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Abstract

The efficient computation of Nash equilibria is one of the
most formidable computational-complexity challenges
of today. The problem remains open for two-player
games.

We show that the complexity of two-player Nash
equilibria is unchanged when all outcomes are restricted
to be 0 or 1. That is, win-or-lose games are as complex
as the general case for two-player games

1 Game Theory

Game theory asks the question: given a set of
players playing a certain game, what happens?
Computational game theory asks the question:
given a representation of a game and some fixed
criteria for reasonable play, how may we efficiently
compute properties of the possible outcomes?

Needless to say, there are many possible ways to
define a game, and many more ways to efficiently
represent these games. Since the computational
complexity of an algorithm is defined as a function
of the length of its input representation, different
game representations may have significantly dif-
ferent algorithmic consequences. Much work is
being done to investigate how to take advantage
of some of the more exotic representations of
games (see [PR, KM] and the references therein).
Nevertheless, for two player games, computational
game theorists almost exclusively work with the
representation known as a bimatrix game which we
define as follows.

Definition 1 A bimatrix game is a game repre-
sentation that consists of a matrix of pairs of
numbers (or equivalently a pair of identically sized
real matrices.) The game has two players, known
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as the row and column players respectively. The
matrix is interpreted to represent the following
interaction: the row and column players simulta-
neously pick a row and column respectively of the
matrix; these choices specify an entry—a pair—
at the intersection of this row and column, and
the row and column players receive payoffs propor-
tional respectively, to the first and second entries
of the pair.

In this model, a strategy for the row or column
player consists of a distribution on the rows or
columns respectively, and is represented as a vector
r or c. When a strategy puts all its weight on a
single row or column, it is called a pure strategy.
To motivate the definition of a Nash equilibrium,
we define the notion of a best response. Given a
strategy r for the row player, we may ask which
strategies c the column player might pick to give
her the maximal payoff. Such a strategy c is said to
be a best response to the strategy r. Game theorists
model “reasonable play” in a bimatrix game with
the following criterion:

Definition 2 A pair of strategies r, c is said to be
a Nash equilibrium if r is a best response to c and
c is simultaneously a best response to r.

2 Nash equilibria

A fundamental property of Nash equilibria is that
they always exist. Indeed, it is far from obvious
that this should be the case—Nash equilibria for
constant-sum two-player games were first shown
to exist by von Neumann as a consequence of
Brouwer’s fixed point theorem. This result was
later generalized by Nash to multi-player games us-
ing the more general Kakutani fixed point theorem.

A purely combinatorial existence proof for Nash
equilibria in two-player games was found by Lemke



and Howson[LH] that has the additional advantage
of being constructive. Unfortunately, the Lemke-
Howson algorithm has exponential worst-case run-
ning time[SS].

An alternate algorithm for finding Nash equi-
libria for two-player games is suggested by the
following observation. It turns out that if we know
the support of the strategies in a Nash equilibria,
namely the set of rows and columns that are
played with positive probability, we can reconstruct
the set of Nash equilibria with that support by
solving a linear program. This suggests the support
enumeration algorithm, wherein we nondetermin-
istically guess supports and check their feasibility.
This algorithm has the important consequence of
placing the Nash equilibria search problem in the
complexity class FNP, the search problem version
of NP. This algorithm also has the consequence
that if the payoffs of the game are rational, then
every support set that has a Nash equilibrium has
a Nash equilibrium with rational probabilities.

The Difficulty of the Nash Problem. It
is natural to ask whether the problem of finding
a Nash equilibrium is in fact in P, the class of
problems with polynomial-time algorithms. Quite
recently there have been significant results on the
complexity of several related problems, which have
been shown to be NP- or ]-P hard [GZ, CS1].
Specifically, counting the number of Nash equilibria
is ]-P hard, while determining if there exist Nash
equilibria with certain properties—such as having
specific payoffs or having specific strategies in their
support—is NP-complete. However, the original
problem of finding a single Nash equilibrium re-
mains open and, as Christos Papidimitriou is often
quoted as saying, ”Together with factoring, the
complexity of finding a Nash equilibrium is in my
opinion the most important concrete open question
on the boundary of P today” [Pap].

Source of Complexity for the Nash Prob-
lem. There are many aspects of games that might
make the Nash problem hard to solve. Specif-
ically, considering multi-player games as multi-
dimensional arrays of numbers, it is natural to ask
which properties of these arrays make finding Nash
equilibria hard: is it the number of dimensions of
the array, the number of options available to each

player, or the complexity of the individual numbers
involved?

The first question remains unresolved, as the
problem is wide open even for two-player games.
We consider two-player games exclusively for the
remainder of this paper. The second question has
a negative answer, as there exist fixed-parameter
tractable algorithms with parameter the size of the
strategy space available to one player of a two-
player game. The third question, asking whether
having complicated payoffs makes the Nash prob-
lem hard, is the subject of this paper. We answer
this question in the negative. The first results
of this kind were shown in [CS2]: determining
whether there is more than one Nash equilibrium
is NP-complete even in a {0, 1}-game, and deter-
mining if there exists a Nash equilibrium with 0-
payoff for one player is NP-complete for {0, 1}-
games. They raised the question as to whether
{0, 1}-games are as hard as general games.

