
Math 184 Homework Solution

Spring 2022

Solution to Homework 6
Ji Zeng

This homework is due on gradescope Friday May 27th at 11:59pm pacific time. Remember to justify your
work even if the problem does not explicitly say so. Writing your solutions in LATEXis recommend though
not required.

Question 1 (Matchings Again, 20 points). Let an be the number of matchings on a set of size n. Give a
way of writing the exponential generating function for an as a composition. Use this to compute an explicit
formula for an.

Proof. Recall that a matching is defined to be a set partition with each part having size 2. In the composition
of exponential generating functions, we define the inner structure by setting

bn =

{
1 if n=2

0 otherwise
.

We define the outer structure to be trivial, i.e. cn = 1 for all n. Then the exponential generating function
for the number of matchings of [n] should be their composition

A(x) = C(B(x)),

where B(x) =
∑∞

n=0 bnx
n/n! = x2/2 and C(x) =

∑∞
n=0 cnx

n/n! = ex. In particular,

A(x) = e
x2

2 =

∞∑
n=0

(x2/2)n

n!
=

∞∑
n=0

(2n)!

2nn!

x2n

(2n)!
=

∑
n even

n!

2n/2(n/2)!

xn

n!
.

Therefore,

an =

{
n!

2n/2(n/2)!
if n is even

0 otherwise
.

Another way to write the answer is by notice that, for any integer n, we have

(2n)!

2n
=

(1 · 2)(3 · 4) . . . ((2i− 1) · (2i)) . . . ((2n− 1) · 2n)
2n

= n!(1 · 3 · 5 . . . (2n− 1)) = n!

n∏
i=1

(2i− 1).

So we can also say a2n =
∏n

i=1(2i− 1) and a2n+1 = 0 for any n.

Question 2 (Binary Trees, 20 points). A binary tree is either empty (has no nodes) or has a root node and
two more binary trees known as the left and right subtrees. Letting bn be the number of binary trees with
nodes labelled 1, 2, . . . , n and

B(x) =

∞∑
n=0

bnx
n/n!,

show that
B(x) = 1 + x(B(x))2.

Conclude that bn = n!Cn.
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Proof. In order for the identity to hold, we take b0 = 1 by convention. For any n > 0, write the coefficient
of xn in x(B(x))2 as cn/n!. Then according to the product formula of exponential generating functions, cn
is the number of ways to partition [n] into three parts P1, P2, P2, and build a structure on each of them:
For P1, we build a trivial structure when |P1| = 1 and we build 0 structure otherwise (this is equivalent to
the requirement |P1| = 1); For P2, there are b|P2| number of ways to build its structure, this is equivalent to
build a binary tree using the nodes labelled by numbers in P2; For P3, we also build a binary tree using the
nodes labelled by numbers in P3.

Given any such a partition {P1, P2, P3} and their build structures, we can construct a binary tree with
nodes labelled 1, 2, . . . , n by taking P1 as the root, P2 as the left subtree, and P3 as the right subtree;
Conversely, given an binary tree with nodes labelled 1, 2, . . . , n, we let P1 be the set containing its root only,
P2 be the set containing the nodes in its left subtree, and P3 be the set containing the nodes in its right
subtree, hence {P1, P2, P3} (along with the subtrees on B and C) is exactly a set partition counted by cn.
So we conclude cn = bn for n > 0. Therefore we have

B(x) = 1 + x(B(x))2,

as wanted.
We proved during the class that from the functional equation B(x) = 1 + x(B(x))2, we can solve for

B(x) =

∞∑
n=0

Cnx
n,

where Cn is the n-th Catalan number. Comparing this expansion with the definition of B(x) we conclude
bn = n!Cn as wanted.

Question 3 (Stack-Sortable Permutations, 30 points). It is not hard to show directly that the number of
stack-sortable permutations of [n] is given by the nth Catalan number. In particular, if a permutation of
[n] is stack sortable, there is some pattern of push and pop operations needed to sort it (a push adds the
next element in line onto the stack and a pop removes the element on the top of the stack). Find a bijection
between such sequences of pushes and pops and lattice paths from (0, 0) to (n, n) that stay above the line x = y.
Show that each such pattern of pushes and pops corresponds to exactly 1 unique stack-sortable permutation.

Proof. Let A denote the set of stack-sortable permutations of [n], B denote the set of all “meaningful”
push-pop patterns with length n (that is, a sequence of n push or pop operations such that the number of
appeared pushes is not less than the number of appeared pops at any time), and C denote the set of lattice
paths from (0, 0) to (n, n) that stay above the line x = y.

