
Math 96:

Number Theory Techniques

October 26th, 2018

Number theory is the study of the integers and in particular of their multi-
plicative and additive structures and how these relate to each other.

1 Prime Numbers

The most fundamental concept in number theory is that of prime numbers.
These are integers p > 1 so that p cannot be written as a · b for any integers
1 < a, b < p. Perhaps the biggest result in number theory is the fundamental
theorem of arithmetic

Theorem (Fundamental Theorem of Arithmetic). Any positive integer n can
be written as a product of prime numbers. Furthermore, this representation is
unique up to the ordering of the terms.

This means that we can treat numbers as sorts of bags of primes. For
example, we say that d divides n (or d|n) if there is an integer a so that n = d ·a.
Note that multiplying by a exactly, adds more primes to d. Therefore, d divides
n if and only if each prime that divides d also divides n at least as many times.

Also note that given two numbers a and b in order for n to be both a multiple
of a and a multiple of b, it must have at least as many copies of each prime p
as the maximum number of copies among a and b. If it has exactly, this many
copies for each p it is the least common divisor or a and b (denoted lcm(a, b)).
Note that if a|n and b|n for any n, then lcm(a, b)|n. Similarly, we have a greatest
common divisor, gcd(a, b).

But treating numbers like bags of primes is often a convenient way to check
equality.

2003 B3 Show that for each positive integer n

n! =

n∏
i=1

lcm{1, 2, . . . , bn/ic}.
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2 Modular Arithmetic

We say that two integers a and b are congruent modulo some other integer m
(written a ≡ b (mod m)) if m divides a− b. It is not hard to show, that this is
an equivalence relation, meaning that you can think about the numbers modulo
m as classes rather than needing to specify which number. Also note that any
a is equivalent to exactly one number in {0, 1, 2, . . . ,m− 1}. Finally, arithmetic
modulo m is well defined in that you can determine a + b (mod m) or a · b
(mod m) only knowing a (mod m) and b (mod m).

This makes modular arithmetic a convenient tool, as often problems are
simplified by considering everything modulo m for some carefully chosen m
(usually a prime or a power of a prime).

1973 B1 Let a1, a2, . . . , a2n+1 be a set of integers such that, if and one of them
is removed, the remaining ones can be divided into two sets of n integers with
equal sums. Prove that a1 = a2 = . . . = a2n+1.

3 Modular Arithmetic Modulo Primes

Modular arithmetic modulo primes is even more interesting. For one thing, non-
zero elements have inverses. In particular if a 6≡ 0 (mod p) for a prime number
p, then there exists a b so that ab ≡ 1 (mod p). This gives the numbers mod
p the structure of a field. Being able to divide is often quite useful. Another
important property of arithmetic modulo p has to do with exponentiation. In
particular, we have the following:

Theorem (Fermat’s Little Theorem). For any integer a and any prime p

ap ≡ a (mod p).

Furthermore, if a 6≡ 0 (mod p), this implies that ap−1 ≡ 1 (mod p).

1983 A3 Let p be an odd prime number, and let

F (n) = 1 + 2n + 3n2 + . . . + (p− 1)np−2.

Prove that for a and b distinct elements of {0, 1, 2, . . . , p − 1} then F (a) and
F (b) are not congruent modulo p.

4 Solving Quadratic Equations

There’s a trick for solving equations in integer variables that are quadratic in
every input. In particular, there is a standard method for stepping between
solutions, often writing the general solution in terms of a simple initial solution.
In particular, if you have a one variable quadratic equation Q(n) = n2−an+b =
0 where you have at least one integer solution n0, you know that Q(n) must
factor as (n−n0)(n−n1), and thus the other solution is n1 where n0 +n1 = a,
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and so a − n0 is the other solution. This is boring in one variable, but when
you have several variables you can do something more sophisticated. Given an
initial solution (a0, b0, c0), you can think of b and c as fixed and find the other
solution in a giving (a1, b0, c0). Then you can do the same for b or c and after
move on or come back to a again.

1978 B4 Prove that for every N , the equation

x2
1 + x2

2 + x2
3 + x2

4 = x1x2x3 + x1x2x4 + x1x3x4 + x2x3x4

has a solution for which x1, x2, x3, x4 are all integers larger than N .

One case in which similar ideas can be used is for Pell and Pell-like equations.
Consider the equation x2−ay2 = 1. You can rewrite this as (x+

√
ay)(x−

√
ay) =

1. This essentially says that an appropriate norm of x+
√
ay is 1. A critical point

about this norm is that it is multiplicative, so N((x+
√
ay)(x′+

√
ay′)) = N(x+√

ay)N(x′+
√
ay′). But this means that given one solution to N(x+

√
ay) = 1,

we can find infinitely many solutions by noting that N((x+
√
ay)n) is also 1 for

any positive integer n.
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