Our Contribution. We give a strong positive
answer to the above question, exhibiting a specific
mapping from rational-payoff bimatrix games into
{0, 1}-payoff bimatrix games that preserves the
Nash equilibria in an easily recoverable form. We
make this statement more precise in the next
section by introducing the notion of a Nash ho-
momorphism.

3 Nash homomorphisms

Our general strategy here is to start with a general
two-player game, and modify it through a sequence
of essentially similar games until we reach an equiv-
alent game with entries entirely in {0, 1}. Specifi-
cally, we relate the original game to the {0, 1}-game
via a sequence of Nash homomorphisms, defined as
follows:

Definition 3 A Nash homomorphism is a map h,
from a set of two-player games into a set of two-
player games, such that there exists a polynomial-
time function f that, when given a game B =
h(A), and a Nash equilibrium of B, returns a
Nash equilibrium of A, and further, the map fB

is surjective onto the set of Nash equilibria of A.
(Here fB is the map f with the first argument fixed
to B.)

2



Thus if we relate the original game to the {0, 1}-
game via a polynomial sequence of Nash homo-
morphisms {hi}, then the reverse functions {fi}
will compose into a polynomial-time computable
function. In general, these sequences will provide
us with a one-query Cook reduction from NASH to
what we dub NASH{0,1}, the problem of finding a
Nash equilibrium in a {0, 1}-game.

The final homomorphism we use will have the
effect of translating payoff entries into binary. We
begin, however, with a few more fundamental
examples of Nash homomorphisms that will be
useful in manipulating the game to the point where
we may apply this translation homomorphism.

1 The identity homomorphism h(A) = A is clearly
a Nash homomorphism, since fB may be
taken to be the identity.

2 The shift homomorphism that takes a game, and
shifts the row player’s payoffs by an arbitrary
additive constant: note that shifting these
payoffs does not change the row player’s
relative preferences at all; so Nash equilibria
of the original game will be Nash equilibria
in the modified game, and we may thus take
fB to be the identity again.

3 The scale homomorphism that takes a game, and
scales the row player’s payoffs by a positive
multiplicative constant: as above, this does
not modify the Nash equilibria.

4 The player-swapping homomorphism: if h swaps
the roles of the two players, by taking the
matrix of the game, transposing it, and
swapping the order of each pair of payoffs,
then the Nash equilibria of the modified game
will just be the Nash equilibria of the original
game with the players swapped.

We note that these homomorphisms already give
us significant power to transform games into {0, 1}-
games. For example, suppose we have the game

1,3 2,-2
1,-2 1,3

.

While this does not appear similar to a {0, 1}-game,
we can map it into one as follows: first subtract
1 from each of the row player’s payoffs, making

her payoffs {0, 1}; next apply the player-swapping
homomorphism; then add 2 to each of the payoffs
of what is now the row player, and divide these new
payoffs by 5. This produces the following game,

1,0 0,0
0,1 1,0

,

whose Nash equilibria are identical to those of the
original game with the players swapped.

The above homomorphisms, however, have the
weakness that they modify all the entries of the
matrix at once, and thus may not be fine-grained
enough to transform more intricate games. We
note immediately, however, that the scale and shift
homomorphisms may be modified to work on the
row player’s payoffs a column at a time—for some
reason it is much easier to work with columns of
the row player’s payoffs instead of rows. We thus
have the following:

2’ The column-shift homomorphism that takes a
game, and shifts the row player’s payoffs in
a single row by an arbitrary constant: we
note that both the row and column players’
notions of best response remain unaffected by
this shift, so Nash equilibria are preserved
under this transformation.

3’ The column-scale homomorphism that takes a
game, and scales the row player’s payoffs
in a single column by an arbitrary positive
constant α: it turns out that if we take a Nash
equilibrium of the original game, and scale
the column player’s strategy in this column
by 1/α, then re-scale the column player’s
strategy to have unit sum, we will have a
Nash equilibrium of the new game. This is
proved in the appendix.

We note at this point, that all the homomorphisms
introduced so far are linear, and in addition have
the property that the map they induce on Nash
equilibria, fB, is a bijection. These properties make
the above homomorphisms almost trivial to verify,
but also limit their usefulness.

Indeed, if all Nash homomorphisms satisfied
these properties, then our program would have
serious impediments. Using only linear transforma-
tions, we could never use combinatorial tricks like
converting integers to their binary representation.
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Moreover, the fact that fB is a bijection means
that whatever game appears at the end of our
sequence of homomorphisms must have identical
Nash equilibrium structure. We might call such
maps Nash isomorphisms. To see why this is a
problem, we note that games may be classified
as being either degenerate, or non-degenerate(see
[Ste]), in analogy with the corresponding definition
for matrices. The Nash equilibria set of a non-
degenerate game has certain characteristic proper-
ties, for example, having a cardinality that is finite
and odd, and we could not expect a general Nash
isomorphism that maps non-degenerate games to
degenerate games. The catch here, is that all (non-
trivial) {0, 1}-games are degenerate!

We therefore conclude that we must find some
non-linear non-isometric Nash homomorphisms. It
turns out that two are enough for our task.

4 The “split-glue” homomorphism

This next homomorphism is motivated by the
following observation:

Since the row player’s payoffs seem
much easier to modify in units of whole
columns, if we wish to do anything re-
ally drastic to the row player’s payoffs,
we should

a. work in columns, and

b. make sure to get the column player’s
payoffs well away from those columns!

