ‘P(E’A)F]

1
+ 1 Eavpolk(1/2+a)) [(1 — (e, A))z]
1
+ 1 EA~Poik(1/2-0)) [(1 — (e, A))z] :

Now, we can rewrite

o—ka a)t & ek (1 — 20)¢ 2
(1 pleAy? = (1 - T2 e =2 )

e 2R (1 + 20)% 4 2(1 — 402)" + (1 — 20)%
T :

=1- <e‘ka(1 +2a)" + €M (1 - 2a)z) +

Forb € {—1,0,1}, we haveE 4 poik(1/2+ba)) [1] = 1 (), and (from the MGF of a Poisson distribution)

—he —ka )20 202
et E A~Poi(k(1/2+ba)) [(1 —|—2a)A] _ e kagk(l/2+ba)200 _ b207k

2 —b202
€kaEANPOj(k(1/2+ba)) [(1- 2a)A] — ehagh(l/2+ba)—200 _ —b20%k

)
as well as

— (6% — (6% ) (4 Cl(2 a2 (6%
o2k F A Poi(1/24ba) [(1 _|_2a)2A] — —2ka k(1/2+ba)-(datda?) _ 2ka?(1+2b+2ba)

a (0% ) —at 012 062 — (6%
o2k E Apoih(1/240)) [(1 — 2a)2A] — o2k k(1/24ba)-(—4a+4a?) _ ,2ka?(1-2b+2b)

—4a2 _ 2_ 3
2EANPoi(k;(l/2+ba)) [(1 _ 4:0[2)A] — 2€k(1/2+b0¢) 4o — 26 2ka” —4kba )
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Gathering the terms, we get

1 2ka? —2ka?
E4 |1 —cp(e,A))z} - Z<2 (1 I

2

4

e—2ka® (14+20) | o2ka?(3-20) | 26—2ka2+4ka3> >

+ (1 — (e2k0? 4 m2haty 4 A 2e—2ka2—4ka3>

+ (1 — (e k0?4 g2ko?y i
1
16

4 e 2ke?(1420) | 2ka’(3-20) | 26—2ka2+4ka3>

(_ 4(e2ka2 n e—2ka2) 4 e2ko?(3+20) | 2ke?(~1420) 4 o —2ka®—dka?

= O(k*a?) (Taylor series expansion im)

giving that indeed

iPr[A =0](1—p(e,A))? =0 <ﬁ> .
=0

n2
This completes the proof. O

This lemma, along with Eq[](5), gives the desired result, itha

I(X;N)gzn:()(i—]f):O(i—kQ) , (7)

which iso(1) unlessk = Q(y/n/€?). O

Theorem 4.13. There exists an absolute constagt > 0 such that, for any € (0,¢), distinguishing
P = P*and| P — P*||; > ewith probability2/3 requires2(/n/e?) samples, wher&* ey Bern(1/n)®".

Proof. The proof will follow the same outline as that of Theorbml 4r8tfdefining two distributions over
product distributiong), N

e ) is the distribution that puts probability maksn P*;

e AN is the uniform distribution over the set

{ éBern(% (1+(—1)bj )> o (b1,...,b,) € {0,1}" } )
j=1

Lemma 4.14. With probability1 — 2-("), A/ is supported on distributions that afe(e)-far from P*.

Proof. Using Hellinger distance as a proxy will only result in @) lower bound on the distance, so we
compute it explicitly instead: in what follows?) {0,1}" denotes the basis vector Wi&{ﬁ’) = 14—y
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Fix any vectorb = (b1,...,b,) € {0,1}" such thatlb| € [n/3,2n/3], and letP be the corresponding
distribution from the support o¥/.

1P = Py > SOIP(eW)) — pre) = 3|5

Jj=1 Jj=1

::%<1—%>W4§é(1+(—DW@II<1—(;?i€>—1

j=1 i

Each summand can be bounded from above as follows:

2n/3 b, 2n/3
€ (—1)%€ €
1- < 1-— )< (1

where the last inequality follows from our assumption|@nIn turn, this gives that

o If b =0,
) 2n/3
b, (=1)%e €
- -2 ) -1> - 1= .
(14 ( 1)J)H<1 n_1> 1_(1+e)<1 n_1> 1=0Q/(e)
i#]
° |f bj == 1,
; n/3
_ NS B (—1)bie o e \? B
1—(1+( 1)JE)H<1 — > >1—(1—¢) <1+n_1> =Q(e)
i#£]
Sincel (1 - 1)" ™" = Lno(l) we get|P — P*||, = Q(e). The lemma now follows from observing that
a uniformly randorb € {0, 1}" satisfiesb| € [n/3,2n,/3] with probability 1 — 22", O

The only ingredient missing to conclude the proof is the egia¢ of Lemma 4.]1:
Lemma 4.15.Supposé“;—2 < 1. Fixanyi € [n], and letX, N; be as above. Theh(X; N;) = O(k%¢* /n?).

Proof. The proof is similar as that of [DK16, Lemma 3.3], replacitigefr) mn by (our)n. For complete-
ness, we provide an alternative proof in Apperﬂix C. O

4.3 Closeness Testing Algorithmin this section, we prove the following theorem:

Theorem 4.16. There exists an efficient algorithm which, given sample sxde two unknown prod-
uct distributions P, @ over {0,1}", has the following guarantees. For aryc (0,1), the algorithm

takesO (max (y/n/e2,n3/*/¢)) samples fromP and @, and distinguishes with probabilitg/3 between

() [P —Ql; =0and (i) [P - Ql[, >e.

The rest of this section is devoted to the proof of the abogerdm.

Let P,@ be two product distributions o0, 1}"™ with mean vectory,q € [0,1]". For S C [n],
we denote byPs and Qs the product distributions o0, 1}!° obtained by restricting® and Q to the
coordinates inS. Similarly, we writepg, gs € [0, 1]‘5| for the vectors obtained by restricting g to the
coordinates irf, so thatPs has mean vectgss.
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High-level Idea. The basic idea of the algorithm is to divide the coordinateswvio binsU, V': one con-
taining the indices where both distributions have marginaty close t® (specifically, at most /m, where

m is our eventual sample complexity), and one containing éneaining indices, on which at least one of
the two distributions is roughly balanced. SinBeand @ can only be far from each other if at least one
of |Py — Qully, ||[Pv — Qv is big, we will test separately each case. Specifically, wieapply two
different testers: onex?-based tester” (with sample complexity(./n/€?)) to the “heavy bin"U — which
relies on the fact that the marginals BfQ on U are balanced by construction — and orig-tester” (with
sample complexity) (n*/%/¢)) to the “light bin” V — relying on the fact thatpy ||, [|qv ||, are small. The
pseudocode of our algorithm is given in Figlie 2.

Sample Complexity. Hereafter, we let

3/4
def nn
m = C max <\/—2_,—> ,
€

€

for some absolute constafit> 0 to be determined in the course of the analysis. Wédet. . . , M, bei.i.d.
Poi(m) random variables. We sét = max;|,) M; and note thafl/ < 2m with probability 1 — e=:(™)
(by a union bound). We will condition hereafter on the evéwatt \/, M’ < 2m and our tester will reject
otherwise.

Without loss of generality, as in the previous sections, vileagsume thate. < p;, ¢ < % for every
i € [n]. Indeed, this can be ensured by the simple preprocessipdpstew.

Preprocessing. Using O(logn) samples fromP and(@), we can ensure without loss of generality that alll
pi,q; are at mosB/4 (with probability 9/10). Namely, we estimate eveny, ¢; to an additivel /64, and
proceed as follows:

e If the estimate ofy; is not within an additivet% of that ofp;, we outputreject and stop;

e If the estimate op; is more thant3/64, mark: as “swapped” and replack; by 1 — X; (for P) and
Y; by 1 —Y; (for Q) in all future samples.

Assuming correctness of the estimates (which holds withatdity at leas®/10), if we pass this step then
lpi —qi| < % for all ;. Moreover, ifi was not swapped, then it means that we had 43/64+1/64 < 3/4,
and thereforey; < 43/64 + 1/64 + 1/16 = 3/4. Now, if we hadg; > 3/4, thenp; > 3/4 — 1/16 and the
estimate ofp; would be more thag/4 —1/16 — 1/64 = 43/64.

Our closeness tester is described in the following pseuwtiaco
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Input Error tolerance: € (0, 1), dimensionn, and sampling access to two product distributidhs)
over{0, 1}".

Preproces®, @ so thatg; < % for all « € [n], returnreject if a discrepancy appears.

Setm & ' max (g, "3/4).

€

Define M, M’ as follows: DrawlMy, ..., M,, Mj,..., M/ ii.d. Poi(m) random variables, and set
M = max;epy Mi, M = max;ep,) M.

Takem samples from botl® and@, and letU’, V' C [n] be respectively the set of coordinatesich
that X; = 1 for at least one sample, and its complement.

If max(M,M') > 2m, returnreject.

- TakeM (resp.M’) samplesX® ..., X(M) from Py (resp. YD, ..., YM) from Qy), and define

Wi = Vi)> = (Wi + Vi
Wheavyzz( ) ( )

el WitV

for V;, W; defined agv; = "% X andV; = Z;.Vﬁl Y9 foralli e U,
If Wheavy > 1%600 returnreject.

- Take M (resp. M’) samplesX' (..., X' ) from Py (resp. YV, ..., Y'M") from Qy~), and

define
Wiigne = Y (W] = V)2 = (W] + V) ,
i€V
for V/, W/ defined agv; = 310 X, o), ZJ LY D foralli e V.

If Wight > 600 returnreject.

returnaccept.

Figure 2: Closeness testing between two unknown produttiisons P, ) over{0,1}".

Proof of Correctness. Form as above, defin®, V' C [n| by V o

v [n] \ V. We start with the following simple claim:

i €[n]: max(p;,q) < % } and

Claim 4.17. Assumg|P — Q||, > . Then, at least one of the following must hold: @} — qv' |3 > 1%—2n
62
or (i) >crr (I;;ﬁq(;z > o

Proof. Sincee < ||P —Q|; < [Py — Qull, + |[Pv — Qv ||, at least one of the two terms in the RHS

must exceed;. We now recall that, by Lemnia 3.6, it holds tHa®, — Qulli <8%cr W‘l_f_q)
and from the further assumption that¢; < 2 that||Py — Qu||3 < 16 p ’;jﬁqqlz) :
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Using subadditivity and the Cauchy—Schwartz inequality,also have

1Py = Qully <D 1P = Qilly =2 Ipi—ail = 2lpv —avlly < 2v/VIllpv —avlly < 2valpv —avll, ,
eV eV

from where we derive thalpy — qv||3 > =Py — Qv ||?. This completes the proof. O

We now defind/’, V'’ C [n] (our “proxies” forU, V') as follows: Takingn samples from bott# and@),
we letV’ be the set of indices which were never seen set to one in anglsaamdl’ be its complement.
We have the following:

Claim 4.18. Assumé|P — Q||, > e. Then, at least one of the following must hoId:Ei@HpV, — qV/Hg] >

(pi—q:)> €2
150n’ or (ii) E[ZieU’ﬂU “ita | ~ 18

Proof. By definition, any fixed belongs tol’’ with probability (1 — p;)™(1 — ¢;)", and so

n

E[HPV’ _QV’”S] => pi—a)* A=p)"(L—a)" =Y (i — @) (L—p)™(1—q)"

i=1 eV

1 2m ) 1 2m ) 1 )
> <1 - g) S i) = (1 - a) Iov = avli3 = 5llov = avl3

i€V

for m > 10. Similarly,

(pi — qi)?
E[ Z pi +q;

ieU'NU icU €U
pz - QZ
> > Bt
iU Pi+q;
and in both cases the proof follows by Cldim4.17. O

We will require the following implication:

Claim 4.19. Assumg|P — Q||; > €. Then, at least one of the following must hold with probap#it least

. Lo 2 2 - i—q; )2 2
4/5 (over the choice of/’, V'): (i) llpv: — qv/ |5 > 3557 OF (i) > scne (I;Z_fqi) > 5555

Proof. First, assume thdtpy — qv||3 > % and letV” denote the random variablé’ N V. By (the

. E2 .
proof of) Claim[4.18, we havE[Han — gy g} > Lipy — qu|? > 1o Writing m2||pys — qyo||? =
S m2(pi — gi)*Lieyr (note that each summand is[ih 1]), we then get by a Chernoff bound that

)

| =

2 62 2 2 _L%
Pr HpV” - qvaz < m < e 8 Tson < e 1200 2 <

using our setting ofn (for an appropriate choice of the constant> 0).

Suppose now thaZZeU b fql) > g—z. We divide the proof in two cases.
e Case 1: there exists’ € U such that(pl q(;) > s ThenPr| Yy (Iz;q;f > 2530] >

Priit e U] >1—(1-L1)*" >4

25



e Case 2: (’;; f{;) < 500 for all i € U. Then, writingX; 2280%]46[]@[] € [0,1] for all

i € [n], we haveE[}"" | X;] > 200 by Claim[4.1B, and a multiplicative Chernoff bound ensunes t

(pi — %‘)2 €2 " 2000 1

P < <P X, <1| <e 8128 < —

| D S Saom | ST X<l se 5
ZEU’OU 1=

concluding the proof. O
Finally, we will need to bound the expectéginorm ofpy» andgy .

Claim 4.20. For U’, V' defined as above, we haﬂZe%HpV/Hg} ,E[qufﬂg] <

Proof. By symmetry, it is sufficient to bounE[HpV/Hg} . We have

E[lp3Il,] sz (L—p)"(1—gq)" <sz (1—p)™

Studying the auxiliary functiorf: = € [0,1] = z*(1 — z)™, we see that it achieves a maximum.g;.

We can then bound )

E[HP%/'HQ] <n-f (m) ~m—oo

for m large enough (and this actually holds for any> 1). O

4n
e2m?’

and soE[||p}. ] <

_m2

Case 1: discrepancy inJ’. We assume that Algorithid 2 reached the line wHéig,,, is computed, and
show the following:

Lemma 4.21. If P = (), then with probability at leas9/10 we haveWjeayy

- q:)2
> ieunu % > ﬁ thenWheavy > 15 12000 with probability at leas®/10.

2 .
< %. Conversely, if

Proof. Recall that thd¥;’s are independent, aB is a product distribution and th&f;’s are independent.
Similarly for theV;’s. We have:

Claim 4.22. If P = Q, thenE[Wheavy] = 0. Moreover, if}", ;. (IZ;‘];? > 2500, thenE[Wheavy] >
m62

6000 *

Proof. Note thatW; ~ Poi(mp;) andV; ~ Poi(mg;) for all ¢ € U’. From there, we can compute (as
in [CDVV14])

E[(Wi — V)2 — (W + Vi)} B m(pz‘ —q)? L L= e~mpita)
W+ V; O pita m(p; + q;) ’

by first conditioning onl; + V;. This immediately gives the first part of the claim. As for tcond,
observing that — 1=¢—= > 1 min(1, z) for z > 0, and thatp; + ¢; > = for all i € U, by definition we get

_ _ o—m(pit+as) . 4)2 2
Wheavy m Z QZ 1 € > lm Z (pz QZ) > me '
= Pita m(pi + ¢) 3 omy Pita 6000
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We can now bound the variance of our estimator:

Claim 4.23. VarWheayvy] < 2n +5m Y % < Tn+ %E[thavy]. In particular, if P = Q then
Var[Wheavy] < 2n.

