
Math 184 Final Exam

Spring 2022

Instructions: Do not open until the exam starts. The exam will run for 180 minutes. The problems are
roughly sorted in increasing order of difficulty. Answer all questions completely (though pay attention to
exactly what the question is asking for). You are free to make use of any result in the textbook or proved in
class. You may use up to 10 one-sided pages of notes, and may not use the textbook nor any electronic aids.
Write your solutions in the space provided, the blank page after this one, or on the scratch paper provided
(be sure to label it with your name). If you have solutions written anywhere other than the provided space
be sure to indicate where they are to be found.

Please sit in the seat designated below.
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This page is left blank for scratch work. Do not remove from your exam blooklet.
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Question 1 (Alternating Binomial Coefficients, 25 points). Let n be a positive integer. Prove by induction
on m that for any n ≥ m ≥ 0 that

m∑
k=0

(−1)k
(
n

k

)
= (−1)m

(
n− 1

m

)
.
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Question 2 (Anagrams, 25 points). Give an expression for the number of different ways the letters in the
word ‘possessiveness’ can be reordered.
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Question 3 (Recurrence Relation Generating Function, 25 points). Let the sequence an be defined by

an =

{
−1 if n = 0

2n + 2an−1 otherwise
.

Give a formula for the generating function

A(x) =

∞∑
n=0

anx
n.
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Question 4 (Checking Dilworth, 25 points). Below is the Hasse diagram for a finite partial order P . Find
a maximum anti-chain in P and a minimum chain cover in P (write your answer for the former as a set of
elements and the latter as a set of chains). What does Dilworth’s Theorem say about these things?
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Question 5 (Ending in k, 25 points). Let n ≥ k ≥ 1 be integers. Give a simple characterization of which
permutations π of [n] have k as the last term when π is written in canonical cycle notation and justify your
response.
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Question 6 (Distinct Parts Compositions, 25 points). How many compositions of 99 are there into three
distinct parts?
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Question 7 (LtR-min and RtL-max, 25 points). Suppose that π is a permutation of [n] so that π(k) is both
a Left-to-Right Minimum and a Right-to-Left Maximum. What is π(k) equal to? Justify your answer.
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Question 8 (Partitions with Non-Distinct Parts, 25 points). For a positive integer n let pnon−dist(n) be
the number of partitions of n where each part size that appears shows up at least twice. So for example the
partition 2 + 2 + 1 + 1 + 1 of 7 would be allowed but not 3 + 2 + 2.

For a positive integer n let pbig−diff (n) be the number of partitions of n into parts of size at least 2 so
that no two parts differ by exactly 1. So, for example, the partition 5 + 2 of 7 would be allowed, but not 4 + 3
or 6 + 1.

Show that for all positive integers n that pnon−dist(n) = pbig−diff (n).
Hint: Consider the conjugates of the partitions involved.
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