First we find a bijection between B and C. We define a function f : B → C as follows: given a push-pop
pattern x, we construct a lattice path f(x), by reading through each operation of x. We let the path start
at (0, 0), go up when we encounter a push, and go down when we encounter a pop. Within x, the number
of appeared pushes is not less than the number of appeared pops at any time. This guarantees that f(x)
always stays above the line x = y, which means f is well-defined.

To see f is a bijection, we can define its inverse h : C → B as follows: given a lattice path y, we construct
a push-pop pattern g(y), by following the path from its start. We add a push to our pattern when the path
goes up and add a pop to our pattern when the path goes down. Similarly, the condition that y stays above
the line x = y guarantees that g(y) has the number of appeared pushes not less than the number of appeared
pops at any time. So g(y) is indeed a meaningful push-pop pattern and g is well-defined.

Next we find a bijection between B and A. We define a function h : B → A as follows: given a push-pop
pattern x, we apply this push-pop pattern to the identity permutation, i.e. the sequence 1, 2, 3, . . . , n, and
we call the resulting sequence πx(1), πx(2), . . . , πx(n). Notice that πx is a permutation of [n], and given
any permutation p, written as a sequence p(1), p(2), . . . , p(n), if we apply the pattern x to p, the resulting
sequence is

p(πx(1)), p(πx(2)), . . . , p(πx(n)).

In particular, we set h(x) = π−1
x , and the push-pop pattern x takes h(x) to be the identity permutation. So

h(x) is stack-sortable and h is well-defined.
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We show that h is injective. Given x1 ̸= x2 ∈ B, suppose the first position they differ is the k-th position,
i.e. the i-th operation of x1 and x2 are the same for all i < k, and the k-th operations of x1 and x2 are
different. Without loss of generality, let’s assume the k-th position of x1 is a pop but the that of x2 is a
push. Apply both patterns to the identity permutation, suppose after the (k − 1)-th operation, the number
at the top of the stack is α, and the number waiting to be pushed is β. Then in πx1

, α comes before β, since
α will be pop-ed before β gets into the stack. But in πx2 , β comes before α, since β will be on top of α after
the k-th operation. Hence πx1 ̸= πx2 , and h(x1) = π−1

x1
̸= π−1

x2
= h(x2).

We show that h is surjective. Given y ∈ A, by definition it’s stack-sortable, so there exits a pattern x
such that applying this pattern to y we obtain the identity permutation. However, by our analysis in the
paragraph where we defined h(x), we know that when we apply x to any permutation p, we get the sequence

p(πx(1)), p(πx(2)), . . . , p(πx(n)).

There’s a only one permutation p making this sequence the identity permutation, which is π−1
x . On the

other hand, we know if we apply x to the permutation y, we get the identity permutation. This means
y = π−1

x = h(x), i.e. y is indeed in the range of h.

Question 4 (Packing Patterns, 30 points). Show that for every positive integer n there is a permutation π
of [n2] so that for every permutation ρ of [n], there is a copy of ρ inside π.

Proof. We define π be describing its standard notation. The standard notation of π the the concatenation
of n sequences, where the i-th sequence is

n− i+ 1, 2n− i+ 1, 3n− i+ 1, . . . , n2 − i+ 1.

For example, when n is 4, the standard notation of π is

4, 8, 12, 16, 3, 7, 11, 15, 2, 6, 10, 14, 1, 5, 9, 13.

If we plot (i, π(i)) into the xy-coordinated plane, we get Fig 1

Figure 1: The sequence π when n = 4.

For each ρ, consider the subsequence of π defined by

π(ρ(1)), π(n+ ρ(2)), . . . , π((i− 1)n+ ρ(i)), . . . , π((n− 1)n+ ρ(n)).

For example, when ρ is the sequence 4, 2, 3, 1, the subsequence of π that is a ρ-pattern is 16, 7, 10, 1. See
Fig 2 (in next page) for an illustration.

We wish to show this subsequence is a ρ-pattern. Indeed, for arbitrary pair i ̸= j, we want to show
ρ(i) < ρ(j) is and only if π((i− 1)n+ ρ(i)) < π((j − 1)n+ ρ(j)). According to our definition of π, we know

π((i− 1)n+ ρ(i)) = ρ(i)n− i+ 1 and π((j − 1)n+ ρ(j)) = ρ(j)n− j + 1.

Because |(i− 1)− (j − 1)| < n, then ρ(i)n− i+ 1 < ρ(j)n− j + 1 if and only ρ(i) < ρ(j), proving what we
want.
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Figure 2: Circled points represent a subsequence of π that is a 4231-pattern.
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