A PROOF OF ANDREWS’ CONJECTURE ON PARTITIONS WITH NO
SHORT SEQUENCES

DANIEL M. KANE AND ROBERT C. RHOADES

ABSTRACT. Our main result establishes Andrews’ conjecture for the asymptotic of the gen-
erating function for the number of integer partitions of n without k consecutive parts. The
methods we develop are applicable in obtaining asymptotics for stochastic processes that
avoid patterns, as a result they yield asymptotics for the number of partitions that avoid
patterns.

Holroyd, Liggett, and Romik, in connection with certain bootstrap percolation models,
introduced the study of partitions without & consecutive parts. Andrews showed that when
k = 2 the generating function for these partitions is a mixed-mock modular form, and, thus
has modularity properties which can be utilized in the study of this generating function. For
k > 2 the asymptotic properties of the generating functions have proved more difficult to
obtain. Using ¢-series identities and the k = 2 case as evidence, Andrews stated a conjecture
for the asymptotic behavior. We improve upon previous approaches to this problem by
identifying and overcoming two sources of error.

1. INTRODUCTION AND STATEMENT OF RESULTS

Studying a generalization of bootstrap percolation (see |1, 12, 14] for examples), Holroyd,
Liggett, and Romik [15] introduced the following probability models: Let 0 < s < 1 and
C1,Cy, - -+ be independent events with probabilities

P,(C,)=1—¢"

under a probability measure P. Let Aj be the event

Ay = ﬂ (C;UCi1U---UCiyg)
i=1
that there is no sequence of k consecutive C; values that do not occur. The relevant question
in |15] is to understand the behavior as s | 0. Theorem 2 of Holroyd, Liggett, and Romik
[15] gives

L
log (P,(Ay) ~ —
where
7T2
1.1 Ly = ————.
(11) BT 3k(k+ 1)

Obtaining an estimate for P4(Ay) with polynomial relative error has proven to be a chal-
lenging problem. Bringmann and Mahlburg [8] refined the result of Holroyd, Liggett, and
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Romik by proving non-logarithmic lower and upper bounds that differed by a polynomial
factor of s™#. Precisely, they give (Theorem 1.2 [8])

2k—1

A A
() serims ().

With Mellit, Bringmann and Malburg [9] developed a general method for establishing similar
bounds for natural families of pattern-avoiding sequences. Underlying all of the above results
are estimates for the eigenvalues of an associated (Markov-type) stochastic process.

Andrews [3] established a surprising connection between P4(A5) and one of Ramanujan’s
mock theta functions. Precisely, he showed

(1.2 P.(4) =[]

T x(q)
14qn

where ¢ :=e7* and x(q) = > ., g I, 11:;{;:; is a mock theta function. Zwegers’ Ph.D.
thesis [22] yields the modular properties of Ramanujan’s mock theta functions (see [20]
or [19] for details). Consequentially, Andrews [3|, using (1.2) and additional identities for

Ramanujan’s mock theta functions proved that

2
P.(Ay) ~ \/gs_z exp (_17T_8s) as s/ 0.

Using additional g-series identities when k£ > 2, he made the following conjecture.

Conjecture 1.1 (Andrews [3]). For each k > 2, there exists a positive constant Dy such
that

P,(Ag) ~ Dks_% exp (—ﬁ) as s ] 0.
s

We prove the following precise version of Andrews’s Conjecture.

Theorem 1.2. Andrews’s conjecture is true with Dy = % More specifically, we have

V2T 1 2 1
S 2 exp (_—3k(k‘+ s + Oy, <52k+3>) :

Remark 1.3. We expect that our techniques can be tmproved to give a full asymptotic ex-
pansion for P (Ay,) with relative error O(s"), for any N.

Ps(Ak) -

1.1. More on partitions and additional applications. There is an unexpected and
beautiful connection between these models and partitions, Ramanujan’s mock theta func-
tions, and the Rogers-Ramanujan identities.

A partition pu of n has a k-sequence if there are k parts of consecutive sizes. Let pg(n)
denote the number of partitions of n with no k-sequences and Gi(q) = Y .~ pe(n)q" the
generating function. Set pi(0) = 1. In Section 4 of [15] it is shown that

(1.3) P,(Ay) = C]’;’}(jf
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when ¢ := e *and P(q) = > p(n)¢" =], #, where p(n) is the number of partitions
of n.

Asymptotics for P(q) are well known, namely

1 1 71'2 N
P(q) = \/%s exp (& —5 T O(s )>

for any N. Thus, by (1.3), determination of the asymptotics of Gi(q) is equivalent to
the determination of the asymptotic of P4(Ax). We prove the following theorem, which is
equivalent to Theorem 1.2.

Theorem 1.4. For each k > 2 we have

i~ Lo () ()

Remark 1.5. A slight modification of the arguments presented establish Theorem 1.4 with
a relative error that is o(1) for non-real s satisfying |3(s)| = o (R(s)).

as s | 0.

Numerical calculations lead to the following conjecture for real s.

Conjecture 1.6. For s real and s | 0

1 72 2 1
-5\ — — - —= =
Gr(e™) kexp (65( k(k+1)>+ak8k —l—O(s

eI

)

Remark 1.7. Classical results on the mock theta functions |3] easily yield this conjecture

for k = 2 with ap = 1/9%. Using a numerical technique, Zagier |21] has calculated that

for some constant «y,.

az ~ 0.26627104041 ..., which appears to equal %. It is amusing to note that as =

./% = 0.265961520 . .. agrees with ag to two digits.

This conjecture implies that for k > 2 the generating function Gy (q) is not a usual modular
form. Indeed, if Gi(q) is a half integral weight modular form or mized mock modular form,

we would expect an asymptotic expansion that contains only powers of sz, In fact, the
asymptotic expansion in powers of s'/* is very exotic.

It is well known that the asymptotic behavior of generating functions leads to asymptotics
for the coefficients. We obtain the following theorem for the asymptotic of pg(n).

