
Announcements 

• Exam 1 on Friday 



Permutations and Cycle Structure (Ch 
6) 

• Permutations 

• Cycles 

• Permutation Representations 

• Counting Problems 

• Sterling Numbers 

• Permutations with only Even or Odd Cycles 



Permutations 

Definition: A permutation of [n] is a list of the 
numbers from 1 to n with each number 
appearing exactly once. Looking at this 
positions of each number, this is equivalent to 
a bijection π:[n] → [n]. 



Question: Number of Permutations 

How many permutations of [n] are there? 

A) n 

B) n2 

C) 2n 

D) n! 

E) nn 

n options for π(1) 
n-1 options for π(2) 
… 
1 option for π(n). 



Composition 

Thinking of permutations as functions, we can 
compose two permutations of [n] to get 
another. 



Example 

132 & 213 
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Note: fg ≠ gf 
We will be most interested 
in composing a 
permutation with itself 



Repeated Application 

Suppose that you have a permutation π of [n] 
and some integer 1 ≤ m ≤ n. What happens 
when you repeatedly apply π to m? 

m → π(m) → π(π(m)) → π(π(π(m))) → … 

We will show that this sequence is periodic. 

To start, we show: 

Lemma: For such m and π, there is a k so that 
πk(m) = m. 



Proof 

Consider the sequence m, π(m), π2(m),… 

• Pigeonhole implies that some term eventually 
repeats. 

• Suppose first repeat is πi(m) = πj(m). 

• If i,j > 0, this says that π(πi-1(m)) = π(πj-1(m)). 

– Since π is a permutation, πi-1(m)= πj-1(m). 

– Contradicts first repeat. 

• Thus, can take i=0, so m = πj(m). 



Cycles 

So not only does m repeat itself, it is actually the 
first element of this sequence to repeat itself. 

In particular, if k is the smallest integer so that 
πk(m) = m, we have that  
m, π(m), π2(m),…, πk-1(m) are all distinct and 
πk(m) = m. 

From there the sequence repeats itself. 

The sequence m, π(m),…, πk-1(m) is called a 
cycle. 



Cycles 

m 
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Cycles 

Given any permutation π of [n], we can partition 
[n] into cycles. 

Example: 7146352 

1 

7 

2 

3 

4 

6 

5 



Question: Number of Cycles 

How many cycles does the permutation 14253 
have? 

A) 1 

B) 2 

C) 3 

D) 4 

E) 5 

1 2 

4 

5 

3 



Cycle Representation 

As every element is part of some cycle, if you 
can specify what each cycle is, you specify the 
permutation. 

Example: 7146352 is the permutation with 
cycles 

1 → 7 → 2 → 1 

3 → 4 → 6 → 5 → 3 

Any permutation of [7] with these cycles must 
be 7146352. 



Cycle Notation 

To write this more conveniently: 

• Write each cycle by writing the elements in 
order contained within parentheses. 

• Write the permutation by writing each cycle in 
it. 

Example: Represent 7146352 as (172)(3465). 



Non-Uniqueness 

One issue with this representation is that there 
are multiple ways to write the same 
permutation.  

This is because of two things: 

• A cycle can start at any position: 
(172) = (721) = (217). 

• Cycles can be listed in any order: 
(172)(3465) = (3465)(172). 



Canonical Cycle Notation 

One way to fix this is to remove this freedom by 
specifying an order. One way to do this is 
using canonical cycle notation. 

• Start each cycle with the largest element: 
Write (721) instead of (172). 

• Write cycles in increasing order of largest 
element: 
(6534) comes before (721). 



Example 

Consider 58237614. 

Cycles: (157),(2843),(6) 

In CCN, we write these cycles as (715), (8432), 
(6). 

In CCN the whole permutation is written as: 
(6)(715)(8432). 



Parentheses 

Proposition: Every ordering of the numbers of 
[n] corresponds to a unique permutation of 
[n] written in canonical cycle notation. You can 
determine which permutation this is even 
without the parentheses. 



Example 
Permutation in CCN: 17468235 
• 1st cycle: 

– Starts with 1 
– 1 must be largest element 
– cycle is just (1) 

• 2nd cycle 
– Starts with 7 (largest elt) 
– Must end before 8 
– Cannot end before 6 since next cycle must start with larger element 
– Cycle is (746) 

• 3rd cycle 
– Starts with 8 
– Next cycle must start with larger number 
– (8235) 

Permutation is 
(1)(746)(8235) 
= 13568742 



In General 

• 1st cycle starts at first number and continues 
until you reach a larger number. 

• 2nd cycle starts after 1st cycle ends, continues 
until it finds a larger number. 

• And so on. 



Counting Problems 

We are going to consider some counting 
problems about permutations and cycle 
structure. 

 

How many permutations have various cycles of 
various sizes? 



Cycle Sizes 

What are the sizes of the cycles of a 
permutation of [n]? 

Have some number of size 1, some number of 
size 2 and so on up to size n. 

Suppose that we have ak cycles of size k. It must 
be the case that 



Permutations with Particular Cycle 
Structure 

Suppose that we specify values of a1, a2,…,an. 
How many permutations of [n] have exactly a1 
cycles of length 1, a2 cycles of length 2, a3 
cycles of length 3, etc. 



Example 

How many permutations of [9] have three cycles 
of length 1 and two cycles of length 3? 



Overcounting 

No! 

This is not canonical cycle notation. The same 
permutation can be written in multiple ways. 

How many ways? 

• Can rearrange the three 1-cycles in 3! = 6 ways. 

• Can rearrange the two 3-cycles in 2! = 2 ways. 

• Each of the two 3-cycles can start with any of their 3 
elements. 

Each such permutation can be written in 3!2!32 ways. 



Final Answer 

The final answer to this problem is therefore 

9! / (3!2!32) = 3360. 

What about the general problem? 

• Write out the cycle structure with placeholder variables. 

• n! ways to fill in placeholders. 

• Overcounts: 

– ak! ways to rearrange the k-cycles. 

– k ways to choose start of each k-cycle. 

Final answer: 