This suggests the need for a “splitting” homomor-
phism, that takes a column and splits it into two
columns, one containing the row player’s payoffs
from the original column, the other containing the
corresponding payoffs of the column player, with
the remaining entries of these two columns set to
0, or some other number strictly less than all the
other payoffs in the matrix. An example of such a
splitting map would be as follows:

2,3 4,5
4,1 1,2

→ 2,3 4,0 0,5
4,1 1,0 0,2

Unfortunately, this splitting operation is not
a homomorphism, for the simple reason that the
column with 0 payoff for the column player—in

this case the second column—will never be played,
and thus whatever structure is in the row player’s
payoffs for this column will be effectively ignored.

We thus need to find some way to “glue” these
columns back together to give this “split” game
more of the semantics of the original game. The
solution is to add another row to the game, specifi-
cally, a row consisting of specially designed entries
in these two columns that we aim to “glue”. This
concept is formalized in the following definition.

Definition 4 We define the split-glue map as
follows. Given a game defined by a pair of matrices
(R,C), with R,C containing the row and column
players’ payoffs respectively, and a specific column
i, the split-glue map transforms (R,C) into a new
game (R′, C ′) with the following steps:

1. Make sure that all the payoffs in R and C are
non-negative; otherwise, abort.

2. Split the column i into columns i′ and i′′,
where column i′ in matrix R′ receives column
i from matrix R and column i′′ in matrix
C ′ receives column i from matrix C, filling
the empty columns i′′ in matrix R′ and i′ in
matrix C ′ with zeros.

3. Check to see whether all the entries in the
i′th column of matrix R′ are strictly greater
than some fixed constant ε, otherwise add a
constant to all the entries in this column to
make this so.

4. Add a new row k to matrices R′ and C ′, and
fill it with zeros except at the intersection of
this row with the columns i′ and i′′.

5. Make R′
k,i′ = ε, let C ′

k,i′
def= δ and R′

k,i′′

be arbitrary strictly-positive numbers, and let
C ′

k,i′′ remain 0.

Recalling our example from above, if we let ε = 1
2 ,

the split-glue map would produce the following:

2,3 4,5
4,1 1,2

→
0,0 1

2 ,1 1,0
2,3 4,0 0,5
4,1 1,0 0,2

We claim that this map in fact preserves the
structure of Nash equilibria.
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Claim 5 The split-glue map is a Nash homomor-
phism. The reverse map f may be defined as
follows: given an equilibrium of the game (R′, C ′),
discard the probabilities of playing row k or column
i′′, treat the weight of the remaining strategies in
(R′, C ′) as weights of the corresponding strategies
in (R,C), interpreting strategy i′ as representing
strategy i in the original game, and then re-scale
these probability distributions to have weight 1.

The proof of this claim is somewhat technical,
and we deferit to the appendix.

At first glance, the split-glue homomorphism
might not seem such a powerful tool. However, as
hinted above, the fact that we may now isolate a
column of row player payoffs means that we can
design much more intricate homomorphisms that
take advantage of the fact that the column-player’s
payoffs no longer interfere in this column.

To motivate our general scheme for translating
columns into binary, we first present a simple
example of how to use the game ”rock-paper-
scissors” to simulate fractional payoffs in a 0-1
game.

5 The subgame substitution homomor-
phism

We begin by noting that, in our model of games,
getting a payoff of 1 a third of the time is the same
as getting a payoff of a third. Thus if we want to
give, for example, the row player an effective payoff
of a third, we need to find a randomizer that takes
any of three actions with probability one third, and
reward the row player in one out of the three cases.
In the game theory context the natural choice for
this randomizer is, of course, the other player.

The simplest example of a game like this is
the children’s game “rock paper scissors”, in which
both players simultaneously commit to a move of
either “rock”, “paper”, or “scissors”, and the win-
ner is determined according to the rule that paper
beats rock, rock beats scissors, and scissors beats
paper. In our notation, this game is represented as
the following game, which conveniently happens to
be a {0, 1}-game.

0,0 0,1 1,0
1,0 0,0 0,1
0,1 1,0 0,0

As promised, this game has a Nash equilibrium
where both players play each strategy with prob-
ability one third, and receive expected payoff one
third. This game also has the significant property
that this is the unique Nash equilibrium. Thus, any
time we see an instance of the game “rock paper
scissors” being played in our model, we know the
exact distribution of the three strategies for each
player.

This observation leads to the following ques-
tion:

how can we insert the “rock paper scis-
sors” game into a larger game so as to
preserve this predictability property?

We note the following crucial fact, the proof of
which consists of a straightforward application of
the definition of Nash equilibria.

Claim 6 Suppose a game G appears embedded in
a larger game H. Specifically, if H has row set R
and column set C, let the game G appears at the
intersection of rows r ⊂ R and columns c ⊂ C, with
0 payoff for the column player at the intersection
of rows r and columns C\c, and 0 payoff for the
row player at the intersection of columns c and
rows R − r. Then in any Nash equilibrium of H
where some row of r and some column of c is played
with positive probability, the restriction of this Nash
equilibrium to rows r and columns c will be a scaled
version of a Nash equilibrium of G.

Further, applying the column shift homomor-
phism, we find that we can relax the restriction that
the row player payoffs at the intersection of rows r
and columns C\c be 0 to the condition that they in-
stead be column-wise uniform, with a corresponding
relaxation applying to the intersection of columns
c and rows R\r.

