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Abstract

We construct a class of transformations similar to the Pascal transfor-
mation, except for the use of spacers, and show that these transformations
are weakly mixing.

1 Introduction

The Pascal transformations arise as natural examples of adic transformations.
Adic transformations were studied by Vershik as models for measure-preserving
transformations [2], [3], [4]. Vershik conjectured that the Pascal transformations
are weakly mixing, and while they are known to be totally ergodic this conjecture
remains open [1], [5]. In this paper we define a class of transformations that are
towers over the Pascal transformations and show that they are weakly mixing
(Theorem 1 ).

For each 0 < a < 1, define the Pascal transformation S = S,! in the
following way as a cutting and stacking transformation (see for example [5]):

We proceed by inductively defining a sequence of columns. Start by letting
column Coy o = (B(()?g) consist of one interval, called a level, of total mass 1 (we
normalize the measure at the end). In the n'" generation of columns we will have

n+1 columns, where column m is denoted by C,, ,,, = (By(,?;n7 e B,(L},L;}’,’m_l)) for
0 < m < n. The columns in generation (n + 1) are obtained from those in gen-
(4) @ g

eration n in the following way. First cut level By, into sublevels B, o, B, 7, 1

with mass ratio o : 1 — «. Then define

B BY) (et =1)

n,m,0 n,m—l,l""’Bn,m—l,l

CnJrl}m — (B(O)

n,m,07**

©)

n,m,i

where levels B with indices m < 0 or m > n are ignored. We define

the action of S on B,(f)m by sending it (using the standard translation of an

interval to another of the same length) to Br(ffnl) when ¢ # h, pm — 1. In the
limit this defines a finite measure-preserving transformation S, known as the

Lwhile S depends on a we do not write this explicitly



Pascal transformation. While S is totally ergodic [1], it is an open problem as
to whether S is weakly mixing.

Now we define a new transformation Ty, the Pascal with spacers transforma-
tion, in a similar way, only with additional spacers (an additional piece of our
measure space of the correct total mass that is not part of any previous genera-
tion’s column) placed on top of column C,, ,, if n is a multiple of k. Notice that
all of the levels in column C,, ,,, have mass o™ (1 — a)™ so T} is measure pre-
serving. Notice also that the amount of mass added by spacers on generation n
columns is 0 if £ does not divide n and >, a’(1—a)"~* < (n+1) max(a, 1—a)"
otherwise, hence T is defined on a space with finite mass. Therefore, we can
instead consider the transformation T} on the renormalized measure space so
that the total mass of the space is 1. We shall prove the following theorem:

Theorem 1. The transformation Ty, is weakly mizing if k > 1.

We also note, though that not all patterns of spacers are weakly mixing. In
fact we can show that 77 is not weak mixing.

Proposition 2. T3 is not weakly mizing.

Proof. In Ty, all of the column heights are congruent to 2 modulo 3 and hence
the function that assigns e*™“(™*")/3 to any point in the level Bnhr)n is well

defined and clearly has eigenvalue e27%/3, O

Notice that the above proof also shows that 77 is not even totally ergodic.

The transformation T} can be expressed symbolically as follows: the space,
X is the subset of {0,1}* x Z consisting of elements of the form ((0%1°05),n)
where S is some string of 1’s and 0’s, b > 0, and 0 < n < “TH’ + 1. The
measure on X is generated by the cylinder sets [091°0S, n] = {((0%1°055"),n) :
S" e {0,1}¥}, where b > 0, S is any finite string and 0 < n < ‘%‘b + 1,
by u[0%1°08,n] = a®(1 — @)Y, where x and y are the number of 0’s and 1’s
respectively in the string 01°0S. The transformation T}, acts on X by

((0°1%08),n+1)  ifn < ot
((1°=102*t115),0)  otherwise

T5.(((0%1°08),n)) = {
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2 Ergodicity
Here we will prove the following Lemma:

Lemma 3. T} is ergodic.



Proof. Notice that the induced map of T} on the complement of the spacers in
X is S. Since for any point € X, T, "(x) is in this set for some n, the result
follows from the well-known ergodicity of S. O

3 Some Machinery involving Column Heights
and Copy Heights

We will use the convention that h,, ,, = 0if m <0 or m > n.

Lemma 4. Forn > 0,

h _ hn,m + hn,'m—l an +1 7é 0 (mod /{J)
T i+ b +1 ifn+1=0 (mod k)

Proof. This follows immediately from the construction of the columns. O

Definition 1. If I is a level in some column Cy 5, and 0 < m < n withn > r, let
P, . (I) denote the set of copies of I in column Cy, . In other words, Py m(I)
is the set of levels, J, in Cy, », so that J C I.

Definition 2. If I is a level in column C,, ,, where I = B,Sfi%, let h(I) = H.

Definition 3. If I is a level in Cy 5, n,m € Z, withn >m >0 and A € C, let

Snm(TN) = D u(IHAM.

I'EPy m(I)
If m & 1[0,n], let Spm(I,A) =0.

The idea of the proof will be to assume for sake of contradiction that T} has
an eigenfunction, f, with eigenvalue A # 1. We will then look at some interval
I on which f is nearly constant. We will then consider the values of f on the
generation-N copies of I. Since if two copies of I are both in column Cy s,
their f-values are proportional to A raised to the power of their heights, we have
that the integral of f over Py a(I) is bounded above by |Sy a (I, A)|. We will
produce a contradiction by proving that imy .00 D5/ |Sn,a (I, A)] = 0. To do
this we will use the following lemmas:

Lemma 5. If I is a level of a column of generation at most n, then
Snt1m(I,A) = aSnm(I,A) + (1 — @)\, 1 (1, N).

