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Abstract. The function f : Fy — F2 is k-linear if it returns the sum
(over F3) of exactly k coordinates of its input. We introduce strong lower
bounds on the query complexity for testing whether a function is k-linear.

We show that for any k < %, at least k —o(k) queries are required to test
n

k-linearity, and we show that when k ~ %, this lower bound is nearly

tight since %kJro(k) queries are sufficient to test k-linearity. We also show
that non-adaptive testers require 2k — o(k) queries to test k-linearity.

Our results improve known lower bounds on the query complexity of a
number of property testing problems: juntas, sparse polynomials, small
decision trees, and functions with low Fourier degree. Our lower bounds
also give new results in testing function isomorphism and the character-
ization of the query complexity for testing properties of linear functions.

1 Introduction

What global properties of functions can we test with only a partial, local
view of an unknown object? Property testing, a model introduced by Ru-
binfeld and Sudan [21], formalizes this question. In this model, a property
of functions F§ — Iy is simply a subset of these functions. A function
f :F§ — Fq is e-far from a property P if for every g € P, the inequality
f(z) # g(x) holds for at least an e fraction of the inputs z € Fy. A ¢-query
e-tester for P is a randomized algorithm that queries a function f on at
most ¢ inputs and distinguishes with probability at least % between the
cases where f € P and where f is e-far from P [21]. The aim of property
testing is to identify the minimum number of queries required to test var-
ious properties. For more details on property testing, we recommend the
recent surveys [18-20] and the collection [14].

Linearity testing is one of the earliest success stories in property test-
ing. The function f : F§ — Fo is linear if it is of the form f(z) =3, gz
for some set S C [n], where the sum is taken over Fy. Equivalently, f is
linear if every pair x,y € Fy satisfies the identity f(x)+ f(y) = f(z +y).
Blum, Luby, and Rubinfeld [8] showed that, remarkably, linearity can be



e-tested with only O(1/€) queries. The exact query complexity of this
problem has since been studied extensively [3,4,2,16] and is well under-
stood.

In this work, we examine the number of queries required to test prop-
erties that contain subsets of all linear functions. We refer to these proper-
ties as properties of linear functions. One particularly important property
of linear functions is the set of k-linear functions—functions of the form
f(xz) = > ,cqxi for some set S C [n] of size |S| = k. The query com-
plexity of the k-linearity testing problem provides a lower bound for the
query complexity for testing juntas [12], testing low Fourier degree [10],
testing computability by small-depth decision trees [10], and for a number
of other fundamental problems in property testing.

Our goal is to determine the exact query complexity of the k-linearity
testing problem. For any 0 < k < n, the query complexity for the k-
linearity and (n — k)-linearity testing problems are identical. (See Propo-
sition 1 in the appendix.) This observation lets us concentrate on the
range 0 < k < 5 from now on; all our results also apply to the range
5 < k < n by applying this identity.

The connection between property testing and learning theory, first
established by Goldreich, Goldwasser, and Ron [15], yields a simple k-
linearity tester with query complexity n+O(1/¢). Fori =1,2...,n, define
e; € Fy to be the vector with value 1 in the 7th coordinate and value 0
elsewhere. The tester queries the function on the inputs e, es,..., e, €
F5. If f(e;) = 1 for exactly k indices ¢ € [n], then f is consistent with
exactly one k-linear function h. We can query the function f on O(1/e)
additional inputs chosen uniformly and independently at random from
F% to verify that the rest of the function f is also consistent with h. This
test always accepts k-linear functions, while the functions that are e-far
from k-linear functions fail at least one of the two steps of the test with
high probability. We call this algorithm the learning tester for k-linearity.

Previous work. Fischer, Kindler, Ron, Safra, and Samorodnitsky [12]
introduced an algorithm for testing k-linearity with roughly O(k?) queries.
They also showed that for k& = o(y/n), non-adaptive testers—that is,
testers that must fix all their queries before observing the value of the
function on any of those queries—require roughly Q(\/E) queries to test
k-linearity. This implies a lower bound of 2(log k) queries for general (i.e.,
possibly adaptive) k-linearity testers for the same range of values of k.
The upper bound on the query complexity for testing k-linearity was
improved implicitly by the introduction of a new algorithm for test-



ing k-juntas—that is, testing whether a function depends on at most
k variables—with only O(klogk) queries [5]. By combining this junta
tester with the BLR linearity test [8], one can test k-linearity with roughly
O(klogk) queries.

The first lower bound for testing k-linearity that applied to all values
of k was discovered by Blais and O’Donnell [7], who, as a special case
of a more general theorem on testing function isomorphism, showed that
non-adaptive testers need at least 2(log k) queries to test k-linearity.

A much stronger bound was obtained by Goldreich [13], who showed
that §2(k) queries are required to test k-linearity non-adaptively, and
that general testers require at least £2(v/k) queries for the same task. He
conjectured that this last bound could be strengthened to show that 2(k)
queries are required to test k-linearity for all 1 < k < %.3

Consequences of Goldreich’s Conjecture. The particularly intrigu-
ing case for k-linearity testing is when k& = 5. In this case, Goldreich’s
conjecture is that £2(n) queries are required to test §-linearity. If true,
this fact would imply the following two qualitative observations.

1. Adaptivity does not help. No tester for 5-linearity can have asymptot-
ically smaller query complexity than the best non-adaptive tester.
n

2. Testing is as hard as learning. No 5-linearity tester can do asymptot-

ically better than the learning tester.

All of the lower bounds described above are established by proving
a lower bound for the more restricted problem of distinguishing k-linear
and (k + 2)-linear functions. If Goldreich’s conjecture can be settled by
the same approach, this would imply the following basic qualitative ob-
servation as well.

3. Distinguishing is as hard as testing. Testing 5-linearity is not asymp-
totically harder than distinguishing %- and (% + 2)-linear functions.

Our results. We confirm Goldreich’s conjecture: £2(k) queries are indeed
required to e-test k-linearity for any & < 5 and for any 0 < € < % Fur-
thermore, we prove Goldreich’s conjecture by showing that the problem
of distinguishing k-linear and (k + 2)-linear functions also requires {2(k)
queries. As a result, all 3 qualitative observations mentioned above hold.