This suggests that if we have a {0, 1}-game S
such as “rock paper scissors” that has a unique
equilibrium with payoffs (α, β), we can take a game
that contains an entry (α, β), and replace it with S
as a subgame. This is formalized as the following
homomorphism:

Definition 7 Suppose for some fixed (α, β), there
is an m × n game S that has an equilibrium
with payoffs (α, β), and furthermore, that this
equilibrium is unique. Then define the “subgame
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substitution” map as follows: for games G that
have payoffs (α, β) at some the intersection of some
specified row r and column c, map G to game G′

by replacing row r with m copies of itself, replacing
column c with n copies of itself, and placing the
subgame S at the intersection of these m rows and
n columns.

We claim that this map is in fact a homomor-
phism.

Claim 8 The subgame substitution map is a ho-
momorphism.

Proof: Denoting the m copies of r as rows r′,
and the n copies of c as columns c′, we note
that since the matrix is row-wise uniform on the
intersection of rows R\r′ with columns c′, and
column-wise uniform on the intersection of columns
C\c′ with rows r′, the new game G′ satisfies all the
requirements of claim 6.

Thus, in every Nash equilibrium of G′ where
some row of r′ and some column of c′ is sometimes
played, the weights of the rows in r′ and the
columns in c′ must be proportional to those of the
Nash equilibrium of S. Further, if the total weight
in the rows r′ is r′Σ and the total weight in the
columns c′ is c′Σ, then the payoffs to the row and
column players from the subgame S will be exactly
r′Σc′Σ(α, β) respectively, which is exactly the payoff
in game G of playing row r with probability r′Σ and
column c with probability c′Σ.

We now observe that a similar thing happens
to all the other entries in rows r′ and columns c′.
Specifically, consider the intersection of the rows
r′ with some column j ∈ C\c′. Since all the row
player payoffs in this intersection are identical, and
all the column player payoffs are also identical, the
total payoffs represented by this intersection are
exactly the product of the summed weight r′Σ with
the weight in this column, with the row and column
payoffs respectively at the intersection of row r and
column j in the original game G.

A straightforward application of the definition
of Nash equilibria reveals that we may thus map
Nash equilibria of G′ onto Nash equilibria of G by
merging the weights of rows in r′ and columns in
c′ into their sums r′Σ and c′Σ respectively. Thus
the subgame substitution map is indeed a Nash
homomorphism.

The naive approach from here is to take a game
and try replacing all of its rational entries with
{0, 1}-subgames. Aside from the question of how
to find {0, 1} games with arbitrary rational payoffs,
this approach also has the drawback that whenever
we “fix” one bad entry by replacing it with an m×n
subgame, we multiply the number of other “bad”
entries in this element’s row and column by m and
n respectively; such a process would never end. We
avoid this problem by instead fixing all the entries
of a column at once. To do this, we need the added
structure of the split-glue homomorphism.

6 Combining homomorphisms

Recall that the split-glue homomorphism did not
strictly separate out the row player component of
a column from the column player component—the
column we denoted by i′ is not devoid of column
player payoffs, but in fact contains a single positive
entry in the added row k. However, in the words
of our favorite tech support guy, it’s not a bug ...
it’s a feature. The insight here is that since the
column i′ contains a single profitable payoff for the
column player, if this column is ever played it must
be because the row player chooses to play row k.
Thus every time we have to worry about column i′,
we can offset our lack of knowledge of this column
with a guarantee about the behavior of a row.

It turns out that this property makes the entry
(ε, δ) at the intersection of row k and column i′

is an ideal candidate for the subgame substitution
map.

We note that one of the weaknesses of the
subgame substitution map is that is the uniformity
requirement for those payoffs in the same rows or
columns as the substituted game. This weakness in
fact originates from the corresponding weakness in
claim 6—namely that we proved that in any Nash
equilibrium of the modified game G′, the weights of
the rows and columns r′ and c′ will be proportional
to those of a Nash equilibrium of S only provided
that either both r′ and c′ contain nonzero weights,
or neither does. Thus it might occur in a Nash
equilibrium of G′ that, while the weights of r′

are uniformly 0, the weights on columns in c′ are
arbitrary, and not in the ratio specified by the
unique Nash equilibrium of the game S.

However, as mentioned above, the split-glue
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homomorphism has the property that whenever
the weight in column i′ is nonzero, the weight
in row k must also be strictly positive. Thus, if
we apply the subgame substitution homomorphism
to this element, we find that any time there are
nonzero weights in the columns c′, there must be
nonzero weights in the rows of r′, from which we
conclude that the weights on c′ must be in the ratio
prescribed by the Nash equilibrium of S. These
results are summarized in the following lemma:

Lemma 9 Suppose we have a game G, whose
payoffs are all at least 0, and which additionally
has the property that every row of G contains a
strictly positive payoff for the column player. First
apply the split-glue homomorphism to the column
i to produce a game G′, with payoffs (ε, δ) at the
intersection of the new row k and new column
i′. Then, assuming we have a game S that has
a unique Nash equilibrium, with payoffs to the
row and column players of (ε, δ) respectively, apply
the subgame substitution homomorphism to this
element (ε, δ), expanding column i′ into columns
c′, and row k into rows r′ ot produce the game G′′.
Then:

In any Nash equilibrium of the new
game G′′, the weights on columns c′

will be proportional to those in the Nash
equilibrium of S.