Proof. Let the heights of the copies of I in C), ,, be H; for 1 <i < ky. Let the
heights of the copies of I in C,, ,,—1 be G; for 1 < i < k3. Then the heights of



the copies of I in Cp41,, are H; and G + hy, . Therefore, we have that

k?l kz
Spgtm(I,A) = a1 (1 — o)™ (Z M Z ,\Gﬁhw)
- ,

_ aE an m _ mAH 1 —O[ hn,m § an+1 m _ O[)m_lkci

= aSmm(I, N+ (1 —a)\mmS, (T, /\).
O

Lemma 6. Ifk > 1, A = ¢ where § € (—m, 7], n = —2 (mod k), and I is a
level of generation at most n, then for the transformation Ty,

n+4 n
D> Sntam LA <Y 1Snm (L)1 = (2= 2c0s (6/6))a’(1 — a)?);
m=0 m=0

and, regardless of the value of n,

n+1 n

Proof. Lemma 5 Implies that Sp11m (L, A) < |Spm (L, A)|+(1—a)|Sn,m—1(L, N)]|.
Our latter result follows from summing this over m.

The idea of the proof will be to use Lemma 5 repeatedly to relate the value
of Sp+4,m(I,A) to the values of Sy, ,,,—; (I, \). In particular, let P be the set of
paths of length 4 starting from (n + 4, m) and taking steps of the form (z,y) to
(x—1,y) or (x—1,y—1). For such a path, p, let e(p) be the second coordinate
of the end of the path. Let h(p) be the sum of h, ,, over pairs (n’,m’) so that
p takes a step from (n’ 4+ 1,m’) to (n’,m’ — 1). By repeated use of Lemma 5,
we have that

Sppam(I,N) = Z Ne@) qe@)Ha=m () _ qym=elb)g (T, N). (1)
peP

For n = —2 (mod k), we wish to show that

Sntam (1, M) <0*[Spm (1, N)] + 40 (1 = @)|Sp,m—1(IN)]
+a?(1—a)?(6 — (2 —2c0s(0/6)))|Sn.m—_2(I,\)]
+4a(l = a)?|Snm—s(L, M| + (1 = ) Spm-a(I, V)],
and our result will follow from summing over m. We will do this by showing
that there exist two paths pi,ps € P with \®1) far from M) and using

Equation 1. In particular, if N*®1)=(P2) ig at least as far from 1 as /3, our
result will follow.



Consider two paths p1,p2 € P from (n + 4,m) to (n,m — 2) that each
pass through (a,b) and (a —2,b—1), identical except that the p; passes through
(a—1,b—1) and p; passes through (a—1,b). Then h(p1)—h(p2) = ha—1p—ha—2.b-
If we let p;1,p;2 for ¢ = 1,2,3 be such pairs of paths with (a,b) equal to
(n+3,m—1), (n+3,m) and (n + 4, m — 1) respectively we have that

h(pl,l) - h(pl,Q) = hn+2,m—1 - hn+1,77n—1 = hn+1,m—2

h(p21) — h(p22) = Ant2.m—2 — Pnt1.m—2 = Bnt1.m—3
and
h(ps,1) —h(p32) = hntsm—1 — Pnt2.m—1 = Rntom—2 + L.

Since the last of these is one more than the sum of the first two, letting

E; = )\h(pivl)*h(;ﬂi,z),

we have that B 'E;'E3 = \, and hence one of the E; is at least as far from 1
as e'0/3,
O

4 Weak Mixing

Here we prove Theorem 1.

Proof. Suppose for sake of contradiction that T} has an eigenvalue of A\ = ¢*

where 6 € (—m, 7], and 0 # 0. Let f : X — C be the associated eigenfunction.
Since T}, is ergodic by Lemma 3, and since |f| is Ti-invariant, we may assume
that |f] = 1 a.e. We may also assume that log(f)/i € (—7/3,7/3) on a set of
positive measure, G. Let I be a level of stage n with n odd, which is at least
(2)-full of G (ie. u(ING) > (2)p(I)). We have that

[ Rt > 5 Jun) =1 JulD) = gl
Therefore,
[ o) = gutn.
I

We have that
Z S, m (L, A)] = p(I)

since if I is a level of stage n, S, m(I,\) is either (A if T is a level in
Cp,m, and 0 otherwise. Therefore, by Lemma 6,

Z ‘SnJramax(kA),m(I? )‘)| < M(I)(l - (2 — 2cos (9/6))@2(1 - a)2)a'



Notice that for any integers N and M, and for a level J in column Cy, 57, which
has bottom level J’, that

/ f(@)yde = XM [ f(z)de
J J!

since J = T,?(J)(J’).
Therefore, we have that

/U f(x)dx

I'ePN (1)

= ( f(x)dm) Z AN < Sy (1N
J

I'ePn a (1)

Hence we have that

1

gM(I)

IN

/If(x)dm

I'€Py 4o max(4,k),m ()

<> / f(x)da

m |TUrer, 0 masain) m D

< Z |Sn+a max(4,k)7m(la /\)‘

< u(I)(1 = (2 = 2cos (0/6))a(1 — a)?)?,

which does not hold for sufficiently large values of a. Hence we have a contradic-
tion. Therefore, T} has no eigenvalues other than 1, and is ergodic. Therefore
T}, is weakly mixing. U
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