Proof. The proof of the first inequality is similar to that in [CDVV/1iemma 5], with a difference in the
final bound due to the fact that the's andg;’s no longer sum to one. For completeness, we give the proof
below. ,

First, note that by independence of & and;’s, we have VailVicavy] = 3,cp Var [(Wi_v%iié?/i+W)] ,
so it is sufficient to bound each summand individually. Inesrtb do so, we split the variance calculation
into two parts: the variance conditioned @i + V; = j, and the component of the variance due to the

variation inj. Writing for convenience

def (Wi = Vi)2 =W, - V;
Wi, Vi) = ,

we have that

Var[f(X,Y)] < max (Var[f(X,Y) | X +Y =j]) + VarE[f(X,Y) | X + Y = j]] .

We now bound the first term. Sin¢&; — V;)? = (j — 2V;)?, andV; is distributed as3in(j, ) (where

for conciseness we let & pfﬁqi ), we can compute the variance(gf- 2V;)? from standard expressions for
the moments of the Binomial distribution as \gr—2V;)?] = 16j(j — 1)a(1—a) ((j — $)(1 — 2a)? + 1) ..
Sincea(l —a) < Yandj — 2 < j — 1 < j, thisin turn is at mos§?(2 + 4;j(1 — 2a)?). Because the
denominator i¥; + V; which equalsj, we must divide this byj2, make it0 whenj = 0, and take its
expectation ag is distributed a$oi(m(p; + ¢;)). This leads to

(pi — @:)?

pit+a
We now consider the second component of the variance—thahuion to the variance due to the variation
in the sumi; 4+ V;. Since for fixedj, as noted above, we haVé distributed aBBin(j, «), we have

Var[f (Wi, Vi) | Wi + Vi = j] < 2(1 — e ™Pi¥40) 4 4y

E[(W; — Vi)’] = E[j? — 4jVi + 4V?] = j* — 4j%a + 4(ja — jo® + j°a?) = j2(1 - 20)? + 4ja(l — ) .

We finally subtract¥; + V; = j and divide byj to yield (j — 1)(1 — 2a)?, except with a value of when
j = 0 by definition. However, note that replacing the valug at 0 with 0 can only lower the variance.
Since the sumj = W; + V; is drawn from a Poisson distribution with parametefp; + ¢;), we thus have:

C_a)2?
Var [E[f(W;, Vo) [Wi + V; = j]| < m(pi + ¢:)(1 — 20)* <m(p;s + ¢:)(1 — 20)* = m% :
Summing the final expressions of the previous two paragrgigiids a bound on the variance pfiW;V;) of

(pi — q;)? <924 5m (pi — q;)*

2(1 — e—m(m—i-qi)) +5m
Di + 4 Di +q;

asl — e * < 1 for all z. This shows that

)2 )2 C_g:)2
VaWheay] < 204 5m S LB _ o gy 5~ Bim @) 5 0o G)

icor Pt icomy  PiTdi oy Pi T di
3 (pi — @;)*
< 2n + -E|W, + 5m g - 7
5 [ heavy] i+ 4

cu'nV
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so it only remains to bound the last term. But by definitibg, V implies0 < p;, ¢; < % from which

(pi —@:)” ,
5m Z §5 Z <5]UﬁV!<5n
ievmnv P +q’ ievmy PiTdi

This completes the proof. O

With these two claims in hand, we are ready to conclude thefprb Lemma@]l We start with the

soundness case, i.e. assummg. ;- (’;; +qqZ) P
we have that

me> 1 4 VarWheavy]
P Weav Tannn <P IE':W/caw _Wcav _EWcav <ﬂ
[ Wi < o] < P [ EWhs] — Wiy > JE W) | < R
28n 12 .
< + b CIam@
E [Wheavy] 2 5E [thavy] ( y )
9.20002-28n 36 - 2000 n 1
< = —t+ . (8)
m2et 5¢2m, m2et  2m

We want to bound this quantity bly/10, for which it suffices to have: > Og for an appropriate choice
of the absolute constant > 0 in our setting ofm.

Turning to the completeness, assume that- Q||; = 0. Then, by Chebyshev's inequality, and invok-
ing Claim|4.2B we have:

me> me? ] - 36 - 20002 Var[W] _ O( n ) 7

Pr[Wz }:Pr[WzE[W]Jr

12000 12000 etm? etm?

which is no more than /10 for the same choice of..

Case 2: discrepancy inV’.  We now assume that Algorithiil 2 reached the line wh&fgy, is computed,
and show the following:

Lemma 4.24. If P = @, then with probability at leas/10 we haveWign, <

2 .
i ; < &on- Conversely, if
Ipv: — avll3 > 555 thenWiigne > 555 With probability at leas®,/10.

Proof. We condition on|p}, |2, [l [|Z < 2%, which by Clainl4.20, a union bound, and Markov's inequal-

ity happens with probability at Iea39/20. The analysis is similar to_ [CDVV14, Section 3], observing

that the(V}/);cv, (W));ev’s are mutually independent Poisson random variablgs(resp. /) having

meanmp; (resp mg;). Namely, following their analysis, the statisfi);,;,; is an unbiased estimator for
m?||pys — qv||3 with variance

VarWiign] < 8m3Vb|py: — qv||5 + 8m?b

whereb & 20" is our upper bound ohpv|]2, HqVH2 From there, setting’ = def ﬁ and applying Cheby-

shev’s mequallty, we get that there exists an absolutetanh§” > 0 such the completeness and soundness
guarantees from the lemma holds with probability at Ie8$20, provided thatn > C’\,[Q, ie.,

m > C':; 20n \/—C"n

Solving for m shows that choosing: > C% for some absolute constaft > 0 is enough. A union

bound then allows us to conclude the proof of the lemma, giieeing correctness with probability at least
1 1 9
— 5= — 55 = = O
20~ 20 10
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4.4 Sample Complexity Lower Bound for Closeness Testingn this section, we prove a matching
information-theoretic lower bound for testing closenelssvwo unknown arbitrary product distributions.

Theorem 4.25. There exists an absolute constagt > 0 such that, for any) < e¢ < ¢, the following
holds: Any algorithm that has sample access to two unknereductdistribution P, @ over {0,1}" and
distinguishes between the cases tRat Q and ||P — Q||, > ¢ requiresQ(max(y/n/€?,n%* /¢)) samples.

Proof. The first part of the lower boun&®(,/n/€?), follows from Theorerh 4/8; we focus here on the second
term,Q(n%/*/¢), and consequently assume hereafter {fiafe> < n3//e. Letk > 1 be fixed, and suppose
we have a tester that takés= o(n3/*/¢) samples: we will show that it can only be correct with vamighi
probability. We will again follow the information-theoietframework of [DK16] for proving distribution
testing lower bounds, first defining two distributions oveirg of product distributiond’, N

e Y: for everyi € [n], independently chood®;, ¢;) to be eithep; = ¢; = % with probability 1/2, and
Di = q; = % otherwise; and seP < ®;-L:1 Bern(p;), @ def ®?:1 Bern(g;).

e N: for everyi € [n], independently choosg;, ¢;) to be eitherp; = ¢; = % with probability

1/2, and (1€, 1=¢) or (=<, *¢) uniformly at random otherwise; and sBt % ®’_, Bern(p;),

n’n n’n
def
Q< ®"_, Bern(q;).

Note that in both)) and.\/, with overwhelming probability the pairs?, Q) have roughlyn/2 marginals
with (equal) parameter/k, and roughlyn /2 marginals with parameté (1) /n.

Lemma 4.26. With probability1 —2~*"), a uniformly chosen paifP, Q) ~ A satisfies| P — Q||; = Q(e).
Proof. Similar to that of LemmbA 4.14. O

We will as before make a further simplification, namely thetéad of drawing: samples fromP =
P®---®P,andQ = Q1 @ --- ® @y, the algorithm is giverk; samples from eacl®; (resp. k. from
Qi), whereky, ... k,, k..., Kk, are independertoi(k) random variables. We now consider the following
process: letting\ ~ Bern(1/2) be a uniformly random bit, we choose a pair of distributidofsQ) (both
P and@ being probability distributions ovel0, 1}™) by

e Drawing (P, Q) ~ Y if X =0, and;
e Drawing (P, Q) ~ Nif X =1;

e Drawing k1, k!, ..., kn, k|, ~ Poi(k), and returningk; samples from eact®; and k&, samples from
eachQ);

Fori € [n], we letV; and M; denote respectively the numberid among the:; samples drawn from
P; and k] samples drawn fron;, and write N = (Ny,...,N,) € N* (andM € N” for Q). The next
step is then to upperbountl( X; (N, M)), in order to conclude that it will be(1) unlessk is taken big
enough and invoke Fakt 4]10. By the foregoing discussionttamdelaxation on thé;’s, we have that the
conditioned onX the N;'s (and M;’s) are independent (witth; ~ Poi(kp;) and M; ~ Poi(kg;)). This
implies that

I(X;(N,M)) <Y I(X;(N;, M) 9)
i=1
so that it suffices to bound ea¢l{ X ; (N;, M;)) separately.
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Lemma 4.27. Fix anyi € [n], and letX, N;, M; be as above. Theh(X; (N;, M;)) = O(k*e*/n?).

Proof. By symmetry it is enough to consider only the case ef 1, so that we let A, B) = (N1, My).

SinceA ~ Poi(kp;) andB ~ Poi(kqy) with (p1,¢1) = (1/k,1/k) or (p1,¢1) = (1/n,1/n) uniformly
if X =0, and

(#: %) W.p.
(prq1) = (25, =5) wp. ;
(55559 wp. 3

if X = 1, a computation similar as that 6f [DK16, Proposition 3.8lgis that, for any, j € N

- 1 [ _ KN o (RN | N 4 AN
rla.5)= 615 =00 = g (2 (1) e () ) < g (e (1))

i+j itj V(1 — ) )i €}
Pr[(AB):(z‘,j)\X:l]:z%ﬂ<e—2k/k<§> +e—2k/n<§> <<1+><1 Y+ ><1+>J>>
1

k n 2

<e-z e (£)7 (Qx0=0 00 e>j>> |

Note in particular that fod < i+; < 1, thisimplies thaPr[ (A, B) = (i,j) | X =0] =Pr[(A,B) = (i,5) | X =1].
From the above, we obtain

(Pr[(A,B) = (i,j) | X =0] — Pr[(4,B) = (i,j) | X =1])°
Pr[(A,B) = (i,j) | X = 0] + Pr[(4, B) = (i,j) [ X = 1]

[(X;(4,B)=0(1)- 3
i,j>0
a (Pr[(A,B) = (i,5) | X =0] — Pr[(A,B) = (i,5) | X = 1])*

=00 D A B = () X 0]+ Prl(AB) = (.| X=1]

i+j>2

- w (%)Z(H-j) (1 . l((l + E)i(l - E)j + (1 _ E)i(l 4 E)j))2
=0(1)- iggze i : 2¢=2 + o(1)

~0 ((ke/n)4)

where the second-to-last inequality holds foe o(n). (Which is the case, agn/e? < n®/*/c implies that
n3/* /e < n, and we assumekd = o(n®/*/e).) O

This lemma, along with Eq[](9), immediately implies the tesu
& ke\? ket
. < —
I(X;(N,M)) < ;:10((_”) ) O<—n3 > (20)

which iso(1) unlessk = Q(n3/4/e).
]

4.5 Ruling Out Tolerant Testing Without Balancednessin this section, we show that atgierantiden-
tity testing algorithm for product distributions must haample complexity near-linear inif the explicitly
given distribution is very biased.
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Theorem 4.28. There exists an absolute constagt< 1 such that the following holds. Any algorithm that,
given a parametee € (0, ¢y] and sample access to product distributioRs) over{0,1}", distinguishes
between| P — Q|; < ¢/2 and||P — Q||,; > € with probability at least/3 requires2 (n/log n) samples.
Moreover, the lower bound still holds in the case wh@res known, and provided as an explicit parameter.

Proof. The basic idea will be to reduce to the case of tolerant gstfriwo arbitrary distributiong andgq
over[n]. In order to do this, we define the following function fromtdisutions of one type to distributions
of the other:

If p is a distribution ovefn], defineF;(p) to be the distribution ovef0, 1}" obtained by taking P¢b)
samples fromp and returning the vectar wherex; = 1 if and only if ; was one of these samples drawn.
Note that, because of the Poissonizatiéy(p) is a product distribution. We have the following simple
claim:

Claim 4.29. For any§ € (0, 1] and distributionsp, g on [n], drv (F5(p), Fs(q)) = (8 + O(82))drv (p, q)-

Proof. In one direction, we can take correlated samples figitp) and F5(q) by samplinga from Poi(9)
and then taking samples from each gfandq, using these to generate our samples figytp), Fs(q). For
fixed a, the variation distance betwedf(p) and F5(q) conditioned on that value af is clearly at most
adrv (p, q). Thereforedry (F5(p), F5(q)) < Elaldrv (p,q) = ddrv(p, q).

In the other direction, note thdfs(p) and Fs(q) each have probability + O(5?) of returning a vector
of weight 1. This is because P@) = 1 with probability se=% = ¢ + O(5?) and since P@b) > 1 with
probability O(6%). Let G(p) andG(q) denote the distributions(p) and Fs(q) conditioned on returning a
vector of weightl. By the above, we have thdty (Fs(p), F5(q)) > (64 O0(82))drv (G(p), G(q)). Letting
p; (resp. ¢;) be the probability thap (resp. ¢) assigns ta € [n], we get that for any fixed € [n] the
probability thatFs(p) returnse; is

n
(1-— e_‘spi) H e P — (e‘;pi -1) H e OP;
j=1

J#i

ThereforeG(p) puts one; probability proportional tde®” — 1) = (5 + O(6?))p;. Similarly, the probability
thatG(q) puts one; is proportional ta§ + O(62))g; (where in both cases, the constant of proportionality is
(6 + O(6%))~Y). Therefore,

drv(G(p),G(g)) = 5 (1+0(5 Z|6+062 — (6+0(8%))ai]

=07 (1+0(8)) > _(0lpi — ail + O(8*)(pi + i)
i=1
=61 (1+0(8))(ddrv (p, q) + O(6%))

Thus,dtv (Fs5(p), F5(q)) > (6 + O(62))drv (p, q). This completes the proof. O

The above claim guarantees the existence of some comnstant0, 1] such thatity (F5, (p), F5,(q)) €
[0.960dTv (P, q), 1.1d7v (P, q)]. However, it is known[[VV11] that for any sufficiently small > 0 there
exist distributionsp and ¢ over [n] such that one must take at least— samples (where > 0 is an
absolute constant) to distinguish betwean (p, q) < ¢/(2 - 0.909) anddry (p,q) > €/(1.15y). Giveng
samples fronp andg we can with high probability simulatéq samples fromP = Fj, (p) and@ = Fj,(q)
(whered = ¢/(dy) > 0 is another absolute constant). Therefore, we cannot dissh between the cases
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drv(P,Q) < ¢/2 anddyy (P, Q) > €in fewer thand - Cloar @s doing so would enable us to distinguish
betweenp and ¢ with less tham% samples — yielding a contradiction. Moreover, the abovetsilds
wheng is explicitly known, specifically even whepis taken to be the uniform distribution gn. O

5 Testing Identity of Fixed Structure Bayes Nets

In this section, we prove our matching upper and lower bododgesting the identity of Bayes nets with
known graph structure. In Sectibnb.1, we describe an itjealgorithm that use® (2¢/2,/n/e?) samples,
whered is the maximum in-degree andthe number of nodes (dimension). In Secfion 5.2, we show that
this sample upper bound is tight, up to constant factors) émeuniformity testing.

5.1 Identity Testing Algorithm In this section, we establish the upper bound part of The@ghfor
identity, namely testing identity to a fixed Bayes net givample access to an unknown Bayes net with the
same underlying structure. In order to state our resultgewall the definition obalancednessf a Bayes
net:

Definition 5.1. A Bayes netP over {0, 1}" with structureS is said to bgc, C')-balancedif, for all %, it is
the case that (ix € [c,1 — c] and (i) Prp [1Ix] > C.