3 Qoldreich’s results and conjecture are stated in terms of the slightly different problem

of testing < k-linearity—the property of being a function that returns the sum over

5 of at most k variables. The < k-linearity and k-linearity problems are largely
equivalent; see [6,13] for more details.



Remark 1. In parallel and simultaneous work, Blais, Brody, and Matulef
obtained a different proof of Goldreich’s conjecture [6].

Interestingly, our results achieve a bit more than is required to estab-
lish Goldreich’s conjecture: our general lower bound is not only linear in
k, but makes some progress in determining the exact query complexity
for testing k-linearity. Specifically, we show the following.

Theorem 1. Fiz 1 <k < 5. At least k — O(k*/3) queries are required to
test k-linearity.

We obtain an even stronger lower bound for testing k-linearity with
non-adaptive algorithms.

Theorem 2. Fiz1 <k < 5. Non-adaptive testers for k-linearity need at
least 2k — O(1) queries.

As mentioned above, a particularly interesting case for k-linearity test-
ing is when k = 5. For this case, we introduce a new upper bound on the
query complexity for testing §-linearity (adaptively).

Theorem 3. [t is possible to test 5-linearity with %n + O(\/n) queries.

Remark 2. Theorem 3 is a special case of a more general upper bound
that applies for all values of k close to 5. See Appendix E for the details.

Our results show that the first two qualitative observations we made

regarding the Z-linearity testing problem no longer hold when we look at
the exact query complexity of the problem:

n

1. Adaptivity does help. The best adaptive tester for §-linearity requires

at most % as many queries as the best non-adaptive tester.

2. Testing is easier than learning. There is an §-linearity tester that beats
the query complexity of the learning tester by a constant multiplica-

tive factor. No non-adaptive %—linearity tester, however, improves on
the query complexity of the learning tester by more than an additive

constant.

Both of our lower bounds, as all previous lower bounds, are obtained
by looking at the more restricted problem of distinguishing k-linear and
(k+2)-linear functions. Our final result shows that, for this more restricted
problem, our lower bound is optimal, up to the lower order error term.



Theorem 4. We can distinguish 5-linear and (5 + 2)-linear functions
with [§] + 1 queries. More generally, for £ > 1, let b be the smallest
positive integer for which 2° does not divide £. It is possible to distinguish
Zlinear and (% + 20)-linear functions with 2(1 —272)n + o(n) queries.

We conjecture that the bounds in Theorem 4 are optimal and that
%n +o(n) queries are therefore required to test F-linearity. If so, this fact
would imply that the third qualitative observation from the last section
is also false in the setting of exact query complexity.

3. Distinguishing may be easier than testing. If the bounds in Theorem 4

are optimal, then testing §-linearity is harder than distinguishing -

linear and (%5 + 2)-linear functions.

Implications. Lower bounds on the query complexity for testing k-
linearity imply lower bounds for the query complexity of a number of
other property testing problems. As a result, Theorem 1 sharpens sev-
eral previous results. Due to space constraint, we only provide a short
description of these results; the details are found in Appendix C.

Corollary 1. Fiz 1 <k < 5. At least k — O(k?/3) queries are required to
test (1) k-juntas, (2) k-sparse Fa-polynomials, (3) functions of Fourier
degree at most k, (4) functions computable by depth-k decision trees, and
(5) isomorphism to the function f:x— x1 + -+ xp.

A property of linear functions is called symmetric if it is invariant un-
der relabeling of its variables. A symmetric property P of linear functions
is completely characterized by the function hp : {0,1,...,n} — {0,1}
where hp(k) = 1 iff k-linear functions are included in P. Define I'p to
be the minimum value of £ € {0,1,...,[5 |} for which every value of k
in the range ¢ < k < n — ¢ satisfies hp(k) = hp(k + 2). This measure is
closely related to the Paturi complexity of symmetric functions [17]. It
also provides a lower bound on the query complexity for testing P.

Corollary 2. Let P be a symmetric property of linear functions. Then
at least I'p — O(Fg/i)’) queries are required to test P.

Our techniques. We reduce the problem of testing k-linear functions to
a purely geometric problem on the Hamming cube. Namely, we obtain our
testing lower bound by showing that affine subspaces of large dimension
intersect roughly the same fraction of the middle layers of the cube. More
precisely, let Wj, C F3 denote the set of vectors x € Fy of Hamming
weight k. Our main technical contribution is the following result.



Lemma 1. There is a constant ¢ > 0 such that for any affine subspace
V C{0,1}" of codimension d < 5 — en?/3,
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We prove the lemma with Fourier analysis and with the manipulation
of Krawtchouk polynomials.

The proof of our lower bound for non-adaptive testers proceeds via
a similar reduction to a geometric problem on the Hamming cube. Due
to space constraints, the details of this lower bound are presented in
Appendix D.

2 Preliminaries

Fourier analysis. For a finite dimensional vector space V over Fo, the
inner product of two functions f,g: V — Ris (f, g) = Egev[f(x) - g(x)],
where the expectation is over the uniform distribution on V. The Lo norm
of fis [[fll2 := V{[, f)- A character of V is a group homomorphism
x : V — {1,—1}*. Equivalently a character is a function x : V" — {1, -1}
so that for any z,y € V, x(z +y) = x(z)x(y). Define V to be the set of
characters of V.

For a function f : V — R, the Fourier transform of f is the function
f:V = R given by f(x) := (f,x). The Fourier decomposition of f is
f@) =3 cv FO)x(z). A fundamental property of the Fourier transform
is that it preserves the squared Lo norm.

Fact 5 (Parseval’s Identity). Forany f: V =R, || f|3 = > oev FO0)2

The pushforward of the function f : V' — R by the linear function
g:V — W is defined by (g.(f))(x) := ‘—‘14 > yeg—1 (@) W]

Fact 6. For any linear function g : V. — W and any function f :V —

—

R, ¢.(H)(X) = 7/ (xe9)-

Krawtchouk polynomials. For n > 0 and k =0, 1,...,n, the (binary)
Krawtchouk polynomial K} : {0,1,...,n} — Z is defined by

s - e (7)(127)

J



The generating function representation of the Krawtchouk polynomial
K(m) is KP(m) = [z*] (1 — 2)™(1 + z)" ™. Krawtchouk polynomials
satisfy a number of useful properties [22]. We make use of the following
identities in our proofs.

