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1. Introduction

Recently, there has a lot of interest in the arithmetic statistics related to the quadratic
twist family of a given elliptic curve E/Q. Much progress has been made towards understand-
ing how 2-Selmer ranks are distributed in these families when either E(Q)[2] ~ Z/2Z x Z./27.
or E[2] has an S3 Galois action. In both of these cases, there are explicit constants o, sum-
ming to one such that the proportion of twists with 2-Selmer rank r is given by «, [Kan10],
[KMR11|.

Strikingly, this is not true when E has a single rational point of order two. In this case
E has a degree two isogeny ¢ : E — E’ and an associated Selmer group Sels(E£/Q). Work
of Xiong shows that if E does not have a cyclic 4-isogeny defined over Q(F[2]), then the
distribution of the ranks of Sels(E?/Q) as d varies among the squarefree integers less than
X tends to the distribution Maz{0,N'(0,1loglog X)} as X — oo, where N(y,0?) is the
normal distribution with mean p and variance o? [Xio13]. In this case, Sel,(E/Q) maps
2 —to — 1 into Sely(F/Q), showing that for any fixed r, at least half of the quadratic twists
of F have 2-Selmer rank greater than r.

This same result can be deduced by studying how dimp,Sel,(E/Q) — dimg,Sel;(£'/Q)
varies under quadratic twist, where Sel d;(E’ /Q) is the Selmer group associated to the dual

isogeny (/5 of ¢. In [Klal2|, the second author shows that as d varies among the square-
free integers less than X, the distribution of dimg,Sels(E?/Q) — dimg,Sel (£"/Q) tends to
N(0, 1 loglog X) as X — oo.

This article studies the joint distribution of Sels(E?/K) and Sel(z;(E’d/K) conditional on
a fixed value of dimg,Sely(E?/K) — dimg,Sel ,(E"/K). In particular, we prove the following:

Theorem 1.1. Suppose E/Q is an elliptic curve with E(Q)[2] ~ Z/2Z that does not
have a cyclic 4-isogeny defined over Q(E[2]) and u € Z. Define

S(X,u) = {d squarefree ,|d| < X,dimg,Sels(E¢/Q) — dimFZSeldg(E/d/Q) = u}.
Then for any r > Max{1l,u+ 1},

 [{d € S(X,u) : (dim,Sely(5*/Q). dimg,Sely (5/Q)) = (r.r — w)}]
X SCX,w)

= Qp q,
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where
2—(r—1)(r—u—1) Hil(l _ 2—5)
r—1 _s r—u—1 —s\’
[[o(A—=27) ][ (1—-27)
Remark 1.2. The constants «,, appear in Cohen and Lenstra’s original paper about
the distribution of class groups of quadratic fields and «, _, is equal to what is described

there as the u-probability that a finite abelian 2-group has rank r» — 1. (See Theorem 6.3 in
[CL84].)

OéTyu _=

2. ¢-Descent

We begin by defining the Selmer groups Sely(E/Q) and Sel;(£'/Q) and then giving
an explicit description of the Selmer groups Sely(E?/Q) and Sel;(E'?/Q) associated to the
quadratic twist of an elliptic curve by a squarefree integer d.

Let E be an elliptic curve with a single point of order two defined by

? = 2® + Az? + Ba.
and set C' = F(Q)[2] = ((0,0)). There is an isogenous curve E’ given by a model
y? = 2® — 242 + (A% —4B)x
and an isogeny ¢ : ' — E’ with kernel C'. There is a Kummer map

k: E'(Q)/o(E(Q)) —~Q*/(Q*)?
A if (xz,y) = (0,0
“((”3’9»:{ v if Eng# Eo,og

where A is the discriminant of E. We have similarly defined local maps

kp - B'(Q)/$(E(Qy)) =~ Q) /(Qy)

for every completion Q, of Q which give a commutative diagram for every completion Q, of
Q, where the restriction map Res, is the natural map Q*/(Q*)* — Q) /(Q))*.