Roughly speaking, the above conditions ensure that theittmmal probabilities of the Bayes net are
bounded away fron® and 1, and that each parental configuration occurs with some noimirprobabil-
ity. With this definition in hand, we are ready to state andsprthe main theorem of this section:

Theorem 5.2. There exists a computationally efficient algorithm with tbkbowing guarantees. Given as
input (i) a DAGS with » nodes and maximum in-degréeand a known(c¢, C')-balanced Bayes n&p with
structureS, wherec = Q2 (1/y/n) andC = Q (de?//n); (i) a parametere > 0, and (jii) sample access
to an unknown Bayes ndt with structureS, the algorithm take® (2¢/2,/n/€?) samples fromP, and
distinguishes with probability at leag/3 between the casdd = Q and || P — Q||; > .

We choosen > azd/Q\/ﬁ wherea > 0 is an absolute constant to be determined in the course of the
analysis. LetS and@ be as in the statement of the theorem,dor ﬁlog" > BlBn andC > gLHoEn for
an appropriate absolute constaht- 0.

Recall thatS denotes the sefi(i,a) : i € [n],a € {0,1}/Parents@I1 - By assumption, we have that
|Parents(i)] < d for all i € [n]. For each(i,a) € S, corresponding to the parental configuration
Hio = {Xparentsi) = a}, we define the valueV; , def mPrg [[;,]/V2. Intuitively, N; , is equal
to a small constant factor times the number of samples giaisil; , one would expect to see among

m independent samples, if the unknown distributiBrwere equal to. We will also use the notation

def
Pia = Pr[X;=1]| Xparents(i)—a | WhereX ~ P, andg;, © Pr[X =1 | Xparents(i)=a |, Where

X ~Q.

Given m independent samples (..., X (™) from a Bayes nef with structureS, we define the
estimatorsZ; ., Y; , for everyi € [n], a € {0, 1}/P2rents()l as follows. For everyi, a) such that the number
of samplesX(j) satisfying the configurationl; , is betweenV; , and2N; , (that is, neither too few nor too

many), we look only at the firs¥; , such sample& @0, XU¥ia) and let

Zia ™ Z 1 {x0_1)

def

za - Zl{xi(jz):o} .
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We note thatZ; , +Y; . = N; , by construction. We then define the quantity

W def ((1 - Qi,a)Zi,a - Qi,aY;',a)z + (2(]2',(1 - 1)Zi,a - ql‘z,a(Zi,a + }/;,a)
b Ni,a(Ni,a - 1)

Iy, ,>1 + (Pia — qi,a)lei,agL

On the other hand, for every, a) such that the number of sampl&$/) satisfying the configuratiofl; , is
less thanV; , or more thareN; ,, we continue as a thought experiment and keep on gettinglearptil
we seelV; , samples with the right configuration, and act as above (afthahe actual algorithm will stop
and outputeject whenever this happens). From there, we finally considerttiestc IV

W def Zn: Z MWM (11)

(1 — g
=1 ae{o,l}\Parcnts(i)\ q7'7a( ql,(l)

Observe that the algorithm will outptgtject as soon as at least one parental configurdiippwas not seen
enough times, or seen too many times, amongrtheamples.
The pseudocode of our algorithm is given in the following fegu

Input Error tolerance € (0, 1), dimension, descriptionS of a DAG with maximum in-degreé and
of a (¢, O)-balanced Bayes ne} with structureS (wherec > 1% andC' > p%Hem)y angd
sampling access to a distributidhover {0, 1}" with structureS.

Preprocess) so thatg; , < 1 for all (i,a) € [n] x {0,1}? (and apply the same transformation to &
samples taken fron®)

- Setm «+ [a@}, and taken samplesx ™ ..., X(™) from P.

- LetN;, < mPrg[I;,]/v2forall (i,a) € [n] x {0,1}%.

Wi,a
qi,a(l_qi,a) '

. def
DefineZ; ,,Yi ., Wi, as above, antV’ = > " | Zae{o,l}‘pmencsw Prg [11;,4 ]

(At this point, if any configurationl; , was satisfied by less thaM; , or more than2X; , of them
samples, then the algorithm has rejected already.)

If W > g—; returnreject.

Otherwise returnaccept.

Figure 3: Testing identity against a known-structure bed@hBayes net.

Preprocessing. We will henceforth assume that, <  for all (i,a) € [n] x {0,1}. This can be done
without loss of generality, & is explicitly known. For any such thay; , > % we replacey; , by 1 — ¢ 4
and work with the corresponding distributigpf instead. By flipping the corresponding bit of all samples
we receive fromP, it only remains to test identity of the resulting distrilout P’ to ', as all distances are
preserved.

First Observation. If P = @, then we want to argue that with probability at ledst0 none of thélV’; ,'s
will be such that too few samples satisfilg,, (as this will immediately cause rejection). To see why this
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is the case, observe that as longma®rq [11; ,] > 5(d + logn) (for an appropriate choice of absolute
constant3 > 0), the numbem; , of samples satisfyindl; , among them we draw will, by a Chernoff
bound, such thaty; , > m Prg [I1; ] > N; . with probability at Ieasn—ﬁ - . A union bound over the
at most2?n possible parental configurations will yield the desiredatosion. But the fact thaP = Q is
(¢, C)-balanced indeed implies thBirg [II; ,] > C > Bd“%, the last inequality by our choice 6f.
Therefore, it will be sufficient to continue our analysiss@sing that none of thl’; ,'s caused rejection
because of an insufficient number of samples satisfying. As we argued above, this came at the cost of
only 1/10 of probability of success in the completeness case, and ohnimcrease the probability of

rejection, i.e., success, in the soundness case.

Moreover, in the analysis of the expectation and variand& pive assume that for eve(y,a) € S, we
havePrp 11, , | < 4Prq [11; ,]. This is justified by the following two lemmas, which ensuespectively
that if it is not the case, then we will have rejected with hipgbbability (this time becaugeo manysamples
satisfiedl; ,); and that we still have not rejected (with high probab)lify P = Q).

Lemma 5.3. Let P be as in the statement of Theoren] 5.2, and suppose therg &xatental configuration
(1*,a*) € S such thatPrp [IL;« o« | > 4Prg [1I;+ o« |. Then, with probability at least/10, the number of
samplesn; .+ satisfyingll;« .« among then samples taken will be more thamv;- ,-.

Proof. This follows easily from a Chernoff bound, as
1 1
Pr|m;q < 2mPr [T« a]] < Pr{mm < —=mPr [IL;- a*]} = Pr{mm < =E[m;aq]| »
b Q b b 2 P b b 2 b

andE[m; o] > 5(d +logn). O

Lemma 5.4. SupposeP = . Then, with probability at leas$/10, for every parental configuration
(i,a) € S the number of samples; , satisfyingIl; , among then samples taken will be at moaiv; ,.

Proof. This again follows from a Chernoff bound and a union bound allern configurations, as we have
Pr(miq > 2mPrg (1 4 ]] = Pr[m; > 2E[m; 4] |, andE[m; o] > 5(d + logn). O

Expectation and Variance Analysis. We start with a simple closed form formula for the expectatid

our statistic:
2

Lemma 5.5. We have thaE[W] = ¥, , Prq [T, ] £2-%2) (In particular, if P = Q thenE[W] = 0.)

Proof. Fix any(i,a) € S. SinceZ; , follows aBin(N; 4, p; o) distribution, we get

N o1
Ni,a(Ni,a - 1)

= (Pixa — Gia) Ny u>1 + (Pia — Gia)*IN,0<t = Pia — dia)®

)

EW;.o) =E[(Zia — ¢1,0Ni,0)* + 2610 — 1) Zia — 47 o Nira] +E[(Pia — i0)?] 1N, <1

giving the result by linearity of expectation. The last dattows from the fact thap; , = ¢; , for all (i, a)
if P=0Q. O

As a simple corollary, we obtain:
Claim5.6. If [|[P — Q[; > ¢, thenE[W] > £

&%
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Proof. The claim follows from Pinsker’s inequality and Lemind 31éng with our assumption th&trp [II; ] <
4-Prg [1I; . ] for every(i,a):

(pla qZCL) (pZCL qZCL)
P — <2D(P <2 Pr 1a7<8 Pr I
1P~ Qlli < 2D(P]Q) (Z) o (Z)Q o

O

We now turn to bounding from above the variance of our statigthis will be done by controlling the
covariances and variances of the summands individualty,specifically showing that the former are zero.
We have the following:

Claim 5.7. If (i,a) # (4,0), thenCov(W; o, W; ) = 0; and the variance satisfies

PTQ[Hi,a] W :| <

pi,a(l _pi,a) ( ) 4 pzz,a
Qi,a(l - q:’,a)

Var Pr [Hz a] i,a q:’,a) +

4
— INia>1 -
m Q" gl (1- gia) )2

m?2 ql a(]‘ - Qi,a

(Moreover, ifP = @ thenVar [%W <-4)

Proof. The key point is to observe that, because of the way we defired;t,’s andY; ,’s (only consid-
ering thelv; , first samples satisfying the desired parental configurptime have thatV; , and W, are
independent whenevér, a) # (j,b). This directly implies the first part of the claim, i.e.,

Cov(Wia, Wip) = E[(Wia — E[Wia]) (Wjp —E[W;])] =0,

when(i, a) # (j,b).

We then consider V{%W . Note that

1Ni,a>1

4
nga(Ni,a — 1)2 T (pl’a qz,a) N;o<1 s

EW?] =E[(Zia — @iaNia)® + (2610 = D) Zia = 4;aNia)?]
so that, writingp, ¢, N, Z for p; o, Gi.a, Ni«, Zi o respectively (for readability):

Pro ;4] Pro [Mi.]\?
Var[ Q(Ql —q) Wi’a} N ( Q(Ql —q) >2 (E[mz’“] _E[Wi’a]z>

—E[(Z — qN) + (2 — 1)Z — N)? — N*(N — 12(p — ¢)*] ~o 2 [0 )” 11

Insa

NZ(N —1)2¢*(1 — g)?

= E[(Z - VY + (20— 1)Z ~ N = NA(N = 17(p — )'] =

1 2N p(1—p)
- m?N —1¢%(1 —q)?

_ 1)2q2(1 _

vt (2N = 3)p? +2(N — 1)g® — A(N — 1)pq +p) .

If p = ¢, then this becomes V%Ffﬁli;“w ] = %N—NlNi,pl < %, providing the second part of the
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claim. In the general case, we can bound the variance asvillo

Prg [ ] 1 2N p(l-p) 2 2 2
Var | —————W, .| = — 1 2(N —1 -2 —
[ 10 Ve = N 1 g vt QW = DG ¢ = 2p0) = 7 4 )
1 2N p(l-p) 2
=— 1 2N —1)(p — 1—
N =121 =g N (2( )(p—q)® +p(1—p))
4N p(1—p) 2 1 2N p*(1—p)?
— 1 — 1
m2 q2(1 q)2 (p q) N>1 + m2 N _1 q (1 ) N>1
AN p(L=p) (2 4 p’(1-p)
m? ¢*(1 — q)? m? ¢?(1—q)2 "7
2 2
Di, a(l Di, a) 2 4 pia(l _pi,a)
= — Pr . it bl St b ia — Qi + — > 1N7, .
m Q [ z,a] q7,2a(1 4, a) ( 2,a z,a) m2 qza(l — (]z,a)2 a>1
4 Pia(l = pia) s 4 Pia
< =Pr|lL,]| 55 0ia — Gia) + 55 7—51N.>1-
m Q [ za] qig’a(l %,a)z( 2,0 za) m2 qia(l _ Qi,a)z ,a>
This completes the proof. O

Using this claim, we now state the upper bound it allows ustaia:
Lemma 5.8. We have thaVar[iW] < 2432—? + 26%. (Moreover, ifP = @ we havevar[iW] < 4%.)

_ 412%
= 45z

Proof. This will follow from Claim[5.7, which guarantees thatif = @, Var[i] < 29n

4
‘m2
Moreover, in the general case,

pza(l_pia) pza
Var[W <— Pr —p —q +— 1N, ,>1 -
Z za qla(l_Qi, ) ( 1,a za) Z(Zz:a)qza(l_qza)Q ,a>

We deal with the two terms separately, as follows:

e For the second term, we will show that

p? 20y 24E[W
mZZ ba 1Nw>1<24—+ [ ].

za qza —an) cm
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This follows from the following sequence of (in-)equaldie

pza (pia — g a)2 pl ana qza
Iy, .>1 = -5 IN . >1 5 AN, . >1
ZEa: qz2a - Qi,a)2 ’ (z'z,a:) qza(l - Qi,a)2 (2211:) q; a(l — 4, a)
_ Z (Pia — Qi,a)22l i1+ Z 2¢i,a(Pia — Gia) + ‘Jz alNl -

q12a(1 - Qi,a) qz a(]‘ ql CL)

(i,a) (i,a)

<4 2dn+z pza q“z Za>1+z pza_ i,a 1Ni7a>11Ni7a>l
(i,a) za(l_QZ a) q“z — 4, a)

<4 2dn+z pza q“z) 1N“L>1+4Z pza q“z 1Nla>1
(i,a) za(l_q“z) G, )an(l q“z)

pz a QZ a) (pz a qi a)2
< 4204y S By 42 14 % | 1y, 1
(AM-GM) (z:) q; a(l Gia)? - (Zza:) q?a(l Gia)? o

(Pia — Giva)?
<6-2Mn+3) Sy o
(Z:)qza(]‘ qZCL) ”

(Pia — Gia)?
<6-29p 4 =) L Tl g
(Z:) Gia(l — gia) oot

6 N g )2
<6- 2dn + bm Z i,a (pz,a %,a) 1Ni,a>1
c (i,a) m Qi,a(l - q:’,a)
_6 2d ZP pza_Qi,a)Zl <6 2d 6m
=0- za Nie>1 =9 + _E[W]
qi a(l - q:',a) ’

(3,a)
using our assumption that, < 3 for all (i, a).

e For the first term, we will show that

Ds, a(l — Di a) 2 2
= E p —’ P < —E[W] .
r Z fl q; a(l - Qi,a)z (pl,fl ql,a) —cm [ ]

This is shown as follows:

Z P ) pz a pi,a)(pi,a _2 Qi,a)z < l Z 1 . Pr [Hi,a] (pi,a - Qi,a)z
ql,a(l - Qi,a) 4 Qi,a(l - q:’,a) Q Qi,a(l - Qi,a)

1 g )2
a Z Pl" [HLCL] (pZ,CL %,a)
Q Qi,a(l - Qi,a)

(3,a)

IN

Combining the above, we conclude that Waij < 2427 4 26171, O

We now have all the tools we require to establish the commésie and soundness of the tester.

Lemma 5.9(Completeness)If P = @, then the algorithm outputaccept with probability at leas2/3.
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Proof. We first note that, as per the foregoing discussion and Le@)a\ﬁh probability at leas/10 we
have betweenV; , and2N; , samples for every parental configuratigha) € S, and therefore have not
outputtedreject. By Chebyshev's inequality and Lem5.8,

29 4

< =
m2et — 30

62
PrlW > — | <4096
[ —32]—

for a suitable choice at > 0. Therefore, by a union bound the algorithm will outpejiect with probability
atmostss + 2 = 1. O

Lemma 5.10(Soundness)If |P — Q||,; > e, then the algorithm outputseject with probability at least
2/3.