Fact 7. Fizn > 0. Then

i. For every2 <k <n, Kp(m)— K} ,(m)= K "(m+1).
ii. Sy K (m)? = (~1)" K2 (2m).
iii. For every 0 < d < 7, Z?:o (g’)(—l)]KZj (2j +2) = QQdKﬁ:Zd(Q)-
2 2
. KX(2m+1) =0 and (—=1)™K2"(2m) is positive and decreasing in
min{m,n — m}.

Krawtchouk polynomials are widely used in coding theory [23] and
appear in our proofs because of their close connection with the Fourier
coefficients of the (Hamming weight indicator) function Iyy, : F§ — {0,1}
defined by Iy, () = 1[|z| = k].

Fact 8. Fiz 0 <k <n, and o € {0,1}". Then Ly, (o) = 27K (|a).

For completeness, we include the proofs of Facts 7-8 in Appendix A.

Property testing. The proof of Theorem 1 uses the following standard
property testing lemma.

Lemma 2. Let Dyes and Dy be any two distributions over functions
FY — Fy. If for every set X C FY of size | X| = q and any vector r € F3 we
have that |Pryp, [f(X) =1] — Prpup, [f(X) =r]| < 5279, then any
algorithm that distinguishes functions drawn from Dyes from those drawn
from Dyo with probability at least % makes at least ¢ + 1 queries.

Lemma 2 follows from Yao’s Minimax Principle [24]. The proof of
this result can be found in [11,9] and, for the reader’s convenience, in
Appendix B.

3 Proof of the General Lower Bound

Proof (of Theorem 1). We first prove the special case where k = 5 — 1.
There is a natural bijection between linear functions F§ — [F» and vectors
in [Fy: associate f(x) = > ,. g ; with the vector a € F3 whose coordinates
satisfy a; = 1 iff ¢ € S. Note that f(z) = o - x.



For 0 < ¢ < n, let W, C [F} denote the set of elements of Hamming
weight /. Fix any set X C F3 of ¢ < %—O(nQ/ 3) queries and any response
vector r € F3. The set of linear functions that return the response vector
r to the queries in X corresponds in our bijection to an affine subspace
V' C Fy of codimension ¢. This is because for each z € X, the requirement
that f(x) = r; imposes an affine linear relation on f. By Lemma 1, this
subspace satisfies the inequality

VAWa_4f [V Waiy

- < o9 1
Waal  Was] @)
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Define Dyes and Dy, to be the uniform distributions over (§ — 1)-
linear and (5 + 1)-linear functions, respectively. By our bijection, Dyes
and Dy, correspond to the uniform distributions over W%_l and W§+1-
As a result, the probability that a function drawn from Dyes or from Dy,
returns the response r to the set of queries X is

VN Wa_4| nd  Pr [f(X) =] [V AWa
=r|]=——-2— an r =r]=—2—
f~Dyes (Wi f~Dao Wil

So (1) and Lemma 2 imply that at least § — O(n?/3) queries are required
to distinguish (§ —1)-linear and (§ +-1)-linear functions. All (% 4 1)-linear
functions are %—far from (4§ — 1)-linear functions, so this completes the
proof of the theorem for k = 5§ — 1.

For other values of k, we apply a simple padding argument. When
k< % — 1, modify Dyes and Dy, to be uniform distributions over k-linear
and (k + 2)-linear functions, respectively, under the restriction that all
coordinates in the sum taken from the set [2k 4 2|. This modification with
k = 5 —2 shows that %—O(n%) queries are required to distinguish (§ —2)-
and g-linear functions; this implies the lower bound in the theorem for

the case k = % O

Proof (of Lemma 1). For any set A C Fy, define 14 : Fy — {0,1} to be
the indicator function for A. For a given function f : F§ — {0, 1}, let us
write E[f] as shorthand for E,[f(x)] where the expectation is over the
uniform distribution of x € ;. Similarly, for two functions f, g, we write
E[f - g] as short-hand for E,[f(z) - g(z)].

For any subsets A, B C F3, [AN B[ =2"-E[l4 - Ip]. Since [Wz_,| =

’W%—Fl’ - (%711)7
VAWs | [VOWanll  on
(Wa_4| (Wi (u"1)

n_y

"E[lv - (Iwy_, — Twy )]



The subspace V' can be defined by a set S C [n] of size |S| = d and an
affine-linear function f : {0,1}"~¢ — {0,1}4, where z € V iff x5 = f(xg).
Define I and I3 to be indicator functions for |zg| = m and |vg| = m,
respectively. Then

Let U C {0,1}* be the image of f. Let d' = dim(U). Define h,, :
{0,1}% — [~1,1] by setting hp,(u) = E cronslv(z,u) - (I%qufl(x) -

I*g_mﬂ(a:))]. Note that h,, = f« <Iaq 1 — Ig—m-i-l) . Notice also that

V]

hp, is supported on U. We have

d d
Blly - (ry , — Ty ) = SB[ hu] = 3 B[S 10 -] (2
m=0 m=0

Two applications of the Cauchy-Schwarz inequality yield

d d d d
SB[ 1y h] <D NI ullzllhmlls < | D IS - 10ll3-4| D IBml3-
m=0 m=0 m=0 m=0

(3)

We bound the two terms on the right-hand side. The first term satisfies

d
oISl =D B[l (2)? 1] = E,
m=0 m

1sz,i<m>2] _ra

where the last equality follows from the fact that for every = € {0,1}",
there is exactly one m for which I3 (z) = 1.

We now examine the second term. By Parseval’s Identity, ||h,|3 =
Zae{0,1}3 ﬁm(xa)Q. Suppose that the image of f has dimension d’ < d.
Then, since h,, is a pushforward,

hin 00 = 27 (B a0 f) = T s (0 D)

The characters x o f depend only on the restriction of x to f({0, 1}5).