E'(Q)/¢(E(Q)) — Q*/(Q*)?

l iR

B(@y)/6(E(Q,)) *— Q; /(Q;)?
The ¢-Selmer group Sels(E£/Q) is defined as

Selo(E/Q) = {e € Q*/(Q*) : Res,(c) € rp(E'(Q,)/$(E(Q,))) for all places p of Q}

Exchanging the roles of E and ¢ for those of E’ and the dual isogeny ¢ E' — E yields a
¢-Selmer group Sel;(£'/Q) via the same construction.

Standard descent technology tells us that the images of , and &, in QX /(Q))* are dual
to each other via the Hilbert symbol pairing. Further, when p is a prime away from 2 where
E has good reduction, the images of , and &, are both equal to the unramified subgroup
of Q7 /(Q))? generated by the image of ZX. This last fact allows us to describe each of
Sel,(E/Q) and Sel;(£'/Q) as the intersection of two finite dimensional F» subspaces.
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Let T be the set of places of Q dividing 2Aoc and define
V=P /@)
veT

Define a subspace U C V as the image of the T-units Z} in V. Next, for each place p € T,
define W, as

Wy = rip(E'(Qp) /$(E(Qy)))

and
W, =k, (E(Qp)/o(E(Qyp))),
and set
W =W,
veT
and
W =w,
veT

It then follows that Sel,(E/Q) ~ UNW and Sel;(E'/Q) ~ UNW’. Because the images of r,
and r;, were dual to each other under the Hilbert symbol pairing, it follows that the subspaces
W and W' and therefore the Selmer groups Sel,(E/Q) and Sel;(E'/Q) are orthogonal under
the sum of the Hilbert symbol pairings over the places in 7'

3. Twisting

Now suppose that d is a squarefree integer relatively prime to 2A. Let T, =T U {p | d}
and observe that T contains all of the places of Q above 200 and the places at which E¢
has bad reduction. We define

V=P /)

veETy

and define U¢ C V¢ as the image of Z;d in V. For each place in T, we define

Wy = kp(E"(Qy)/6(E(Qy)))

and
Wt = ki, (EYQy)/¢(E(Qy)))
and set
W= w;
veTy
and
W= wy
veETy

We then get that Sely(E?/Q) ~ U N W? and Sel,(E'/Q) ~ U N W'

Moreover, if p | d, we can explicitly describe the subsets szl and Wzﬁd of Q;/(@;)Z. By
Lemma 3.7 in [Klal1], the images of , and &/, are given by x,(E"(Q,)[2]) and /,(E%(Q,)[2])
respectively. Explicitly, we get

(A) if (&%) =-1
Wd: p
? (A d(A+2VB)) if (&) =1

p
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and
. (A if
P (A 2d(—A+ VAT AB)) if

where A’ is the discriminant of E’. We note that the sum of the dimensions of Wl‘f and W;d

will always be equal to two. We also note that up to squares, we have A = (A% — 4B)(Q*)?
and A’ = B(Q*)2.

s> s>

4. Tamagawa Numbers and Primes

[Note: Zev, 'm putting this section here because I assume you are going to need some
of this discussion]|

As seen above the role that an odd prime p|d has in the computation of the ¢—Selmer
group of E4 depends a lot on the residue symbols (%) and (%). Since the four possibilities
here behave very differently, we will consider them each separately.

DEFINITION 1. If p is a prime relative prime to 200’

We say that p is type 1 if <A> = (A/) =1.

P P
We say that p is type 2 if (%) = — (%’) = 1.
We say that p is type 3 if — %) = (%) = 1.
We say thatp is type 4 if — (%) =— (%) = 1.

We note that W]f is dependent on the type of p. In particular,

(d(A+2v/B)) if pis of type 1
e 1 if p is of type 2
T (@/(@)7) i pisof type 3
(Z3/)(2)?) if p is of type 4

We note that there is a relationship between dimg,Sels(E?) — dimg,Sel,(£'?) and the

number of primes of various types.

Lemma 4.1. For each L € (Z/2AN'Z)* there exists an integer cr, so that for any d =

p1- - - pn Where p; are distinct primes so that the p; contain n; primes of type j for 1 < j <4,
and so that d = L (mod 2AA"), then

dimg,Sely(E%) — dimg,Sely(E") = cf, + ng — na.