Proof. As noted before, it is sufficient to show that, conditionechaxing betweenV; , and2N; , samples

for every parental configuration arfekp [II;+ o« | < 4Prq [1I;« o+ | for all (4,a), the algorithm rejects
with probability at least/3 + 1/10 = 23/30. Indeed, whenever too few or too many samples from a
given parental configuration are seen the algorithm rejatsmatically, and by Lem .3 this happens
with probability at leasd/10 if some parental configuration is such thatp [II;= 4+ | > 4Prg [ILx o« |.
Conditioning on this case, by Chebyshev’s inequality,

€2 4 Var[Ww n
P{Wg ﬁ] gpr[\W—E[WH > %E[W]} = E[aier[F] = #W]z“()‘lcmlﬁz[m ’

from Lemma_5.8. Sinc&[W] > % by Claim[5.6, we then geﬂ’r[W < g—;] =0 ( 2'n 4 1 ) < i

m-e

again for a suitable choice of > 0 ands > 0 (recalling thatc > 610%1). O

Remark 5.11. We note that we can reduce the problem of testing deg@ayes nets over alphabgt to
testing degreéd + 1)[log,(|2|)] — 1 and alphabet of siz2. First consider the case whepg| = 2°. Then

it suffices to havenb bits in n clusters of sizé. Each cluster ob will represent a single variable in the
initial model with each of th@’ possibilities denoting a single letter. Then each bit waéled to potentially
be dependent on each other bit in its cluster and on each &édh cluster that its cluster is dependent on.
Therefore, we need degrée + 1)b — 1. Note that this operation preserves balancedness.

Now if |X| is not a power o, we need to pad the alphabet. The obvious way to do this iss@Eter
set of unused letters until the alphabet size is a power binfortunately, this creates an unbalanced model.
To create a balanced one, we proceed as follows: we split &auof the letters irk in two. So, instead
of having alphabet, b, c, . . ., we haveay, as, b1, be, ¢, .... We make it so that when a word would have an
a in a certain position, we map this to a new word that has eitheanr a, in that position, each with equal
probability. We note that this operation preserégdistance, and maintains the balancedness properties.

5.2 Sample Complexity Lower BoundHere we prove a matching information-theoretic lower bound

Theorem 5.12. There exists an absolute constamnt> 0 such that, for any < e < ¢y, the following holds:
Any algorithm that has sample access to an unknown BayeB pger {0, 1}™ with known structureS of
maximum in-degree at mosgt< n /2, and distinguishes between the cases fhat U and||P — U||; > €
requiresQ(2%/2n'/2 /%) samples.

Proof. Our lower bound will be derived from families of Bayes netshithe following structure: The first
nodes are all independent (and will in fact have marginababdity 1/2 each), and will form in some sense
a “pointer” to one o arbitrary product distributions. The remaining-d nodes will each depend on all of
the firstd. The resulting distribution is now an (evenly weightedjalist mixture of2¢ product distributions
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on the(n — d)-dimensional hypercube. In other words, there 2fr@roduct distribution®y, . . . , poa, and
our distribution returns a randofr{encoded in binary) followed by a random sample farinmNote that the
p; can be arbitrary product distributions.

The unknown distributiorP to test is obtained as follows: 1& be a Bernoulli random variable with
parameter /2. If X = 0, P is the uniform distribution o0, 1}", i.e., each of thed distributionsp; is
uniform on{0, 1}"~%. Otherwise, ifX = 1, then everyp; is a product distribution 040, 1}~ with, for
each coordinate, a parameter chosen uniformly and indepégido be eithes; + S or 3 - NG

We will show that the shared information between a samplézef&2%/?n'/? /e?) and X is small. In
view of this, leto; (for 1 < i < n—d) be the set of indices of the samples that were drawn fipriote that
sinceX is uncorrelated with the;’s, and as ther; are a function of the samples(X;S) = I (X;S | 0y).
This is becausé (X;S)) =H(X)—H(X |S)=H(X |o;) —H(X | S,0;) =1 (X;S | 07).

Now, for fixeds;, the samples we draw frop are mutually independent df. Let S; denote the tuple
of these|o;| samples. Thus, we have thatX; S | ;) < > . I (X;S; | 0;). By the same analysis as in the

proof of Theorent 418, this latter termd3(('71) <). Therefore,
m2€4
-0 (%)

|07 ¢!
ZZ,: ( 2 0 n
where we used the fact thét;| is Bin(m,1/2¢) distributed. Note that the above RHSdéL) unless
m = Q(2%?n1/2 /€?), which completes the proof. O

I(X;5]0i)) <E

6 Testing Identity of Unknown Structure Bayes Nets

In this section, we give our algorithms and lower bounds éstihg the identity of low-degree Bayes nets
with unknown structure. In Sectién 6.1, we start by showimaf t even for the case of trees — uniformity
testing ofn-node Bayes nets requir€n /%) samples. In Sectiois 6.2, we design efficient identity teste
with sample complexity sublinear in the dimensionunder some non-degeneracy assumptions on the
explicit Bayes net.

6.1 Sample Complexity Lower BoundIn this section, we establish a tight lower bound on idenésting

of Bayes nets in the unknown structure case. Our lower booltdsteven folbalancedBayes nets with a
tree structure. In order to state our theorem, we first give a sfieed definition of balancedness for the
case of trees. We say that a Bayes net with tree structurbatanced if it satisfieg;, € [c,1 — ¢| for all k&
(note that this immediately implies it (g, C')-balanced).

Theorem 6.1. There exists absolute constamrts> 0 andey, > 0 such that, for any € (0, ¢) and given
samples from an unknownbalanced Bayes nét over{0, 1}" with unknown tree structure, distinguishing
between the caseB = U and |P —U||; > e (whereU is the uniform distribution ovef0,1}") with
probability 2/3 requires()(n /e?) samples. (Moreover, one can take- 1/3.)

Hence, without any assumptions about the explicit distigloy identity testing is information-theoretically
as hard as learning. This section is devoted to the proof ebfién{6.1..

Fix any integerm > 1. We will define a family ofno-instances consisting of distributiog?, }, over
{0,1}" such that:

1. everyP, is e-far from the uniform distributior/ on {0, 1}": |Py — Ulj1 = Q (¢);

2. everyP, is a Bayes net with a tree structure;
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3. unlessn = N (E%) no algorithm takingn samples can distinguish with probabilizy3 between a
uniformly chosen distribution fromiP, } , andu; or, equivalently, no algorithm takingnesample can
distinguish with probability2/3 betweenPA®m andU®™, when P, is chosen uniformly at random
from { P\ }a.

The family is defined as follows. We 6t ﬁ and let amatching-orientation parametex consist
of (i) a matchingA\(!) of [n] (partition of [n] in 2 disjoint pairs(i, j) with i < j) and (i) a vectorA(®)
of  bits. The distributionP), is then defined as the distribution ovgr, 1} with uniform marginals, and
tree structure with edges corresponding to the paits and such that for ever;)(,(j) = (i,j) € A0,

cov(X;, X;) = (—1)N 6.

Notations. For A = (A(V \(?)) as above and € {0,1}", we define theagreement count of for ),
c¢(\, z), as the number of pair@, j) in A1) such that(x;, z;) “agrees” with the correlation suggested by
A2 specifically:

e\ ) < |{ (i,7) € [n)? : 3 € [n/2], /\§1) — (i) and(—1)" % — (_1))\§2) }|

Moreover, for), . two matching-orientation parameters, we define thedetsA, ,, B = B, ,,C = C)
as

A { (s,t) € [n/2]% : AL = pP, A® =, } (common pairs with same orientations)
B def { (s,t) € [n/2]% : AD = pP, A® £, } (common pairs with different orientations)
Oy (AuB) (pairs unique to\ or )

so that2(|A| + |B]|) + |C| = n.

Proof of ltemfll.  Fix any matching-orientation parameterWe have

1P =Ull,= Y IP@)-U)= Y [U@)1+20)(1-25): M) —U(a)]

z€{0,1}" z€{0,1}"
%
- 2% S |1+ 200 (1 — 26)F 00 _ | = 2in S Y Ja+20(1—20)F 1
z€{0,1}" k=0z: c(\x)=k

LN , _— Lo/my r1as\E1o26\ER g
_2_";;22<k>’(1+25) (1-28)2F—1]= 0<k\ 5 5 - 57!

k=

. (n 1 . (n1
= 2dTV <B1H<§, 5) ,Bln(E, 5 +5>> = Q(E) 5

where the last equality follows from Lemral4.9.

Proof of Itemd. Letthe distribution) over ({0, 1}™)"™ be the uniform mixture

ef m
Q ¥ E\[PE™,
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whereP, is the distribution o{0, 1}"™ corresponding to the matching-orientation paramétén particular,
foranyz € {0,1}" we have

Py(z) = U(z)(1 + 26)°A2) (1 — 26) 7 —¢(\2)

with U being the uniform distribution og0,1}"™ andc(A, z), the agreement count af for \, defined as

before. Now, this leads to
dPy

W(m) =1+G\x),

o n c(\x) , , , ,
whereG(\, z) ey (1—260)2 (}f—%ﬁ) — 1. For two matching-orientation parameter,g:, we can define

the covariance (\, i) dof E.~v[G(\, z)G(u, z)]. By the minimax approach (as in [Pol03, Chapter 3]), it

is sufficient to bound thé  -distance betwee® andU®™ by a small constant. Moreover, we have
1Q — U™} < Exy[(1+7(A p1)™ =1 (12)
and to show the lower bound it is sufficient to prove that theSR$fless thark unlessm = Q (4).
Settingz def % we can derive, by expanding the definition
T 1) =14 (1 = 6)"Epup [z Hem®)] — 9(1 — 26) 2 By [2°)).

Since, when is uniformly drawn in{0, 1}", c¢(), z) follows aBin (%, 1) distribution, we can compute the
last term as

1 J—
(1-20)2

1+ 2

)

2(1 — 26) 2 Epop [z = 2(1 — 20) 2 ( ) S _9(1-26)%

where we used the expression of the probability-generdtingtion of a Binomial. This leads to

1 + T(/\7 /J,) = (1 — 25)nEmNU[zC(>‘7$)+C(H,:B)]
— (1 — 25)nz‘B‘EaNBin(|A\,%)[zza] H EQNBNH(O_) [za] ’

o cycle: |o|>4

where “cycle” and the probability distributioB ,(c) are defined as follows. Recall thatandy define a
weighted multigraph over vertices, where each vertex has degree exagtthie edges are from the pairs
)\Z(l)'s anduz(.l)’s, and the weights are if0, 1} according to the\z(.z)’s anduZ@‘s. That multigraphG, ,, is
better seen as the disjoint union of cycles (and indeled,B corresponds to the cycles of lengthwhile C
corresponds to cycles of length at ledst

For such a cycler in G ,, we letB) , (o) be the distribution below. If the number of negative covari-
ances — the number of edges with Iab§1) =1or yf) = 1 —alongo is even (resp. odd), thef , (o) is
aBin(|o|, 3) conditioned on being even (resp. odd).

Instead of the above, we first consider the related quantttytive conditioning removed (indeed, as we
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will see in Claim 6., this new quantity is within an+ O(€?) factor of the actual one):

L7 = (1=20)"2PE, pa 2 TT Eacsingpe 1)

o cycle: |o|>4
_ o n | B| 2a0 «
= (1=20"2E a4, 1) 7 Babin(s, 1 pslol. ) 7]
= (1 - 25)”Z|B|anBin(‘A| 1)[Z2Q]Ea~Bin(|C\,%)[za]

= (1 - 26)"28l <1-;z > Al <T>C|
= (- 25)27:)'3' <(1 — 25)? 1 4;22> 4 <(1 B 25)1 er Z>|C Gl 215+ 1] — )

=1

= (1-46%)" (14467

Thus, we need to compute

Eap (14700 0)™] = Ex [ (1+40%)™ (1 - 46)™"]

= Ex, [albl7] (wherea % (1 + 452) b (1 —482)™)
= Exy [E[a08 | |4]+ |B| ]| = E [bAHBE[ ‘ Al + |B|”
i | 4 ay A+

P T A . (1+482)" + (1 — 462)™) A7
_ )‘7“ 2 - >\,,LL 2

In particular, consider the following upper bound §(k), the probability thatA| + |B| > k: setting
sdéf%,forOSk‘gs,

s 5\2 2(s—k)
f(k) = Pr[|A| + |B| > k] < 3‘?.(8)(@8—%)! 2R ()T 26 CU)

k) (s—k)2s~F — (2k)! () kL (%)
A v G D W Ve G R
R s —g)  MITaes—2-1)

1
El
Therefore, for any > 1, we have

> Int
Ex . [zlAH-IBI] :/ Pr[Z|A\+|B| zt}dt:/ Pr[|A|_|_|B| > n_]dt
0 0

:1+/ Pr[[A\Jr]B\ }dt<1+/ Pr[[A\Jr]B\zUn—tHdt
nz

<

B A ——

1 Llan 1 F(m)
1+/ e'du
1

'(ms)
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Assuming now that < z < 1 + v for somey € (0,1), fromInz < v and monotonicity of the Gamma
function we obtain

o ud o ’\/’Ud o ’Ud
EA,u[z'AHB']:H/ ¢ du :1+’y/ ‘ ”§1+7/ €W <1442y,
1 T (%) 14 T'(v) o I'(v)

Suppose nown < ¢ = 52, for some constant > 0 to be determined later. Then, by monotonicity

4c 4c
et (1+40%)" + (1—-40%)"  (1446%)5% 4 (1 —46%)5% _ el6c 4 16c 1 dof
2= 5 = 5 S5 <lrgpgp ottt

3
forc < 1005 - Therefore,

1
B, [(14+ 7\ p0)"] —1=E,, [z‘AIHBq —1< s

as desired.

To conclude, we boun, ,, [(1 + 7(A, 1))™] combining the above with the following claim:

Claim 6.2. Let> & 1+ 2‘5 as above. Then for any two matching-orientation paramekers we have

4

8ed
H N 1 'EaNBin(Zg:\0\24\0\,%)['2(1]'

o:|o|>4

Proof. Fix A, u as in the statement, and any cyelén the resulting graph. Suppose first this is an “even”
cycle:

lo]/2
a a 1 o]\ ox (14 2)l1+ (1 —2)
Eans, u0)[2"] = Eqpin(jo),1) 12" | a even = 12 Z <2k>z - olo] ‘
k=0

Similarly, if o is an “odd” cycle,E,. 5, ,()[2%] = W We then obtair, s, (,)[2%] <
—z||o] -
EaNBin(\a\,é)[ “] <1 + || ) from which

1 Eaws, )= < [T Eapinor, 1) 2] <

We now bound the last factor: sin{:g—zy =20 =

o 1-=2
> = EQNBin(ZU|U|7%)[Z ]H < 142 > :
% we have at mosk cycles, we get

4

11 <1+!;Z!'C">= [T (1+0@)) < (1+165")% <55,

o: |o|>4 o: |o|>4

as claimed. O

With this result in hand, we can get the conclusion we wantafy \, j,

1 + T()\’ M) = (1 - 25)nZ|B|Ea~Bin(‘A|7%)[Zza] H EO‘NBA,M(U) [204]
o cycle: |o|>4
<e'w (1 —26)"2IPIE awBin(|A\,%)[Zza]anBin(Zm ‘0‘24|0|,%)[2a] (by CIaim@)

8e

= (17 )

'S
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from which

e4m e4m 1
Exu (14700 m)™ S € 7 B, [(L+ 7O p) " S e (1 " %) (form < )
221 1
§8052_0<1_|_E7 (ase<ﬁand€§1)

concluding the proof: by EqL{12)Q — U®™||, < & , foranym < cZ%.
6.2 Identity Testing Algorithm against Non-Degenerate Bags NetsWe start with the case of trees and
then generalize to bounded degree.

