
Math 184 Homework 3

Spring 2021

This homework is due on gradescope Friday April 30th at 11:59pm pacific time. Remember to justify
your work even if the problem does not explicitly say so. Writing your solutions in LATEXis recommend
though not required.

Question 1 (Recurrence Repeats, 25 points). Let k > 1 be a positive number. Consider the sequence of
digits an for n ≥ 1 defined by a1 = a2 = . . . = ak = 1 and an is the last digit of an−1 + an−k for all n > k.
Prove that there is some integer N so that aN = aN+1 = . . . = aN+k−2 = 0.

Hint: Show that the function that takes (an, an+1, . . . , an+k−1) to (an+1, an+2, . . . , an+k) is a permutation
of {0, 1, 2, . . . , 9}k. Consider the cycle containing (1, 1, . . . , 1).

Question 2 (Cycle Structure in Canonical Cycle Notation, 20 points). Given positive integers a1, a2, . . . , ak
with a1 + a2 + . . . + ak = n, how many permutations of [n] when written in canonical cycle notation have
cycles of length a1, a2, . . . , ak in that order?

Question 3 (Permutations with Large Cycles, 30 points). Let n be a positive integer.

(a) Let k > n/2. Give a formula for the number of permutations of [n] that contain a cycle of length exactly
k. Hint: you will want to count something in two different ways here. [25 points]

(b) If n is large, approximately what fraction of permutation of [n] contain a cycle of length more than n/2?
[5 points]

Question 4 (Permutation Counting Redux, 25 points). You might want to review Homework 1 Question 3
Parts (b) and (g) before starting on this problems. In the following we will consider permutations of [10] as
orderings of the elements of [10] rather than as functions.

(a) How many permutations of [10] are there that EITHER alternate even and odd numbers or have even
numbers in the first 5 positions? [5 points]

(b) How many permutations of [10] are there that EITHER alternate even and odd numbers or have the
numbers 1, 2, 3, 4, and 5 (in some order) in the first 5 positions? [20 points]

Question 5 (Extra credit, 1 point). Approximately how much time did you spend working on this homework?
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