Theorem 1.8. As n — oo we have

= (3 () o (450

Remark 1.9. Bringmann and Mahlburg 7| use the connection with Ramanugjan’s mock theta
function and an extension of the circle method to prove a nearly exact formula for ps(n).
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While the study of partitions without k-sequences for k& > 2 is relatively new, there are
several classical results on partitions without 2-sequences. The Rogers-Ramanujan identities
state that

0 n2 > 1

i D e | fer )
0o n2 +n > 1

(1.5) > i=p—i=e - Ua—mma—py

MacMahon [18] found a combinatorial interpretation of Rogers-Ramanujan identities as a
way of counting partitions without 2-sequences with some particular constraints. In partic-
ular, he shows that they imply:

(1.4)* The partitions of n into distinct parts with no parts of consecutive size are equinu-
merous with the number of partitions of n into parts of the form 5n — 4 and 5n — 1.

(1.5)* The partitions of n into distinct parts with no parts of consecutive size and no parts
of size 1 are equinumerous with the number of partitions of n into parts of the form
5n — 3 and bn — 2.

This combinatorial interpretation is important in the hard hexagon model studied by Baxter
|6]. Another use of these identities is that the product expansions reveal that these series
in question are essentially modular forms and thus their analytic nature is well understood.
For example, with ¢ = e~*, for any A, the series in (1.4) satisfies

> g _ 2 2 s
T e () O ek

It is surprising that the generating functions for partitions without consecutive parts often
have product expansions resembling those of the Rogers-Ramanujan identities. Let pg . ~p(n)
be the number of partitions of n with no k£ parts of consecutive sizes, no part occurring more
than r times, and no parts of size < B. Then (1.4) and (1.5) are identities for the generating
functions Y 7 pa1,>0(n)g™ and Y 7 pa1,>1(n)g". We have the following partition identities:

n=

- ¥ 1
2 pea " = ==

n=1
0 . O (1 . q6n—3)2(1 . q6n>
P22>0(n)q" = "
D i | ey

o x 1
sz,oo)l(n)q” - H 6n 6n—2 6n—3 6n—4
s 22 (1 =¢")(1 = ¢ 2)(1 = ¢ 3)(1 — ¢*)

The first identity is due to Andrews |2], the second identity is due to MacMahon [18] and the
final identity is due to Andrews and Lewis [5]. The above identities along with modular form
techniques allow for very precise asymptotics for the generating functions of partitions that
avoid 2-sequences in addition to satisfying some additional constraints. Unfortunately, these
techniques have failed for partitions with no k-sequences for £ > 2. This may be because,
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as remarked above, Conjecture 1.6 would imply that the corresponding generating functions
are not modular.

Due to (1.3) studying Gx(q) is equivalent to studying Ps(Ax) when ¢ = e=*. This equiv-
alence provides two equivalent languages in which to discuss our results, that of partitions
and that of probability. Throughout most of this paper we will use the former language to
discuss our techniques. There are three reasons for this somewhat arbitrary choice. Firstly,
the discussion of the behavior of the small parts of the partition (or equivalently the C; for
small 4) fits slightly more naturally into this language. Secondly, our own backgrounds are
in combinatorics. Finally, numerical calculations suggest the asymptotics of the function
Gr(e™) is given purely in powers of s*, whereas the asymptotics of Py(A;) will have an

S

extra s2 multiplying all terms.

1.2. The Approach. In this section, we sketch the proof of Andrews’s conjecture. The
fundamental idea is to compute G(q) as the limiting value of a recurrence relation. In
particular, one can imagine building a partition by adding parts of one size at a time: first
determining the number of parts of size one, then the number of parts of size two and so
on. In order to ensure that the partition constructed has no k-sequences, one would need to
keep track of how many of the recent part sizes have been used and ensure that no & sizes in
a row are employed. In order to keep track of the necessary generating functions, we define

(1.6) TN, q) 1= S g™,

w a partition with parts <N
1 has no k parts with consecutive sizes
w has parts of size NN —1,--- N —i+41
w has no part of size N — 1

In particular, we note that for N = 0 we have that

1 if7=0
~k
k0, q) = .
% (0.9) {O otherwise

We have the following recursion

~ 1 1 ~
Eé(Nacﬁ 2(q") 0 0 E?i(N—l,q)
Ul(]'\]7q) _ 0 Z(qN) 0 UI(N_17q>
I 0 SV I PR
k —
Ur-1(NV, q) 0 2(qV) 0 Up—1(N = 1,q)
where z(z) := $*-. For convenience set
1 1 1
z(x) 0 0
(1.7) m(z):=| 0 =z 0|,
0 0
0 z(z) 0
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and
i
(1.8) (N = T
5k—1<N7 Q)

Thus, we have the recursion
V(N q) = m(g™)o"(N —1,¢9).
Furthermore, it is not hard to see that

Gi(g) = lim T5(N, q).

Thus, we have a linear, homogeneous recurrence relation with non-constant coefficients
whose limiting value yields G (¢q). The main idea for evaluating this quantity is as follows.
If the matrices, m(q"), were constant (or even merely simultaneously diagonalizeable), the
product would be easy to evaluate and G (q) would be approximately equal to the product of
the largest eigenvalues. This is not the case, but fortunately, the matrices m(q¢™) vary slowly
with n. The difficulty in approximating G(q) comes in figuring out how to take advantage
of this.

This basic approach is not new to this problem. Holroyd, Liggett, and Romik [15] im-
plicitly employ a similar recurrence relation to obtain Py(Ay). Since the m(q") are slowly
varying in n, they approximate products of roughly s~'/? of these matrices by making the
approximation that all of the matrices in the block are the same. Within each of these blocks,
standard eigenvalue techniques are used to evaluate the product. This technique allows for
asymptotic approximation of log(P4(Ay)), yielding a term coming from the product of the
largest eigenvalues of m(q¢™), but has two major sources of error. The first of these errors
comes from the approximation that each of the m(q"™) within a block are constant. This is
especially problematic for the early blocks, for which m(q™) is rapidly varying with n. The
second source of error comes from having poor control over the transitions between blocks.
Our technique avoids these difficulties, but requires new ideas to approximate this product
of non-commuting matrices.