Further, this property will be preserved even if
we change the entries of the row player’s payoff in
any rows other than those in r′.

We have already outlined this proof in the above
text. It appears below more formally.

Proof: We first note that the property that
every row of G contains a strictly positive payoff
for the column player is preserved through the
operation of the split-glue and subgame substi-
tution homomorphisms—provided of course that
the subgame S possesses this property. Further,
we note that this property implies that any Nash
equilibrium of the game G′′ has strictly positive
payoff for the column player, since no matter what
strategy the row player picks, there will be a
column with positive payoff for the column player.

We observe that if the weights in columns c′ are
uniformly 0, then they are trivially proportional to
those of the Nash equilibrium of S and there is
nothing to prove. Otherwise, there is a column of
c′ that is played with positive probability.

From the definition of a Nash equilibrium, the
column player will only play best responses in a
Nash equilibrium. Thus, since the Nash equilibria
of G′′ give strictly positive payoff to the column
player, she will always have an option to play on a
column with positive payoff, and will thus always
take such an option.

Thus the fact that the column player plays in
a column of c′ implies that she receives positive
payoff for this choice. Since the only positive
payoffs in these columns for the column player lie
in rows r′, the row player must play in one of these
rows with positive probability. Thus some row of r′

and some column of c′ are played with probability.
We now invoke claim 6 to conclude that the

weights on columns c′ are proportional to those of
the Nash equilibrium of S, as desired.

We now introduce our final homomorphism,
a surprisingly simple one, but one which, when
combined with the above homomorphisms will
enable us to transform integer payoffs into binary,
and thereby transform rational games into {0, 1}-
games.

7 Translating to {0, 1}

We observe that if we have a game G and two
columns c1, c2 such that for every Nash equilibrium
of G the weights on these columns are in some fixed
ratio a : b then we can replace a row player payoff
of p1 in column c1 with the payoff p1

a
b in column

c2 and carry all the Nash equilibria into the new
game. More generally, we prove the following:

Claim 10 Suppose we have a game G and a set
of columns c with the property that in any Nash
equilibrium of G, the columns in c are played with
weights proportional to some vector γ. For some
row j, denote by pj,c the payoffs for the row player
at the intersection of row j and columns c. We
claim that if we modify the entries pj,c to any vector
p′j,c such that

pj,cγ
T = p′j,cγ

T ,
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then all the Nash equilibria of G will also be Nash
equilibria of the new game. We call such a map a
linear reexpression map.

Proof: Take any Nash equilibrium of G and
consider it in the context of the modified game. By
definition, the probabilities of playing the columns
c will be in proportion to the vector γ, and thus
the transformation does not change the value of
any row to the row player. Further, no entries of
the column player’s payoffs were changed, so the
columns have the same value as they did in the
Nash equilibrium of G. Thus, from the definition
of best response, if the row and column player
strategies were mutual best responses in G, they
must remain so in the modified game. Thus this
Nash equilibria of G remains a Nash equilibria
under the modification. .

We note that the above map is not necessarily
a Nash homomorphism, since the modified game
could introduce equilibria of its own. However,
under the conditions of lemma 9 the linear reex-
pression map is in fact a homomorphism.

Lemma 11 Suppose we have a game G and a
set of columns c with the property that in any
Nash equilibrium of G, the columns in c are played
with weights proportional to some vector γ even
when the row player payoffs in some row j are
changed. Then, if we modify the payoffs pj,c at the
intersection of row j and columns c to some other
payoffs p′j,c such that

pj,cγ
T = p′j,cγ

T ,

, then the Nash equilibria of the resulting game will
be identical with those of G.

Proof: We apply claim 10 to show that every
Nash equilibrium of G is a Nash equilibrium of the
new game G′, and then apply claim 10 to G′ to
show that every Nash equilibrium of G′ is also a
Nash equilibrium of G.

This lemma has the following amazing conse-
quence:

Corollary 12 Given a game G, apply the split-
glue homomorphism on some column i followed

by the subgame substitution homomorphism on
the corresponding column i′, for some appropriate
subgame S with a unique Nash equilibrium. If
the equilibrium strategy for the column player has
weights γ, then for any rational payoff in column i′

that is expressible as the inner product of a {0, 1]}
vector with γ, we can represent it in G′ by this
{0, 1} vector!

We give an example of the application of this
corollary. Suppose we start with the—admittedly
simple—game

2,3 2
3 ,5

4,1 1,2
.

As illustrated below, we now apply the split-
glue homomorphism to the second column, with
(ε, δ) = (1

3 , 1
3), and then apply the subgame

substitution homomorphism to replace this entry
with the game “rock paper scissors”. We now note
that the rational entries 2

3 in the third game may
be replaced by the equivalent {0, 1}-vector (1, 1, 0),
since the inner product of (1, 1, 0) with S’s Nash
equilibrium (1

3 , 1
3 , 1

3) is exactly 2
3 . Explicitly, this

sequence of homomorphisms produces:

2,3 2
3
,5

4,1 1,2
→

0,0 1
3
, 1

3
1,0

2,3 2
3
,0 0,5

4,1 1,0 0,2

→

0,0 0,0 0,1 1,0 1,0

0,0 1,0 0,0 0,1 1,0

0,0 0,1 1,0 0,0 1,0

2,3 2
3
,0 2

3
,0 2

3
,0 0,5

4,1 1,0 1,0 1,0 0,2

→

0,0 0,0 0,1 1,0 1,0

0,0 1,0 0,0 0,1 1,0

0,0 0,1 1,0 0,0 1,0

2,3 1,0 1,0 0,0 0,5

4,1 1,0 1,0 1,0 0,2

Our general strategy now becomes clear.