Furthermore, for every u € Z there exist d relatively prime to 2AA’ so that dimg,Sel,(E?) —
dimg,Sely(E") = u.

TODO: ZEV, CAN YOU HANDLE THIS (ASSUMING I GOT IT RIGHT)? O

It should also be noted that if d = p; - - - p, for p; are distinct primes relatively prime to
2AA’ that an element £ of U? can only be in W4 if p; f¢ for p; of type 2 or 4. Thus if we let
U'® be the span of

{=1,2}U{q: q|lAA} U {p; : p; is of type 1 or 3}
then Sely(E?) = U N W4,
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5. A Markov Chain Approach

Based on the above description, it is easy to see that if d = p;---p, for p; distinct
primes relatively prime to 2AA’ that the rank of Sel,(E¢/Q) depends only on the values of
the p; modulo 8AA’, whether or not A + 2v/B is a square mod p; for primes p; for which
<é> = <A/> =1, and on <&>

Di Di pj

There is a natural probability distribution over possible combinations of such values.

Namely, the p; take random, independent congruence classes in (Z/(8AA'Z))*, for p; with

<A> = <A'> = 1, the symbols <%§> are randomly +1 or —1, and the <Z—J> are random

1713 Di
and independent up to the constraints imposed by quadratic reciprocity. In terms of this
probability distribution, there are combinatorial means by which the distribution of Selmer
ranks can be analyzed. In particular, we get the following theorem.

Theorem 2. In terms of the probability distribution above let
apyu(n) = P(dim]FQSel¢(Ed) =7|d = p1 - p,, dimg,Sels(E?) — dimFQSeld,(E’d) = u,
there are at least n/10 p; of type i for all z'),

then
lim o, (n) = ayy.

n—00

(as it is clear that the last condition holds with probability approaching 1 as n — oo).

TODO: ZEv, I NEED TO HAVE THIS IN ORDER TO GET MY RESULT TO WORK. [l

6. Natural Density

While Theorem 2 proves a limiting result along the lines of [SDO08], it would be convenient
to have a result in terms of natural density such as Theorem 1.1 above. We proceed in a
manner analogous to that in [Kan10| with a few added complications due to our slightly
different context. In particular, we attempt to get at the densities of ranks via moments of
the actual sizes of the Selmer groups in question on a large subset. In particular, letting
w(n) denote the number of distinct primes dividing n, we define:

DEFINITION 3. Let S'(X,u) be the set of d satisfying the following properties:

(1) 0 <d< X

(2) d is squarefree

(3) d is relatively prime to 2AN’

(4} dimFQSel(b(Ed) — dimFQSel¢(E’d) =Uu

(5) |w(d) —loglog(X)| < loglog(X )/

(6) d has more than w(d)/10 prime factors of each type (ie. type 1 through type 4).
Let S"(X,u) be the set of d satisfying only the first four of these properties.

We note that S(X,u)" is a proper subset of S”(X,u), but that the density of one within
the other approaches 1 as X — oo
Lemma 6.1. For any E and u we have that
S'(X
L 1Sx)

= 1.
Koo [S"(X, u)
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In order to prove this, we will need the following slight strengthening of [Kan10| Propo-
sition 10:

Proposition 6.2. Let n, N, D be integers with loglog N > 1, and
2loglog N. Let G = ((Z/DZ)*)*. Let f: G — C be a function. Let f

|fl2 = \/ﬁ deG |f(9)|?. Then

/2 <n<

(loglog N)
:%ZG()-Let

LS | S|y (e
Yttt mn n! .

n! loglog N
p1pn <N p1pn <N
p; distinct primes p; distinct primes
(pi,D)=1 (pi,D)=1
PROOF. The result follows from the proof of [Kan10| Proposition 10. O

There is a particularly, nice version of this result when f is symmetric.