Our main idea is to write the vectors v¥(N, ¢) in terms of the slowly varying eigenbasis of
the matrices m(q¢™). In particular, we may diagonalize each matrix as

m(q") = A(q")D(q")A(¢")™"
where D(q") is the diagonal matrix with \;(¢"), the primary eigenvalue of m(q¢"), in the
upper-left hand corner of the matrix. Thus, in the appropriate basis, multiplying by m,
corresponds to multiplication by the diagonal matrix D. Unfortunately, in order to rewrite
v*(n, q) in terms of the appropriate eigenbasis for m(q"*1), we must also multiply by the
transition matrix

T(n,q) = A(¢"™) " A(q").

Since, the coefficients of A(¢") are slowly varying, T'(n, q) = I, where I} is the k x k identity
matrix. In particular, with ¢ = e™* we establish T'(n,q) = I + O(n™! + s). As n becomes
large, the primary eigenvalue becomes much larger than the others and so multiplying by
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D(q") decreases the sizes of the other coordinates relative to the first coordinate. Conse-
quentially, the vector of interest is well approximated by the first coordinate. Ignoring the
off-diagonal entries of the T'(n, ¢), we find that G(q) is roughly

H Al(qn) H T(na q>1717

where T'(n,q)*! is the upper-left hand entry of T'(n,¢). The product ], A1(¢") is handled
through an analysis of the characteristic polynomial of m(q"™) by Holroyd, Liggett, and Romik
[15]. However, we require a refinement of their calculations to obtain sufficient errors (see
Theorem 5.1). The product of the transition matrix entries is similar to, but more delicate
than, the analysis used to compute [[ A\1(¢") (see Theorem 4.4).

A second new idea is needed to deal with the contribution of matrices with N small. For
small n the main eigenvector of m(¢™) is not a good approximation for the contribution
to the generating function. In fact, the non-primary eigenvalues contribute to the asymp-
totic approximation. To overcome this difficulty we use a direct combinatorial analysis to
approximate v¥(n, q) for small n. This analysis appears in Section 3.

We note some similarities between this technique and the adiabatic approximation in
quantum mechanics (see, for example, Chapter 10 of [13]). In each case, we are sequentially
applying a sequence of slowly-varying matrices to a given initial vector (though in the adi-
abatic process, this is done continuously rather than discretely). In each case, we write our
vectors in terms of the (slowly changing) eigenbasis. The final outcome is approximated by
taking the product (or integral) of the eigenvalues, with a correction term due to the change
of basis (known as Berry’s phase in the case of quantum mechanics). The justifications for
this approximation are different in the two cases, for while the adiabatic approximation holds
due to cancelation of cross terms due to rapid oscillation, in our case the approximation holds
because the contribution from the non-primary eigenvectors may be safely neglected.

It should be noted that our underlying ideas have far more general applicability than
simply to the problem at hand. In particular, we expect that they can be used to calculate
the asymptotics of the number of partitions that locally “avoid patterns” of various types
(for example, not having any & parts of consecutive sizes). For example, we believe that our
techniques should be able to prove asymptotics for py .~ pg(n) for all k,r, B. As an additional
example, Knopfmacher and Munagi [17]| consider the problem of counting the number of
partitions A = (Ay,---, ;) of n such that there is no j with A\; — \;4; = p for any fixed
p > 0. The methods in this paper should also be sufficient to approximate the number of
partitions of these types, although the constants showing up in the asymptotic formulae may
well not have closed forms.

Bringmann, Mahlburg, and Mellit introduced a family of directed, multi-state bootstrap
percolation models [9]. Their study led to the following: Let {E;}}_, be a sequence of
random variables taking values in {A, B, C, D} such that

P,E;=A) = (1—e7%)? P E;=B)=P,(E; =0) =e*(1—7%), Py(E; = D) = e 2.
They are interested in the behavior of

P, ({E;}7_, has no D,CB, or C*)
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where C* denotes a sequence of k consecutive Cs, as s | 0. Surprisingly, similar to Andrews
identity (1.2), they found a connection with a mock theta function in the case k = 2. Again,
our methods should yield an asymptotic for this probability as s | 0 with a relative error
which is polynomial in s'/*.

1.3. Structure of the paper. As discussed above, our argument splits into two main
pieces. On the one hand, we need a direct way of computing v*(n, q) for small values of n.
Then, once we have gotten to the point where v*(n, ) is well approximated by the primary
eigenvector of m(q"), we can use the recurrence relation described above.

In Section 2, we perform some preliminary calculations involving the m(¢™) and their
eigenvalues that will be used throughout. Section 3 gives a direct computation for the
generating functions v¥(N, q) for N of size s~ 1. Tn Section 4, we analyze the recurrence
relation in order to compute Gy(q). Section 5 contains an estimate for the product over the
largest eigenvalues. Section 6 gives the proof of Theorem 1.4 and thus Theorem 1.2. Section
7 gives the proof of Theorem 1.8.

2. CALCULATIONS ON THE DIAGONALIZATION OF m(q")

In this section, we collect some results on the eigenvalues and diagonalization of the
matrices m(q™). In this section, k is fixed and s is assumed to be small. Errors are often
written in big-O notation. In almost all cases the constants depend on k. We often suppress
this dependence inside of the proofs.

Observe that the characteristic polynomial of @m(q") is

No—z(@) (N A+ 1)

We begin by proving some basic results about the sizes of the eigenvalues of this polynomial
when z(¢") is either very large or very small.

Lemma 2.1. For z € R, let \;(2) be the roots of \¥ — 272 (\F"L + ... 4+ X+ 1) = 0. Then
for z large,

Ai(z) =w;z 1% (1 n %271/1{ L0, <z*%>)

where the w; are the distinct k' roots of unity. Furthermore, for z small one root satisfies
i = 21+ Op(2)),

and all other roots satisfy
Ai = wi(14 Ok(2)),

where the w; here are distinct k™ roots of unity other than 1.

Proof. For the first statement, note that we only need to show this for z > 1. We claim that

p(A) = M —z71(\*=1 ... 1) has a root within O(272/¥) of z='/kw for every k™ root of unity
w. This follows easily noting that p(z~*kw) = O(z=k+I/E) |/ (271/kw)| = ©(2~(k=D/k) and
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that [p® (z=*w)| = O(z=*=9/F). This gives \; = w;z (1 + O(z_%)). The stronger claim
follows from ,
M=z (T x+0(51)).