Thus these characters all lie in some subspace W C {0,1}5 of dimension
d’, with each character appearing 2%~ times. Thus, we have that

—d—d’ =g g 2
IPll =27 Y (T8 o100 = T ()
xeW



For any set x C S, we can apply Facts 8 and 7(i) to obtain

(00 = B () = 270 DR (1] + 1),

Therefore, quzo [ |2 = 27 2n+d—d S S ew K’j_‘f}ﬁl(|x| +1)% and
by Fact 7(ii),

d
_ —d 2(n—d+1
S 3 < 272Fd N (L)Y o)y 1 2). (5)
m=0 XEW

There exist some d’ coordinates such that the projection of W onto
those coordinates is surjective. Therefore the number of elements of W
with weight at most ¢ is at most Z 1 (J) We also have a similar bound
on the number of elements of W of size at least n —d — £. Therefore, since
by Fact 7(iv) the summand in (5) is decreasing in min(|x|,n — d — |x|),
we have

—on / d n—d+1 .
Z I < 2720 d“z( )R e + )

By Fact 7(iii), the sum on the right-hand side evaluates to —Ki(fd__djffr b (2).

We can then apply the generating function representation of Krawtchouk
polynomials to obtain

d
Z HhmHg < _272n+d+d’+1[:L,nfd—durl](l . l‘)Z(l + x)2(nfdfd’)

m=0
— 9~ 2ntd+d'+2 2(n—d—d) . 2(n—d—d)
n—d—d n—d—d—1
=27 O —d - d)2 =270 ((n - 20) ).

Thus we have that

E[Iv-(IW%+1—IW%71)] < \/2d’7—d\/2—d—d’o ((n —2d)=3/2) = 9-d0) ((n _ 2d)73/4) .

When d =
have E[ly -

— en?/3 for some 1arge enough constant ¢ > 0, we therefore
IW%Jrl _IW%—I)] < 35 (n 1)2 n=d and the lemma follows. O

03
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4 Non-Adaptive Lower Bound

The strategy for the proof of Theorem 2 is similar to that of the proof
of the general lower bound in the last section. Once again, we reduce
the problem to a geometric problem on the Hamming cube. The main
difference is that in this case we prove the following lemma.

Lemma 3. There is a constant dy > 0 such that for any linear subspace
V C{0,1}" of codimension d < n — dp,

D

z€{0,1}7/V

24,

ol

2

(|(V—i—x) AWz |(V+z)N Wg+1’> <

(Wi (Wl -

The proof of Lemma 3 again proceeds through Fourier analysis and

the manipulation of Krawtchouk polynomials. Due to space constraints,
the details are deferred to Appendix D.

5 Upper Bounds

We provide a sketch of the proofs of Theorems 3 and 4 in this section.

Let us begin by describing the algorithm for distinguishing %-linear
and (5 + 2)-linear functions. The starting point for this algorithm is
an elementary observation: § # % + 2 (mod 4). For a set S C [n],
let zg € Fy be the vector with value 1 at each coordinate in S and 0
in the remaining coordinates. Query f(z(12)), f(z(343)s- - f(T{n_1,n})-
Let m denote the number of queries that returned 1. Define the set
T = Ui:f(z{zi_l,zi})=0{2i}' Query f(xr); if f(xr) = 1, increment m by
2. When f is k-linear, we have m = k (mod 4) and this algorithm com-
pletes the proof of the first claim in Theorem 4.

The algorithm that proves the more general claim in Theorem 4 is
obtained by applying the same approach recursively. When b > 0 is the
minimum integer for which 2°{ ¢ and f is k-linear, we can determine the
value of k modulo 2° in b rounds and thereby distinguish between the
cases where k = 5 and k = § + 2/.

Finally, to complete the proof of Theorem 3, we essentially combine
the Blum-Luby-Rubinfeld (BLR) linearity test [8] with the algorithm
described above. The BLR test rejects functions that are far from linear;
after that, the problem of testing k-linearity is essentially equivalent to
that of distinguishing k-linear from functions that are k’-linear for some
k" # k. For the complete proofs of Theorems 3 and 4, see Appendix E.
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A Krawtchouk Polynomials

We include the proofs for the facts related to Krawtchouk polynomials
that we introduced in Section 2. All these facts follow from elementary
manipulations of the generating function representation of Krawtchouk
polynomials. We include these proofs for the convenience of the reader;
for a more complete reference on Krawtchouk polynomials, see [22,23].

Fact 7. Fizn > 0. Then
i. For every2 <k <n, K@(m)— K} ,(m)= K (m+1).
i, Yo K (m)? = (~)m K2 2m).

d
d .
i11. For every 0 <d < %, Z ( ) (-1 K%(2j +2) = 22dKZ:Zd(2)-
=0 J 2 2
‘77
. K2"(2m + 1) = 0 and (—1)"K?2"(2m) is positive and decreasing in
min{m,n —m}.

Proof. We prove each statement individually.

i. The first statement follows directly from the generating function rep-
resentation of Krawtchouk polynomials.

Kji(m) = Kf_o(m) = ([2"] (1= 2)™(L+2)"™™) = ([2"7?] (L —2)™ (L +2)""™)
=[] (1= 2)™ (1 + )" (1~ 2?)
_ [l‘k] (1 o 1’)m+1(1 + w)n—m-i-l — Kg+2(m + 1)'

ii. By some more elementary manipulation of generating functions, we

have
Kf(m) = [2"] (1 —2)™(1+ 2"
74 (1= 2y
= [#"M (@ = )™M (@ + 1) = (1)K (m).



iii.

iv.

Therefore,

DK (m)? = (1" KR (m)K;_(m).

k=0 k=0

n n

The Cauchy product of two sequences {ag, a1, ...} and {bg,b1,...} is

n

(o) (S) =5 ().

n>0 n>0 k=

Let ap = by = [2¥] (1 — 2)™(1 4 2)"~™. Then (> psoan) = (1=
x)™(1 4 x)"™ and

Y KR(m)K_(m) = [2"] (1 —2)™ (14 2)?~™) = K37 (2m).
k=0

Considering generating functions and applying the binomial theorem,

we get
d d

d B . 2n . — xn d _ . . 2j19 . o279
;;(j)( Ve = ]jzo<j>( (L= )21 )

d . .
=[2"] (1 =)’ (1 +2)* 223 (‘?) (—(1—2)?) (1 +2)2)*

j=0
= [2"] (1 = 2)*(1+2)*" 22 (42)! = 22100 2).
By the last statement, K2"(2m+1) is pure imaginary. Since it is also

real, it must be 0.
The last statement also yields

22n—1
(—1)" K2 (2m) =

s

22n—2 2m
= / sin?™(0) cos®™ 2™ + cos(0)*™ sin(0)** 2™ () db.
0

™

2m
/ sin?™ () cos®™ 2" () d#h
0

By AM-GM, for fixed n, the integrand is a decreasing function of
min{m,n —m}. 0

Fact 9. Fizn >0 and —% <k< % Then

2n—1 27 )
™ / sin™ @ cos™ ™ 0e2k0 4.
0

K%ﬂ;(m) =



Proof. By elementary manipulation of generating functions, we obtain

K%mm) =22 (1 —2)™(Q 4 )"
= [xk] (% — ﬁ)m(% + /)