Corollary 4. Let n, N, D be integers with loglog N > 1, and (loglogN)/2 < n <
2loglog N. Let G = ((Z/DZ)*)*. Let f : G — C be a function symmetric in its inpuls.
For d relatively prime to D with w(d) = n, let f(d) = f(p1,-..,pn), where p; are the prime

factors of d. Let f = ﬁdeG f(g). Let |f|s = \/‘—é' S gec [ f(9)2. Then

Z for, - pa) = f Z 1 +OD<|f‘2N10gloglogN)'

log log N
d<N d<N §108
d squarefree d squarefree
(d,D)=1 (d,D)=1

PROOF. This follows immediately from Proposition 6.2 upon noting that each such d can
be written as a product pq,...,p, in exactly n! ways. 0

We can now prove Lemma 6.1.

PROOF. We begin by showing that S” (X, u) is reasonably big, in particular, that |S” (X, u)| =
Q(X loglog(X)~1/?). Pick an L modulo D = 4AA’ so that it is possible to have dimg, Sels(E?)—
dimg,Sely(E") = u for some d = L (mod D). By Lemma 4.1, this will happen whenever
d = L and n3 — ny is equal to some particular constant, U. In particular, this implies that

ALY — (1),

( LC)onsider the number d < X with d squarefree and w(d) = n for some |n — loglog X| <
loglog(X)®/® with d = L (mod D) and n3 —mny = U. Note that whether or not this holds for
such a d depends only on the congruence classes of the primes dividing d modulo D. Thus,
if we define f(p1,...,pn) to be 1 if it holds and 0 otherwise, we may apply Corollary 4.

We note that if the p; are picked randomly modulo D with probability 0, (log log(X)~1/2)
that n3 —ny = U and that at least one prime is not of type 2 or 3. We note furthermore
that upon fixing the values of all of the p; modulo D except for one of type 1 or 4, there
is a unique setting of the last prime modulo D so that d = L (mod D). This setting is

of type 1 or 4, since if d' is the product of the other primes dividing d, then (Ad—él) =
(=1t = (=1)Y = (L&), and thus (W) = 1. Therefore f = Op,(loglog(X)~'/?),

and thus |flo = Op,(loglog(X)~1/*). Hence, applying Corollary 4 for each n with |n —
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loglog(X)| < loglog(X)>® we find that letting S(X) be the set of d satisfying Properties
(1),(2) and (3) above that

Xlogloglog X
1S"(X,u)| = Op.(loglog(X)?)|S(X)| + Op. ( og log log )

(loglog X)5/8

We note that by a slight modification of [Kan10]| Corollary 8, we can show that the number
of d < X with |d — loglog(X)| > loglog(X)*® = exp(—Q(loglog(X)'/4)). Thus, |S(X)| =
Qp(X), and thus

1S (X, u)| = Qp (X loglog(X)'/?).

We have yet to show that [S”(X,u) — S(X,u)| is small. In particular, by the above,
o(X loglog(X)~/?) of integers less than X fail to satisfy property (5). Of the numbers
satisfying the Properties (1),(2),(3) and (5), and w(d) = n, we can apply Corollary 4 to
count the number that fail to satisfy Property (6) since it is clear that this property depends
only on the prime factors modulo D. It is also clear that f = e~ and that ||, = /7.
Therefore, we have that the number of d failing Property (6) is OD(Xe (). Summing over
all n with |n — loglog(X)| < loglog(X)®® tells us that the number of d satisfying the first
five properties but not the sixth is Op(X log(X)~%»M)  which is also much smaller than
|S”(X,u)|. This completes the proof. O

Having restricted ourselves, to S'(X,u), we may now consider the average moments of
twists of E' by elements of this set. In particular, the bulk of our work will be to prove the
following proposition:

Proposition 6.3. Let k be a non-negative integer, and u be an integer. Then

i 2odest(x [Selo EIF _ izk’“
X =00 \S’(X,u

Note that the limit above is exactly what you would expect if an «, ,-fraction of the
d € S'(X,u) had dimg,Sels(E?) = r. Before proceeding with the proof, we show how
Proposition 6.3 can be used to prove Theorem 1.1.