For the later two claims, we note that it suffices to consider z < 1. For the second claim
we note that [p(z~1)| = O(z7%), |p/(z~1)| = ©(z %) and [p®)(z71)| = O(z7**+*). For the
final claim, note that if w is a root of z*~1 + ...+ 1 that |p(w)| = O(1), |p/(w)| = O(271) and
PO (w)| = O(). O

Lemma 2.2. For every positive real z, the polynomial p(\) = \¥ — 27! ()xk_l +o A+ 1)
has no repeated roots.

Proof. Note that if A is a double root of p then it is a double root of p(z)(z — 1) =
o — (1 4+ 2712 + 27! = 0 and therefore a root of the derivative of this, namely,
(k+ 1)z — (14 27Hk) 2%, Since z = 0 is clearly not a root of p, we have that the double
root must be z = k(1+271)/(k+1). On the other hand, it is clear from the form of p, that

there is a unique, non-repeated positive real root.
O

Definition 2.3. By Lemma 2.2, the roots of A* — z(¢")™" (\¥=' + .- + X\ + 1) are distinct
for any n and s. Therefore, the eigenvalues can be analytically continued to functions of
n € R*. By Lemma 2.1, as s — 0, the various eigenvalues are asymptotic to e % 2%, We let
A;(¢™) denote the root whose analytic continuation is asymptotic to eQWi%z(q")_%. Thus
A1(g") is the unique positive real root of this polynomial. We note that \;(¢")z(¢") are the

eigenvalues of m(q") and we call \(¢")z(q™) the primary eigenvalue of the matrix m(q").

Remark 2.4. This notation differs slightly from that of Section 1.2. It is convenient for us
to separate out the factor of z(q") from the eigenvalue.

Since there are no repeated roots of the characteristic polynomial of m(q™) for each eigen-

1
A
value z); = z(¢"))\;(¢") of m(q™) we have the eigenvector VJ := ] . So we have
k1
A +
(2.1) m(q") = A(¢")D(¢")A(q")
with
Z/\1 0 0
" 0 Z)\Q 0
(22) D= Dlyg") = ,
0 0 - 2\
and
1 1 1
AN A
23) A= Ag) = :
)\1—k+1 )\2—}€+1 )\]zk—i-l
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Next we turn to the transition matrices A(¢"™)~1A(¢").
Lemma 2.5. Let \; = \(¢"™Y) and p; = Ni(q"), then A(q"™) = ()\;’i)ij and A(q") =
(u}‘ﬁm and

_ %,] o n+1\—1 ny __ Hi — )‘m )\z
24) T(na) = (000 = A AW = (H, (=g E))
m irj
where i = 1,2, -,k indezes the row and j = 1,2,--- |k indexes the column of T'(n,q).

Proof. Note that
(A" T A(G")" = A(g)" (A" H".

Furthermore,
agp p(ﬂl—l)
a p(pst)
Ak—1 p(/h;lﬁ
where p(z) = ag + a12 + ... + ap_, 21, Similarly,
agp pO\fi)
A(qn-i-l)T a1 — p(/\Q_ )
(r—1 P(Ai_ll)

Therefore, the (i,75) entry of A(g"™)"1A(q") is
e}“A(qn)T(A(qn-&-l)—l)Tei

where e; is the vector with a 1 in the ¢th position and zeroes in all others. This, in turn, is
the value at A" of unique degree (k — 1) polynomial p(z) so that p(A; ') = d;;. Therefore,

pla) = [ o

1T _ y—1°

Thus the (i, j) entry is
-1 -1
1\ Mj _)\m . //J]_)\m )\z
=115 =11 ((m w))

We will require some lemmas when dealing with transition matrices.
Lemma 2.6. If A, -, \, are the roots of \¥ — 271 (A*"1 4 ... 4+ X+ 1) = 0 then we have
|)\7, — )\J| >>k |/\]| .
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Proof. By Lemma 2.1 for |2| > 1, the ); are proportional to distinct k™ roots of unity, and
thus the result follows for z > C for some constant C'.

By Lemma 2.1 for |2| < 1, all but \;, are near distinct &' roots of unity, and \; is roughly
271 Thus if i =1 or j = 1, then |\, — \;| > 271 > |\;|. Otherwise, |\; — \j| > 1> |\
Thus the result holds for z < ¢ for some constant c.

For ¢ < z < (), we note that Ai’\j/\j is a continuous function of z, and thus has some
absolute upper bound. Thus the Lemma holds in this range as well. 0

Lemma 2.7. In the notation of Lemma 2.5, for any i and n we have |pu; — N;| = Op(|Ni] (s +
n=1)). Moreover, we have

2)\()<<)\()1+1 da—Q)\()<<)\()1+12
0212’ 1{Z > an aleZ 1\Z > .

Proof. The first result follows from the claim that
9log(Xi(2))

=0(1+2z7").

Ep (I+277)

This follows from the above bounds on \; and the identity
%) 22N 4+

2.5 —\i(2) = — .

(2:5) 0z (2) RN — 27 (k= DAF2 4 4 1)

In particular, the above allows us to check our claim for z > 1 and for z < 1. As in Lemma
2.6, the claim follows for intermediate z by a compactness argument. The bound on the
second derivative follows similarly. We note that by differentiating \i*! —\¥ — 21 ()\’f — 1) =
0 we have the identity

((k + 1AF — BT — 27N ter
1 1 1) 552
A
(2.6) =273\ —1) — % L2272k AT
o)’
— (a—;) ((k+D)EN' — k(k — 1) (14 27 ")AF?)
OJ
Lemma 2.8. In the notation of Lemma 2.5 for j # m
Nj— Am

15 bounded by some constant depending only on k.

Proof. This lemma follows from Lemmas 2.6 and 2.7. In particular, in the case when neither
¢ nor j is 1 then

|)‘j - /\m| > |/\m| > |MZ - /\ml .

L . . A
Thus % is bounded above as is |2
i Am Hi
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If + = 1, the quantity in question is
Aj

o (|5 25]) 0w

Similarly, the result follows for j = 1. 0]

Proposition 2.9. The transition matriz A(q"t") P A(q") = I, + Oy (s + ) where I, is the
k x k identity matriz.