1. Find a subgame S with a sufficiently expres-
sive equilibrium strategy γ for the column
player.

2. Then for each column in a game G, repeat
the following:

(a) Scale and shift the row player’s payoffs
in this column so that

i. each payoff is strictly greater than
ε, the column player’s payoff in the
equilibrium of S, and

ii. each shifted payoff is expressible as
the inner product of γ with a {0, 1}-
vector.
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(b) Apply the split-glue homomorphism to
this column, with (ε, δ) set to the payoffs
in the game S.

(c) Then substitute the game S into this
entry.

(d) Finally, replace each entry in these columns
with the corresponding {0, 1}-vector guar-
anteed to exist by step 2(a)ii.

3. Flip the players in this game, and apply the
above procedure to what were the rows of the
game.

If we can find such an S, then this sequence of
homomorphisms will reduce any game to a {0, 1}
game!

8 Sufficiently versatile subgames

We now derive a class of games S that may be used
in the above reduction. Recall that we wish to find
a game S, with a unique Nash equilibrium, such
that the column player’s strategy γ is expressive in
the following way:

We can represent a wide variety of
numbers as the inner product of γ with
a {0, 1}-vector.

The natural scheme that satisfies this property
is of course the binary representation scheme. If
we make elements of γ equal to powers of two, then
we can represent numbers as {0, 1} vectors by just
reading off their binary digits.

We note two things: first, that since γ is a
probability distribution, its elements must sum to
1; but second, that this restriction does not matter
since we are free to scale the columns of our game
to match whatever scale S requires.

Thus, we are done if we can find compact games
S with unique equilibria such that the column
player’s strategy γ contains elements proportional
to consecutive powers of 2.

In the appendix, we show the following theo-
rem.

Theorem 13 There exists an efficiently constructible
class of games Sj with the following properties:

1. Sj is a size 3j × 3j {0, 1}-game,

2. Every row of Sj contains a nonzero payoff for
the column player (see lemma 9),

3. Sj has a unique Nash equilibrium,

4. The column player’s strategy γ in this equi-
librium consists of weights proportional to
three copies of (1, 2, 4, ..., 2j−1) (the constant
of proportionality being 1

3(2j−1)
to make these

weights sum to 1),

5. The row player’s payoff in this equilibrium—
which we have been denoting as ε—is 2j

3(2j−1)
.

We now prove the following theorem:

Theorem 14 There is a polynomial-time Nash
homomorphism from the set of m × n rational
payoff games expressible using k total bits in binary
representation into the set of {0, 1}-games of size
at most (3k + 1)(m + n) by (3k + 1)(m + n).

Proof: Given a game G in this set, we follow
the strategy outlined above. The first step is to
choose the appropriate Sj . Since k is the total
number of binary digits needed to express G, we
conservatively take j = k, so that we might use k
bits to express each entry of G.

Then, for each column i containing non-{0, 1}
payoffs, we run the procedure of step 2 above. For
the sake of convenience, we denote the constant of
proportionality 1

3(2j−1)
by α in the following.

We note that, modulo the factor α, the co-
efficients expressible with Sk are those integers
expressible as the sum of integers in the multi-
set {1, 1, 1, 2, 2, 2, ..., 2k−1, 2k−1, 2k−1}, namely any
integer between 0 and 3 · 2k − 3. If we put the
row player’s payoffs in column i under a common
denominator and scale them to be integers, then
each of them will be expressible with at most
k binary bits. In order to apply the split-glue
homomorphism, we additionally must shift these
payoffs to be greater than ε, the column player’s
payoff in the Nash equilibrium of Sk. From theorem
13, Sk is just α2k, from which we conclude that we
may scale and shift the elements of this column to
be integers between 2k +1and2 ·2k, and thus apply
the split-glue homomorphism to this column.

Next, we apply the subgame substitution homo-
morphism to the entry (ε, δ) created by the split-
glue homomorphism, and then apply the linear
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reexpression homomorphism to express each entry
as a {0, 1}-vector.

We have thus transformed G by replacing col-
umn i with 3k + 1 columns and adding 3k rows
in such a way that all the row player’s payoffs in
these 3k + 1 columns are now in {0, 1}, the payoffs
in the added rows are all in {0, 1}, none of the row
player’s payoffs outside of these columns have been
modified, and none of the column player’s payoffs
have been modified. Furthermore, since this map is
a composition of homomorphisms, all the equilibria
of G are preserved in the new game.

Repeating this procedure for every column
transforms G by way of a Nash homomorphism to
a game where every payoff of the row player is in
{0, 1}.

We now apply the player-swapping homomor-
phism, and repeat the above procedure for the
(at most) n columns containing non-{0, 1} payoffs.
The new game will be entirely {0, 1}.

We note that we have added rows and columns
in groups of 3k whenever one of the original n +
m rows or columns contained non-{0, 1} payoffs.
Thus the size of the final game will be at most
(3k +1)(m+n) by (3k +1)(m+n), as desired.