PROOF OF THEOREM 1.1 ASSUMING PROPOSITION 6.3. From Proposition 6.3 it is not
hard to show (along the same lines as [Kan10|, Section 5) that for any u,r
lim #{d € 5'(X,u) : dimp,Sel,(E?) = r} o
X—ro0 |1S"(X, u)] ’
[TODO: Should T go into more detail?|
By Lemma 6.1, it immediately follows that
lim #{d € S"(X,u) : dimp,Sel,(EY) = r}
im
A 570X, u)]
Writing S”(F, X, u) to denote the version of S” associated to a perhaps different elliptic
curve, F', we note that

—_= Oé?“,’u/'

SX,u)= ) mS"(E™ X/m,u).
mi2AA
Therefore, the set of twists of the form

{E?:de S(X,u)}
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can be written as a union

U {@E™*:deSE™ X, u)}.

m|2AA

Since an «, ,-fraction of the twists in each of these sets have Selmer groups of rank r, the
same holds for the union. This completes the proof. 0

The rest of this section will be devoted to proving Proposition 6.3. We begin by further
partitioning S’(X, ) further. In particular let S’(X,u,n) be the subset of d € S'(X, u)
so that w(d) = n. We note that (as long as |n — loglog(X)| < loglog(X)%?®) that each
d € S'(X,u) can be written in exactly n! ways as d = p; - - - p, where p; are distinct primes,
relatively prime to 2AA’; so that if n; of them are of type i, then n; > n/10 and ng — ny =
Uy := u — cp, where ¢ is as given in Lemma 4.1 for d = L (mod 2AA’). Thus we have,
letting D = 8AA/, that

1
INL INL
Y Isely(EYF = ] > |Sely (E)|".
deS’(X,u,n) P1,...,pn distinct primes
d=p1---pn <X, (pi,D)=1
n; of type i,n3—n2=Uy
n;>n/10
We subdivide this sum further by conditioning on the values of each of the p; modulo D. In
particular, we let C'(u,n) be the set of elements (c1,...,¢,) € ((Z/DZ)*)" so that if there
are n; ¢’s of type i, then n; > n/10 for all i and n3 — ny = Uy. It is easy to verify that so
long as n > 10U that |C(u,n)| = O(4¢(D)"n~/?). In any case, we can now rewrite the above
equation as

1) S lseEht= Y Y [sel(E

desS’(X,u,n) (c1,..-sen)€C (u,m) " p1,...,pn distinct primes
d=p1-pn<X
pi=c; (mod D)

We need to better understand |Sel,(E?*P*)| when p; = ¢; (mod D). If d = p; - - - py, this

is the number of x € U'® so that x € W2 For each i, let t(i,1),...,t(i,n;) be the distinct
indices so ¢;(; j) of type <. We note that any such z can be written uniquely as

ni ns

U; Unqj+i

L= prtu,z') Hpt(sl,z) ,
=1 =1

where y is squarefree and divides D and u = (uq, ..., Un,1ny) € F5' 7", We abbreviate the
above as x = yp“.

In order for x to be in W% it must be the case that x € W;l for q|Doo and for ¢ = p;
for each 7. We note that whether or not x € Wj for ¢q|Doo depends only on the congruence
classes of p; modulo D. Thus, if ¢ = (¢q,...,¢,), we let U(c) denote the set of pairs (y, u)
as above so that yp" is in qu for all q|Doo. It should also be noted that such z are
automatically in W;li for ¢ or type 3 or 4. For p; of type 1, x € ng if and only if the Hilbert
symbol (z,d(A 4+ 2v/B)),, equals 1. For p; of type 2, = € W if and only if the Hilbert
symbol (z, p;),, equals 1. Therefore, we have that if x = yp* for (y,u) € U(c) then if p; = ¢;