Proof. We claim that

i nt1y—1 4/ n B = Am A _
T(n,q)™ = [A(g"") T A(¢")js = nl:[#)\z——M " =8,;+0(s+n7").
If i # j, by Lemma 2.7 the m = j term of the product is
Iuj — )\] )\l —1 )\1 -1
M-S 20 - ~0 |
N (s+n") N (s+n")

and the remaining terms are O(1) by Lemma 2.8. This proves our bound for the off-diagonal
coefficients.
For i = j, by Lemma 2.7 each m-term in the above product equals
N — Am +O(s +n71) |\
Ai — Am

Taking a product over m yields 1 + O(s + n™'), which proves our claim. 0

=1+0(s+n").

We conclude this section with one additional lemma dealing with the ratio of eigenvalues.

Lemma 2.10. If i # 1 and ns < 1 then

Al ;
M) = P ()

for some positive constant c.

Proof. This follows easily from the first case of Lemma 2.1. Namely, for i # 1

) = exp(=2((ns)¥)).

Sl
S

= exp(—(z

3. CALCULATIONS OF THE EARLY MATRICES

In this section, we construct an approximation for the vector

V(N,q) = @(N.q)_y =[] m(a)e:

k

with s7/2 > N > s % log(s ™)1,
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Theorem 3.1. Assume that k | N for some integer N with s772 > N and N greater than
a sufficiently large multiple of 5 R log(s‘l)k%l, then
x 1 1

TN, q) = (sN) FNE e

a

X exp (SkN P (k+ 1)1+ Oy (SN +3ka+2))

Before proving Theorem 3.1 we introduce some notation. Each entry of the vector is the
generating function for the number of partitions with no k-sequence, no parts larger than
N, and the largest missing part size is —a (mod k). In this section we use the phrase “run”
to refer to the gap between missing parts. Given a partition p with parts of size at most N
and no k-sequence, we let

C=1L(p) = Z (k — “length of run”).

“runs”

It is clear that ¢ < (k — 1)N. Note that the length of the run must be less than & and that
¢ =a (mod k). Let nj = n;(u) be the parts not appearing in p satisfying

k

We have
n; =kj — Z (k — “length of run”).

“runs” before n;

We let {t;} be the shortenings of the runs. Namely, the length of the run before n; is equal

to
=yt =1}
and we have

(3.1) o= ki |{j:t; <),

So we have
N +/
0<t; <ty <---<{ < |

Note that a sequence of missing parts {n;} determines the sequence {¢;} and vice versa. We

et N+t| N ¢
+ —a
M=|——m_]=— .
{ K J R
So we have

N

(3.2) " (N, q) ::Hz(q”)- Z Z Hz myh
n=1 {=a (mod k)t1<-<ty, i

where the sum on ¢ runs over ¢ < (k — 1)N. For now we ignore the term Hivzl 2(q") as
this term can be dealt with separately. The idea for analyzing the remaining sum is that for
N about this size runs are likely to be of size Kk — 1 or k — 2. One might interpret this as
saying that all the smallest parts want to appear subject to the constraint that every kth
part cannot appear. This agrees with Fristedt’s probabilistic model of random partitions
[11].

Next we give a lemma which says we can ignore large ¢ values.
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Lemma 3.2. In the notation above,

2. > Iz = (sN)FO(s).

{=a (mod k) <<ty i
Efl 1
2%keN k sk <t<(k—1)N

Proof. We note that

[Tzt < [T = 2a") 1) < (W) 170 < (sW) F (s 57!

i

> et =o (s (") )Jemrwat).

t1< <tg 7

Noting that

this is at most

O ( L(sN)* (keN’TSif—1>£) < O(s7Y)(sN)F27",

We note that if N is at least a sufficiently large multiple of § R log(s_l)kiﬂ, then 2¢ = O(s?).
Summing on ¢, yields the result. O

Proof of Theorem 3.1. We apply Lemma 3.2 to the summation in (3.2) and, unless otherwise
stated, in the remainder of this proof we assume the sum on £ is truncated by ¢ < 2keN " st

at a cost of a negligible error.
We will use the following calculations throughout the proof. We have z(¢g")™! = ot but

" =e ™, 501 —¢q"=ns(1+0(ns)). Moreover, [[¢" = e~ 2" but s> n; < N25 <1
by construction. Therefore we have

Hz(q Hns + O(n; |s])) MHnl (14 O(sN?)).

)

Recall that

(3.3) ni=ki—|{j:tj£i}l=kiexp( Wou=dl, O(M»

ki 72
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So the sum becomes

2.2 1=

{=a (mod k)t1<-<ty 1

— Z (sk)M M1 Z Hexp _Z%_’_O(g) (1—1—0(5]\[2))

f=a (mod k) t1<<tg j i2t;
L
M! 1 M 14
— M
- Y Y e (e () o ()
{=a (mod k) t1, 5t j=1

< [T+ i<y ti=t}]) (1+O(sN?)

]( )dt)£<1+0<§+31\ﬂ))
{=a (mod k)
k)(Sk)MMZW (/Olt (1+O<Ajt)>dt>€(1+O(%+3N2)>

(sk;)MMZW (k i 1)8 (1 + Oy, (gﬁN% + 3N2>> 7

?r\»—A
>\
~

— Z (sk)MMZW (/Olt

Sl

2
{=a (mod
2

(mod k

where we use that 0 < k“e The third line is obtained by removing the ordering on the ¢;’s.

The product 3 ;(+ |{z < j:t; =t;}|) accounts for the introduced over-counting. The
fourth line is obtained by approximating the sum over ¢; (once ¢; has been fixed for i < j)
of tl/ (14 |{i<j:t;=1t;}]) by [t/*dt. Additionally, in the fifth line we note that term
@) (ﬁ) is always negative, see (3.3).

Applying Stirling’s approximation to M!, and suppressing the errors, we see that the above
is equal to

N —a t(N+{l—a RN g(%)l
( T de E) ( N-—a > (N+E-a) 0\k+1

=(S ) wN;“ > (e

=a (mod k)

%
_S(N—G)T_a N —a 1 l ﬂzl 2 k42
-(55) T ( voo®) 3] (o))

N—i—ZaN_
Na)

Extending the sum to a sum over all £ rather than those with ¢ < 2kest Nt introduces a
negligible error. The completed sum over ¢ is the sum over every k-th term of an exponential.

