
Math 184 Homework 1 Solutions

Spring 2021

Question 1 (Differential Equation, 35 points). Show that for every positive integer m that there is a poly-
nomial Pm(x) satisfying the differential equation:

mPm(x) = xP ′m(x) + P ′m(x) + P ′′m(x).

Hint: Note that if P (x) = xm that mP (x) − xP ′(x) − P ′(x) − P ′′(x) = −mxm−1 − m(m − 1)xm−2. By
adding an appropriate multiple of xm−1 to P , we can remove the xm−1 term, and then by adding lower degree
terms, we can continue cleaning up the errors until they disappear entirely. You will likely need some kind
of induction to formalize this argument.

Solution 1. Fix m. We want to show that there is a polynomial Pm(x) which satisfies

mPm(x) = xP ′m(x) + P ′m(x) + P ′′m(x).

For a function P (x), write F(P ) for the function mP (x) − xP ′(x) − P ′(x) − P ′′(x). Our goal is to find P
such that F(P ) = 0. Following the hint, when we try xm as a candidate solution, we find that

F(xm) = mxm − x(mxm−1)−mxm−1 −m(m− 1)xm−2 = −mxm−1 −m(m− 1)xm−2.

We think of −mxm−1 − m(m − 1)xm−2 as the “error” for the candidate solution xm. The strategy is to
successively modify our candidate solution until there is no error. First, we use induction to prove the
following statement:

Claim: For every 1 ≤ k ≤ m, there is a polynomial P (x) whose error has degree at most m− k, i.e. F(P )
has degree at most m− k.

Proof : We proceed by induction on k.

Base Case: For k = 1, we can take P (x) = xm, so that F(P ) = −mxm−1−m(m− 1)xm−2 has degree m− 1
as shown above.

Inductive Step: Let 1 ≤ k < m. We assume by induction there is a polynomial P (x) whose error has degree
at most m− k. We want to find some polynomial Q(x) whose error has degree at most m− (k + 1).

If F(P ) is constant (so degree 0), we can just take Q = P . Otherwise, we can write

F(P ) = axr + (lower degree terms)

where 1 ≤ r ≤ m− k and a 6= 0. By lower degree terms we mean the stuff of degree less than r. Now take

Q(x) = P (x) +
a

r −m
xr.

Then,

F(Q) = F(P ) +
a

r −m
F(xr)

= axr + (lower degree terms) +
a

r −m

[
mxr − x(rxr−1)− rxr−1 − r(r − 1)xr−2]

= axr + (lower degree terms) +
a

r −m

[
(m− r)xr − rxr−1 − r(r − 1)xr−2]

=
a

r −m

[
−rxr−1 − r(r − 1)xr−2] + (lower degree terms)
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so Q(x) has error of degree of at most r− 1 ≤ m− (k + 1), as needed. This completes the induction and we
have proven the Claim.

Taking k = m in our Claim, we establish the existence of a polynomial P (x) whose error is degree 0. That
is, F(P ) = C for some constant C. Then, we can finally take Pm(x) = P (x)− C/m, as

F(Pm) = F(P )− C

m
F(1) = C − C

m
·m = 0.

Question 2 (King Packing, 30 points). The game of chess is played on an 8 by 8 square board. A king
can move from a given square to any adjacent square vertically, horizontally or diagonally. What is the
maximum number of kings that can be placed on a chess board without any two of them attacking each other
(i.e. being able to move to the others’ square)?

Solution 2. It is possible to place 16 kings on the board such that none attacks another. One such ar-
rangement is to place a king on every square that is in both an even numbered row and even numbered
column.

To show that this is maximum, suppose we place 17 kings on the board. Divide the board into 16 2 × 2
squares. By the pigeonhole principle, one square must contain two kings, and those two kings will be
attacking each other. Therefore, it is not possible to place 17 kings on the board such that no two attack
each other.

Question 3 (Counting Permutations, 35 points). A permutation of the set [10] = {1, 2, 3, . . . , 10} is a way
of listing the elements of [10] in order so that each element appears exactly once. The following questions
ask about counting the number of permutations of [10] with certain properties. Remember to justify your
answers.

(a) How many permutations of [10] are there? [5 points]

(b) How many permutations of [10] are there that put 1, 2, 3, 4, 5 in the first five positions in some order? [5
points]

(c) We call a sequence unimodal if the elements of the sequence increase to some point, and then decrease
from there on. So, for example 1, 2, 3, 4, 5, 10, 9, 8, 7, 6 is unimodal. How many unimodal permutations
of [10] are there? [5 points]

(d) How many permutations of [10] start with k, k − 1, k − 2, . . . , 1 for some integer k? [5 points]

(e) How many permutations of [10] have 1 appear earlier in the sequence than 10? [5 points]

(f) How many permutations of [10] have all of the even numbers appearing in the first seven positions? [5
points]

(g) How many permutations of [10] alternate even and odd numbers? [5 points]

Solution 3. (a) There are 10! = 3628800 permutations, since there are 10 options for which number to place
in the first position, 9 options for the second position, et cetera.

(b) There are 5! ways to permute the first 5 numbers among themselves, then 5! ways to order the numbers
larger than 5, so there are a total of 5!2 = 14400 such permutations.

(c) A unimodal permutation is uniquely determined by specifying which elements appear before 10 and
which elements appear after 10. So for each element other than 10 there are two choices, and therefore
there are 29 = 512 such permutations.

(d) Once we have fixed k, k−1, k−2, . . . , 1, there are 10−k positions remaining to place k+1, then 10−k−1
positions to place k + 2, et cetera. So there are (10− k)! permutations for a specific k. To find the total,
we just need to sum from k = 1 to k = 10 and get 9! + 8! + 7! + 6! + 5! + 4! + 3! + 2! + 1! + 0! = 409114.

(e) The number of permutations in which 1 appears earlier than 10 is equal to the number of permutations
in which 10 appears earlier than 1, since swapping the positions of 1 and 10 creates a bijection between
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the two sets. All permutations fall into one of these two categories, so the number of such permutations
is exactly half of all permutations, 10!

2 = 1814400. An alternate solution is to note that there are(
10
2

)
ways to select the positions where 1 and 10 go, then 8! ways to place the remaining numbers, for(

10
2

)
× 8! = 1814400 total permutations in which 1 appears before 10.

(f) There are
(
7
5

)
ways to choose which of the first 7 positions contain even numbers, then 5! ways to place

even integers in these positions, then 5! ways to place the odd integers in the remaining positions, so
there are a total of

(
7
5

)
× 5!× 5! = 302400 such permutations.

(g) There are 5! ways to place the even numbers on even positions, and 5! ways to place the odd numbers
on odd positions. So there are 5!2 permutations which alternate even and odd and begin with even.
Similarly, there are 5!2 permutations that alternate even and odd and begin with odd, so there are
2× 5!2 = 28800 such permutations.
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