ON THE JOINT DISTRIBUTION OF Sel,(E/Q) AND Sels(E'/Q) IN QUADRATIC TWIST FAMILIES 9

(mod D) then

omitnz if o e Py

Wny4i
Z H (x,d(A+ 2\/_))17 H, >H<x’pt(2’i))pt(;’i) N {0 else

weIFgl'H'?’ 1 =1

Therefore we have that if d = p; - - p, with p; = ¢; (mod D),

ng
‘Seld)(Ed 2n1+n2 Z H yp d A + 2\/_))1’1;);(1 i) H<ypu’pt(2vi))z):(12lj)l'
(y,u)eU(c) i=1
we]FnlJrn2
Taking a k' power yields
(2) )
1 @ u W; - nq+i
|Sel¢(Ed)|k = W Z H (H Yep ¢ d A + 2\/_));%(’1[,1-) (yfp 7pt(2 z))Pt(;,:_) J) .
(ye,ug)€U(c) £=1 \i=1 i=1
wZGFnl-&-HQ
1<€<k’

Substituting this in to Equation (1), and interchanging the order of summation, we get that

S oBEN = Y o O

desS’ (X ,u,n) (e1,-.-,cn)EC (u,n) (ye,ug)€U ()
ngIFnDL”Q
1<t<k
]_ wy - n 1,
CREEER T RN 11 (R URRYE I (e |
" d=p1- Pn<X =1 \i i=1

p; distinct primes
pi=c; (mod D)

Define A(p) to be the function on primes p relatively prime to D so that
() ¥ (2)- ()
Alp) = P P P
0 otherwise.

We note that by quadratic reciprocity and our knowledge of the p; modulo D, we can rewrite
the inner summand as

s €s,5 (Ye,ue,we)
2y uewe) [ (-) I 2w
ieT

1<i<j<n P; (Ye,ug,we)

For some |z(ye, we, we)| = 1, €;.(ye, we, we) = €5 (ye, ue, wy) € Fo, and T (yp, wg, we) C {1,...,n}
so that ¢ € T'(yg, ug, wy) only if ¢; is of type 1 and e;; or e;; is 1 for all j of type 2.
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We can now remove the conditioning on the congruence classes of the p; with an appro-
priate character sum. Namely, we have that:

1 1
> |Se1¢(Ed)|k=¢(D)n > RO+ > >

deS'(X,u,n) (c1,-.-,en)€C (u,m) (ye,ue)€U(c) xi (mod D)
ngF;1+n2
] n i ei,j (ye,ue,we)
@ 5 X wweoITuose T (%) I )
’ d=p1-pn<X i=1 1<i<j<n p] 1€T (yg,ug,wy)

p; distinct primes

The inner summand is now a constant of norm 1 times a product of x;(p;) where the x;

are characters of modulus dividing D, times a product of Legendre symbols (i—) for ¢ < 7,
J

times a product of terms of the form A(p;) (5—]) where j = ¢(2,1). Note that this sum is

very similar to the sum consider in |[Kan10| Proposition 9, and can be bounded by similar
means. In particular, we have

Lemma 6.4. Let x;, 2 = 2(ys, ug, we), €;; = €;;(Ye, g, we) and T = T (yp, ug,wy) be as
above. Let m be the number of indices 1 < i < n so that at least one of the following holds:

e i #1
e ¢;; =1 for somej#i

Then

% Z ZHXi(pi/Ci> H (&)QZ,HA(@) = O, p(Xc™).

d=p1pn<X  i=1 1<i<j<n \Pi ieT
p; distinct primes
PROOF. We may assume without loss of generality that ¢, is of type 2. Thus, we may
merge terms to replace the A(p;) terms with terms of the form \(p;) (%). The remainder of

the proof is now completely analogous to the proof of Proposition 9 in [Kan10] after noting
that [Kan10| Lemma 15 also implies that

5 alpbipn) ()| = O(X tog(x)47)

O

For given values of x;,y¢, ug, wy, let m be as given in Lemma 6.4, and let m’ be the number
of indices ¢ so that e; ; = 1 for some j # i. We would like to show the contribution to the
sum in Equation (4) with m > 0 is negligible. We begin by showing that the sum over terms
with m’ > 0 is negligible. In particular, we show that
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Lemma 6.5.