6.2.1 The Case of Treedn this section, we prove our result on testing identity ofegetstructured Bayes
net with unknown topology. Recall from Sectibnl6.1 that a &ayet with tree structure is said to be
balanced if it satisfiegy, € [c, 1 — ¢| for all k. We will require the following definition ohon-degeneracef
a tree, which will be a simpler case of the definition we shallehfor general Bayes nets (Definit .10):

Definition 6.3. For anyy € (0, 1], we say a tree Bayes nét over {0, 1}" is y-non-degeneratd for all
i€ n],
|Pr[XZ =1 ‘ XParcnts(i) = 1] - PT[XZ =1 ‘ XParonts(i) = O]| >

whereX ~ P.

Roughly speaking, this definition states that the choicdheMalue of its parent has a significant influ-
ence on the probability of any node. With these definitions ane ready to state and prove our result:

Theorem 6.4. There exists an efficient algorithm with the following guaees. Given as input (i) a tree
S overn nodes and an explicit-balanced,y-non-degenerate Bayes n@twith structureS, wherec, vy =
Q(1/n%) for some absolute constant> 0; (ii) parametere > 0, and (iii) sample access to a Bayes net
P with unknown tree structure, the algorithm tal@s(\/ﬁ/e2) samples fromP, and distinguishes with
probability at least2/3 betweenP = Q and ||P — Q||, > e.

The algorithm follows a natural idea: (1) check that the wvin distributionP indeed has, as it should,
the same tree structure as the (known) distribu§rf2) if so, invoke the algorithm of the previous section,
which works under the assumption tlatand(@ have the same structure.

Therefore, to establish the theorem it is sufficient to shwat 1) can be performed efficiently. Specifi-
cally, we will prove the following:

Theorem 6.5. There exists an algorithm with the following guaranteesr foc (0,1), ¢ € (0,1/2), it
takes as input an explicit-balanced,y-nondegenerate tree Bayes dgiover {0, 1}"™ with structureS(Q),

and
log? %
(@) ( i logn

samples from an arbitrary tree Bayes réver {0, 1}" with unknown structur&(P).

e If P = @, the algorithm returngccept with probability at leastt/5;
o If S(P) # S(Q), the algorithm returnseject with probability at least!/5.

21
Note that the above theorem implies the desired result zgsds}q}%ﬁ =0 (ﬂ)

e?logn

Proof of Theorerh 6/5We start by stating and proving lemmas that will be cruciatiting and analyzing
the algorithm:
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Fact 6.6. GivenT > 0 and sample access to a tree Bayes Reiver {0, 1}", one can obtain Witm)(l"ﬁ")
samples estimaté$i; ) ;c(,), (0i,j)i e SUch that, with probability at least/ 10,

)

max (maX|ﬂi — E[X;] |, max|p; ; — E[XinH) <7
iein) el

Proof. The fact follows immediately by an application of Chernafiumds. O

Lemma 6.7. Letc € (0,1/2]. There exists a constantand a functionf such that
I(X3; X;) = f(E[X;], E[X;], E[X:.X5])

for any c-balanced tree Bayes nét over {0,1}" and X ~ P, wheref is A-Lipschitz with respect to the
|-l norm on the domaif. C [0,1] x [0,1] x [0,1] — [0, 1] in which (E[X;] ,E[X,],E[X;X}]);; then
take values. Moreover, one can take= 16log .

Proof Sketch:Expanding the definition of mutual influené€ X'; Y") of two random variables, it is not hard
to write it as a function oE[X ], E[Y], andE[X Y] only. This function would not be Lipschitz on its entire
domain, however. The core of the proof leverages the batkmess assumption to restrict its domain to a
convenient subsé?. C [0, 1] x [0,1] x [0, 1], on which it becomes possible to bound the partial derieativ
of f. We defer the details of the proof to Appen&]x C. O

We now show the following crucial lemma establishing thddiwing result: For any balanced Bayes
net, the shared information between any pair of non-adiaeerticesi, j is noticeably smaller than the
minimum shared information between any pair of neighbasa@kthe path that connects;.

Lemma 6.8. Letc € (0,1/2], and fix anyc-balanced tree Bayes nét over {0, 1}" with structureS(Q).
Then, for any distinct, j € [n] such thati # Parents(j) andj # Parents(i), we have

I(X;; X)) < (1-—2¢ min I (Xt Xparents(k))

( j) ( {k,Parents(k)}€path(i,j) ( k< Parent (k))

whereX ~ P. (andpath(i, j) is a path betweento j, of the formi — --- — k — --- — j, where each edge
is of the form(k, Parents(k) or (Parents(k), k)).

Proof. By induction and the data processing inequality, it is sigfitto prove the statement for a path of
length 3, namely
Xi— X — Xj.

The result will follow from a version of the strong data presig inequality (see e.d., [PW15], from which
we borrow the notationsk,, 7rv): sinceX; — X, — X; forms a chain with the Markov property, we get
I (X5 X5) < nxn(Px;x,) I (Xi; Xy) from [PW1S, Equation 17]. Now, by [PW15, Theorem 1], we have

nkL(Px; x,) < nrv(Px; x,) = drv (Px; x,=0, Px; x,=1)-

If & = Parents(j) (in our Bayes net), thedTv(PXj|Xk:0,PXj|Xk:1) = |pjo — pji| < 1—2cfrom
the c-balancedness assumption. On the other hangl =i Parents(k), then by Bayes’ rule it is easy to
check that (again, from thebalancedness assumptidP)[ Xpagents(r) = 1 | Xpe = a ] € [¢?,1 — ¢?], and
drv (Px;|x,=0, Px;|xp=1) = [Pr[X; = 1| Xp = 0] = Pr[X; = 1| X}, = 1]| <1 -2¢%

Therefore, we gef (X;; X;) < (1 — 2¢*)I (X;; Xx) as wanted; by symmetry, (X;; X;) < (1 —
2¢?)I (Xj; Xx) holds as well. O
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Lemma 6.9. Letc € (0,1/2],v € (0, 1), and fix anyc-balanced,y-nondegenerate tree Bayes réover
{0, 1}™, with structureS(P). Then, there exists an absolute constaisuch that for any € [n] one has

I (Xi;XParcnts(i)) > K

whereX ~ P. (Moreover, one can take = 21n2 J)

Proof. Fix any suchi, and write X = X;, Y = Xpgens(s) fOr convenience; and set e py (X =1],

def def def

v=Pr[Y=1,a=Pr[X=1|Y =1],andb = Pr[X =1|Y = 0]. We then have
. B Pr{X =2z,Y =y]
I(X;Y)= Y PiX=zY = y]log - X 2PV =]

(z,y)€{0,1}*

= Z Pr[X =z |Y =y]Pr[Y =y]log
(z,y)€{0,1}?

:(1—u)(1—b)logi:

Pr[X=2z|Y =y]
Pr[X =z

b b 1—
+ (1 —wu)blog — +u(l —a)log a—l—ualogg
v v 1—-w v

= up(a,v) + (1 = u)p(b,v)

wherep(z, y) oy log ¥+ (1—x)log t—“’y‘f > 0forz,y € [0, 1] is the KL-divergence between two Bernoulli
distributions with parameters y. From our assumptions efbalanced ang-nondegeneracy, we know that
u, v, a, b satisfy

c<a,buv<l-—c
Vg‘a_b‘ﬂ

which leads to, noticing that — b| > ~ implies that at least one ¢f — v| > 3, |b — | > 3 holds and that
(-, v) is convex with a minimum at:

I(X;Y) > c(p(a,v)+ ¢(b,v)) > cmin (4,0 (v— g,fu) ,go(v—k%,v)) > 21112@2 ,

using the standard lower bound @fz, y) > %(m — y)? on the KL-divergence. O

The Algorithm.  With these in hand, we are ready to describe and analyzedbeathim underlying The-
orem

Lety € (0,1), ¢ € (0,1/2) be fixed constants, an@ be a knownc-balanced;y-nondegenerate tree
Bayes net ovef0, 1}", with structureS(Q). Furthermore, leP be an unknown tree Bayes net oér 1}"
with unknown structureS( ), to which we have sample access.

Letk = k(c,v) = 21n2 as in Lemma 6|9y & £, and\ = \(¢') = 161log 2 as in Lemma6l7. In view
of applying Lemmﬁ]S later t&, set

def £ — (1 — 26/2),% 1 342
T= = )
4\ 641n 2 log 2

The algorithm then proceeds as follows. (Beld&ivdenotes a random variable distributed according to
P)

1. Takem = O <1°g"> samples fromP, and use them to
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e Estimate alln? marginalsPr[ X; = 1 | X; = a], and verify that they are all if/, 1 — ¢] (en-
suring thatP is ¢’-balanced), with probability at lea8f 10. Else, returrreject;

e Estimate all(;)) + n values ofE[X;] andE[X;X;] to an additiver, with probability at least
9/10, asin Fact 6l6. (Call these estimafgsp; ;.)

At the end of this step, we are guaranteed tRas ¢’-balanced (or else we have rejected with proba-
bility at least9/10).

2. Check that alji;, p; ;'s are all within an additiver of what they should be unde&p. If so, return
accept, else returrreject.

2
Clearly, the algorithm only use®@ (ﬁka log n) samples fromP. We now establish its correctness:

first, with probability at least/5 by a union bound, all estimates performed in the first steranect; we
condition on that.

1
c

Completeness.If P = @, thenP is c-balanced, and thus fortiori ¢’-balanced: the algorithm does not
reject in the first step. Moreover, clearly @fl;);, (p;,;):,; are then within an additive of the corre-
sponding values oP = (@, so the algorithm returnsccept.

Soundness.By contrapositive. If the algorithm returreccept, then P is ¢’-balanced by the first step.
Given our setting ofr, by Lemma_6.7 our estimatdg.;);, (p; ;)i ; are such that all corresponding

quantities
S def . o
Lij = ffis fig, i j)
/2
are withinT\ = 5=0=2¢)" of the mutual informationd (X;; X;) for P. But then, by Lemmbh 6.8

A A

this implies that the relativerder of all I; ;, I,/ ;» is the same as that df(X;; X;), I (Xy; Xj/).
This itself implies that running the Chow-Liu algorithm arput thesafi,j’s would yield the same,
uniquely determined tree structuf& P) as if running it on the actual (X;; X;)’s. To see this, we
note that the Chow-Liu algorithm works by computing a maximweight spanning tree (MST) with
respect to the weights given by the pairwise mutual inforomatThe claim follows from the fact that
the MST only depends on the relative ordering of the edg&si

But since the(fi;)i, (p:,j)i,; are also within an additive of the corresponding quantities fq (per
our check in the second step), the same argument shows timanguthe Chow—Liu algorithm would
result in the same, uniquely determined tree struct(®) as if running it on the actual mutual
informations fromQ. Therefore S(P) = S(Q), concluding the proof.

O

6.2.2 The Case of Bounded Degretn this section, we show how to test identity of unknown dince
Bayesian networks with maximum in-degréender some non-degeneracy conditions. Intuitively, wetwan
these conditions to ensuidentifiability of the structure: that is, that any (unknown) Bayes net ctose
a non-degenerate Bayes r@tmust also share the same structure. To capture this notlsgree that,
by definition, non-equivalent Bayes net structures satiiffierent conditional independence constraints:
our non-degeneracy condition is then to rule out some ofetlpessible new conditional independence
constraints, afar from being satisfied by the non-degenerate Bayes net. Flgrma have the following
definition:

Definition 6.10 (Non-degeneracy)For nodesX;, X, set of nodesS, and a distribution” over {0, 1}",
we say thatX; and X ; arev-far from independent conditioned oy if for all distributions @ over {0, 1}"
such thatlty (P, Q) < v, it holds thatX; and X; are not independent conditioned Afy.
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A Bayes netP is then calledy-non-degenerate with respect to struct$@nd degreel if for any nodes
X, X; and set of nodeS§ of size|S| < d not containing: or j satisfying one of the following:

() X;is aparent ofX,,

(i) S contains a node;, that is a child of bothX; and X,
(i) X; is a grandparent ak’; and there is a child ok; and parent ofX;, X}, that is not inS,
(iv) X; andX; have a common paretX;, that is not inS

we have thatX; and X; are v-far from independent conditioned akig (where all relations are under
structures).

Figure 4: The four possible conditions of Definition 6. 1@ left (i) to right (iv). The black nodes are the
ones inS, the red ones (besides;, X;) are not inS.

We shall also require some terminology: namely, the dedimitif theskeletorof a Bayesian network as
the underlying undirected graph of its structure. We can state the main result of this section:

Theorem 6.11. There exists an algorithm with the following guaranteesve@ithe full description of a
Bayes net) of degree at most which is(¢, C') balanced andy-non-degenerate far= 2 (1/y/n) andC =

Q (de?/\/n), parametere € (0, 1], and sample access to a distributiéh promised to be a Bayes net of de-
gree at mosé whose skeleton has no more edges Q) the algorithm take® (24/2,/n/e? 4 (2¢ + dlogn) /v?)
samples fronP, runs in timeO (n)*"(1/42+1/€2), and distinguishes with probability at lea®t3 between

() P = Qand (i) | P - Q| >«

In Lemmm& we show that these non-degeneracy condamsnough to ensure identifiability of the
structure, up to equivalence. In Proposi@.l?, we gitestfor conditional independence specialized to
Bernoulli random variables. In the last part, we providesh ter showing whether a non-degenerate Bayes
net has a given structure using this conditional indepecel¢sst, establishing Theorém 6.12. We then can
combine this structure test with our test for Bayes nets witbwn structure to obtain Theordm 6.11. This
structure tester, which may be of independent interesttHeafollowing guarantees,

Theorem 6.12. Let S be a structure of degree at mogtand P be a Bayesian network with structure
S’ that also has degree at mogtand whose skeleton has no more edges tBarSuppose thaP either
(i) can be expressed as a Bayesian network with strucfuthat is v-non-degenerate with degreg or
(i) cannot be expressed as a Bayesian network with stracfur Then there is an algorithm which can
decide which case holds with probabilit9 /100, givensS, ~, and sample access . The algorithm takes
O ((2% + dlogn)/¥?) samples and runs in tim@ (n4+3/~?).

Using the above theorem, we can prove the main result of deiom:
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Proof of Theorerh 6.11We first invoke the structure test given in Fﬂ; 6. If it aceepie run the known
structure test given in Theordmb.2. We accept only if botiept

The correctness and sample complexity now both follow fraredfent 6.12 and Theorem5.2. Specif-
ically, if the structure test accepts, then with high praligbwe have that() can be expressed as a Bayes
net with the same structure & and thus we have the pre-conditions for the known strudtase If either
test rejects, the® # Q. O

Non-degeneracy and Equivalent Structures. The motivation behind the-non-degeneracy condition is
the following: if @ is v-non-degenerate, then for any Bayesian netwBnkith degree at mosf that has
dtv(P,Q) < ~ we will argue thatP can be described using the same structtiras we are given for
Q. Indeed, the structuré’ of P will have the property tha and S’ both can be used to describe the
same Bayesian networks, a property knowrd -&sgjuivalence It will then remain to make this algorithmic,
that is to describe how to decide whethercan be described with the same structurelasr whether
dry (P, Q) > ~. Assuming we have this decision procedure, then if the folwase happens to hold we can
invoke our existing known-structure tester (or reject & thtter case holds).

We will require for our proofs the following definition:

Definition 6.13 (\-structure) For a structureS, a triple (i, j, k) is aV-structure(also known as aitmmmoral-
ity) if 7 andj are parents of but neitheri nor j is a parent of the other.

