
Announcements 

• Homework 1 Due Friday. 

• Exam 1 Next Friday 

– Will be held during class hours 

– If you cannot conveniently take it during class 
hours (for example because of timezones), you 
can take it within the next 24 hours if you let me 
know by next Wednesday. 

– More details soon 



Last Time 

• Binomial Coefficients: 

– nCk = n!/k!(n-k)! = number of ways to pick k things 
from a set of size n 

• Balls and Bins Problems 

– How many ways can we put n balls into k bins 

• Distinguishability of balls and bins. 

• There are kn ways to put distinguishable balls 
into distinguishable bins. 



Today 

• Stars and Bars 

• Set Partitions 

• Sterling Numbers 



Indistinguishable Balls into 
Distinguishable Bins 

With indistinguishable balls, you can no longer 
tell where the “first” ball went. What can you 
tell? 

1 2 3 

5 balls 2 balls 4 balls 

You can 
count the 
number of 
balls in each 
bin. 



Compositions 

Definition: A composition (weak composition) of 
n is a sequence of positive (non-negative) 
integers a1,a2,…,ak so that a1+a2+…+ak=n.  

 

If we put n balls into k bins, letting ai be the 
number of balls in the ith bin, we get a (weak) 
composition of n into k parts. 



Stars and Bars 

In order to count compositions, we need a 
clever way of writing them. 

• For each i, write ai many *’s. 

• Separate these terms with a |. 

So 5+2+4 becomes: 

*****|**|**** 



Stars and Bars and Compositions 

So what happens if we write a weak 
composition of n into k parts in terms of stars 
and bars? 

We get an arrangement with: 

• n total stars. 

• k-1 total bars. 

And any such arrangement gives rise to a 
composition. 



Counting 

So we have that: 

#{arrangements of n indist. balls into k dist. bins} 

= #{Weak compositions of n into k parts} 

= #{Stars and Bars arrangements with n stars 
and k-1 bars} 

= (n+k-1)Cn 

(because we have n+k-1 locations and need to 
fill them with n stars and k-1 bars) 



Non-Empty Bins 

What happens if we cannot allow bins to be empty? 

Then we want compositions rather than weak 
compositions. 

Can relate the two. We have a1,a2,…,ak is a composition 
of n, if and only if a1-1,a2-1,…,ak-1 is a weak 
composition of n-k. 

Number of composition of n into k parts equals 
the number of weak compositions of n-k into 
k parts equals (n-1)C(k-1). 



Another Method 

We can also view this using stars and bars. 

We need arrangements of n stars and k-1 bars 
where no two bars are adjacent (and no bars 
at the end). 

 

 

    *□*□*□*□*□*□*□*□*□*□* 

             |   | 

 

 

Possible locations for bars 

Select k-1 locations 
from n-1 options. 
(n-1)C(k-1) 
possibilities. 



Total Number of Compositions 

What if we don’t restrict the number of bins? 

• Must only consider non-empty, (otherwise we 
can just keep adding empty bins). 

• Get the total number of compositions of n. 

• From the above argument have n-1 positions 
for bars, can select any number of them. 

• Number of subsets of a set of size n-1 is 2n-1. 



Labeled Balls into Unlabeled Bins 

• Balls labeled 1,2,…,n. 

• You can tell which set of balls are in each bin. 

 
1 

2 
3 

4 

5 

6 

{1,3,4} {2,6} {5} 

Note: {1,2,3,4,5,6} = {1,3,4} ∪ {2,6} ∪ {5}. 



Set Partitions 

Definition: A Set Partition of a set S is a 
collection of non-empty subsets S1,S2,…,Sk, so 
that each element of S is in exactly one of the 
Si. 

 

Note: The ways to put n labeled balls into k non-
empty unlabeled bins correspond exactly to 
the partitions of {1,2,…,n} into k subsets. 



Notation 

I will use [n] as a shorthand for the set {1,2,…,n}. 



Counting 

So we would like to count the number of set 
partitions of [n]. 

 

Unfortunately, there is not a simple formula for 
this. 

 

What do we do? Define the problem away. 



Sterling Numbers 

Definition: The Sterling numbers of the second 
kind are given by: 
S(n,k) = # of partitions of [n] into k parts. 

So S(n,k) is the number of ways to but n labeled 
balls into k non-empty, unlabeled bins. 

Is this cheating? 

Kinda. But giving these numbers a name lets us 
prove things about them. 



Question: Sterling Number 

What is S(3,2)? 

A) 1 

B) 2 

C) 3 

D) 4 

E) 5 

 

{1,2}{3} 
{1,3}{2} 
{1}{2,3} 



Basic Facts 

• S(n,n) = 1    [only partition is {1}{2}…{n}] 

• S(n,1) = 1    [only partition is {1,2,…,n}] 

• S(0,0) = 1    [By definition] 



Basic Facts II 

• S(n,n-1) = nC2. 

 

Any partition of [n] into n-1 parts must have n-2 
parts of size 1 and 1 part of size 2. 

Thus, such a partition is determined by the part 
of size 2.  

There are nC2 ways of picking that pair of 
elements. 



Basic Facts III 

• S(n,2) = 2n-1 – 1. 

Split [n] into 2 subsets. 

One of them contains 1 plus some subset of 
{2,3,…,n}. The other contains the rest. 

We can use any subset of {2,3,…,n} except for 
the entire thing (as then the other set will be 
empty). 

There are 2n-1 – 1 possibilities. 