N—a
where we have used ( (1 + ) F = ¢k times a negligible error.
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Thus, suppressing the above error terms, we have

> (o) o

{=a (mod k)

where we have approximated N — a by V.
To finish the proof of the theorem we use

N -N N

Hz =[[(sn) 7 (1 +0(ns)) = = (1+0 (Vs ))—m(uo(ms)).

n=1

0

Before concluding this section we give a comparison between 05 (N, ¢) and the eigenvec-

tors of m(g"). We let Vi(¢) be the eigenvector (1 Ai(¢")™' -+ Ni(g")**! )T of m(q™)
corresponding to the eigenvalue \;(¢")z(q").

Proposition 3.3. In the notation above, with the assumptions of Theorem 3.1 and V](',(q) =
(1 X(g™)™h - N(g™) R )T we have

~ k-1 N 1
k —

V(N,q) = (Ns) N5 e . p <3%N%(l€ +1)7'+0 <3N2 + SkNHQ)) Va(q)

+) Ch(@)Vilq)

i>1

N|w

where

Cile) < (Ns) % e F oxp (SENF (k +1)71) O (s8? + 5ENF)

Proof. Since the eigenvectors, form a basis, there exist C’y (¢) so that V(N, q) = 3., Ci(0)Vii(q).
Applying Theorem 3.1, we have that -

(N, q) = TE(N, q)(sN)~# (1 +0 (S%N% + SNQ)) .
By Lemma 2.1 we have that

A(g") = T (sN)E(1+ O((sN)
Therefore, we have that for 0 <a <k —1,

ESIN]
~—
~—

() (140 (TN 4+ 58?) ) = ie (1 4 O(sN)F) Tl g)-

=1
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2mia(j—1)

In other words if B is the matrix with (a,j) entry e~ & , then B + O(sN)# times the
vector of C'%(q) equals a vector whose entries are 05 (N, q) (1 +0 <5k N + sN2 ) Noting
that the inverse of B + O(sN)& is B~' + O(sN)# this implies that

Ci(q) = E(N) (1 + 0 (S%N% - sN2)>, and C%(q) = 9§ (N,q)O (s%N% + SN2> for
¢ > 1. This proves our Proposition. O

Finally, the next proposition compares 05 (N, q) to the product of the eigenvalues.

Proposition 3.4. In the notation above, with the assumptions of Theorem 3.1 we have

(N, ) 1 </<: —1
- p
1, Mlg)z(qn) k3 (2n)s ok
Proof. By Lemma 2.1 we see that the product of the first N primary eigenvalues is

ﬁ)\l(q” ﬂ (ns) % ( ! (ns)% + O(ns)i> - (ns)™' (1 + O(ns))
ﬂns R <1+]1(n511c i)
(N~ s~ exp (k > o(( )i)>

:(27)*%(N5)*N%6N(17)

log(N) + O <S%N% + 3N2>) .

kE—1
X exp (— ok 1og(]\7)+k+1s%]\7T +O<(3N)i)).
Theorem 3.1 gives the result. U

4. AFTER THE RUN-UP

In the previous section, we computed V (N, ¢) = [T, m(g™)es. Tn this section, we evaluate

g)=e" [ m(¢") V(N,q)

We have the following proposition which shows that we only need to consider the eigenvalues
and the first entry in each of the transition matrices.

Theorem 4.1. In the notation from Lemma 2.5 for N an integer bigger than a sufficiently
1 k
large multiple of s~ *1 log(s™')*1 we have

B ﬁ A(g")=(a") - ﬁ T(n,0)" T (N,0) - (140 (54 N7 67)).

In order to prove Theorem 4.1 we will need the following lemma.



18 DANIEL M. KANE AND ROBERT C. RHOADES

Lemma 4.2. Let w(n,q) = A(¢") [, "m(q')e,. Then for n bigger than a sufficiently
k
=

large multiple of §TFF log(s™1)#T, we have that for i # 1 that

w(n,q)i| <On™"% s + s)[w(n, ).

Proof of Lemma 4.2. The proof is by induction on n. Proposition 3.3 makes this result clear
for n at the lowest end of the permissible range. The basic idea here is that

w(n+1,q) =T(n,q)D(q")w(n,q).

Now since |A1(¢")| > |X\i(¢™)|, multiplication by D(q") increases the ratio of the first entry
relative to the other entries. Since T'(n,q) is approximately I, multiplication by T'(n, q) does
not worsen this ratio by too much.

We begin by proving our claim for ns < 1. Letting

(4.1) u(n,q) == D(¢")w(n, q)
and applying Lemma 2.1, we have that
un, q); wn, q);
[u(n, @)il  [wn, 9)i| ).
[u(n, @)1 ~ |w(n, )il
Next, since T'(n,q) = I + O(n™1), and since |u(n, q);| < k|u(n, q)1|, we have that
jw(n +1,q)il - <|UJ(”, CDil)
————=0n"" )+ | —— | (1 —Q((ns
winr Lo~ " )T Ui g,y ) 4~ A0

Induction on n gives

==

(1 - Q((ns)

=

for all n < s~ 1.
The argument for ns > 1 is similar. It should be noted that in this range that “/)\‘ (( ))|| is
bounded above by some constant less than 1 (say by 1 — €). Therefore, we have that

lwin+ 1,9l _ <|w(n,Q)z‘\) B
———— =0(s)+ | ———— | (1 —¢).

jw(n+1, )| lw(n, g
From this, it is easy to conclude by induction that |w(n,q);| = O(s)|w(n, ¢)|. O

Remark 4.3. It should be noted that the bound in Lemma 4.2 is not tight for small n (a
stronger bound is given in Proposztzon 3.3). The bound of n~ S s would be tzght given our

’\ (q )) =1-Q((ns)* ) In order to

obtain a tighter analysis, one can note that the T'(n,q)"7 are roughly constant in n and that

i—i is roughly W', where w is a primitive kth root of unity. By our previous analysis, %