=[] (= Lz + Ly,

Applying Cauchy’s integral formula to this expression, we get

1 [27 . ) . ) .
%—i—k(m) — 2/ (610 . efla)m(ew + eflﬁ)nfmeﬂkﬁ dé.
T Jo
From the trigonometric identities sinf = ew_Qf_w and cosf = M,
we get
on 2 )
Kn . (m)=—i" sin™ @ cos™ ™ Pe'2k? dg.
2+ 2 0
ad

Fact 8. (Restated) Fiz 0 <k <n and a € {0,1}". Then
i (0) = 2" Ki(Jal).

Proof. The Fourier coefficient of Iy, at a is

Iy (a)=2" > (=17

z€{0,1}":|z|=k
: lal\ (7= o]
—2”2(—1)j< )( >
= J/)\ k=]
=27"Kg(|of).

B Property Testing Lemmas

We complete the proofs of Lemma 2 and a similar lemma for proving
lower bounds on the query complexity for non-adaptive testers. We also
provide the proof of the claim in the introduction that the k-linearity and
(n — k)-linearity testing problems have the same query complexity.



Lemma 2. (Restated) Let Dyes and Drno be any two distributions over
functions {0,1}"™ — {0,1}. If for every set X C {0,1}" of size | X| = q
and any vector r € {0,1}? we have that

— _ 19—
LB 0 =)= Pr [1(X) = ]| < %27,
then any algorithm that distinguishes functions drawn from Dyes from
those drawn from Dy, with probability at least % makes at least ¢ + 1
queries.

Proof. Define D to be the distribution obtained by drawing a function
from Dyes or from D, each with probability 1/2. By Yao’s Minimax
Principle[24], to prove the lemma it suffices to show that any deterministic
testing algorithm needs at least ¢ + 1 queries to distinguish functions
drawn from Dyes or from Dy, with probability at least 2/3.

A deterministic testing algorithm can be described by a decision tree
with a query = € {0,1} at each internal node and a decision to accept or
reject at every leaf. Each boolean function f defines a path through the
tree according to the value of f(x) at each internal node.

Consider a testing algorithm that makes at most ¢ queries. Then it
has depth at most ¢ and at most 27 leaves. Let us call a leaf ¢ negligible
if the probability that a function f ~ D defines a path that terminates
at £ is at most 1—122_‘7. The total probability that f ~ D defines a path to
a negligible leaf is at most 1—12

Fix ¢ to be some non-negligible leaf. This leaf corresponds to a set
X C {0,1}™ of q queries and a vector r € {0,1}7 of responses; a function
f defines a path to the leaf ¢ iff f(X) = r. Since ¢ is non-negligible,
Pry p[f(X)=r] > 5279 So by the hypothesis of the lemma,

pE &) =r]= Pr [f(X) =] < 52 " <3 Prif(x0)=r]

Then by Bayes’ theorem

'fP:rD[f eP|f(X)=r] —fPN’I;)[f e-far from P | f(X) = 7]
_ ’Prpryes[f (X) =r] = Pryop, [f(X)=1]| 1
2Prplf(X) = 7] 6

Therefore, the probability that the testing algorithm correctly classifies
a function f ~ D that lands at a non-negligible leaf ¢ is less than 1—72



So even if the algorithm correctly classifies all functions that land in
negligible leaves, it still correctly classifies f with probability less than
1.7 1 _2 s :

1213 T 13 < 5, s0 it is not a valid tester for P. O
Lemma 4. Let Dyes and Dy, be any two distributions over functions
F3 — Fo. If for every set X CFY of size | X| = q we have that

Z < Pr [f(X)=7]- Pr [f(X):r]>2<€1)2—q’

f ~ Dyes f NDno

then any non-adaptive algorithm that distinguishes functions drawn from
Dyes from those drawn from Dy, with probability at least % makes at least
q+ 1 queries.

Proof. As in the proof of Lemma 2, let D denote the distribution that ob-
tained by drawing a function from Dy or from D,,,, each with probability
%. By Yao’s Minimax Principle, the proof is completed by showing that
any deterministic non-adaptive testing algorithm requires at least g + 1
queries to distinguish functions drawn from Dyes or Dy, with probability
at least %

A deterministic non-adaptive testing algorithm queries all functions
on a fixed set X of queries, and must accept or reject strictly based on
the values of f(X). When |X| = ¢, the condition in the lemma and the
Cauchy-Schwarz inequality imply that

>

re{0,1}4

fNPDryes[f (X)=r]— Pr [f(X)=r]

<

(6)

W

This completes, the proof, since the maximum success probability of the
algorithm is

5 wa{ B (700 =1, Py (700 =11} <

re{0,1}e f~Dyes F~Duo

+3 )

re{0,1}4

e () == Pr [f(X) ="

[N
AN
oe\w
|

Proposition 1. Fiz 0 <k <n. Forany 0 < e < %, the query complexi-
ties for testing k-linearity and (n — k)-linearity are identical.

Proof. Let f : 3 — [Fy be the function being tested for k-linearity. Let
g : F3 — Fa be the function defined by setting g(z) = f(x) + xn)(7),



where x[,) is the parity function over all bits. Then if f : z — Y ies Tis
we have g : x — Zz’e[n}\s x;. In particular, if f is k-linear, then g is
(n — k)-linear. Furthermore, if f is e-far from k-linear, then g is also e-far
from (n — k)-linear. And, lastly, for any x € F, we can obtain the value
of g(x) by querying the value of f on a single input, namely, by querying
f(z). Therefore, we can use a (n— k)-linearity tester to test if f is k-linear
without any loss in the query complexity.