9 Conclusion

We have exhibited a polynomial-time Nash homo-
morphism from two-player rational-payoff games
of k bits to {0, 1} games of size polynomial in
k. This shows that the complexity of finding
Nash equilibria of these two classes of games is
polynomially related. It may be hoped that {0, 1}-
games could offer algorithmic insights into the
general Nash problem.

We also pose as an open problem whether or
not our results may be extended to apply to the
multi-player case.
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APPENDIX

We provide here those proofs omitted in the text.

Lemma 15 The map that rescales by some posi-
tive constant α the row player’s payoffs in a specific
column is a Nash homomorphism.

Proof: Suppose we have a game G = (R,C),
where the ith column of R is scaled as above
to create a game G′ = (R′, C). Consider a
Nash equilibrium (r′∗, c′∗) of G′. Construct a new
strategy for the column player c∗ as follows: start
with c′∗, scale the ith weight by factor α, and then
rescale c∗ so that is has sum 1. We claim that
(r′∗, c∗) is a Nash equilibrium of G.

The proof is a straightforward application of
the definition of Nash equilibria. Since the ith
column of R′ is α times the ith column of R, the
vectors Rc′∗T and R′c′∗T will be equal; thus the
fact that r′∗ is a best response to c′∗ in G′ means
that it is also a best response to c∗ in G.

To show that c∗ is a best response to r′∗ in G,
we note that the fact that c′∗ is a best response to

10



r′∗ in G′ means that every column in the support
of c′∗ is a best response. Thus we can change the
relative ratios of elements of c′∗ and maintain this
best response property. Thus c∗ is a best response
to r′∗ in G′, and, since G and G′ have the same
payoff matrix R for the row player, c′∗ is a best
response to r′∗ in G.

Thus this scaling map has an associated reverse
map that maps Nash equilibria of G′ to equilibria
of G. Because this scaling map is the inverse of the
map that scales column i be 1

α , this reverse map is
also surjective. Hence the column-scaling map is a
homomorphism, as desired.

Proof of Claim 5: Let G be a game that is
mapped to the G′ by applying the split-glue map
on column i. As in the definition of the split-glue
map, denote by i′ and i′′ the two columns produced
in G′, and let k index the new row added to G′. Let
(ε, δ) be the element in G′ at the intersection of row
k and column i′.

We first show that any Nash equilibrium (r′, c′)
of G′ is mapped to a Nash equilibrium of G under
the map f of Claim 5. Recall that f maps (r′, c′)
to (r, c) by throwing out the weights of the kth
element of r and the i′′th element of c and re-scaling
these weights to have sum 1, interpreting the i′th
element of c′ as corresponding to the ith element
of c.

We note that f is a proper map provided this
re-scaling does not attempt to re-scale a 0 vector.
Suppose that the only element in the support of r′

were row k. In this case, the column player would
only ever play in column i′ as this contains the
only nonzero payoff for her in row k. But if the
column player only ever plays in column i′, then the
row player would certainly never play row k since,
by the hypothesis of the split-glue homomorphism,
row k contains the smallest row player payoff in
this column. This contradicts the fact that the row
player always plays in row k.

We further note that if column i′′ were the only
column in the support of c′, then the row player
would only ever play in row k, since row k contains
the only nonzero row player payoff in this column,
leading to another contradiction. Thus r′ contains
a nonzero weight outside row k, and c′ contains a

nonzero weight outside column i′′, and the map f
is well defined.

We now prove that r is a best response to c in
G, half the definition of a Nash equilibrium. Since
(r′, c′) is a Nash equilibrium of G′, r′ must be a
best response to c′ in G′. We note that since the
column i′′ that we threw out has nonzero payoff for
the row player only in row k, and we are throwing
out row k too, the removal of column i′′ from the
strategy c′ does not affect the best response of a
row player that does not have row k as an option.
Thus r will be a best response to c in G.

We now show that if c′ is a best response to r′

in G′ then c is a best response to r in G. We note
that if we remove column i′ from G′, the column
player’s payoffs will be identical to those in G, since
the added row k (with column i′ removed) contains
only 0 payoffs for the column player. Thus if the
i′th component of c′ is 0, then c will be a best
response to r in G, as desired.

We now consider the case where the i′th com-
ponent of c′ is positive. We note that if the column
players payoff in the Nash equilibrium (r′, c′) of G′

is 0, then every column of G′ has 0 incentive for
the column player. Since the column player payoffs
of G are a subset of those of G′, and removing
the strategy k from G′ cannot make zero payoffs
positive, the column player’s incentives in G are 0
when the row player plays r. Thus any strategy c
is a best response, as desired.

This leaves the case where the i′th component
of c′ is positive and the column player receives
positive payoff in the Nash equilibrium (r′, c′). We
note that since the i′th column of G′ is played
with positive probability, the column player must
thus be receiving positive payoff for playing in this
column. Since the kth entry of this column has
the only positive payoff for the column payoff, we
conclude that row k must be played in r′ with
strictly positive probability.

We now prove that in this case column i′′ is
played with positive probability. Suppose for the
sake of contradiction that i′′ were never played.
Thus the only incentive for the row player to
play row k comes from the product of ε with the
probability of the column player playing column
i′. However, by the hypothesis of the split-glue
homomorphism, all the other row player payoffs
of column i′ are strictly greater than ε. In this
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case, row k is never part of any best response to
c′, a contradiction. Thus i′′ is played with positive
probability.