The following result, due to Verma and Pearl [VIP91], willpkakey role:

Lemma 6.14. Two structuresS and S’ are [-equivalent if and only if they have the same skeleton and the
sameV-structures.

Note that, for general structure$ S’, it may be possible to represent all Bayesian networks with
structureS as ones with structuré’, but not vice versa. Indeed, this can easily be achieved tiyngedges
to S to any node (if any) with less thahparents. This is the rationale for the assumption in Theé&
thatS’ has no more edges thah as this assumption is then required &andS’ to be I-equivalent unless
dTV(P7 Q) > 7.

We now prove that any Bayesian netwdpksatisfiying the conditions of Theordm 6.12 and being non-
degenerate with respect to a structure can in fact be exqur@sshaving that structure.

Lemma 6.15. Fix v > 0. If Q is a Bayesian network with structu® of degree at mosf that is~-non-
degenerate with respect to a structufavith degree at most andS’ has no more edges thah thenS and
S’ are I-equivalent.

Note that@) being~-non-degenerate for some> 0 is equivalent to a set of conditional independence
conditions all being false, since X; and X; are not conditionally independent with respectig, then
there is a configuration such thatrg[Xs = a] > 0 andI(X;; X; | Xg = a) > 0.

Proof. We first show thatS andS’ have the same skeleton and then that they have the gasirectures.
We need the following:

Claim 6.16. Let S be the set of parents df; in a Bayesian network) with structureS. Let X; be a node
that is neither inS nor a descendant of;. ThenX; and X; are independent conditioned ofis.

Proof. Firstly, we note that there is a numbering of the nodes wlaatonsistent with the DAG af such
that anyj € S hasj < i. Explicitly, we can moveX; and all its descendants to the end of the list of nodes
to obtain this numbering.
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Letting D o {1,...,i — 1}, we have that, from the definition of Bayesian netwoiRsy[X; = 1 |

Xp = b = Prg[X; = 1| Xg = bg] for all configurationsb of D. Then for any configuratiom of
s sy {7}, we have

b:bs=a

:]‘:;__,r[XJ:1|XS:aS] Z ];’DI‘[XD:b|XS/:a]
b:bg=a

= Pr[X; = 1| X5 = ag]

concluding the proof. O

Suppose for a contradiction thét j) is an edge in the skeleton &f but not inS’. Without loss of
generality, we may assume thai is not a descendant of; in S’ (since otherwise we can swap the roles
of < andj in the argument). Then aX; is not in S, the set of parents of; in &', either, by Clain 6.16
X; and X; are independent conditioned df. However since one ok; and X is a parent of the other in
S, condition (i) ofy-non-degeneracy gives that; and X ; are~-far from independent conditioned ofis.
This is a contradiction, so all edges in the skeleto afiust be edges a’. But by assumptios’ has no
more edges thafi, and so they have the same skeleton.

Next we show that andj have the samg-structures. Assume by contradiction tliatj, k) is a V-
structure inS but notS’. SinceS andS’ have the same skeleton, this cannot be becaise the parent of
X orvice versa. Therefore, must be that at least on&,06r X; is the child of X;, rather than its parent
in S’. As before, without loss of generality we may assume fiats not a descendant of; in S’. This
implies thatX;, cannot be a child of;, since thenX; must be a child of; and so a descendant &f,.
ThusS, the set of parents of; in §’, containsX, but notX;; and Clain@6 then implies thaf; and X ;
are independent conditioned ofy. However, inS X, is the child of bothX; and X; and so by condition
(i) of v-non-degeneracy, we have th& and X; arev-far from independent conditioned oXig. This
contradiction shows that all-structures irS areV-structures inS’ as well.

Finally, we assume for the sake of contradiction thaf, k) is a \VV-structure inS’ but notS. Again
without loss of generality, we assume ttiat is not a descendant &f; in S’; and letS be the parents oX;;
in S’. Note that neitheX;, nor X is in S since this is a/-structure. Now by Clairh 6.16Y; andX; are
independent conditioned o0Xis. In S, however,(i, j, k) is not av-structure yeli, k), (j, k) (but not(s, 5))
are in the skeleton of. Thus at least one oX;, X; is a child of X,. If only one is a child, then the other
must beX;.'s parent. In the case of two children, we apply condition éad in the case of a parent and a
child, we apply condition (iii) ofy-non-degeneracy. Either way, we obtain that, siXgds not in.S, X; and
X; arey-far from independent conditioned dfis. This contradiction shows that alt-structures inS’ are
alsoV-structures irS.

We thus have all the conditions for Lemia 6.14 to apply anclcale thatS andS’ are I-equivalent.

O

Conditional Independence Tester. We now turn to establishing the following proposition:

Proposition 6.17. There exists an algorithm that, given parametets > 0, set of coordinatess C
[n] and coordinates,j € [n] \ S, as well as sample access to a distributihover {0, 1}", satisfies
the following. With probability at least — 7, the algorithm accepts whel; and X; are independent
conditioned onXg and rejects when no distributio® with dry (P, Q) < ~ has this property (and may do
either if neither cases holds). Further, the algorithm k& (2¢ 4-1og(1/7)) /%) samples fronP and runs
intime O((2% + log(1/7))/7?).
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Input ~,7 > 0,4,5 € {0,1}", S C {0,1}" with 7,5 ¢ S, and sample access to a distributiBron
{0,1}™.

- TakeO((2? + log(1/7))/+?) samples fromP. Let P be the resulting empirical distribution.
For each configurationa € {0, 1}/5! of S,

- Compute the empirical conditional meamg, = E,_5[X; | Xs =a] andp;, = E,_ [X; |

Xs = al.
- Compute the conditional covarian€ev 5[ X;, X; | Xs = a] = E_ 5[(Xi—pia)(Xj—1j.a) |
Xg =al.

Compute the expected absolute value of the conditionaliianees = E,_s[|Covs[X;, X; | Xg =
Ysl|].

If B <~/3, returnaccept

Else returnreject.

Figure 5: Testing whetheX; and.X; are independent conditioned Sror arevy-far from being so.

Proof. The algorithm is given in Fid] 5. Its sample complexity is ieate, and that the algorithm takes
linear time in the number of samples is not hard to see. It i$rta prove correctness.

To do so, defined & S U {4,5}. Let Pp, Pp be the distributions of(s for X distributed asP, P
respectively. Sincép, is a discrete distribution with support si2&"2, by standard results the empirida,
obtained from ouO((24*2 + log 1/7) /%) samples is such thakry (Pp, P) < /10 with probability at
leastl — 7. We hereafter assume that this holds.

Note that the distributio®”p, determines whethdP? is such thatX; and X ; are independent conditioned
on S or is §-far from being so for anyy. Thus if these two nodes arefar from being conditionally
independent inP, then they arey-far in Pp and therefore aré~/10-far in Pp. We now need to show
that the expected absolute value of the conditional covegids a good approximation of the distance from
conditional independence, which is our next claim:

Claim 6.18. For a distribution on {0, 1}", let v be the minimumy > 0 such thatX; and X; are ~v-far
from independent conditioned oXig in Q. Lets = Ey.g[|Covg[X;, X; | Xs = Y5]|]. Then we have

B/3 <~ <28.

Proof. For simplicity, we assume thaéb| = n and that we have only coordinateg andsS.

Firstly, we show thati < ~. By assumption, there is a distributigdwith drv (Q, R) = ~ which has
that X; and X; are independent conditioned dfx. ThusR has|Covg[X;, X; | Xg = a]| = 0 for all
configurationsa. Since0 < |Covg[X;, X; | Xg = a]| < 1, it follows that|5 — Eywg[|Covg[Xi, X; |
Xs = Y5|l| < 3drv(Q,R) asCovglX;,X; | Xg = Ys] = E[X;X; | Xg = Ys] - E[X; | X5 =
Ys|E[X; | Xg = Ys] and sod < 3.

Next we need to show that < 2v. To show this, we construct a distributiasi on {0, 1}" with
drv(Q,S) = 28 in which X; and X; are independent conditioned d&f. Explicitly, for a configuratioru
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of S andb, c € {0, 1}, we set

Pg r[Xsg=a,X; =0,X; = dof Pr[Xs =a,X; = b, X; = +(—1)"Covg[X;, X; | X5 = d] %r[XS =al .

For each configuration, this increases two probabilities Bov[X;, X; | Xg = a]| Prg[Xs = o] and
decrease two probabilities by the same amount. Thus, prdwidat all probabilities are still non-negative
(which we show below)y is a distribution withdty (Q, .S) = >, 2|Covg[X;, X; | Xs = a]| Prg[Xs =
al = 2.

Now consider the conditional joint distribution &f;, X ;for a givena. Letp, . o Pro[X; =0, X; =
c | Xs = a]. Then the conditional covarian€avg[X;, X; | Xs = a], which we denote by for simplicity
here, is

a=E[X;X; | Xs=a]| -E[X; | Xs =dE[X; | X5 = a
=p11— (p1o +p1,1)(Po1 +p1,1)
= p1,1(1 = p1,0 — Po,1 — P1,1) — P1,0P0,1
= P1,100,0 — P1,0P0,1 -

In S, these probabilities change by p; ;1 andpg o are increased by andpy; andp; o are decreased by
it. Note that ifa > 0, p1,1 andpg o are at leasp,1po,0 > o and whena < 0, po,1 andp; o are at least
P1,0p0,1 > —a. Thus all probabilities irb are in[0, 1], as claimed.

A similar expression for the conditional covarainceSito that fora above yields

Covs[X;, X; | Xg =a] = (p11 — @) (po,o — &) — (p1,0 + @) (po1 + @)
= 00 = (po,o + P1,1 + Po,1 + P10)a + P11P0o — P1opo,1
= P1,1P0,0 — P1,0P0,1 — = 0.

SinceX; and X; are Bernoulli random variables, the conditional covaréabeing zero implies that they are
conditionally independent. O

Completeness.Suppose by contrapositive that the algorithm rejects.nﬁ: implies that inP, X;
and X; are~/9-far from independent conditioned oXis. Thus they arey/9 far in Pp and, since
drv(Pp, Pp) < ~/10, this implies that they are not conditionally independenP},. Thus, inP,
X, and X; are not independent conditioned &3

Soundness.Now suppose thak; and X; are~-far from independent conditioned oXig in P. Per the
foregoing discussion, this |mpI|es that they &fe//10)-far from being so inPp. Now Claim[6.1B
guarantees thak,, [|Covs[X;, X;|Xg = Ys]|] < 9v/20 > ~/3, and therefore the algorithm
rejects in this case. This completes the proof of correstnes

O

Structure Tester. Finally, we turn to the proof of Theoreim 6] 12, analyzing ttracure testing algorithm
described in Fid.6.

Proof of Theorer@ZWe first show correctness. There are at mgst? possible choices ok;, X; and

|S| and thus we run the conditional independence tester at nfggttimes. WithO((2¢ + dlogn)/v?)
samples, each test gives an incorrect answer with probahiti more thanr = n=%(4 With appropriate
choice of constants we therefore have that all conditiondépendence tests are correct with probability
99/100. We henceforth condition on this, i.e., that all such testscarrect.
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Input ~ > 0, a structureS and a Bayesian networR
- Draw O((24 + dlog n) /%) samples fromP. Call this set of samples.
For each nodesX;, X; and setS of nodes with|S| < d andi, j # S

If one of the following conditions holds in structufe
() X; is the parent of{;,
(i) S contains a node;, that is a child of bothX; and X,
(i) X, is a grandparent ok; and there is a child oX; and parent ofX;, X, that is not
in S,
(iv) X; andX; have a common paretX;, that is not inS

Then run the conditional independence tester of Propo (FIQ.B) using the set of sample
S to test whetherX; and X; are independent conditioned of.

[72)

If the conditional indpendence tester accepts, ratject.

Otherwise returnaccept.

Figure 6: Testing whetheP has structure aS

Completeness.If P is y-non-degenerate with respect to structSrand degred, then by the definition of
non-degeneracy, for any;, X; andS that satisfy one of conditions (i)—(iv) we have thét and X
are~-far from independent conditioned Ofig. Thus every conditional independence test rejects and
the algorithm accepts.

Soundness.Now suppose by contrapositive that the algorithm accemisaRy X;, X;, andS that satisfy
one of conditions (i)—(iv), the conditional independenest imust have rejected, that is any such
and X are not independent conditioned on such’n Let~’ be the mimuimum over alX;, X,
and.S that satisfy one of conditions (i)—(iv) and distributio@sover {0, 1} such thatX; and X; are
independent conditioned aoKg in ), of the total variation distance betweéhand@. Since there
are only finitely many such combinations &f;, X;, and.S, this+’ is positive. ThusP is 4/-non-
degenerate with respect &andd. Since we assumed th&t has a structure’ with degree at most
d and whose skeleton has no more edges than th@twe can apply Lemmla 615, which yields that
S andS’ areI-equivalent. Thus® can indeed be expressed as a Bayesian network with strugture
This completes the proof of correctness.

To conclude, observe that we run the loop at mabt? times, each using time at moét((2? +
dlogn)/~?%). The total running time is thu® (n+3 /42). O

7 Testing Closeness of Bayes Nets

7.1 Fixed Structure Bayes NetswWe now establish the upper bound part of Theoteth 2.3 for obse
namely testing closeness between two unknown Bayes ndtghveitsame (known) underlying structure.

Theorem 7.1. There exists a computationally efficient algorithm with fhlbowing guarantees. Given
as input (i) @ DAGS with » nodes and maximum in-degreg (ii) a parametere > 0, and (iii) sample
access to two unknow(e, C')-balanced Bayes nef8, ) with structureS, wherec = Q2 (1//n) andC =
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Q (de?/\/n); the algorithm take® (2¢/2,/n/€?) samples fronP andQ, and distinguishes with probability
at least2/3 between the casd3 = Q and || P — Q||, > e.

Proof. We choosen > azd/:;/ﬁ, wherea > 0 is an absolute constant to be determined in the course of the
analysis. LetS and P, Q be as in the statement of the theorem, dor ﬁk’% > Blo&n gndC > pdtloan,
for some other absolute constaht> 0.

The algorithm proceeds as follows: first, takingsamples from bothP andQ it computes for each
parental configuratiori,a) € [n] x {0,1}¢ the number of timesV; , and M; , this configuration was
observed among the samples, for respectivegnd(@. If for any (i, a) it is the case thaNZ,a andMZ,a are
not within a factor4 of each other, the algorithm returnsgject. (Using the same number of samples, it also
estimatey; , andg; ., within an additivel /3, and applies the same standard transformation as befohatso t
we can hereafter assumpg,, ¢; , < 2/3 for all (i,a).)

Note thatE [Nm} =mPrp[IL;,] andE[ m} = mPrg [I1,; , ]; given theC-balancedness assump-

tion and by Chernoff and union bounds, with probability alslt@/lo we have thaJN,-ﬂ andM,-va are within

a factor2 of their expectation simultaneously for al2? parental configurations. We hereafter condition on
this (and observe that this implies thaHf= @), then the algorithm rejects in the step above with probgbili
at most1/10).

The algorithm now draws independeniip? values(Mi,a)(i,a), whereM; , ~ Poi (Ni7a>; and takes
fresh samples fron®, @ until it obtains/; , samples for each parental configuratiay, (for each of the
two distributions). If at any point the algorithm takes mtran10m samples, it stops and returreject.
(Again, note that by concentration (this time of Poissordmn variable@, our assumption thaZt?f,-va >
mPrp[1l; 4] /2 > mC/2 = B(d + log n) and a union bound, the algorithm will reject at this stagehwit
probability at most /10.)