(qn) Wy (nzq)

is approzimately )\i(q") (T(n,q)l’i + (wl(n’q)
each T(n,q)"" by a constant of order n™', we note that resulting recurrence leads to terms
of size O(n™') due to cancelation that is not captured in our analysis.

analysis if all we use is that T'(n,q)"" = O(n™")

)) Approzimating each 3 by w'(1— (ns)%) and

We are now prepared to prove Theorem 4.1.
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Proof of Theorem 4.1. We claim that

2k+1

w(n+1,q)1 = wn, ¢ h(g")2(¢")T(n, )" (1 + O(min(n= "% 7+, 5%2(¢")))).
") z(g")w(n, q);) that

w<n + ]-7 q)l = U’(nv Q)IT(nu Q)Ll(l + O(min<n7T87%7 SQZ(Qn))))
It is clear that

Or equivalently (since u(n,q)1 = M\ (q

w(n + 17 q)l = Z T(”a Q>17ju(na Q)j
J
Hence we need to show

: \U(n,q)j!) L _mn )
max | T(n,¢)" - ——=L ) = O(min(n™ % s % + s, s°2(¢"))).
e (T 12000 ) — Omin (@)
If ns < 1, this follows since T'(n,q)"” < n~!, and ;ZEZg)ll < :ZE:ZH = O(n —k s71).

Otherwise, this follows from noting that T'(n,q)'” < s and

lu(n,q);| — (IN@)] (wn, ;]\ oM
u(n, )| (|/\1(qn)|) <|w(n7q)1|) = 0(2(¢")s)-

This proves the claim.
Therefore we have that

Jlim w(n, g): H Ai(q")2(q")T (n, @)™ - exp <0< > min(n—”?ls—i,s%(q“)))).

n=N+1 n=N-+1

The sum in the error term is at most
[s71]

Z n_Qkk-:HS_%_'_ io: 522(q

n=N+1 n:|_571J

k+1

The first term is O < TR sT k) and the latter term is O (s> >_°7 e ") = O(s). O

The following theorem is enough to deduce Theorem 1.4 and thus Theorem 1.2
Theorem 4.4. With N as above we have

H T(n,q)"" = k2 exp (—kQ_kl log (Ns) + O ((Ns)% + N1+ s)) :
n=N

Proof. Throughout this proof we use the notation of Lemma 2.5 and often suppress the
dependence on n. We have
f = Am M

T(n—1,¢"% =
( q) 7&1)\1_)\1% M1

and

(") = M(q" ") = Mi(q") — Ni(g") + O(X{(¢"))
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where X;(¢") = Z\(¢"). Therefore,

f1—Am M , 1 1 N
AN — 1o [ [ (2
N 1(A1—Am ) TN T
1 1 N/ VAN
T(n—1,q)" = exp [ =N _ M (A .
(n—1,q) eXP( 1;<A1—Am /\1)+Ok<()\1+</\1

To estimate the big-O term for ns < 1 we use (2.5) and (2.6) and Lemma 2.1 to obtain

Hence,

1 0N 1 0N\ 9 1
I n ns _ O -
A On )\1 0z a")e (n)
1 0%\ s%e®™ 0%\ 4 ON 3 1
il — ) n 7 n —0l=).
A1 On? A <822 O 0z 2(¢") ) (n2>
For ns > 1 we use Lemma 2.7 to obtain
1 (9/\1 1 82)\1 2 —
——— =0 d — =0 ns) .
)\1 on ( ) an )\1 on? (S © )
Therefore
00 1 1 1) 1 00
2 —ns
HTn—lq exp()\;Z(/\l_/\m—)\—l)):exp O(ﬁ)—i-O s Ze
n=N m#l n=N nztiJ

Let P(X\,z) ;== A" —2z7L (AF"1 + .- + X+ 1) . We have

1 &5P()2)
4.2 2 oA = Rp(Mi(qM)).
(42 D T T D Ay, = B
Therefore,
Han :HT )" (1 +O(N! +5))

n=

~ exp (— > (MmO - (- D) 0 (v 4 s))

n=N

We apply Euler-MacLaurin to approximate the sum by an integral. The error from the terms

AIE g introduces an error of size

[ G Gy ) -ow s
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as above. Thus, we have

1:_0[ T(n,q)"" =exp (— /OO (%A’l(q”f)}zkul(qx)) — (k- 1);/1("9”)) de+0 (N + 3))

N
o E—1
= exp (—/ R () — dx+O(N_1+S))
A1 (g) 2 T
In order to evaluate the integral [ Ri(z)dz, we let a(A) = AF and b(\) = M1+ + 1. We

then have that 27! = Z&l)) Therefore,

a’(\) — 271" () _ a’(A)b(A) —a(A)b"(N)
a'(\) — 271 (N) a'(AN)b(A) —a

9 Jog(a (MB(N) — a(AB(N).

R (A) = (A oA

Letting
Q) :=d' (Mb(A) = a(M)V'(A)
= ENTTOF T ) = AR (- DM )
— )\2k—2 + 2)\2k—3 I k)\k_l

we have that

Oo Rk(x)_k:—l _ 1 —2k+2)7°
fr - = g e @

We note that for A > 1 that Q(A\)A\~%%2 =1 + O(A™!), and therefore,
lim log (Q(A)A™**%) = 0.
A—00

For A\ < 1, we have that Q(A)A=2%*2 = EA=**1(1 + O(\)). Therefore

T 7. = exp 5 log (B(a™) 10+ O ) + 0 (N 45)).

By Lemma 2.1, we have

[[ 709" =exp (—
n=N
1

e (_k;}fllog(Ns)Jr%lOg(k)_%(Ns)i o((Ns)% + N7+ ))

_1log()\1(qN)) +%log(k:)+0<(]\fs F+ N +s )

O

In the next section, we analyze the product of the primary eigenvalues.

5. THE PRODUCT OF THE PRIMARY EIGENVALUES

In this section, we estimate

oo . qn
g)\l(q )2(¢") = exp <Zlog (M(q +log(1_qn>).
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Theorem 5.1. In the notation above we have

nfjllogwq”)z(q”)) (1) + (5 ) roete) - (55 ) stz + 01 (1))

We start with the following lemma which closely resembles Euler-MacLaurin summation.