1 1
JDF 2 Fmw D

(c1y-.-sen)EC (u,m) (ye,ug)€U(c) x; (mod D)
szF;lJrnQ
m’>0
1 n i ei,j (Ye,ue,we)
o > cweusw) [[aleile) 11 (—) II 2o
" d=pypn<X =1 1<i<j<n i JET (o ee)

p; distinct primes
== OD,k:,U <X log(X)_27k71> .
Furthermore, for fized c, the number of collections of us, vy so that m' =0 is Ok7u<2k(n1+n2))'

PROOF. To understand the size of this sum, we must better understand the number of
ug, wy with a given value of m/. In order to do this, we must better understand the terms
e; ;. We begin with the following definitions:

e For 1 <i < ny,let v;; € F3* be given by (wiy, ..., Wie Uiy, .., Ui).
o For 1 <i < ny, let vy; € F% be given by (wny i1+ Wnysie)-
e For 1 <i < g, let v3; € F5 be given by (tn, i1, - -+ Unytie)-

It is now easy to verify that:
€1(2,i),t(3,5) — <712,z‘>?13,j>,
and
ey = ¢(t(1,7) +t(1,7))

where ¢ is the non-degenerate quadratic form ¢(xq,. .., Zg, Y1, .., Yr) = Zle Tl

Call an index, i between 1 and n active if e; ; = 1 for any j # i. Let S; C F3* be the set
of elements of the form v, ; for i so that ¢(1,4) is not active. Let m; be the number of active
indices of type i. Define Sy, S5 C F} similarly. We make the following claim:

Claim 1.
151 < 2%, |So||S;] < 2°

Furthermore, the first inequality is strict if my > 0 and the second inequality is strict if mo
or mgz s bigger than 0. Finally my > 0 only if mq > 0.

PROOF. The first inequality follows from noting that for any vy, v, € S; that ¢(v; +v9) =
0, and thus that S; is contained in a translation of a Lagrangian subspace of ¢. If m; > 0
then there is some ¢(1,¢) which is active, and thus vy ; ¢ S;. On the other hand, by the above
reasoning S7 U {vy;} is contained in a translate of a Lagrangian subspace for ¢, implying
that the inequality is strict.

The second inequality follows from the observation that Ss is contained in the orthogonal
compliment of the span of Ss. If e;2) 43, = 1 for some ¢, j, then S5 is also orthogonal to
vs; & Ss, from which we infer that either S; is strictly contained in it’s span, or that
Sy is strictly contained in the orthogonal complement of S3, either of which imply that
|SQ||53| < 2k,

Finally, note that e;)4,) is always 0, and thus if my > 0 then some other m; must
also be positive. O
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Note that this claim immediately implies the second part of the Lemma.

We are now ready to prove our Proposition. We write the sum over u,, wy in a particular
way. First we produce an outer sum over the values of my, ms, m3, m. Next we sum over
possible choices of the sets S7, S5, S3 consistent with the above claim. We note that there are
only Ok (1) many possibilities. Then we count the number of choices of u,, wy, y, consistent
with these choices. We note that for each choice of us,w, there are Oy p(1) possible valid
choices for y,. We note that making choices of u, and wy is equivalent to picking values for
the v; ;. To do this we first decide which of the indices contribute to m, which can be done in
at most (;L) many ways. Next, we pick the values of the v; ; consistently with our choices of
S;, which can be done in at most |S;|"[Ss|"2|S5|"325™ many ways. Finally, we note that By
Lemma 6.4, the inner sum is then Oy, . p(Xc™). Finally, we choose the values of y;, noting
that x; = 1 unless ¢ contributes to m. Thus, the x s can be picked in at most ¢(D)™ ways.
Thus the sum in question is at most

1 1 .
H(D)" > k(ni+na) > Or,p.o(X (2°¢(D)c)™) <7ZL) |S1]"[Sa|"*] S5

ceC(n,u) 0<mi+ma+mz<m
k my (7 (1SN [ 1Sal1S5 ™
< X owaeeopn () () (B
0<mi+mo+mz<m

IN

m

(1— 27k>min(n1,n2) Z Ok,D,c,U(X(C>m) (n)m3

IN

(1 . Q_k)n/looc,k,D,U(X<1 + C)3n)
(1 . 27k>n/100k7D’U(X<1 + 27k77>n)
Sok,d,U(X 10g(X)727k75).