Conditioning on not having rejected, we define for each gatesonfigurationll; , the quantityU; ,
(resp. Vi) as the number of samples from (resp. ) among the firstV/; , satisfyingIl; , for which
X; = 1. In particular, this implies tha/; , ~ Poi <pi7a]\7i7a>, Via ~ Poi <Qi,aNi,a) (and are independent),
and that the random variablé&g; , defined below:

W, def (Ui,a - V;,a)2 - (Ui,a + Vvi,a)
b Ui,a + ‘/;,a

are independent. We then consider the statigfic

Wdéfznz Y Wi

i=1 ae{0,1}4

2

Claim 7.2. If P = @, thenE[W] = 0. Moreover, if| P — Q||; > e thenE[W] > T

Proof. We start by analyzing the expectationi®f ,, for any fixed(i, a) € [n]x {0, 1}¢. The same argument
as Claiml 7.2 leads to conclude tHaV; ,] = 0if P = @ (proving the first part of the claim), and that
otherwise we have

in(1 . g )2
E[VVi,a]>mm( ,mc)Nm(pz,a Gia) _

EN (Pia — @ia)® _ 2 ¢ (Pia — Gia)?
B 3 ’ Dia + 4ia 3

> ZN;
" pia+ dia 9" """ (pia + Gia) (2 — Pia — Qi,c&)
13

!Specifically, if X ~ Poi()) then we havéPr[ | X — A| > A/2] = e~ %O,
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(sincemc > BlogAn > 1 and0 < pjq,qiq < 2/3). Summing over all7, a)’'s and recalling thaf\?,-ﬂ >
mPrp[1; 4] /2, N; o > mPrg [1I; ,] /2 yields the bound:

m (pia_Qi a)2 m 2 m \/ 1 2
EW|> — Pr{Il; .| Pr|1L; 4 : ’ > —du(P, > —=1—=4/1——||P—
[ ] - 9 Z \/Pr[ ) ] Qr[ ) ](pi7a + qz7a)(2 _ pi7a _ qi7a) 18 H( Q) 18 4” QHI

(i)

(where we relied on Lemmia 8.8 for the second-to-last ingialThis gives the last part of the claim, as
the RHS is at Ieaﬂ% whenever| P — Q|| > ¢%. O

We now bound the variance of our estimator:

Claim 7.3. Var[W] < n2 + 5%, Nm% = O(n2¢ + E[W]). In particular, if P = Q then
Var[iW] < n24+1,

Proof. We follow the proof of Clainm?: to analyze the variancéidf,, obtaining a bound of V@; .| <
2+ 5]\7,-761%. Invoking Eq. [(1B) and summing over @l a) € [n] x {0,1}9 then lead to the desired
conclusion. O
The correctness of our algorithm will then follow for the tefaims above:

def .2
Lemma 7.4. Setr = ;@.

o If |P—Ql; =0, thenPr[W > ram] < 1

Then we have the following:

gl=

o If |P—Q|, >e¢ thenPr[W < tm] < %0'

Proof. We start with the soundness case,i.e. assuthifg- Q||, > €, which by Clainl 7.0 implieE[W] >
27. Then, by Chebyshev's inequality,

Pr[W <mm] < Pr[E[W] W > EE[W]] < 4123(;;9]42/]

8n2? 12 .
< T + SET] (CImmEé)

n2? 1
=0 +—) .
<e4m2 * me2>

We want to bound this quantity bly/10, for which it is enough to hav;ﬁ%d2 < land-L; < 1, which both
hold for an appropriate choice of the absolute constext0 in our setting ofm.

Turning to the completeness, we suppse— ||, = 0. Then, by Chebyshev’s inequality, and invok-
ing Claim[Z.8,

Var[IV] n2?
Pr{W 2 mm] = Pr[W 2 E[W] +mm] < — 5= = O<W>

which is no more than /10 for the same choice of.. O

Combining all the elements above concludes the proof, asunyian bound the algorithm is correct
with probability at least — (75 + & + 15) > 2. O
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7.2 Unknown Structure Bayes NetsAs for the case identity testing, we give a closeness testdrdl-
anced non-degenerate Bayes Nets. An additional assuntptibwe require is that the ordering of the nodes
in the corresponding DAGs is known to the algorithm. Forgyalle show:

Theorem 7.5. There exists a computationally efficient algorithm with fbllowing guarantees. Given
as input (i) a parametee > 0, (ii) an ordering of nodesr, and (ii) sample access to unknowmnon-
degenerate(c, C')-balanced Bayes netB, Q such the structures aP and @) give the same ordering to
nodes, where = Q (1//n) andC = Q (de?//n); the algorithm takesV = O(2%/2\/n/e* + 2¢ /4% +
dlog(n)/~?*) samples fromP and @, runs in timen“poly(NN), and distinguishes with probability at least
2/3 between the casé3 = Q and||P — Q||, > .

Proof. The argument’s idea is the following: we first test taand ) have the same skeleton. Since they
have the same ordering, that suffices to show that they havsatime structure. If this is the case, then we
use our known-structure tester.

In more detail, given thei-non-degeneracy assumption, for each pair of coordinategnd set of
coordinatesS with |S| < d, we can, using the conditional independence tester frorpd%'m?onlﬂb to test
whether each of and@ hasX; and.X; conditionally independent oX g or v-far from it with n~%2/100
probability of error inO((2¢ + dlog(n))/v?) samples. Running tests on the same samples for?af
combinations of;, j, S, we can with probability at lea$t9/100 correctly classify which of the two cases
holds, for alli, j, S that are either conditionally independent-pffar. We note that by non-degeneracy,
there is an edge betweerand in the structure defining” only if X; and X; are~-far from independent
conditioned onX for all S (i.e., if there is no edge then there must exis§ auch thatX; and X; are
conditionally independent oA g). Therefore, assuming our conditional independencerteateanswered
as they should, we can use this to successfully identify¢hefedges in the structure &f (and thus, since
we know the ordering, the entire structure).

Having determined the underlying structuresfofand @), our tester rejects if these structures differ
(as using Lemmgha;—non—degeneracy implies that neither can equal a Bayes ittetnan-equivalent
structure and fewer edges). Otherwise, we run the tester Tieeorend 7)1 (since we satisfy its assumptions)
and return the result. O

8 Identity and Closeness Testing for High-Degree Bayes Nets

Finally, in this section we give testing algorithms for itignand closeness of degr@eBayes nets with
unknown structurewithout balancedness assumptions. Compared to the testing htgcmi‘tTheore6
and Theorern 7,5 (which work under such assumptions) thendepee on the number of nodeshe testers
in this section are suboptimal, they achieve the “right” efegence on the degree(specifically, 2¢/2 for
identity and22?/3 for closeness). Hence, these testers achieve sub-leaaingle complexity for the case
thatd = Q(logn).

Theorem 8.1. There exists two algorithms with the following guarantees:

e (Identity) Given the full description of a Bayes rig¢bf degree at mosi, parametere € (0,1}, and
sample access to a distributioR promised to be a Bayes net (i) of degree at mband (ii) such
that the structures oP and @ give the same ordering to nodes, the first takés= 24/%poly(n/e)
samples fronP, runs in timen?poly (), and distinguishes with probability at lea@t3 between (i)
P =Qand (i) [P — Q|l, >«

¢ (Closeness) Given parametek (0, 1], and sample access to two distributioRs) promised to be
Bayes nets (i) of degree at mekand (ii) such that the structures &f and Q) give the same ordering
to nodes, the second takds= 22%/3poly(n/e) samples fronP and @, runs in timen¢poly(N), and
distinguishes with probability at leag/3 between ()P = @ and (i) || P — Q||; > e.

56



Proof. We first establish the first part of the theorem, namely theterce of an identity testing algorithm
with optimal dependence on the degre€l he algorithm is quite simple: it goes over each$et [n] of at
mostd + 1 coordinates, and checks that for each of them it holds tleatdhnditional distributiong, S, Qg
are equal (versugPs — Qs||; > poly(5)).

Since Ps and Qg are supported on sets of sizg2¢), and as there are oni@(n®*!) such sets to
consider, the claimed sample complexity suffices to rurealistcorrectly with probability /10 overall (by
a union bound).

The more difficult part is to argue correctness, that is towstiat if the test accepts then one must have
|P—Q|, < e Todo so, assume (without loss of generality) thetP) < H(Q): we will show that
D(P||Q) is small, which implies that th&, distance is as well..

Let the ordering of” be coordinates, 2, 3, . ... We note thaD(P||Q) = >, D(F||Qi | Pi,..., Pi—1)
(i.e. the expectation ovdr,, ..., P,y of the KL-divergence of the conditional distributions Bf andQ);,
conditioned on thesg@ — 1) coordinates). It thus suffices to show that each of thesestessmall.

Let .S; be the set of parents of nodenderP. We have that:

D(P||Qi | Pr,...,Pi—1) =D(B||Q; | Ps,) +Ep, . p,_,[D(Qi | Ps,||Qi | Pr,-..,Pi—1)] .

Further, note that the fact that the tester accepted imiilad (7;||Q; | Ps,) is small. Now, we have that
H(P)=) H(Pi|Py,....,Pi1) =Y H(P|Ps,),

HQ) => H(Qi|Q1,....Qi-1) =Y H(Qi|Qs,) —I(QQ1,...,Qi-1] Qs,) -

But since thed+1)-wise probabilities are close, we have thatP; | Ps;) is close toH (Q; | Qs,) (up to an
additivepoly(e/n)). Therefore, for each, we have thaf (Q;; Q1,...,Qi—1 | Qs,) = poly(e/n). In order

to conclude, let us compa®(Q;; Q1, ..., Qi1 | QSZ-) andEp, _p_,[D(Q; | Ps,||Qi | Pi,...,Pi-1)].
The former is the sum, over assignments {0, 1}*~! consistent with an assignmente {0, 1}, of

Pr(Qs, =2 | H(Q; | Qs, =) +Pr[Q1,. . i-1 =y H(Q:i | Q1,...i-1 = ¥).

The latter is the sum over the samie of
Pr[Ps, =2z H(Q; | Qs, =) +Pr[P1. ;1 =y|H(Q; | Q1,....ic1 =¥) -

But because of thé-way probability similarities, the termir|[ Ps, = x| andPr[Qg, = x| terms are very
close, within an additiveoly(¢/n).

(Here we use the extra assumption tikaand @ use the same orderingDenote byT; the parents of
under the topology o). ThenH (Q; | Q1....i—1 = y) depends only on the values of the coordinate®;in
Thus the last part of the sum is a sum ovasf Pr[Qr, = 2] H(Q; | Qr, = z) andPr[Pr, = z| H(Q; |
Q1, = =), which are also close by a similar argument. Thus,

Ep,,..p_1[D(Qi | Ps,|Qi | Pr,...,Pi1)] = I1(Qs;Q1,...,Qi1|Qs;) + poly(e/n) = poly(e/n) .
This implies thatP, (Q are close in KL divergence, and thereforelin

The second part of the theorem, asserting the existence losaness testing algorithm with optimal
dependence o, will be very similar. Indeed, by the proof above it sufficexheck that the restrictions of
P andQ@ to any set of d + 3)-coordinates argoly(e/n)-close. Using known results [CDVV14], this can be
done for any specific collection @f+ 3 coordinates withV samples irpoly (V) time, and high probability
of success, implying the second part of the theorem. O
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APPENDIX
A Sample Complexity of Learning Bayesian Networks

In this section, we derive tight bounds on the sample conitylet learning Bayes nets. Recall thatwill
denote the number of nodes asidhe maximum in-degree; before stating the results and giroyitheir
proofs, we outline the high-level idea of the argument.

If the structure is known, there is a very simple learningpatgm involving finding the empirical values
for the relevant conditional probabilities and constmugtthe Bayes net using those terms. By computing
the expected KL-Divergence between this hypothesis analitie we can show that it is possible to learn an
e-aproximation inO (29n/¢2) samples. Learning a Bayes net with unknown structure seebssastially
more challenging, but at least the sample complexity is eatgr. In particular, we can simply go over all
possible topologies and come up with one hypothesis for,eawth use a standard tournament to pick out
the correct one. Append@.l contains the details of both.

We also provein AppendlL_A].Z a matching lower bound (up t@fagmic factors). For this we can even
consider Bayesian networks of fixed topology. In particuwee consider the topology where each of the
last(n — d)-coordinates depend on all of the fitsfwhich we can assume to be uniform and independent).
The distribution we end up with is what we call a disjoint nibet of2¢ product distributions. In particular
for each of the2? possible combinations of the firgtcoordinates, we have a (potentially different) product
distribution over the remaining coordinates. In order t@rteour final distribution we must learn at least
half of these product distributions @¢) error. This requires that we obtain at le@§{n — d) /*) samples
from Q(2¢) of the parts of our mixture. Thus, learning will requing2?(n — d)/€)) total samples.

A.1 Sample Complexity Upper Bound

Known Structure. The algorithm will return a Bayes né} with the same (known) structure as the un-
known P. Definep; , as the probability (undeP) that thei-th coordinate id, conditioned on the parental
configuration fori being equal ta: (denoted; ,); andg; , the corresponding parameter for our hypothesis
Q.

Given this, the algorithm is simple. First, by a standarcuargnt we can assume that gjl, are in
[0,2/3] (as one can detect whether it is the case by takiMilpg n) samples, and swap the corresponding
coordinate of each sample if it is not the case).

We setm = O(%ﬁ log(29n)), and consider separately two sets of configurations):

e thelight ones, for whiclp; , Prp [11; ] < 553,
e theheavyones, for whictp; , Prp [1I; , ] > Srgd -

We takem samples fromP, and letg; , be the empirical conditional probabilities. For afiya) for

which we see less than % O((logn)/e) samples, we sef; , = 0. Note that with high probability, for
the right choice of constant in the definition of for all heavy configurations simultaneously the estimate
gi,o Will (i) not be set to zero; and (ii) be within a fact@rof the real valuep; ,. Conversely, each light
configuration will either have; , be zero, or within a factaz of p; ,.

Conditioned on this happening, we can analyze the error.e it that by our definition of light
configuration and the triangle inequality, the sumigferror over all light configurations will be at most
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€¢/2. We now bound the contribution to the error of the heavy caméiions. (In what follows, we implicitly

restrict ourselves to these.)

2 < 2D(P|Q) < > i) PI‘P[HWI]%. It only remains
to bound the expected KL divergenee the above bound. For each p#ita), on expectation we see
mPrp [11; , ] samples satisfying the parental configuration. The expesteared errofp; , — gi.)> be-

tweenp; , and our estimate; ,, is thenO( pl[“n ]) by a standard variance argument. This implies that
the expected KL-divergence is bounded as

E[D(P[Q)] ZO< Fﬁ])

and it will be sufficient to argue thaﬂ”ﬁ# = O(1) with high probability (as then the RHS will be

bounded asO(%‘), and thus takingn = O(29n/e?) will be sufficient). Sincep;, € [0,2/3], it is
enough to show that, with high probability,, > p; ,/2 simultaneously for al(z, a); but this is exactly the
guarantee we had due to the “heaviness” of the configurafibarefore, the contribution to the squarkd
error from the heavy configuration 3( 2 ”) = O(d+logn> < €2. Gathering the two sources of error, we
get anL;-error at most with high probability, as claimed.

Unknown Structure. For this upper bound, we reduce to the previous case of kntwatsre. Indeed,
there are onlyN = n©(9") possible max-degreé-candidate structures: one can therefore run the above
algorithm (with probability of failured/10) for each candidate structure on a common sample fRoof
sizeO(2%n/€?), before running a tournament (¢f. [DDS12b, DD515]) to sedetypothesis with errad (e)
(which is guaranteed to exist as, with probability at legdt0, the “right” candidate structure will generate

a good hypothesis with error at ma$t The total sample complexity will then be

O<2d_2n+log2N> :O<2d_2n+dnl<;gn> ’
€ € € €

which isO(29n/e?) for d = Q(logn).