The same argument obviously also shows that we can use a k-linearity
tester to test (n — k)-linearity without any loss in the query complexity;
the proposition follows. O

C Proofs of Corollaries 1 and 2

Definition 1 (Juntas). The function f : Fy — Fy is a k-junta if there
is a set J C [n] of size |J| < k such that for each x,y € FY that satisfy
x; = y; for every i € J, the identity f(x) = f(y) holds.

Definition 2 (Sparse polynomials). The function f : Fy — Fo has
a unique representation as a multivariate polynomial over the variables
T1,...,Tn. If this representation has at most k non-zero coefficients, we
say that f is a k-sparse Fs-polynomial.

Definition 3 (Fourier degree). The Fourier degree of a function f :
Fy — Fy is the mazimum Hamming weight of any o € Fy such that the
Fourier coefficient f(xa) is non-zero.

Definition 4 (Decision trees). A decision tree is a model of compu-
tation that can be represented as a rooted binary tree with each internal
node of the tree labeled with an index i € [n] and the two edges going
from a node to its children labeled with 0,1. The leaves of the tree are
also labeled with 0,1. A decision tree computes the function f : Fy — Fo
if for every x € Fy, the path from the root to a leaf followed by taking the
edge x; at each node i leads to a leaf labeled with f(x). The depth of a
tree is the maximum length of any path from its root to one of its leaves.

Definition 5 (Function isomorphism). Given a function f : Fy —
Fo, the f-isomorphism property includes all functions that are equal to f
up to relabeling of the n variables. In other words, g is isomorphic to f if
there exists a permutation ™ € S,, such that for every x = (x1,...,z,) €

F5, g(z1,- o %0) = f(Zr(1)s - -5 Ta(n))-



Corollary 1. (Restated) Fiz 1 <k < 5. At least k—O(k2/3) queries are
required to test

(1) Ek-juntas,

(2) k-sparse Fo-polynomials,

(3) functions of Fourier degree at most k,

(4) functions computable by depth-k decision trees, and
(5) isomorphism to the function f:x v x1+ - + xk.

Proof. Recall that in our proof of Theorem 1, we showed that at least
k— O(k%) queries are required to distinguish k-linear and (k + 2)-linear
functions.

As we can easily verify, k-linear functions are k-juntas, they are k-
sparse [Fo-polynomials, they have Fourier degree at most k, and they can
be computed by a (complete) decision tree of depth k. To complete the
proof of cases (1)—(4) of the corollary, it suffices to show that (k+2)-linear
functions are %—far from those same properties. This is indeed the case,
as Fischer et al. [12] showed for the k-junta property and Diakonikolas et
al. [10] showed for the other three properties.

Finally, case (5) of the corollary follows immediately from the obser-
vation that the set of functions isomorphic to the function f : F§ — [y

defined by f(z) = x1+- - -+ x} is exactly the set of k-linear functions. O

Corollary 2. (Restated) Let P be a symmetric property of linear func-
tions. Then at least I'p — O(F;/S) queries are required to test P.

Proof. Once again, recall that the proof of Theorem 1 shows that at least
k— O(k‘%) queries are required to distinguish k-linear and (k + 2)-linear
functions. This also implies that the same number of queries are required
to distinguish (n — k)-linear and (n — k — 2)-linear functions.

By definition of I'p, at least one of the inequalities hp(I'p — 1) #
hp(Ip+1) or hp(n—Ip—1) # hp(n—I'p+1) must hold. In either case,
the corollary follows from the lower bounds above. O

D Proof of the Non-Adaptive Lower Bound

Proof (of Theorem 2). The proof of this theorem is very similar to the
proof of Theorem 1. Let £ = §—1. Recall that linear functions f : F§ — I
can be represented as f : x — a-x for some 5. This representation gives a
natural bijection between the set of linear functions and 4. Let W, C F3
denote the set of elements of Hamming weight ¢. For any set X C FJ of



g < n — O(1) queries and any response vector r € IE‘%, the set of linear
functions that gives the response r to the queries X corresponds to an
affine subspace V + x C IF§ of codimension ¢. From Lemma 3,

2.

zeFp |V

274, (1)

ol

2
(V+a)nWeq|  |(V+2) 0N Wai] <

(Wi (Wil -
Define Dyes and Dy, to be uniform distributions over (§ — 1)-linear and
(5 + 1)-linear functions, respectively. These distributions correspond by
our bijection to the uniform distributions over W%_l and W%H, and so
(7) implies that

274, (8)

Wl

Z( Pr [f(X)=r]— Pr [f(X)—r]>2§

rng fNDycs fNDno

By Lemma 4, any non-adaptive algorithm that distinguishes (3 —1)-linear
from (5 4-1)-linear functions must therefore make at least n—O(1) queries.
This gives the desired lower bound for testing (5 — 1)-linearity. We apply
the same padding argument as in the proof of Theorem 1 to get the lower
bound for the other values of k. a

Proof (of Lemma 3). As in the last section, define I4 : {0,1}" — {0, 1}
to be the indicator function for the set A C {0,1}". To prove Lemma 3,
we want to show that

E[IV+:C : IWE_I] E[IV+1 ' IW@-H] ’
D | ) =

_ 27d‘
ze{0,1}7 )V Ellwy,_,] Ellw, ]

wl—

Let D% = IW%71 — IW%+1’ and note that E[IW%A] = E[IW%H] =

(2711) /2™. Then the above inequality is equivalent to
2

Z Ellyiz - D%]z < %Q—d ) <(;2;1)>

z€{0,1}7/V

2

Let m:{0,1}"™ — {0,1}"/V be the projection map. Notice that E[ly 4, -
Dz] =m.Dx(x). By Parseval’s Theorem and Fact 6,

n
2

Eyeoayv[mDe (@)’ = mDals = Y mDz(x)=2" Y Du(x).

Xe{0,1}7/V xev+



Where above V= is the set of pullbacks of {0/1}”\/‘/ to {O/,E”, which is
the space of characters of {0,1}" that are trivial on V.
By Fact 8, DQ( ) =27 ”K”+2(|X| + 1). By Fact 7(iv), the absolute

value of this is 0 for |x| even and otherwise decreasing in min(|x|,n—|x|).
Since there are at most 2 ZJ -0 ( ) x € V* with min(|x|,n—|x]) < ¢, the

above sum is less than it would be if there were 2 xy € V+ with |x| = 0,
2 ((g) + (‘f)) with |x| =2, 2 ((Z) + (g)) with |x| = 4, and so on. Hence

Y. Ellvi, DpP <2272 dz( )K%ﬁ +1)%

z€{0,1}"/V

By Fact 9, we can expand the sum on the right-hand side of the inequality
into a double integral. Namely,

Ed: (i) Ky{i(m+1)?

m=0

22n
= // < > D)™ sin™ 1 9 sin™ ! ¢ cos™ T 0 cos™ ™ p dh dop.