IN

This completes our proof. 0

Now that we have shown that the contribution from terms with m’ > 0, we can deal with
the sum in question.

Lemma 6.6. For |n — loglog(X)| < loglog(X)>/8,

X loglog log(X))

dy(k / kr
Z ISel,(EY)|" = |5'(X, u,n)] ;2 au(n) +Op i ( log log(X)5/*

deS'(X,u,n)

Furthermore,

Z QkTOéT’u(TO = OD,k,U(l).

PROOF. By Lemma 6.5, we know that we can already safely ignore the terms with m’ > 0.
Also by Lemma 6.5, the number of such terms in the sum over yp, ug, vy is Ok,D(Qk(”lJ’”?)).
Thus, up to negligible error the sum in question without the m > 0 restriction is

(5) ! Z f(p17“‘7p7l)7

n!
d=p1-pn<X
p; distinct primes
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where f : ((Z/DZ)*)" — C is some function with |f|oc < Okp(1) and f supported on
C(u,n). By Proposition 6.2, this is

1 1 X logloglog(X)[flee |[supp(f)|
sor 2 JOfn 2 ! +0D< log log () oDy )

((z/Dz)*)" d=p1-pn<X
p; distinct primes

The error term here is clearly seen to be

0 X logloglog(X)
PEUA Tloglog(X )3/t )

First we note that > 2", ,(n) is the expectation over p; as described in Theorem 2
of the k' moment of the size of the Selmer group times the indicator function of the event
that there are more than n/10 primes of each type, given that ng — ny = U. This is the
expectation of the k' power of Selmer times the indicator function that all n, are more than
n/10 and that n3 — ny = U, divided by the probability that ng —ny = U.

The former expectation can be computed via a formula similar to Equation (3) in which
the inner sum and the % is replaced by an expectation. In this case, the sum over terms
with m’ > 0 is exactly 0, and thus is equal to an expression analogous to that in Equation
(5). Thus, it is easy to see that this sum is exactly

1
D) >

((z/DzZ)*)"

Thus, we have that

kr 1
ZQ Qpy(n) = Crn,) Z f(g)

9<((Z/DZ)* )"

Where C’(n,u) is the set of congruence classes with n3 — ny = U. This is clearly Op . ¢(1).
By Proposition 6.2 with f the indicator function of C'(u, n), we find that that |S"(X, u, n)|
is

_ _ C(u,n)| X log log log(X)
U X sauarctree, (0, D) = L(d) = S5y + Opir | oy og ()7
Combining these last two lines with Equation (5) yields the desired result. O

We are almost ready to prove Proposition 6.3. First we need one more Lemma.

Lemma 6.7. For any k,u

. kr _ kr
nh_)rgoz 2" vy (n) = ZQ Q-
PROOF. Applying the second part of Lemma 6.6, with one higher k, we find that
> 2 a,,(n) = O pu(1)

and thus
riam(n) = OD7k7U(2_T).
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Theorem 2 tells us that 2¥"a,. ,(n) converge to 2" ., pointwise. Our result now follows from
the Dominated Convergence Theorem. 0
We are now ready to prove Proposition 6.3.

PROOF. By Lemma 6.7, for any € > 0 there is an N so that whenevern > N, | > 2, (n)—
>, 2 aq,.,| < e Take X so that loglog(X) > 2N. Then

> [Sels(BY

des’ (X u)

= > Y [Sely(EY*

|n—loglog(X)|<loglog(X)5/8 deS'(X,u,n)

X logloglog(X
- > 06, 302 (m) + Ops (2 2L
[n—log log(X)|<log log(X)>/8 r g log
X logloglog(X
- 2 S0 552+ 000 ) + O (F 5 )
[n—log log(X)|<loglog(X)5/8 r g log

=|S"(X, u)| Z 2k vy + O (€ S' (X, w)|) + Op v (1S'(X, u)| log log(X)~1/19).

Thus for X sufficiently large,
EdeS’(X,u) [Sely (E9)|* — 0(e)
15'(X, u)| -
This completes the proof. O
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