A.2 Sample Complexity Lower Bound Our lower bound will be derived from families of Bayes net#wi
the following structure: The first nodes are all independent (and will in fact have marginababdity 1 /2
each), and will form in some sense a “pointer” to on@bfrbitrary product distributions. The remaining
n — d nodes will each depend on all of the fitst The resulting distribution is now an (evenly weighted)
disjoint mixture of2? product distributions on the: — d)-dimensional hypercube. In other words, there are
24 product distributionsy, . . . , poa, and our distribution returns a randanfencoded in binary) followed
by a random sample formy. Note that they; can be arbitrary product distributions.

We show a lower bound @2(2%n/€2) lower bound for learning, whenever< (1 — Q(1))n.

Let C. be a family of product distributions oved, 1}~ which is hard to learn, i.e., such that any
algorithm learningC, to accuracyde which succeeds with probability greater thaf2 must have sample
complexityQ(n/e?). We will choose each; independently and uniformly at random frain

Assume for the sake of contradiction that there exists aaritign A to learn the resulting disjoint
mixture of p;’s to errore with o(2¢(n — d)/e?) samples. Without loss of generality, this algorithm can be
thought of returning as hypothesis a disjoint union of sothedistributionsy, . . . , g,4, in which case the
error incurred isp — qll; = o S llps — gl

By assumption on its sample complexity, for at least halfhef indicesl < i < n — d the algorithm
obtainso(n/e?) samples fromp;. This implies that in expectation, by the fact tifatwas chosen hard to
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learn, for at least half of these indices it will be the cas# [ip; — ¢;|; > 16€ (as each of thesés is such
that ||p; — ¢;||; > 16e with probability at leastl /2). This in turn shows that in expectatioffy — ¢||, =

L > Ipi — aill, > % = €, leading to a contradiction.

B Omitted Proofs from Section[3

We provide in this section the proofs of the inequalitiesestan the preliminaries (Secti&h 3).

Proof of Lemm@4Using properties of the KL-divergence:
D(PIQ)=D(Pi® @ PQ1® - 2Qn) =Y D(FQ)
=1

so it suffices to show tha(p; — ¢;)*
Q; = Bern(q;), we can write

(PHQZ) < (pl ql)) forall i € [n] SinceP; = Bern(pi) and

Pi 1 —p;
D(F[|Q:) = piln = + (1 — p;) In
(PilQo) =pitn t o+ (1= pi) In "
Defining f: (0,1)> — Rasf(z,y) © zInZ + (1 — z)In 1=2, we thus have to show thatz — )’
flz,y) < (:‘(”1 y)) forall z,y € (0,1).
We begin by the upper bound: fixing amyy € (0, 1) and setting def y, we have

0 o T 1—x 52
f(z,y :a:ln<1—|——>—|- 1—mln<1——>§_5_ 5=
) Yy ( ) -y Y 1—y y(l—y)

fromIn(l +u) <wuforallu € (—1,00).
Turning to the lower bound, we fix any € (0, 1) and consider the auxiliary functioi, : (0,1) — R

defined byh, (z) = f(z,y) — 2(z — y)2. Fromh/(x) = 1222 > 0, we get thath,, is convex, i.e.7,

z(1—2x)
is non-decreasing. Sindg (z) = In (( )) — 4(z — y), we haveh (y) = 0, and in turn we get that,
is non-increasing o0, | and non-decreasing 4y, 1). Sinceh,(y) = 0, this leads td,(x) > 0 for all
€ (0,1), ie. f(z,y) = 2(x — y)* 0

Proof of Lemmé 3]6Recall that for any pair of distributions, we have that(P, Q)? < %HP - Q; <
Vv2du(P,Q), wheredy (P, Q) denotes the Hellinger distance betweR. Therefore, it is enough to

show that
. / l - . 2 pl ’l)
min <c 1 Z(pl qi)° | <du(P, Q < Z A=) (14)

i=1

for some absolute constarit> 0. (We will showd =1 — e=3/2 ~ 0.78.)
SinceP, () are product measures,

n n

du(P,Q)* =1—[[(01 = du(P, @)*) =1 - [[(VPigi + VA —p)(1— @) -

i=1 i=1

We start with the lower bound. Noting that for anyy € (0,1) it holds that
1
VEg+ /=0l —y) <1- (@ —y)’
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(e.g., by observing that the functianc (0,1) — 1 — —(ac v)? — (vZy ++/(1 — 2)(1 — y)) is minimized
aty, where it takes value), we get

n

< 1 , | , |
du(P,Q)* > 1-]] (1 —5(pi - qz’)2> > min(1—e /2, 1 > (pi—a)?) = min(1—e™??, LA qll3)
i=1

i=1
where we relied on the inequality— [, (1 — z;) > 3 31, z; for (z1,...,2,) € [0,1]:
n 1 n
1— 1_[1(1 —a) =1—exim(-3) > =i ® > ] (1 -5 2x1> .
1= 1=

(the last inequality being true for, z; < 2, i.e. ||p — q||5 < 3).
Turning to the upper bound, the elementary inequaligty = = + y — (vVz — \/7)?, z,y > 0, gives
that
(pi — @:)?
(pi + )2 —pi — @)

:1—2’2‘.

VPG V(1 —p)(1—gq) >1—

Therefore,

C_g:)2 n )2
an(P.QP < (1 H (1-=) < zzz - z D Dl e D)
i=1 7" !

(Pi +4)(2 = pi — @i

where the third-to-last inequality follows from the unioaund, and the last from the simple fact tliat +
¢)(2—pi — ;) > qi(1 — q). O

Proof of Lemmé& 3]7Let A and B be two distributions 0A0, 1}%. Then we have:

DAIB) = Y Pralln 11:2% (16)
z€{0,1}¢

For a fixedi € [d], the eventd]; , form a partition of{0, 1}?. Dividing the sum above into this partition,
we obtain

DAIB) =3 3 P P“E

a z€ll; o

Pralll; 4 Prajm,, . [2]
= > Pr[ll; 4] Z b (hl Prg%nz"a} i Pr;ﬂlia [5’3]>

=> Pr{Il; o) (In 5= + D(A | Tig| B [ i)

Let P<; be the distribution over the firstcoordinates of” and define}) <, similarly for ). Let P; and
Q; be the distribution of theé-th coordinate of” and() respectively. We will apply the above fé;_; and
P-;. First note that the-th coordinate of’<; | I1; , andQ<; | II; , is independent of the others, thus we
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have (which likely follows from standard results):

D(PSZ | Hi,aHQSi | Hi,a) = Z . ]T%.I [ZE] lnﬁ

ze{0,1}¢ silta Q<illl; 0

= Z Pr [ac<4 1] Pr [w] In PrPgi—1|Hi,a[w§i—l] Y n M

= . Z
z€{0,1}¢ Pe;i i — Pi|TL; Pngi—l‘Hi,a [339'—1] Pngi\Hi,a [:L'Z]

Prp_. |z Prp .

= Z Pr [m] In M + Pr [y] In M

sefonyr Pemillia Progymlz] - £5q) At Progm, o [y)

= D(P<i—1 | W 0]|Q<i—1 | T o) + D(P; | Wi ||Qs | 1L 4)

Thus, we have:

PrP Hz,a
P<Z”Q<Z Z PI‘ za P <L[ ] D(PSZ ’ Hi,aHQSi ‘ Hi,a)

PrP<z []‘_‘[i7a]
= j{: I’r o) | In s—=———= 4+ D(P<i—1 | I 4]|Q<i=1 | i 0) + D(F; | I;,4|Qs | Lia)

= D(sz‘—llngz'—l) + ZPF[ i,a) D(P; | 0| Qs | 1L;0)

a

By induction oni, we get

D(P|Q) = > PrilliaD(P | Wia|lQi | Ta)-

(2,(1)65

Now the distributions?; | I1; , andQ; | I1; , are Bernoulli random variables with meams, andg; .. For
p,q € [0, 1], we have:

N

p l-p _ (p—q)
D(Bern(p) | Bern(q)) = pln® + (1 —p)ln y—_ < 75—

as in the proof of CIair@S On the other hand, studying fetance the functiorf,: (0,1) — R defined

by f4(p) = piny +(;1 ;;)l = (extended by continuity af), we get
fop) = fo(1—q) > 2
for all p,q € (0,1)2. This shows the lower bound. O

C Omitted Proofs from Sectiond 4.2 and 6l2
Fact (Fact{4.1P)

00 =a = ’
I(X;A)SZPF[AZG](1_§E{i;alizéb ' -
a—=0

Proof. Fora € N, we writep, = Pr[X =0 | A=a]andg, = Pr[X =1 | A = a], so thatp, + ¢, = 1.
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By definition,

I(X;A):ZPr[A:a] Z Pr[X =z | A=a]log
a=0 ze{0,1}

Pr[X =z|A=a]
Pr[X = z]

o0

Pa 4a
= ZPr[A =a] <palog m + qa log m)
= Pr[A=a](palog (2pa) + galog (24a))

= PrlA=a]((1-qs)log (1 - qa) + ¢alog (¢a) + 1)
a=0

< iPr[A:a] <1 -1 ana>2 - ;Pr[fl:a] (1_ Q_G>2

a=0 DPa

2
where for the last inequality we rely on the fact that the birentropy satisfieg(z) > 1 — (1 — %) for
allz €10,1). O

Alternative proof of Lemmia 4}15/e proceed as in the proof of Lem@.ll, first writing

I(X;A):gprm:a]<1_Pr[A:ayX:1]>2:EA [(1_Pr[A:a‘X:1]>2]

PrlA=a| X =0] PrlA=a| X =0]

def P A=a | X

« 2 s = . This leads to

and noticing that

efkg/n(l_l_e)a_i_eke/n(I_E)a
2

41— 2)2=4—4 (e_%e(l +e)*+ 6%6(1 - e)a> + (6_2%5(1 + €)% + 62%6(1 — €)% 4+ 2(1 — 62)a)

(18)
We also have, by definition of, that for anyz € R
Ealz"] = 1K A4 g 4 g A
AlZ71 = 5B aopoi ) [ET+ 7B aopoi 2 110) 7T B avpoi( £ 1-0) 2]
1 & 1 & 1 &
_ 2 2(2-1) 2 or(1+e)(2-1) 2 on(l=e)(2-1)
%€ + 1€ + 1€ (19)

from the expression of the probability generating functadra Poisson random variable. For agye
{-1,1}, we therefore have

46_%661&4[(1 + ﬁe)A] — 9enBee e + en(1+e)Be =5 Be + en(1=9Be =B _ 9 + enBe’ + e~ wBe
46_2%BEEA[(1 + 56)214] _ 26%(2564'62)6—2%56 + e%(1+e)(2ﬁe+62)e—2gﬁe + e%(l—ﬁ)(2ﬁ€+€2)e—2%56

— 9eke | LR (2846 | R (1-28)e-€)

4-9E4[(1 — )4 = den® + 2en (1O 4 260 (170 — g | 9on(@+eY) | 9o n(e?~?)
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Combining Eq.@B) and the above, we obtain
16E 4 [(1 - ZA)2] —16—4 (46—%€EA[(1 o)A + denE4[(1 — E)A])
+ (46—2%EEA[(1 Fe)?A] 4 dePneEL4[(1 — €)24] + SE4[(1 — eZ)A])
—16-8 (2 Tene 4 e_%€2> + (46%62 RBEEE) 4 on(—@=e) | R’ | on(3ei-€?)
+ dene + 9em (€+¢) + 26%(62_ES)>
k 3

=8-38 (6%62 + e_%62> + (6%362 + e e + 26%52) (en6 + e € ) .

A Taylor expansion of this expression (ﬁfﬁ for the first two parentheses, aﬁgf for the last) shows that

E4 [(1 - ZA)2] =0 <%>

as claimed. O

O

Proof of Lemmé 6l7From the definition of (X3Y) =X pyeony Pr[X =2,V = y]log %.
it is straightforward to check that fox, Y taking values inf0, 1}

[(X:Y) = E[XY]log %
+ (E[X] — E[XY]) log Ift[g] 5 E[X[ Y]])
+ (E[Y] — E[XY])log (E[Y] _;(E][) Y ]]

1—E[X] - E[Y] + E[XY]
(1-EX])I -E[Y])

+ (1 - E[X] - E[Y] + E[XY])log
= f(E[X],E[Y],E[XY])

for f defined byf (z, vy, )i zlog = +(:L' z)log -£ i )+(y z)log( )—I—(l x— y—l—z)log(iﬁ);(zl/fz).

The domain of definition of is the subsef2 C [0,1]3 defined by (recalling that, v,  correspond to
E[X],E[Y],E[XY]for X,Y € {0,1})
0<z,y<1
0 < z < min(z,y)
0<z< oy (Cauchy-Schwarz)
0<l4+2z—z—y

Given thec-balancedness assumption BnS2. C € satisfies the further following constraints:

c<z,y<l—c

? §— —<1—c2
Ty
&< 1—|—z—3:—y71—|—z—:1:—y§1_c2
11—z 1—y
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by Baye’s rule and recalling that-z—z—y corresponds tBr[ X = 0,Y = 0] =Pr[X =0|Y =0]|Pr[Y =0] =
PrlY =0| X =0]Pr[X =0]whilel — z,1 — y correspond t&r[ X = 0],Pr[Y = 0] respectively.
One can then check that

of (I-a2)(z—2)  Of (I-yly—»  Of z(14+2z—2—y)

p: ATy I T ey I T G

and therefore, ofl., that

Tr—z l4+2z—2—y9 1 1
195y =2 || < sup flog T2 + flog | < 2log + = 4log 1.
,y,2)EQe 1- C C
Similarly,
—_ —_ 1— 2 1
12 < s os TV ogg sy < sup ftog U 4 jog -
(Z‘,y,Z)EQC z (xvyvz)egc c xy ctx

1 1 1
glogc—5—|—logc—3:8logz.

So overall,f is A-Lipschitz (with regard to th¢-|| . norm) onQ,, for A = HafH + Ha [ 191 HC>O <
16log L. O

70



	1 Introduction
	1.1 Background
	1.2 This Work: Testing High-Dimensional Structured Distributions
	1.3 Related Work

	2 Our Results and Techniques
	2.1 Main Results
	2.2 Overview of Algorithmic and Lower Bound Techniques
	2.3 Organization

	3 Preliminaries
	4 Testing Identity and Closeness of Product Distributions
	4.1 Identity Testing Algorithm
	4.2 Sample Complexity Lower Bound for Identity Testing
	4.3 Closeness Testing Algorithm
	4.4 Sample Complexity Lower Bound for Closeness Testing
	4.5 Ruling Out Tolerant Testing Without Balancedness

	5 Testing Identity of Fixed Structure Bayes Nets
	5.1 Identity Testing Algorithm
	5.2 Sample Complexity Lower Bound

	6 Testing Identity of Unknown Structure Bayes Nets
	6.1 Sample Complexity Lower Bound
	6.2 Identity Testing Algorithm against Non-Degenerate Bayes Nets
	6.2.1 The Case of Trees
	6.2.2 The Case of Bounded Degree


	7 Testing Closeness of Bayes Nets
	7.1 Fixed Structure Bayes Nets
	7.2 Unknown Structure Bayes Nets

	8 Identity and Closeness Testing for High-Degree Bayes Nets
	A Sample Complexity of Learning Bayesian Networks
	A.1 Sample Complexity Upper Bound
	A.2 Sample Complexity Lower Bound

	B Omitted Proofs from Section 3
	C Omitted Proofs from Sections 4.2 and 6.2

