
Announcements 

• Homework 1 Solutions Online (soon) 

• Exam 1 on Friday 

– Remember Exam Instructions Gradescope 
Assignment 

– Suggested Study problems 

– Review Video 

– Problem Archives 



Last Time 

• Balls in Bins Problems 

– Distinguishability 



Today 

• Integer Partitions 



Unlabeled Balls into Unlabeled Boxes 

What can we keep track of? 

• Number of balls in each box 
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Sums 

• Get a collection of numbers that add up to n 
(the total number of balls) 
3 + 1 + 1 + 3 + 2 = 10 

• Unlike with compositions, this is an unordered 
collection of numbers. 

– 3+1+1+3+2 the same as 2+3+1+3+1. 

• How do we account for this? 

– Sort the numbers: 3+3+2+1+1. 



Partitions 

Definition: An integer partition of a positive 
integer n is a sequence of positive integers, 
a1 ≥ a2 ≥ … ≥ ak so that a1 + a2 + … + ak = n. 
The ai are called the parts of the partition. 

 

Ways of putting n unlabeled balls into nonempty 
boxes correspond to integer partitions of n. 



Question: Partitions 

How many integer partitions of 4 are there? 

A) 1 

B) 2 

C) 3 

D) 4 

E) 5 

4 
3+1 
2+2 
2+1+1 
1+1+1+1 



Partition Function 

Once again, there’s no clean formula, but there 
is a definition. 

Definition:  
p(n) is the number of integer partitions of n. 
pk(n) is the number of partitions of n into 
exactly k parts. 

So, for example, the answer from the last slide 
shows that p(4) = 5. 



Partition Function 

The partition function is complicated and there 
has been a lot of mathematics research about 
it. 

There is no simple formula for the partition 
numbers, but it is known that they grow fairly 
quickly. 



Ferrers Diagrams 

A Ferrers diagram is a way to visualize partitions. 

Have a grid of squares where ith row has ai 
squares. 
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Corresponds to partition 
3+3+2+1+1 = 10. 



Properties of Ferrers Diagrams 

• Total number of squares equals total size of 
partition. 

• No gaps: For any square in the diagram the 
square above and the square to the left are 
also in the diagram (unless this would go over 
the edge). 

• One-to-one correspondence between 
partitions and Ferrers diagrams. 



Conjugates 

Given a Ferrers diagram, we can come up with 
what is known as a conjugate Ferrers diagram, 
by flipping rows and columns. 
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Conjugate Properties 

• The size of a partition and its conjugate are 
the same. 

– Each has the same number of squares. 

• The conjugate of the conjugate of a partition is 
the original partition. 

• The number of parts is a partition equals the 
size of the largest part of its conjugate. 



Number of Parts 

Largest Part 

Largest Part 
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Consequence 

Theorem:  
pk(n) = the number of partitions of n with 
largest part of size k. 

 

Proof: Conjugation interchanges partitions with 
k parts and partitions with largest part of size 
k. 



Self-Conjugate Partitions 

Definition: A partition is called self-conjugate if 
it is the same as its conjugate. 



L Decomposition 

The squares in the Ferrers diagram for any self 
conjugate partition can be decomposed into 
Ls. 

• Each L has an odd 
number of squares 
(self-conjugate). 
• Each L has fewer 
squares than the outer 
one (they must nest). 



Result 

Theorem: The number of self-conjugate 
partitions of n is the same as the number of 
partitions of n into distinct, odd parts. 

Proof: 

• Given a self-conjugate partition of n, the sizes 
of the Ls gives a partition into distinct odd 
parts. 

• The correspondence is 1-1. 



Example 
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Example 

9 + 3 + 1 
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Binary Representation 

• Every positive integer n has a unique binary 
representation. 

• This corresponds to writing 
n = ak 2

k + ak-1 2k-1 + … + a0 
for ai = 0 or 1. 

• Ignoring the terms with ai = 0, we get a unique 
way of writing n as a sum of distinct powers of 
2. 



Result 

Lemma: Every positive integer n has a unique 
partition into distinct powers of 2. 

 

Proof: Use binary representation. 



Theorem 

Theorem: For any positive integer n, 
The number of partitions of n into distinct 
parts equals the number of partitions of n into 
odd parts. 

Example: n = 7 

Distinct Parts: 
7, 6+1, 5+2, 4+3, 
4+2+1 

Odd Parts: 
7, 5+1+1, 3+3+1, 
3+1+1+1+1, 
1+1+1+1+1+1+1 



Proof 

We will find a bijection between the partitions 
into odd parts and the partitions into distinct 
parts. 

 

 

Note: every integer can be written unique as an 
odd integer times a power of 2. 



Odd Parts -> Distinct Parts 

1) Group together and 
count parts of same 
size. 

2) Write number of parts 
of each size in binary. 

3) Take each power of 2 
from binary 
representation to get 
new part size. 

7+5+5+1+1+1+1+1+1 

1x7 + 2x5 + 6x1 

 

 

(20)x7+(21)x5+(22+21)x1 

 

7+21·5+22·1+21·1 = 

7+10+4+2 



Distinct Parts -> Odd Parts 

1) Write each part as a 
power of 2 times an 
odd number. 

2) Re-write that part as 
an appropriate 
number of copies of 
that number. 

10+7+4+2 

 

21·5+20·7+22·1+21·1 

 

5+5 + 7 +1+1+1+1 +1+1 

= 7+5+5+1+1+1+1+1+1 



Analysis 

• Exactly one partition into distinct parts giving 
any particular partition into odd parts. 

– Number of copies of some odd number k given by 
sum of 2a where 2a·k in partition into distinct 
parts. 

– Need to write number as a sum of distinct powers 
of 2. 

– Exactly one way to do this using binary. 



Summary of Balls Into Bins 

Labeled Balls Unlabeled Balls 

Labeled 
Bins 

Unlabeled 
Bins 

n into k 
could be 
empty 

n into k 
not empty 

n into 
any not 
empty 