Lemma 5.2. For suitable functions h and n > 1 we have

h(n) = /nn+ h(2)dz — /:+ W (x) ([x] v %) dz

1

2
n—i—% 1 n+3 1 2
:/ h(z)dz — 5/ h"(x) ([x] —z+ 5) dx
n—1 n—1

where [x] denotes the integer part of x.

Proof. To see this note that for any function hA(z) we have

h(z) = h(n) + h'(n)(z — n) + /Z h"(x)(z — x)dz.

Integratlng from n — 3 to n+z 5 gives the second result. Integration by parts on each interval
[n,n+ 3] and [n — 1/2 n| glves the first result. O
Define the function fi(e~) to be the increasing function satisfying
(5.1) ( )k—l—l ( :p)k _ 6—:Jc(k+1) _ €_xk.
Since Ai(¢™)* = z(¢")" (Ai(g™)* Ai(g™) + 1), multiplying by A(¢") — 1 we have
1

A (g = Mi(g™)F = 2(¢")”
A(q™)q"

Remark 5.3. This function fi(e™*), and certain generalizations, are studied in [15].

(M(q ) ) = ¢ "\F — ¢ — \f + 1. Therefore fi,(e ™) =

Proof of Theorem 5.1. The modularity of the Dedekind n-function gives

(5.2) Zlog 1—4q") :6—+—10g()——10g(27r)—ﬂ+0( My

for any M > 0. Addltlonally, by Lemma 5.2, we have

> 3 S8} —xs 1
Zlog (1—-q¢") = / log(1—e™**)dx— /2 log(l—e“s)dx—s/ ‘ ([x] — x4+ _> dx.
n=1 0 % 1 — e s 9

Noting that [} log(1 —e **)dx = g—z and foé log(1—e**)dz = L log(s)+ f02 log(x)dz+O(s)
we may conclude that

2 ©  gmws 1 1
(5.3) —/0 log(z)dx — s[ ; i e ([x] —z+ §> dr = 3 log(27) + O(s).
Following the notation of Section 3 of |8] we define

(5.4) gr(zs) = —log(fr(e™™)).
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By Lemma 5.2,

(5.5) ggk(nS) = /000 gr(xs)dx —/0

Theorem 1 of [15] gives [ g(xs)dx

2

o 1
gr(xs)dr — S/ g (xs) ([:U] -+ §> dx.
1
3
Lemma 2.1 gives that for sx < 1

+0 <(a:3)%>

- s3k( 0

==

gr(xs) = —log (fk(e’“)) = —% log(xs) + %(:cs)

Therefore, we have

1

(5.6) —/02 gr(xs)dx = ﬁlog( s) — % /02 log(z)dx + O ( %)
Let M = |s % |. Then we have

5 /MO: ol (z5) ([x] . %) da :%2 MO; ol (z5) <[$] o %)2 dz

(5.7) <s / gr(w)dw < M~ < s*

Ms

N

where we use ¢'(Ms) = Oy, (57z) (see, for instance, Lemma 3.1 of [8]).
To estimate the integral of g, from % to M + % we take the logarithmic derivative of
fk(e—w)k—H _ fk(e—w>k — e—w(k—i—l) — e~k to obtain

sy, Loem 1 fil(e™)
gew) =l = T T ey

Therefore

M+3 . 1 s M+3 o= 1
S/§ 9k($3)<[$]—$+§>d:v——z/é T oes ([z]—x+§)d$

M file™) 1

(5.8) +

>
w\»—‘\

Observe that we have

M+% e s 1
/ T ([]—x+§>dx
> 1 o e~ s 1
et ) e et i)
[ . ([x] x—|—2> v /M+;1—e—ws ([x] x+2) .
o 1 s [ e s 1\?
SPSITE  RE ) L S
[ < ([m] a:—|—2> x+2/M+%(1_6_m)2 ([x] x+2) .

(5.9) [Wl_em([]_Hl)dﬁm Ms).
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Additionally, integrating by parts we obtain

MJr% f/ (e—xs) 1
s ek~ ([ —CE+—) dx
/2 1— fr(e™®) ([ | 2
e—msf];(e—xs)
1— fe(em™) 13
where we have used that monotonicity of log(1 — fi(w)) and f.(z) = O (z 2 ) for z near 0.
Returning to (5.5) and using (5.3) and (5.7)-(5.10)

_% /0; log () — s[o d(xs) ([m] Cat %) do

2

:% (-/Oélog(x)dx—S/:li—;([ |-z + )dx> +O<8%+M_1>

1
57 108l 7) + O(s%)

Finally, this together with (5.5) and (5.6) gives the result. O

[un

M+3
(5.10) <s - ’

1 k—1
< st (1 n M‘T)

6. PROOF OF THEOREM 1.4

In this section, we prove Theorem 1.4 and thus Theorem 1.2.

Proof of Theorem 1.4. We have Gy(q) = e" [[7 ., m(q") - [T, m(g™)es. 1t follows from
Theorem 4.1, Proposition 3.4, and Theorems 4.4 and 5.1 that for appropriate N,

s 1 72 2 _kt1 1 2 2 kt2 1
Gr(e )_EQXP(&g (1—m>+0(]\7 s kE+ SN+ st N & + N > :

Setting N = Ls‘ﬁJ yields the result. 0

7. PROOF OF THEOREM 1.8

In this section we apply a result of Ingham [16] to deduce the asymptotics for pg(n) from
the asymptotics of G(q) as ¢ — 1. In particular, we have the following result which is a
special case of Theorem 1 of [16] and is given as Theorem 4.1 of [10].

Theorem 7.1 (Ingham). Let f(z) = Y " a(n)z" be a power series with real nonnegative
coefficients and radius of convergence equal to 1. If there exists A >0, A\, a € R such that

f(2) ~ A(—log(2))" exp <_1O§Z)>

as z — 17, then

w\s:
»M»—t

Az~

exp (2\/_ )

M\Q
M»—‘

A
N

as n — Q.
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Proof of Theorem 1.8. By Lemma 10 of [15] (1 — q)Gr(q) = > oo o(pe(n) — pr(n — 1))¢™ has
nonnegative coefficients. Applying Theorems 1.4 and 7.1 gives the result. O
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