We now note that since column i′′ is sometimes
played, it must be a best response to r′. Since
the column player’s payoffs of column i′′ in G′ are
identical to those of column i in G, the column i
of G is a best response to strategy r. Furthermore,
since every other column of G has identical column
player payoff to the corresponding column of G′ all
the columns in the support of c will also be best
responses to r. Thus c is a best response to r. This
proves that f maps Nash equilibria of G′ to Nash
equilibria of G.

We now show that this map is surjective, i.e.
that given a Nash equilibrium (r, c) of G we can
find a preimage (r′, c′) of it under f . If column i is
not in the support of c, then the strategies (r′, c′)
with r′k = c′i′′ = 0, r′6=k = r and c′6=i′′ = c clearly
produce a Nash equilibrium of G′ that maps to
(r, c) under f .

Otherwise, if ci 6= 0 then construct (r′, c′) as
follows. Let r′6=k = r and c′6=i′′ = c. Then set r′k
so that the incentive of the column player to play
column i′ equals her payoff in the equilibrium (r, c)
of G. Note that this is always possible since this
payoff will be nonnegative, and the column player
payoffs in column i′ are positive only in row k. Next
set c′′i′ so that the row player’s incentive to play row
k equals her payoff in the Nash equilibrium (r, c)
of G. Again, note that this is possible since each
row play payoff in row k is at least as small as any
other payoff in that column, with the exception of
i′′th payoff.

In the above paragraph, we have ignored the
restriction that r′ and c′ must sum to 1. We re-
scale them now. Note that we have produced a pair
of strategies (r′, c′) such that every row or column
that was a best response in G is now a best response
in G′, and in addition, both row k and column i′′

are best responses. Since the support of r′ is the
just the union of the support of r with possibly the
set {k}, and the support of c′ is at most the union
of the support of c with {i′′}, the strategies (r′, c′)
will be mutual best responses in G′. Thus every
Nash equilibrium of G is the preimage under f of
some Nash equilibrium of G′.

This concludes the proof that the split-glue
map is a homomorphism.

Proof of Theorem 13: We construct the gen-
erator games Sj as follows. Define matrices A,B
as

A =

 1 0 0
0 1 0
0 0 1

 , B =

 1 1 0
0 1 1
1 0 1

 .

For k = 3j define the k × k matrix S′
j to have the

following j × j block form:

S′
j =


A A · · · A B
A A · · · B 0
...

... . .
. ...

...
A B · · · 0 0
B 0 · · · 0 0

 .

Explicitly, S′
j has block B on the minor diagonal,

block A above, and 0 below. Further, define the
game Sj as the pair of matrices (S′

j , 1− S′
j).

Consider the potential full-support Nash equi-
libria (r, c) of Sj . Note that since r and c are
mutual best responses, each of their component
pure strategies must be a best response to the
other player’s strategy. For all the column player’s
choices to be best responses, the incentives r(1 −
S′

j) must all be optimal, and hence equal. Corre-
spondingly, all the entries of S′

jc
T must be equal.

Together with the constraints that r and c must
each have total weight 1, we have 2k equations and
2k unknowns. We show that they have a unique
solution.

We show by induction that these equations are
satisfied iff both r and c equal

v =
1

3(2j − 1
)(2j−1, 2j−1, 2j−1, ..., 4, 4, 4, 2, 2, 2, 1, 1, 1).

Suppose as our induction hypothesis that the first
3i entries of c are in the proportions of this vector.
Consider the i + 1st block row from the bottom
of S′

j . These three rows consist of i blocks of A
followed by one block B, followed by zeros. As
noted above, these three rows, must all have equal
incentives for the row player.

Consider the component to this incentive pro-
vided by the i blocks of A. By the induction
hypothesis, however, the first 3i components of
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c are arranged in uniform triples, which implies
that each of these copies of A produces identical
incentive on these three rows. Thus since the total
incentive on these rows is equal, the incentives from
the B-block must also the same. Writing out these
equations, we have

c3i+1 + c3i+2 = c3i+1 + c3i+3 = c3i+2 + c3i+3,

which implies c3i+1 = c3i+2 = c3i+3. Thus the
i + 1st block of c is uniform.

To show the ratio of 2 : 1 between adjacent
blocks, we compare the incentive of these rows to
the incentive of the subsequent block of rows, which
must be the same. These two blocks differ by A−B
in the ith column block, and by B in the i + 1st
column block yielding the condition (2 − 1)c3i =
2c3i+3), from which we conclude that the weights
in these blocks are indeed in the desired 2 : 1 ratio.

Clearly, the same argument applies to r. Thus
since both x and y must sum to 1, x = y = v is the
only Nash equilibrium with full support.

We now note that the game (S′
j , 1 − S′

j) is in
fact a constant-sum game, so its Nash equilibria
are the solutions to a linear program. This implies
that the set of Nash equilibria is convex.

If we suppose for the sake of contradiction that
there is another Nash equilibrium in addition to
the one x = y = v, then all linear combinations
of these two equilibria must also be equilibria, and
hence by standard topology arguments there are a
continuum of full support equilibria, which would
contradict the uniqueness argument of the previous
paragraph.

Thus x = y = v is the unique equilibrium for
the game (S′

j , 1− S′
j).

Examining the last row of S′
j , we verify that

the payoff for the row player is indeed 2j

3(2j−1
, as

desired.

13


