
Announcements 

• Homework 1 Due Friday. 



Last Time 

Basic Counting Principles: 

• Addition Rule 

• (Generalized) Multiplication Rule 

• Falling Factorials 

• Counting in Two Different Ways 



Flower Arranging Problem 

Number of ways to arrange RRBBY. 

With individual flowers labeled, have 5! = 120 
options. 

Overcounts by a factor of 4. 

Actual answer = 120/4 = 30. 



Today 

• Multinomial coefficients 

• Introduction to balls and bins problems 



Example 

How many anagrams (letter rearrangements) of “Mississippi” are 
there? 

• Distinguish letters: 

– m1p1p2i1i2i3i4s1s2s3s4. 

• 11! ways to order the letters with the labels. 

• For each anagram there are 

– 2! ways to label the p’s. 

– 4! ways to label the i’s. 

– 4! ways to label the s’s. 

• Final answer is 11!/2!4!4! = 34650. 



Generalize 

Suppose we want to put in order: 

• a1 things of type 1. 

• a2 things of type 2. 

• … 

• am things of type m. 

Adding up to n in total. 



Labeled Counting 

If we label the things of type i: i1,i2,…,iai… 

 

All n things are different. 

 

Number of ways to order n things is n!. 



Ways to Add Labels 

Given an ordering of the initial objects, how 
many ways can we add labels to them? 

• There are a1! ways to add labels to the type 1 
objects. 

• There are a2! ways to add labels to the type 2 
objects. 

• … 

In total there are a1!a2!...am! ways to add labels. 

 



Counting In Two Ways 

The number of labeled ordering is: 

1) n! 

2) [# Orderings ] [a1!a2!...am!] 

 

Thus, the number of orderings is 

 

This is called a multinomial coefficient. 



Example: Lottery 

The CA Powerball lottery selects 5 numbers from 1 to 
59. How many possible combinations are there? 

• Each number 1 to 59 is either chosen or not chosen 
with 5 chosen and 54 not. 

• Writing them in order you get a sequence of 5 
chosens and 54 not-chosens. 

• Number of combinations is: 



Binomial Coefficients 

Definition: The Binomial Coefficient n choose k 
is given by 

 

Sometimes we will write as nCk for convenience. 

 

It is the number of ways to pick k items from a 
set of n items. 



Example: Word Count 

How many possible 5-letter words are there 
with exactly two vowels? 

• 5C2 = 5!/(2!3!) = 10 ways to pick which 
locations have the two vowels. 

• 213 = 9261 ways to pick the non-vowels. 

• 52 = 25 ways to pick the vowels. 

In total we have 10·9261·25 = 2315250 
combinations. 



Facts about Binomial Coefficients 



Proof        . 

Algebra: 

 

Combinatorics: 

nC0 is the number of subsets of size 0 of a set S 
of size n. 

 

The only such subset is ∅, so nC0 = 1.  



Proof           . 

Algebra: 

 

Combinatorics:  

• nCk is the number of sequences of k zeroes and n-k ones. 

• nC(n-k) is the number of sequences of (n-k) zeroes and k 
ones. 

• Switch zeroes and ones, and you transform one to the 
other. 

• Same number of ways to do each. 



Proof                                        . 

Algebra: 



Combinatorial Proof 

For S some set of size n, nCk is the number of subsets T of S of 
size k. 

For some x ∈ S, consider two cases: 

Case 1: Subsets with x ∈ T. 

Note that T-x is a subset of S-x with k-1 elements. 

(n-1)C(k-1) possibilities. 

Case 2: Subsets with x ∉ T. 

Note that T is a subset of S-x with k elements. 

(n-1)Ck possibilities. 

In total: there are (n-1)C(k-1) + (n-1)Ck = nCk such subsets.  



Balls and Bins (Ch 5) 

• Distinguishability 

• Compositions 

• Stars and Bars 

• Set Partitions 

• Integer Partitions 



Balls and Bins 

In this chapter, we try to answer one question: 

How many ways can you place n balls into k 
bins? 

 

 

Fortunately, there are many different ways to 
interpret this question. 



Empty Bins 

One way of distinguishing between versions of 
this problem is whether or not we allow some 
of the bins to be empty. 



Distinguishability 

A more interesting consideration is that of 
distinguishability. 

 

Are the balls all identical, or can you tell them 
apart? 

 

Are the bins all identical, or can you tell them 
apart? 



Distinguishability Example 

Suppose we want to put a red, a blue, and a 
green ball into bins labeled 1, 2 and 3 with 
non empty. There are many ways to do it: 

1 2 3 1 2 3 

1 2 3 1 2 3 

1 2 3 1 2 3 



Example Continued 

However, if the balls are all the same, there’s 
only one way to do it. 

1 2 3 

Similarly, if all the bins are the same. 



Cases 

So… 

• Balls can be distinguishable or indistinguishable. 

• Bins can be distinguishable or indistinguishable. 

4 cases in total. 

Generally problems where things are distinguishable 
are easier, with distinguishable bins being more 
important than distinguishable balls. 



Distinguishable Balls into 
Distinguishable Bins 

Each ball b1, b2,…, bn can go into any of the k 
bins. 

 

Have k options for each, total number of 
possibilities is kn. 

 

If we want the bins to be non-empty, the 
problem is considerably more difficult. We’ll 
get back to this. 


