
Math 184 Homework 6

Spring 2021

This homework is due on gradescope Friday May 28th at 11:59pm pacific time. Remember to justify your
work even if the problem does not explicitly say so. Writing your solutions in LATEXis recommend though
not required.

Question 1 (Unimodal Pattern Avoidance, 30 points). Define a permutation π of [n] to be unimodal if for
some k we have that π(1) < π(2) < . . . π(k − 1) < π(k) > π(k + 1) > . . . > π(n). Show that there is a pair
of permutations ρ1 and ρ2 so that π is unimodal if and only if it has no copy of either ρ1 or ρ2.

Question 2 (Slowest Exponential Growth, 70 points). For C any finite collection of permutations, let Sn(C)
be the set of permutations of [n] that have no copy of any permutation in C.

(a) Show that a permutation π of [n] is in Sn(123, 132, 213) if and only if the elements of π can be arranged
into blocks B1, B2, B3, . . . where Bi consists of either a single element or two elements in increasing order
and where all of the elements in Bi are larger than the elements in Bi+1. [20 points]

(b) Show that the size |Sn(123, 132, 213)| is given by the Fibonacci number Fn (where Fn is given by the
recurrence F0 = F1 = 1 and Fn+2 = Fn+1 + Fn for n ≥ 0). [20 points]

(c) Show that for any collection C of permutations that if π ∈ Sn(C) and if ρ is some permutation of [m]
where a copy of ρ appears in π, then ρ ∈ Sm(C). [10 points]

(d) Suppose that we have some collection of patterns C so that Sn(C) has a permutation π where the set of
left-to-right minima of π contain at least k groups of non-consecutive elements. Show that for any m ≤ k
that |Sm(C)| ≥ Fm. [20 points]

In fact it is know that for any collection C either |Sn(C)| ≥ Fn for all n or |Sn(C)| is a polynomial in n for
all sufficiently large n.

Question 3 (Extra credit, 1 point). Free point!
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