Manipulating the trigonometric functions and applying the Cauchy-Schwarz
inequality, we eventually obtain the bound

a d n+2 2n 3
Z<m)Kn+1(m+l) <O@¥d 3 (n—d+1)"2). (9)
m=0

The proof of this bound is presented at the end of this section. Using this
bound, we obtain

S Ellvee Dy <0 (2% i n—d+1)72).

ze{0,1}7/V

N
Note that 279 ( (%n1)> =027 ~1/2). Ifd < n/2, 2 zefory v Elvia:

D%]2 is O(2~%n~3/2), which is too small. Otherwise it is O(2~%n~1/2(n
d+ 1)_3/2), which is too small as long as n —d is bigger than a sufficiently
large constant. O

We now complete the proof of (9).



Claim. Fix 0 <m < d <n. Then

d
> <i> K2 (m+1)2 <0(2%d 3 (n—d+1)"32).
2

m=0
Proof. By Fact 9 and manipulation of the integrand, we obtain

d

> (i) Kii(m+1)?

m=0

22n d d
s / / 2 <m) (—1)™ sin™ 1 g sin™ 1 ¢ cos™ ™+ g cos" " ¢ df g
m=0

22n
= // sin ¢ sin ¢ cos™ 1 g cogn ] ¢(cos @ cos ¢ — sin f sin gf))d dfde¢
T

2n
= 2—2 // sin 0 sin ¢ cos™ 1 0 cos™ 4 ¢ cos?(0 — ¢) df dg.
T

Letting ¢ = 6 — ¢ this is
22n
— // sin(1 + ¢) sin ¢ cos™ () + @) cos™ I ¢ cos? (1) dep dap.

Next we bound the inner integral using Cauchy-Schwarz to obtain the
upper bound

1/2

n 1/2
2; / | cos?(¥)] (/ sin?(¢p + ¢) cos? M= (4 4 ¢) dqﬁ) </ sin? ¢ cos2(M—d+1) qﬁdqﬁ) de.

This is
2n
&= </ 'Cosd(wdw) </ Si“2¢cos2(”‘d+”¢d¢>.
Now

% </ sin? ¢ cos2(n—+1) ¢d¢> _ 9—2(n—d+1)-1 ((2(21_—5_"_*‘11)) _ (2(nn—_d;‘ 1)))
-0 <(n —d+ 1)—3/2) .

If d is even, we have that

% / | cos?(4h)] dip = 27 <dc/l2> — 0 (d—1/2) .

If d is odd, then [ |cos?(3)|dy is bounded between [ |cos?*!(1)| dy and
[ | cos?=1(1)| de), so in this case also it is © (d_l/z) : 0



Algorithm 1 (k vs. k + 2¢)-Linearity Tester

1: Initialize So = {1,...,n} and m = 0.
2: forr=1,...,b—1do

3: Initialize S, = 0.

4: if |Sr—1] is odd then

5 Choose @ € S,_1 and update S,—1 = Sr—1 \ {i}.
6: Set m =m + f({i})-2""".

7 end if

8: Let M be a random matching of S,_;.
9:  for each pair (¢,5) € M do

10: if f({¢,7}) =1 then

11: Increment m = m + 27,

12: else

13: Update S, = S U {i}.

14: end if

15: end for

16: end for

17: Output “f is k-linear” iff m + 2°71f(Sp_1) = k (mod 2°).

E Proof of Theorems 3 and 4

Theorem 4. (Restated) We can distinguish - and (5 + 2)-linear func-
tions with [ 5|+ 1 queries. More generally, for £ > 1, let b be the smallest
positive integer for which 2° does not divide £. It is possible to distinguish

L and (% + 20)-linear functions with 3(1 — 272°)n + o(n) queries.

Proof. As described briefly in Section 5, the general approach for the
algorithm that obtains the desired bounds is to count the number of
variables included in the parity, modulo 2°, in order to distinguish k-linear
from (k4 2¢)-linear functions. The details of a tester that implements this
approach is described in Algorithm 1.

Let’s first examine the correctness of the algorithm. To do so, we need
to argue that the algorithm correctly counts the number of variables in
the parity, modulo 2°. This is easily verified by noting that every element
i € S, is the representative of a set of 2" elements whose corresponding
variables are either all included or all excluded from the parity.

To complete the analysis, we must also analyze the query complexity
of the algorithm. In the worst-case, Algorithm 1 may query up to g inputs
in round 7, for a total of § + % + 5 + -+ & n queries. But the expected
number of queries is much smaller: since we pick our matching at random
and f is nearly balanced, the expected number of queries that return 0 is
3 £ 0(1). Therefore, the expected number of elements in S, is 5% + o(n)
and the expected number of queries is § + g + 35 + -+ + p=gy +o(n) =



2(1 — 272")n + o(n). Furthermore, with high probability the number of
queries required by the algorithm is within +o(n) of this expected value;
to complete the proof of the theorem, simply run Algorithm 1 with a
query quota so that if the quota is reached, we terminate the algorithm
and guess. Setting the quota large enough, this termination occurs only

with probability o(1), and so we have a valid (k vs. k + 2¢)-tester. 0

Remark 3. When ¢ > w(y/n), the result in Theorem 4 is not optimal.
In fact, in this case it is possible to solve the (§ — ¢ vs. § + f£)-parity
testing problem with O(n/f?) queries with a simple sampling approach.
(Sample O(n/¢?) elements i1, . .. ,is uniformly at random from [n], query
f(€i),- ., f(ei,), and guess that f is a % — (-parity function iff at most 3
of the queries returned the value 1. By a Chernoff bound argument, with
high probably this approach correctly solves the testing problem.)

Theorem 10. Let n > k > 0. Let ¥ = n — k. There is an adaptive
k-linearity e-tester that makes

] i—1
ZQ_i_l(kfgi—i—k/Qi)H(ij—|—kl2j)_1—|—0(\/’ﬁ+1/6)

i=0 §=0
queries.
Remark 4. Theorem 3 is the special case of Theorem 10 where k = 3.

Proof. We first define an algorithm that assumes the input is a linear
function. We discuss how to handle non-linear functions at the end of
the proof. We define the algorithm recursively. It tests if the parity of a
linear function f on {0,1}% (for some set S) is equal to k with failure
probability at most p. We assume for sake of simplicity that £ < |S]|/2.
Were this not the case, we could test for the parity of the pointwise sum
of f with the parity function on all of S. The full algorithm is presented
in Algorithm 2.

We have left to verify that Algorithm 2 works in an appropriate run-
time. Let

[e'e] i—1
hz,y)=> 277 @ + ) [ [ +v*) 7
i=0 Jj=0

We first note that if f is a k-linear function on {0,1}* for k < |S|/2,
then for a random i € S, then the probability that f({i}) = 0 will be at
most 1/2. Therefore, the probability that logy(6/p) such i all have this



property is at most p/6. Hence if |S| is odd, the probability of failure is
at most p/6 plus the probability of failure of the recursive call, which is
at most 5p/6.

We note that each of the pairs (i,j) for which f({i,j}) = 1 have
total weight of exactly one between them. The other pairs have f({i}) =
f({4}). Therefore the weight of f on S is equal to k if and only if ¢ plus
twice the weight of f on T equals k. We note also that if f were weight
k on S that the expected value of ¢ would be k(lg"‘glk) with a variance of
O(]S]). Hence for C sufficiently large, we only report False in error due to
t being too large or small with probability at most p/6. This verifies the
correctness of the algorithm. We need to verify that it runs in at most
h(k,|S| — k) + O(1/]S]) queries.

We note that the algorithm makes O(log(]S|/p))+|S|/2 queries before
making a recursive call on ¢,T. If x = k and y = |S| — k, we note that

we make recursive calls with new values of z and y given by either z and
2

2 .
y—1orby 505 +cand m+c with ¢ = O(y/(z + y)/p). For the first

case, we note that for x < y that h(x,y) < h(z,y — 1). Upon applying
the latter recursion, we note that were ¢ equal to 0 that

22 y?
hiz,y) =(x+y)/2+h , .
R e ez

We need to show that having a value of ¢ not equal to 0 does not sig-
nificantly effect the runtime of the recursive call to the algorithm. In
particular we show that it changes the runtime by O(c). We do this by
showing that the directional derivative of h(x,y) in the (1,1) direction is
O(1). In order to do this we note that h(z,y) = >_7, hi(z, y) where

i—1 i g g

. i i . . 27171(.%.2 + y2 )
h' T,Y) = 2_2_1 $2 +y2 $2J +y2j -1 - 3 2 i .
i(z,9) ( )]I:IO( R 2y 4yl

The derivative of h; in the (1, 1) direction is

(x2i—1 + y2i—1)(x2i—1 + $2i—2y 4.+ yQi—l) _ (xzi + y2i)(x2i—2 + in—:ay 4.+ yQi—2)

2221+ 222y + .+ y21)2

2t—1,2¢—1
_ =y < 92

(in—l + x2¢—2y + ...+ y2i—1)2 -

Where the last step above is by AM-GM. Thus the directional derivative
of h(z,y) is O(1). We prove inductively that for sufficiently large K that
our algorithm runs in time at most h(k, |S| — k) + K+/|S|/p. From the



above discussion it is clear that upon this inductive hypothesis and for
sufficiently large C” that our algorithm runs in time at most h(k, |S|—k)+
C'\/1S|/p+ K+/(]S|/2)/(2p/3). Hence for K a sufficiently large multiple
of C', we can complete our inductive step.

We now complete the proof by extending the algorithm to reject all
functions—and not just linear functions—that are far from all k-linear
functions. First, we add an extra step where we run the Blum—Luby—
Rubinfeld linearity tester O(1/¢) times. This rejects all functions that are
e-far from linear.

At this point, we are almost, but not quite, done. We can still have
functions that are very close to linear (so that they pass the linearity
test), very far from k-linear (so that the overall test should reject), and
yet that pass the test in Algorithm 2 with high probability. For example,
a function f might be consistent with a k-linear function on all inputs
of Hamming weight at most 2 and consistent with some (k + 2)-linear
function on the remaining inputs. Since the algorithm only queries the
function on inputs of low Hamming weight, it will erroneously accept f.

To remove this last source of error, we add one last step. In this step,
we choose uniformly at random one of the queries {i, 7} that was made
by Algorithm 2. We then choose = € F3 uniformly at random, and set
y € Fy to be identical to = except for y; and y;, who take the opposite
values of z; and z;, respectively. We then verify that f(z) = f(y) iff
f({i,7}) = 0. Running this test a constant number of times is sufficient
to verify that the function is globally consistent with the answers returned
by the queries and, in particular, functions that are close to linear but
not are not k-linear and still passed the test in Algorithm 2 will fail this
test with high probability. O

We remark that the above testing algorithm tests k-linearity in time
en+o(n) for some constant ¢ < 1 except when k£ = o(n). When k is small,
however, there is another simple sampling algorithm that can be used to
test k-linearity with O(klog(n/k)) queries.



Algorithm 2 Linearity-Tester(k,S,p)

1: if |S| =0 and & = 0 then
2: Return True

3: end if

4: if |S| =0 and k # 0 then

5: Return False

6: end if

7: if |S| is odd then

8:  Choose log,(6/p) random i € S

9: for Each chosen i do

10: query f({i})

11: end for

12: if All of these queries return 1 then
13: Return False

14: else

15: For i so that f({i}) = 0, Return Linearty-Tester(k,S — {i},5p/6)
16: end if

17: else

18: Let M be a random matching of the elements of S
19: LetT=0,t=0
20:  for (i,j) € M do

21: if f({i,7}) =1 then

22: Sett=t+1

23: else

24: Set T =TU{i}

25: end if

26:  end for

27:  if t #k (mod 2) then

28: Return False

29:  elseif |t — k(‘;gm‘ > C'4/|S|/p for C a sufficiently large constant then
30: Return False

31:  else

32: Return Linearity-Tester((k — t)/2,7,5p/6)
33:  end if

34: end if




